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Abstract

Khovanskĭı’s theorem gives a Bézout-type upper bound for the number of isolated real

solutions of a system of n Pfaffian equations in n variables in terms of three complexity

parameters: the chain-degree α, the degrees βi of the Pfaffian functions, and the order s

of the underlying Pfaffian chain. Despite its fundamental role in Pfaffian geometry and

o-minimality, little is known about the sharpness of this bound.

We investigate the theorem from a parameter-by-parameter perspective. We show that

its dependence on the chain-degree α is asymptotically sharp by constructing, for every

α, s ∈ N, a Pfaffian function of format (α, 1, s) with at least αs nondegenerate real zeros. We

also show that its dependence on the degrees βi is asymptotically sharp: for fixed n and s,

we construct Pfaffian systems having Ωn,s(β
n+s) regular common zeros, matching the order

of growth predicted by Khovanskĭı’s theorem as β → ∞.
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1 Introduction

1.1 Pfaffian functions. The notion of Pfaffian functions was introduced by Khovanskĭı

[Kho80, Kho84] in connection with work on fewnomials [Kho91], and the second part of Hilbert’s

sixteenth problem [Ily02]. These functions satisfy triangular systems of first-order partial dif-

ferential equations with polynomial coefficients. Pfaffian functions encompass a wide array

of elementary and special functions, including exponentials, logarithms, restricted trigonomet-

ric functions, and iterated exponentials. See Section 2 for the precise definitions and exam-

ples.

Pfaffian functions arise in many contexts and also play a central role in o-minimal geometry, the

study of o-minimal structures. Roughly speaking, o-minimal structures are collections of sets

that share the convenient topological properties enjoyed by sets defined by real polynomials; in

this sense, o-minimal geometry may be viewed as a generalization of real algebraic geometry.

Sets defined by finitely many Pfaffian equalities and inequalities form the basic objects of the

so-called Pfaffian structure, and a foundational theorem of Speissegger [Spe99] shows that the

Pfaffian structure is o-minimal. Thus, Pfaffian functions provide one of the richest and most

important sources of examples in o-minimal geometry; see van den Dries [VdD98] for a general

introduction to o-minimal structures.

1.2 Khovanskĭı’s theorem and its sharpness. One of the central results in algebraic

geometry is Bézout’s theorem, which bounds the number of common zeros of a system of poly-

nomial equations in terms of their degrees. In many ways, Bézout’s theorem foreshadows the

later development of algebraic geometry through projective geometry, intersection theory, and

schemes. A corresponding foundational theorem in the theory of Pfaffian functions is a result of

Khovanskĭı [Kho91], which gives a Bézout-type upper bound on the number of isolated real so-

lutions of a system of Pfaffian equations. The bound depends on several complexity parameters

associated to the Pfaffian system.

To state this result, one associates to a Pfaffian function three complexity parameters:

• the order s, the length of the underlying Pfaffian chain;
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• the chain-degree α, controlling the degrees of the polynomial differential equations defining

the same underlying Pfaffian chain;

• the degree β, measuring the polynomial complexity of the Pfaffian function.

In such a case, we will sometimes say that the Pfaffian function has format (α, β, s). Once again,

we direct the reader to Section 2 for precise definitions.

For a fixed Pfaffian chain q⃗ of order s and chain-degree α, Khovanskĭı’s theorem provides an

explicit upper bound on the number of isolated real solutions of a system of Pfaffian functions

of degrees β1, . . . , βn defined with respect to q⃗ , in terms of s, α, and the degrees βi.

Theorem 1.1 (Khovanskĭı’s theorem [Kho91]). Fix a Pfaffian chain q⃗ of chain-degree α and

order s. Let F = (f1, . . . , fn) : Rn → Rn be a Pfaffian system where each fi is a Pfaffian

function defined with respect to q⃗ and has degree βi. Then the number of isolated real solutions

of F (x) = 0 is bounded above by

2
s(s−1)

2

(
n∏

i=1

βi

)(
n∑

i=1

βi − n+min(n, s)α+ 1

)s

.

Khovanskĭı’s theorem is a foundational quantitative result in Pfaffian theory and it underlies

many effective results on sets defined by Pfaffian equalities and inequalities, including bounds

on connected components, Betti numbers, and stratification complexity [GV04, LNV26]. The

theorem also plays an important role in o-minimal geometry and model theory: quantitative

control of Pfaffian sets is a key ingredient in Wilkie’s proof that the real exponential field is

o-minimal [Wil96], and more broadly facilitates precise study of transcendental functions.

Despite the importance of Khovanskĭı’s theorem, very little is known about the sharpness of its

bound. It is natural to ask whether the dependence on the parameters α, βi, and s is optimal,

either exactly or asymptotically. Specifically, in the bound in Theorem 1.1, asymptotically, the

bound has dominant growth of order

2Θ(s2) αs (max
i∈[n]

βi)
n+s. (1.1)

One might hope that the bound is sharp in full generality, but this appears far from clear, and

probably unlikely (see Discussion in Section 3.3). However, for instance, if one fixes α, n, and s,

and takes growing β1 = · · · = βn = β, the bound grows like O(βn+s), in analogy with Bézout’s

theorem in the algebraic case, where n polynomials of degree β yields a bound O(βn) - is this

optimal? Likewise, one could fix various different sets of parameters and examine the growth

of the bound in terms of the growing parameters. The goal of this paper is to investigate the

following question.
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Open Question 1. Investigate the sharpness of Khovanskĭı’s bound from a parameter-by-

parameter perspective, studying how the number of real zeros scales when individual param-

eters grow while others remain fixed.

1.3 Our Results. First, we study the dependence of Khovanskĭı’s bound on the chain-

degree α.

Theorem 1.2 (Sharpness of Khovanskĭı’s theorem when n, β, s are fixed). For every α, s ∈ N,
there exists a Pfaffian function of format (α, 1, s), with at least αs nondegenerate real zeros.

The proof of Theorem 1.2, which involves a careful analytic argument, is in Section 3.1. This

proves that for fixed n, s, and β, and growing α, we have a Pfaffian system whose number of

common nondegenerate real zeros matches the order of growth in α as predicted by Khovanskĭı’s

theorem (c.f. (1.1)).

Next, we study the dependence on the degree parameters βi. We prove the following theo-

rem.

Theorem 1.3. Suppose there exists a Pfaffian chain q⃗, each of whose components is defined on

n variables, of order s and chain degree α, and whose components are algebraically independent

over R(x1, . . . , xn) (see Definition 2.4). Then, for any β > 0, there exist n distinct Pfaffian

functions of format (α, β, s), all defined with respect to q⃗, having at least⌊
1

n+ 1

(
β + n+ s

n+ s

)⌋
− 1

distinct regular common real zeros.

Theorem 1.3 assumes the existence of a suitable Pfaffian chain and, using a dimension-counting

argument, proves existence of a system of Pfaffian equations with a large number of regular zeros.

Using this, in Corollary 1.4, for any n and s, we construct a Pfaffian chain q⃗ of chain-degree

s and order s and a system of n Pfaffian functions defined with respect to q⃗ whose number of

regular zeros grows as Ωn,s (β
n+s). Both proofs are in Section 3.2.

Corollary 1.4 (Corollary of Theorem 1.3; Sharpness of Khovanskĭı’s theorem when n, α and

s are fixed, and β → ∞). For fixed n, s, there exists a Pfaffian chain q⃗ defined on n variables

of order s such that, for every β ∈ N, there exist n Pfaffian functions each of format (s, β, s)

having at least Ωn,s(β
n+s) regular common zeros.

Thus, when n, α and s are fixed, by Corollary 1.4, we have a Pfaffian system whose number of

common regular zeros matches the correct order of growth in the maximum of the parameters

βi as predicted by Khovanskĭı’s bound (c.f. (1.1)), establishing sharpness of Khovanskĭı’s bound

in this regime.
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In contrast, our examples suggest that the dependence of Khovanskĭı’s bound on the chain order

s is likely far from optimal. Even for small values of s, Khovanskĭı’s bound can be significantly

larger than the number of zeros observed in explicit constructions. These issues, and cases where

stronger bounds are known (Pfaffian functions of the form P (x, ex)), are discussed in Section

3.3.

Remark 1.5 (Combining the α and β constructions). The construction from Theorem 1.2 yields

a Pfaffian function in one variable with αs nondegenerate real zeros, defined with respect to a

Pfaffian chain of order s and chain-degree α. On the other hand, Corollary 1.4, applied with

n−1 variables, yields a system of n−1 Pfaffian equations having Ωn,s(β
n+s−1) regular common

zeros.

Since the two constructions involve disjoint sets of variables, one may take their Cartesian

product. Thus we have that for every n, s, α, β ∈ N, there exists a Pfaffian system of format

(max(α, s), β, 2s) having

Ωn,s

(
αsβn+s−1

)
regular common real zeros.

Thus the mechanisms responsible for the α and β growth in Khovanskĭı’s bound can occur

simultaneously, although the construction increases the order of the underlying Pfaffian chain

from s to 2s. A natural open question emerging from this is - is there a family of Pfaffian

systems of order s (not 2s) having Ωn,s(α
sβn+s) regular zeros?

1.4 Acknowledgements. This work was undertaken as part of the University of Warwick’s

“Summer Undergraduate Research Programme” (2025): TB, OH, DLM, and NP were supervised

by AN, with support from JH as a teaching assistant. The programme was supported by

the Mathematics Institute of the University of Warwick, the University of Warwick Research

England Enhancing Research Culture fund, and EPSRC (through Prof. Diane Maclagan’s Open
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Martin Lotz for his write-up on Pfaffian functions.
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2 Preliminaries

We write R[Z1, . . . , Zr](≤d) for the real vector space of polynomials of total degree at most d in

variables Z1, . . . , Zr. For a smooth function f , we write df for its exterior derivative. [n] will

denote the set {1, . . . , n}.
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Definition 2.1 (Pfaffian chains and Pfaffian functions). Let U ⊆ Rn be open. A Pfaffian chain

of order s ∈ Z≥0 and chain-degree α ∈ N on U is a sequence of smooth functions q⃗ = (q1, . . . , qs)

such that there exist polynomials Pi,j ∈ R[X1, . . . , Xn, Y1, . . . , Yj ](≤α) satisfying

dqj(x) =
n∑

i=1

Pi,j(x, q1(x), . . . , qj(x)) dxi, (2.1)

for all j = 1, . . . , s.

Let β ∈ N. A Pfaffian function (with respect to q⃗) is a function of the form

f(x) = P (x, q1(x), . . . , qs(x))

where P ∈ R[X1, . . . , Xn, Y1, . . . , Ys](≤β).

We say that f has format (α, β, s).

Remark 2.2. A function of format (α, β, s) is automatically of format (α1, β1, s1) for any

α1 ≥ α, β1 ≥ β, and s1 ≥ s. The minimal format is typically difficult to determine in concrete

cases.

Example 2.3 (Examples of Pfaffian functions). Below are several examples of Pfaffian func-

tions.

(I) Any polynomial of degree d is Pfaffian with respect to the empty chain, hence of format

(α, d, 0) for any α ∈ N.

(II) Let a ∈ R and q⃗ = (eax). Since d(eax) = aeax = aq1(x), we have that

dq1(x) = P1,1(x, q1(x))dx,

where P1,1 ∈ R[x, y] is P1,1 = aY . Thus, q⃗ is a Pfaffian chain of chain-degree 1 and order

1. Consequently, any f(x) = P (x, eax) with P ∈ R[X,Y ] is a Pfaffian function of format

(1, degP, 1).

(III) For i ∈ [s], define qi(x) = eqi−1(x), and q0(x) = ax. Then

dqi(x) = aq1(x) · · · qi(x) dx.

Setting Pi,1 = aY1 . . . Yi, we have that q⃗ = (q1, . . . , qs) is a Pfaffian chain of order s and

chain-degree s. Consequently, any polynomial P ∈ R[X, eaX , ee
aX

, . . . , e◦s(aX)] is therefore

Pfaffian of format (s, degP, s) with respect to q⃗.

(IV) The function tan(x) forms a Pfaffian chain of order 1 and chain-degree 2 on

R \
{π
2
+ kπ : k ∈ Z

}
,

since

d(tan(x)) = (1 + tan2(x)) dx.

Thus any P ∈ R[X, tan(X)] is a Pfaffian function.
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(V) We have that

q⃗ =

(
1

x
, ln(x)

)
is a Pfaffian chain on R>0 since

d

(
1

x

)
= −

(
1

x

)2

dx, d(ln(x)) =
1

x
dx.

Thus any P ∈ R[X, ln(X)] is a Pfaffian function.

(VI) For m ∈ R,

q⃗ =

(
1

x
, xm

)
is a Pfaffian chain on R>0 since

d

(
1

x

)
= − 1

x2
dx, and d(xm) = m · 1

x
· xm dx.

Thus any P ∈ R
[
1
X , Xm

]
is a Pfaffian function.

(VII) Let

mi1,...,in = ai1,...,inx
i1
1 · · ·xinn

be a monomial. Then (
1

x1
, . . . ,

1

xn
,mi1,...,in

)
is a Pfaffian chain on Rn \ {0}.

More generally, a polynomial with s monomials is Pfaffian of format (2, 1, n+ s). This is

the departure point for Khovanskĭı’s bound on the zeros of fewnomial systems.

Definition 2.4 (Algebraically Independent Pfaffian Chain). A Pfaffian chain q⃗ = (q1, . . . , qs)

of order s is algebraically independent over R(X1, . . . , Xn) if for every nonzero polynomial P ∈
R[X1, . . . , Xn, Y1, . . . , Ys], we are guaranteed that P (x1, . . . , xn, q1(x), . . . , qs(x)) is not identically

zero.

3 Proofs of Main Theorems

In this section we prove our main theorems.

3.1 Proof of Theorem 1.2. In this section we prove sharpness of Khovanskĭı’s bound

in the chain-degree parameter α, for fixed s, n, and βi. An important step is the following

Lemma.
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Lemma 3.1. Let

p(x) = (−1)α+1
α∏

k=1

(x− k), and f1(x) = eap(x).

q⃗ = (f1) is a Pfaffian chain of order 1 and chain-degree α, and F (x) = f1(x) − x is a Pfaffian

function defined with respect to q⃗ of format (α, 1, 1). There exists a0 > 0 such that for every

a ≥ a0, F (x) has at exactly α+ 1 nondegenerate real zeros ξ0 < ξ1 < . . . < ξα.

Moreover, for every sufficiently large a, there exist ε1, . . . , εα > 0, and compact intervals I(1), . . . , I(α)

with I(i) = [ξi − εi, ξi + εi], such that

(I) The intervals are pairwise disjoint and ξi ∈ int(I(i)), and thus F has no zero in I(i) \ {ξi}.

(II) The function f1(x) has no critical points on a neighbourhood of I(i), and hence is a local

diffeomorphism there.

(III) For every i ∈ [α],

f1(I(i)) ⊇
α⋃

j=1

I(j).

Proof. First, we establish that q⃗ is a Pfaffian chain as claimed. Since

f ′
1(x) = ap′(x)f1(x),

we have that q⃗ is a Pfaffian chain of order 1 and chain-degree α. Thereby, F is a Pfaffian function

defined with respect to q⃗ of format (α, 1, 1).

We shall now locate α+ 1 distinct zeros of F (x).

Let a ≥ 100 (the lower bound of 100 will help later).

Root near 0: We have

F

(
1

a

)
= exp

(
−a

α∏
k=1

∣∣∣∣k − 1

a

∣∣∣∣
)

− 1

a

≤ exp

(
−a

α∏
k=1

∣∣∣∣k − 1

2

∣∣∣∣
)

− 1

a
(since a ≥ 2)

≤ exp
(
−a

2

)
− 1

a
(the terms in the product for k > 1 are at least 1)

< 0,

where the last inequality is because: the function xe−x/2 attains its maximum at x = 2 with

value 2e−1 < 1, so ae−a/2 < 1 ≤ a
a for all a > 0, giving e−a/2 < 1

a . Since F
(
1
a

)
< 0, and

F (0) > 0, by the Intermediate Value Theorem, there is a root ξ0(a) ∈
(
0, 1a
)
.
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Root at 1: Since p(1) = 0, we have F (1) = e0 − 1 = 0, which means ξ1(a) = 1 is a root.

Root near k for 2 ≤ k ≤ α: First we will show that for odd k, there is a root ξk(a) ∈ (k, k+ 1√
a
).

Note F (k) = e0 − k < 0. The polynomial p(x) evaluated at x = k + 1√
a
is positive because the

factors (x−1), . . . , (x−k) are all positive while (x− (k+1)), . . . , (x−α) are all negative, giving

a sign of (−1)α+1 · (−1)α−k = (−1)1−k = 1 since k is odd. It follows that

F

(
k +

1√
a

)

= exp

a

k∏
j=1

(
k +

1√
a
− j

)
·

α∏
j=k+1

(
j − k − 1√

a

)−
(
k +

1√
a

)

= exp

(
a
k−1∏
r=0

(
r +

1√
a

)
·
α−k∏
s=1

(
s− 1√

a

))
−
(
k +

1√
a

)
(re-indexing)

≥ exp

(
√
a

k−1∏
r=1

(
r +

1√
a

)
·
(
1− 1√

a

))
−
(
k +

1√
a

)

≥ exp

(
√
a
k−1∏
r=1

r · 9

10

)
−
(
k +

1√
a

)
≥ exp (9(k − 1)!)−

(
k +

1

10

)
> 0,

where the last line holds for all integers k ≥ 2 by an easy induction. Thus the Intermediate

Value Theorem gives a root ξk(a) ∈ (k, k + 1√
a
).

The case where k is even is nearly identical, but the root lies in (k − 1√
a
, k) instead. Indeed,

F (k) = 1 − k < 0, and the polynomial is positive at x = k − 1√
a
since the sign is (−1)α+1 ·

(−1)α−k = (−1)1−k = −1 when k is even, but all the factors in the product contribute a net

negative sign as well, making the product positive. More concretely,

F

(
k − 1√

a

)

= exp

a

k−1∏
j=1

(
k − 1√

a
− j

)
·

α∏
j=k

(
j − k +

1√
a

)−
(
k − 1√

a

)

= exp

(
a
k−1∏
r=1

(
r − 1√

a

)
·
α−k∏
s=0

(
s+

1√
a

))
−
(
k − 1√

a

)
(re-indexing)

≥ exp

(
√
a
k−1∏
r=1

(
r − 1√

a

)
·
α−k∏
s=1

(
s+

1√
a

))
−
(
k − 1√

a

)

≥ exp

(
√
a

k−1∏
r=1

(
r − 1√

a

))
−
(
k +

1

10

)
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≥ exp

(
10 · 9

10

k−1∏
r=2

(r − 1)

)
−
(
k +

1

10

)
≥ exp (9(k − 2)!)−

(
k +

1

10

)
> 0,

where in the third line we used that the s = 0 factor is 1√
a
, which together with a gives

√
a,

and in the fourth line we dropped the (positive) factors s ≥ 1. Hence the result follows by the

Intermediate Value Theorem.

In summary, we have roots in the following intervals:(
0,

1

a

)
︸ ︷︷ ︸
ξ0(a)

, 1︸︷︷︸
ξ1(a)

,

(
2− 1√

a
, 2

)
︸ ︷︷ ︸

ξ2(a)

,

(
3, 3 +

1√
a

)
︸ ︷︷ ︸

ξ3(a)

,

(
4− 1√

a
, 4

)
︸ ︷︷ ︸

ξ4(a)

,

(
5, 5 +

1√
a

)
︸ ︷︷ ︸

ξ5(a)

, . . . ,

which are guaranteed to be non-overlapping since a ≥ 100.

Nondegeneracy for k ̸= 0: We need g(ξk(a)) ̸= 0 where g(x) = p′(x)− 1
ax . We shall show that

for each k, there is some Mk > 0 such that ξk(a) is a nondegenerate root of F (x) on a ≥ Mk.

Suppose for contradiction that no such Mk exists. Then there is a sequence (al) with al → +∞
and g(ξk(al)) = 0 for every l. But |ξk(al) − k| < 1√

al
→ 0, so ξk(al) → k. Taking l → ∞ in

g(ξk(al)) = 0 and using continuity of p′ together with 1
alξk(al)

→ 0 gives p′(k) = 0. A simple

differentiation of p shows that k cannot be a root of p′(x) (k is a simple root of p), which gives

us the contradiction we need to establish that Mk exists.

Nondegeneracy for k = 0: We have F ′(x) = ap′(x)eap(x) − 1. A degenerate root at ξ0(a)

requires F ′(ξ0(a)) = 0. Again, we will show that there is some M0 > 0 such that ξ0(a) is a

nondegenerate root of F (x) as long as a ≥ M0. Suppose for contradiction that no M0 exists.

Then there is a sequence (al) with al → +∞ and F ′(ξ0(al)) = 0 for every l, i.e., for all l,

alp
′(ξ0(al)) e

alp(ξ0(al)) = 1.

However, since ξ0(al) ∈ (0, 1
al
),

∣∣al ealp(ξ0(al))∣∣ ≤ al exp
(
alp
(

1
al

))
= al exp

(
−al

α∏
k=1

(
k − 1

al

))

≤ al exp

(
−al

α∏
k=1

(
k − 1

100

))
=

al
ec al

,
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where c =
∏α

k=1

(
k − 1

100

)
> 0. Since al

ec al → 0, and p′(ξ0(al)) → p′(0) is finite and nonzero (as

0 is not a root of p′), we get alp
′(ξ0(al))e

alp(ξ0(al)) → 0. But this contradicts

alp
′(ξ0(al))e

alp(ξ0(al)) = 1.

Hence M0 exists.

Thus as long as a ≥ max{100,M0,M1, . . . ,Mα}, we’ll have that ξ0, . . . , ξα are distinct nonde-

generate zeros. Also, since F is a Pfaffian function of format (α, 1, 1), Khovanskĭı’s theorem

implies that the number of isolated real zeros of F is at most α+ 1. Thus F has no zeros other

than ξ0, . . . , ξα.

We shall now prove properties (I) - (III). Before we do so, we note that, because the roots of p

and p′ are simple and independent of a, we can choose η > 0 such that

η < min
x,x′∈(Roots(p)∪Roots(p′))

x̸=x′

|x− x′|. (3.1)

As noted above, for all i ∈ [α] we have ξi(a) → i as a → ∞. Hence there exists R > 0 such that

for all a ≥ R, |ξi(a)− i| < η
20 for every i ∈ [α]. Set εi =

η
10 and I(i) = [ξi − εi, ξi + εi]. Since the

roots of p are exactly 1, . . . , α, we have that η < 1, and since |ξi(a)− i| < η
20 , we have that the

intervals are pairwise disjoint. Also, since all the α+ 1 located roots of F are near the integers

0, . . ., α, this proves (I).

For (II), note that the critical points of f1(x) = eap(x) are precisely the α − 1 roots of p′. As

remarked earlier, these roots are isolated and independent of a. Moreover, p and p′ share no

common roots. Thus, by the definition of η, each ξi is bounded away from every root of p′.

Furthermore, by our choice of εi, no root of p′ lies in a neighbourhood of I(i). Consequently, f1

is a local diffeomorphism on I(i).

Finally, we argue (III) as follows. We know that p changes sign at i. Since we have that

|ξi(a) − i| < η
20 for all i ∈ [α], and that I(i) =

[
ξi(a)− η

10 , ξi(a) +
η
10

]
, this means that p

changes sign in int(I(i)). Consequently, given that
[
i− η

40 , i+
η
40

]
⊆ I(i), there exists a point

x− ∈
[
i− η

40 , i+
η
40

]
such that p(x−) < −δ− for some constant δ− > 0 independent of a. By the

same reasoning, we also have that there exists a point x+ ∈
[
i− η

40 , i+
η
40

]
such that p(x+) > δ+

for some constant δ+ > 0 independent of a.

Thus we have that

lim
a→∞

f1(x−) = lim
a→∞

eap(x−) ≤ lim
a→∞

e−aδ− = 0,

and since lima→∞ f1(x−) ≥ 0 obviously, we have that

lim
a→∞

f1(x−) = 0. (3.2)

11



Similarly, we have that

lim
a→∞

f1(x+) = lim
a→∞

eap(x+) ≥ lim
a→∞

eaδ+ = ∞. (3.3)

By construction, there exist constants 0 < m < M < ∞ such that
⋃α

j=1 I(j) ⊆ [m,M ]. Since

f1 has no critical points on I(i) (by property (II)), f1 is strictly monotone on I(i). Thus the

image f1(I(i)) is an interval whose endpoints are f1(ξi − εi) and f1(ξi + εi). Because f1(I(i))

contains both f1(x+) and f1(x−), by making a sufficiently large, we can have one endpoint of

f1(I(i)) go above M (by (3.3)), while the other endpoint goes below m (by (3.2)). Therefore, for

all sufficiently large a, the interval f1(I(i)) contains [m,M ], and hence contains
⋃α

j=1 I(j) in its

interior.

Choosing a large enough to satisfy all the conditions we encountered completes the proof.

Remark 3.2. We only define intervals I(1), . . . , I(α) corresponding to the roots ξ1, . . . , ξα, but

we do not define I(0) corresponding to ξ0. This is because while Properties (I) and (II) would

hold for I(0), (III) would not.

We are now able to prove Theorem 1.2, whose statement we recall below.

Theorem 1.2 (Sharpness of Khovanskĭı’s theorem when n, β, s are fixed). For every α, s ∈ N,
there exists a Pfaffian function of format (α, 1, s), with at least αs nondegenerate real zeros.

Proof overview. Lemma 3.1 provides α pairwise disjoint intervals I(1), . . . , I(α), near the roots of

p, with the crucial property that for every i ∈ [α],

f1(I(i)) ⊇
α⋃

j=1

I(j).

Thus each interval contains α distinct inverse branches of f1. Starting from the intervals

I(1), . . . , I(α), we recursively pull them back along these inverse branches. Every word ω =

(w1, . . . , wr) ∈ [α]r records a sequence of choices of inverse branches and determines a nested

interval Iω. The covering property ensures that every interval has exactly α descendants, while

the absence of critical points guarantees that these descendants are well-defined and pairwise

disjoint. Consequently, after s levels we obtain αs disjoint intervals. The intervals are illustrated

in Figure 1.

The final step is a fixed-point argument. For every word ω ∈ [α]s, the interval Iω satisfies

fs(Iω) ⊇ Iω, so fs has a fixed point in Iω. These fixed points are precisely the zeros of G(x) =

fs(x) − x. Since the intervals Iω are pairwise disjoint, the corresponding zeros are distinct,

yielding at least αs real zeros.

Proof of Theorem 1.2. Let p(x), f1(x) = eap(x), and F (x) = f1(x)−x be as in Lemma 3.1, with

a sufficiently large. Let ξ0 < · · · ξα be the nondegenerate zeros of F , and let I(1), . . . , I(α) be the

12



compact intervals from the Lemma, satisfying properties (I)–(III). For k ≥ 2, define fk : R → R
inductively by fk(x) = fk−1(f1(x)), and define G(x) = fs(x)− x. Set I(∅) = R.

We prove by induction on r that for every r ∈ [s] and every (w1, . . . , wr) ∈ [α]r, there exists a

compact interval I(w1,...,wr) ⊆ I(w1,...,wr−1) such that:

(i) For every k ∈ [r − 1], the map

fk|I(w1,...,wr)
: I(w1,...,wr) −→ I(w1,...,wr−k−1,wr)

is a homeomorphism, where (w1, . . . , wr−k−1, wr) denotes the word obtained from (w1, . . . , wr)

by removing wr−k, . . . , wr−1.

(ii) fr(I(w1,...,wr)) ⊇
⋃α

j=1 I(j).

(iii) For fixed r, the intervals {I(w1,...,wr)}(w1,...,wr)∈[α]r are pairwise disjoint.

(iv) fr has no critical points on I(w1,...,wr).

I(1) I(2) I(3)

r = 1

I(3,·)

I(2,1) I(2,3)

I(1,1) I(1,3)

r = 2

I(2,1,·) I(2,2,·) I(2,3,·) I(3,1,·) I(3,2,·) I(3,3,·)
I(1,1,1) I(1,2,3)

r = 3

I(w1)

I(w1,w2) ⊆ I(w1)

I(w1,w2,w3) ⊆ I(w1,w2)

f1|I(2,1)
∼= f1|I(2,3)

∼=

f1|I(1,1,1)
∼=

f1|I(1,2,3)
∼=

f2|I(2,2,2)
∼=

Figure 1: Illustration of the nested interval construction for α = 3 and s = 3. At each level r,

the intervals {I(w1,...,wr)}(w1,...,wr)∈[α]r are pairwise disjoint compact subintervals of their parents

at level r − 1.

Base case (r = 1). Condition (i) is vacuous. Condition (ii) is Property (III) of Lemma 3.1,

condition (iii) is Property (I), and condition (iv) is Property (II).

Inductive step. Suppose the statement holds for all words of length at most r − 1, where

r ≥ 2. Fix (w1, . . . , wr) ∈ [α]r. By the inductive hypothesis, conditions (ii) and (iv) applied to

(w1, . . . , wr−1) give

fr−1(I(w1,...,wr−1)) ⊇
α⋃

j=1

I(j) ⊇ I(wr),
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and that fr−1 is a local diffeomorphism on I(w1,...,wr−1). We therefore define

I(w1,...,wr) :=

(
fr−1|I(w1,...,wr−1)

)−1 (
I(wr)

)
,

which is a compact subinterval of I(w1,...,wr−1) such that

fr−1|I(w1,...,wr)
: I(w1,...,wr) −→ I(wr)

is a homeomorphism. This verifies condition (i) for k = r − 1.

For k ∈ [r − 2], we verify condition (i) as follows. Since fr−1 = fr−1−k ◦ fk and fr−1 maps

I(w1,...,wr) homeomorphically onto I(wr), the map fk|I(w1,...,wr)
is a homeomorphism onto its

image C := fk(I(w1,...,wr)), and fr−1−k maps C homeomorphically onto I(wr). By the in-

ductive hypothesis applied to (w1, . . . , wr−1), condition (i) with index k gives that fk maps

I(w1,...,wr−1) homeomorphically onto I(w1,...,wr−k−2,wr−1). Since I(w1,...,wr) ⊆ I(w1,...,wr−1), we have

C = fk(I(w1,...,wr)) ⊆ fk(I(w1,...,wr−1)) = I(w1,...,wr−k−2,wr−1). By the inductive hypothesis applied

to the word (w1, . . . , wr−k−1, wr) of length r−k, condition (i) with index r−1−k gives that fr−1−k

maps I(w1,...,wr−k−1,wr) homeomorphically onto I(wr), and I(w1,...,wr−k−1,wr) ⊆ I(w1,...,wr−k−2,wr−1)

by condition (i) at the same level. Since both C and I(w1,...,wr−k−1,wr) are compact subintervals

of I(w1,...,wr−k−2,wr−1) on which fr−1−k restricts to a homeomorphism onto I(wr), and fr−1−k is a

local diffeomorphism on I(w1,...,wr−k−2,wr−1) by condition (iv), we conclude C = I(w1,...,wr−k−1,wr).

Hence

fk|I(w1,...,wr)
: I(w1,...,wr) −→ I(w1,...,wr−k−1,wr)

is a homeomorphism, verifying condition (i) for all k ∈ [r − 1].

See Figure 1 for a pictorial representation of the various intervals and what the maps are doing.

For condition (ii),

fr(I(w1,...,wr)) = f1(fr−1(I(w1,...,wr))) = f1(I(wr)) ⊇
α⋃

j=1

I(j),

where the last inclusion is Property (III).

For condition (iv), we have to show that fr has no critical points on I(w1,...,wr). Since fr =

f1 ◦ fr−1, we have that x ∈ I(w1,...,wr) is a critical point of fr only if

0 = f ′
r(x) = (f ′

1 ◦ fr−1)(x) · f ′
r−1(x).

By condition (iv) of the inductive hypothesis at level r − 1, we have that fr−1 has no critical

points on I(w1,...,wr−1), thus has no critical points on I(w1,...,wr). In other words f ′
r−1(x) can never

be 0 on I(w1,...,wr). Also, since the image of fr−1 on I(w1,...,wr) is I(wr), and f1 has no critical

points on I(wr) by condition (iv) at level r = 1, (f ′
1 ◦ fr−1)(x) can never be 0. Thus fr has no

critical points on I(w1,...,wr).
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For condition (iii), let (w1, . . . , wr) and (w′
1, . . . , w

′
r) be distinct words in [α]r. If they differ at

some index k < r, then (w1, . . . , wr−1) ̸= (w′
1, . . . , w

′
r−1), and since I(w1,...,wr) ⊆ I(w1,...,wr−1) and

I(w′
1,...,w

′
r)

⊆ I(w′
1,...,w

′
r−1)

, disjointness follows from the inductive hypothesis. If they agree on the

first r−1 letters but wr ̸= w′
r, then both I(w1,...,wr) and I(w′

1,...,w
′
r)

are subintervals of I(w1,...,wr−1)

on which fr−1 restricts to homeomorphisms onto I(wr) and I(w′
r)

respectively. Since wr ̸= w′
r,

the intervals I(wr) and I(w′
r)

are disjoint by condition (iii) at level r = 1, and hence I(w1,...,wr)

and I(w′
1,...,w

′
r)

are disjoint.

Existence of zeros. For each ω = (w1, . . . , ws) ∈ [α]s, write Iω = [a, b]. By condition (ii),

fs(Iω) ⊇
⋃α

j=1 I(j) ⊇ Iω, so there exist x1, x2 ∈ [a, b] with fs(x1) = a and fs(x2) = b. Then

G(x1) = a− x1 ≤ 0 and G(x2) = b− x2 ≥ 0,

so by the Intermediate Value Theorem there exists ζω ∈ Iω with G(ζω) = 0. Also, by condition

(iii), we know that the intervals {Iω}ω∈[α]s are pairwise disjoint, thus G has at least αs roots.

Nondegeneracy. Fix ω = (w1, . . . , ws) ∈ [α]s, and let ζω ∈ Iω be a zero of G, so that

fs(ζω) = ζω. Also, letting f0 = id, define for every k ∈ {0, . . . , s − 1}, xk := fk(ζω). By

Condition (i), xk ∈ I(w1). Also, since fs(ζω) = ζω, we also have f1(xs−1) = ζω ∈ I(w1).

For each i ∈ [α], the interval I(i) is compact and contains no critical point of f1. Since f ′
1(x) =

a p′(x)eap(x), it follows that p′ has no zero on I(i). Hence

δ := min
x∈I(i)
i∈[α]

|p′(x)| > 0.

Also, because I(i) are compact subsets of (0,∞), there exists

m := min
x∈I(i)
i∈[α]

x > 0.

Now, for 0 ≤ k ≤ s− 2,

eap(xk) = f1(xk) = xk+1 ∈ I(w1),

and therefore eap(xk) ≥ m. Likewise,

eap(xs−1) = f1(xs−1) = ζω ∈ I(w1),

so again eap(xs−1) ≥ m.

Using the chain rule,

f ′
s(ζω) =

s−1∏
k=0

a p′(xk)e
ap(xk).

Consequently,

|f ′
s(ζω)| ≥

s−1∏
k=0

a δm = (aδm)s.
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Since δm > 0, we observe that by increasing a if necessary, we can ensure that |f ′
s(ζω)| > 1.

Therefore

G′(ζω) = f ′
s(ζω)− 1 ̸= 0,

and ζω is a nondegenerate zero of G. The argument above independent of ω, so we conclude

that all zeros of G can be made nondegenerate by increasing a.

Format. It is easy to see that q⃗ = (f1, . . . , fs) is a Pfaffian chain of chain-degree α and order

s. Hence G(x) = fs(x)−x is a Pfaffian function defined with respect to q⃗, with format (α, 1, s),

and with at least αs nondegenerate real zeros, as required.

Once again, choosing a large enough concludes the proof.

3.2 Proof of Theorem 1.3 and Corollary 1.4. We shall now prove Theorem 1.3, which

we restate below for convenience.

Theorem 1.3. Suppose there exists a Pfaffian chain q⃗, each of whose components is defined on

n variables, of order s and chain degree α, and whose components are algebraically independent

over R(x1, . . . , xn) (see Definition 2.4). Then, for any β > 0, there exist n distinct Pfaffian

functions of format (α, β, s), all defined with respect to q⃗, having at least⌊
1

n+ 1

(
β + n+ s

n+ s

)⌋
− 1

distinct regular common real zeros.

Theorem 1.3 is proved by viewing Pfaffian functions as an element of an R-vector space, and

showing the maximum number of points for which an element of this space must exist and vanish

on all these points.

Proof of Theorem 1.3. Suppose the functions q1, . . . , qs : U ⊆ Rn → R form a Pfaffian chain q⃗

of order s and chain-degree α. Let

Vβ = spanR

{
xi11 · · ·xinn qj11 · · · qjss : i1 + · · ·+ in + j1 + · · ·+ js ≤ β

}
(3.4)

denote the real vector space of Pfaffian functions of format (α, β, s) with respect to the chain q⃗.

Also, suppose that q⃗ is algebraically independent over R(X1, . . . , Xn) (see Definition 2.4). Then

the monomials appearing in (3.4) are linearly independent over R, and therefore

dimR Vβ =

β∑
d=0

(
n+ s+ d− 1

d

)
=

(
β + n+ s

n+ s

)
.

Choose

m =

⌊
1

n+ 1
dimR Vβ

⌋
− 1
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distinct points

y1, . . . , ym ∈ U.

Consider the R-linear evaluation map

E : V
⊕

n
β −→ Rmn ⊕ Rmn2

(f1, . . . , fn) 7−→

(fi(yj), ∂fi
∂xk

(yj)

)
i∈[n]
k∈[n]
j∈[m]

 .

The conditions

fi(yj) = 0,
∂fi
∂xk

(yj) = δik, (3.5)

for all i, k ∈ [n] and j ∈ [m], are mn + mn2 = mn(n + 1) affine linear constraints on V
⊕

n
β .

Because q⃗ is algebraically independent, the set described in (3.4) is indeed a basis (the functions

xi11 · · ·xinn qj11 · · · qjss are R-linearly independent), so their value/derivative functionals at suitably

chosen points are linearly independent; and since the points y1, . . . , ym may be chosen, one may

pick them so that the map E is surjective. Now, since

n · dimR Vβ > mn+mn2

the solution set is a nonempty affine subspace of V
⊕

n
β . Hence there exist Pfaffian functions

f1, . . . , fn ∈ Vβ satisfying all of the above conditions in (3.5).

In other words, we have for all j ∈ [m] yj is a common zero of f1, . . . , fn and denoting F =

(f1, . . . , fn), we have that DF (yj) = In, which means that yj is a regular zero. Consequently,

there exist Pfaffian functions f1, . . . , fn, where each fi : U −→ R has format (α, β, s), who have

at least

m =

⌊
1

n+ 1

(
β + n+ s

n+ s

)⌋
− 1

distinct common regular zeros.

Now we prove Corollary 1.4, which is restated below.

Corollary 1.4 (Corollary of Theorem 1.3; Sharpness of Khovanskĭı’s theorem when n, α and

s are fixed, and β → ∞). For fixed n, s, there exists a Pfaffian chain q⃗ defined on n variables

of order s such that, for every β ∈ N, there exist n Pfaffian functions each of format (s, β, s)

having at least Ωn,s(β
n+s) regular common zeros.

Proof of Corollary 1.4. Define

q0(X1, . . . , Xn) = X1 + . . .+Xn, and qi(X1, . . . , Xn) = eqi−1(X1,...,Xn),
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for all i ∈ [s]. We will show that q⃗ = (q1, . . . , qs) is Pfaffian chain of chain degree s that is

algebraically independent over R(X1, . . . , Xn). As a consequence, using Theorem 1.3, for every

β ∈ N, we have that there exists n Pfaffian functions defined with respect to q⃗, each of format

(s, β, s) having at least⌊
1

n+ 1

(
β + n+ s

n+ s

)⌋
− 1 ≥ 1

n+ 1

(
β + n+ s

n+ s

)
− 2 ≥ (β + n+ s)n+s

(n+ 1)(n+ s)n+s
− 2 = Ωn,s

(
βn+s

)
distinct common regular zeros, which would complete the proof.

That q⃗ is a Pfaffian chain, of chain-degree s, is easily verified (very similar to Example 2.3-(III)).

It remains to show that q⃗ is algebraically independent over R(X1, . . . , Xn).

In what follows, we will use X to denote X1, . . . , Xn.

Suppose, by way of contradiction, that there exists a nonzero P ∈ R[X, Y1, . . . , Ys] of degree at

most d satisfying

P (X, q1(X), . . . , qs(X)) = 0. (3.6)

for all X ∈ Rn.

We can write

P (X, Y1, . . . , Ys) =
∑

µ=(µ1,...,µs)∈Zs
≥0∑s

i=1 µi≤d

Pµ(X)Y
µ, (3.7)

where the Pµ ∈ R[X1, . . . , Xn], and Y µ is a short-hand notation for the monomial Y µ1
1 . . . Y µs

s .

Defining

Sµ(X) :=

s∑
i=1

µi qi−1(X),

the relations in (3.6) and (3.7) become∑
µ

Pµ(X)e
Sµ(X) = 0. (3.8)

Define an order ≺ on Zs
≥0 as follows: for µ, ν ∈ Zs

≥0, we say µ ≺ ν if µi < νi at the largest

index i with µi ̸= νi. Let ν be the ≺-maximum multi-index for which Pν is not identically zero.

Dividing (3.8) by eSν(X) and re-arranging gives

Pν(x) = −
∑
µ̸=ν

Pµ(x)e
Sµ(x)−Sν(x). (3.9)

Fix (c2, . . . , cn) ∈ Rn−1, and consider the path γ(t) = (t, c2, . . . , cn). Take any µ ≺ ν with

Pµ ̸≡ 0, and let i ≤ s be the largest index with µi ̸= νi. The maximality of ν forces νi > µi, and

by definition of i we have µj = νj for all j > i. Hence

Sµ (γ(t))− Sν (γ(t)) = −(νi − µi)qi−1(γ(t)) +
i−1∑
j=1

(µj − νj)qj−1(γ(t)).
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Since, for every j < i,

lim
t→∞

qj−1(γ(t))

qi−1(γ(t))
= 0,

and since the coefficients |µj − νj | are bounded by d, there exists t0 such that for all t ≥ t0,

Sµ(γ(t))− Sν(γ(t)) ≤ −1

2
qi−1(γ(t)). (3.10)

Since P is of degree at most d, Pµ(γ(t)) is a polynomial in t of degree at most d. Thus for any

ε > 0, we have that

lim
t→∞

|Pµ(γ(t))|
td+ε

= 0. (3.11)

Also,

lim
t→∞

(
−1

2
qi−1(γ(t)) + (d+ ε) ln t

)
= −∞. (3.12)

Thus we deduce

lim
t→∞

|Pµ(γ(t))| eSµ(γ(t))−Sν(γ(t))

= lim
t→∞

|Pµ(γ(t))|
td+ε

eSµ(γ(t))−Sν(γ(t))+(d+ε) ln t

≤ lim
t→∞

|Pµ(γ(t))|
td+ε

e−
1
2
qi−1(γ(t))+(d+ε) ln t (by (3.10))

= 0 (by (3.11) and (3.12)) . (3.13)

and since limt→∞ |Pµ(γ(t))| · eSµ(γ(t))−Sν(γ(t)) ≥ 0 obviously, we have that

lim
t→∞

|Pµ(γ(t))| · eSµ(γ(t))−Sν(γ(t)) = 0. (3.14)

Since ν was chosen ≺-maximal among the indices with Pν ̸≡ 0, every index µ ̸= ν appearing

on the right-hand side of (3.9) with Pµ ̸≡ 0 satisfies µ ≺ ν. Therefore the preceding estimate

applies to every nonzero summand.

Evaluating (3.9) along γ(t) and applying (3.14) to each of the finitely many nonzero summands

gives

lim
t→∞

Pν(t, c2, . . . , cn) = 0.

But Pν(t, c2, . . . , cn) is a polynomial in t. A polynomial with a finite limit as t → +∞ must be

constant, and since the limit is 0, this polynomial is identically zero. Since (c2, . . . , cn) ∈ Rn−1

was arbitrary, Pν vanishes on all of Rn, hence Pν ≡ 0, contradicting the choice of ν.

3.3 Sharpness in s. The case s = 0 corresponds to polynomials, in which case Khovanskĭı’s

bound recovers Bézout’s theorem, which is of course sharp. But in general, Khovanskĭı’s bound

grows exponentially in the square of s for fixed α and βi. It is believed that a better bound
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holds, perhaps one where the growth is exponential in s.1 Indeed, for s ≥ 2, we found great

difficulty in finding functions which attain the bound, as Khovanskĭı’s bound grows extremely

quickly as s increases. Even for low α and β, a chain length of only two already produces a

huge difference between the upper bound and the actual number of zeros: ee
x − x2 − 5x − 5

has format (2, 2, 2) and suggested bound 64, where the actual number of zeros is 3. However,

it is impossible to prove a bound that grows as o(2s) when α, βi, n are fixed due to Theorem

1.2.

In the special case of fewnomials, the exponential dependence on the square of the order of the

Pfaffian chain in Khovanskĭı’s bound can be improved upon, as shown in [BRS08].

3.3.1 Polynomials in ex

The following result appears in [BJS23].

Proposition 3.3 ([BJS23]). Let f(x) = P (x, ex) where P (X,Y ) ∈ R[X,Y ] be a non-zero

polynomial with degX(P ) = n and degY (P ) = m. Then, f has at most N := (n+1)(m+1)− 1

real zeros counting multiplicities.

This tells us that a Pfaffian function defined with respect to the chain q⃗ = (ex) has a strict

upper bound on the number of its roots determined solely by the degrees of x and ex appearing

in the function, and not by the Pfaffian format itself.

Proposition 3.3 proves that the number of real zeros grows as O(mn). However, if degX(P ) = n

and degY (P ) = m, then the degree of f as a Pfaffian function defined with respect to the chain

q⃗ = (ex) can be at most m+n. This means that f has format (1,m+n, 1). Khovanskĭı’s bound

now suggests that the number of zeros of f grows as O((m + n)2) = O(m2 + n2 +mn). Thus

Khovanskĭı’s bound can be sharp only when m = Θ(n).

4 Conclusion

In this paper, we have initiated a systematic study of the sharpness of the Khovanskĭı’s bound.

It would be interesting to construct further families of examples demonstrating sharpness in

different parameter regimes, while any improvement to the Khovanskĭı’s bound itself would

constitute a major breakthrough. Pfaffian functions are far more general than polynomials,

and consequently Pfaffian sets encompass a much wider class of sets than algebraic sets. Thus,

developments in Pfaffian theory are of independent interest, and Pfaffian theory can be applied

in settings where Pfaffian sets arise unexpectedly.

One such setting is metric geometry. Suppose one wishes to study the locus of points at a fixed

ℓp distance ρ ∈ R from another point ξ = (ξ1, . . . , ξn) ∈ Rn. If p ∈ N, then such a set is algebraic,

1Personal Communication with Nicolai Vorobjov.
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defined by
∑n

i=1(xi − ξi)
p = ρp.2 However, if p ∈ R \ Z, then these sets are no longer algebraic,

but they are Pfaffian (cf. Example 2.3-(VI)). This illustrates how Pfaffian sets emerge naturally

even in familiar geometric contexts. Such considerations are partly motivated by the study of

unit and distinct distances in ℓ2 norms, as explored in works such as [Sze16].

These observations suggest that many problems traditionally studied in algebraic or combinato-

rial geometry may admit Pfaffian analogues. Indeed, the Khovanskĭı’s bound has already found

applications in Pfaffian incidence geometry [Bal23, LNV26, NS25], where one studies incidences

between Pfaffian sets rather than real algebraic sets. However, the extension of incidence geom-

etry to the Pfaffian setting remains at a relatively early stage: papers on the topic are still few,

though the generalisation appears promising.

Beyond geometry, Pfaffian methods have also begun to appear in arithmetic settings. For

example, Jones and Schmidt [JS21] establish an intriguing connection between Pfaffian functions

and elliptic curves. Two Weierstrass functions are expressed in terms of Pfaffians, enabling the

authors to obtain bounds on their number of zeros via the Khovanskĭı’s theorem, from which

bounds on connected components readily follow. The paper also discusses the extent to which

these bounds are optimal, particularly because of their dependence on the degree of the Pfaffian

functions. This dependence could potentially be improved significantly if a sharper alternative

to the Khovanskĭı’s bound were discovered.
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