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We present a one-loop renormalization analysis of the improved gluonic energy-momentum ten-
sor in pure SU(3) lattice gauge theory, employing a tadpole-improved tree-level Symanzik gauge
action and a three-loop-improved clover discretization of the field-strength tensor. The calculation
is conducted in Landau gauge by matching the amputated two-gluon matrix element of the lattice en-
ergy-momentum tensor to the continuum MS scheme. The one-loop correction is separated into sail,
operator-tadpole, and external-leg contributions, each expressed in terms of a minimal set of scalar
Brillouin-zone integrals. This approach yields explicit expressions for the finite lattice coefficient
Biat(uo) and the multiplicative renormalization factor Zr(ug) associated with the traceless spin-2
component of the energy—momentum tensor. A key result is the clear distinction between the spin-2
sector, governed by Zr, and the scalar trace sector, which encodes the Yang—Mills trace anomaly.
We demonstrate that the improved lattice construction maintains the correct continuum anomaly
structure, with the trace determined by the scalar operator F,, F,, and the Yang-Mills 8 function,
rather than by the spin-2 renormalization factor. The resulting renormalized energy—momentum
tensor alters the normalization and short-distance behaviour of Euclidean energy-density corre-
lators through both traceless and scalar-channel contributions. Comparison with existing lattice
thermodynamic data indicates that the improved operator accurately reproduces the expected tem-
perature dependence of the trace anomaly and provides a systematically improvable framework for

studying the equation of state, gluon condensate, and transport coefficients in lattice QCD.

I. INTRODUCTION

The energy—momentum tensor (EMT) is a central op-
erator in quantum field theory. As the conserved cur-
rent associated with spacetime translational invariance
ﬂ, E], its matrix elements encode the hadron’s momen-
tum and spin fractions Bﬁ], its expectation value in
thermal states defines the equation of state, and all ther-
modynamic metrics of strongly-coupled matter ﬂa], and
encodes physically important quantities such as the en-
ergy density, momentum flow, thermodynamic observ-
ables, and gravitational form factors ﬂ, ] In Yang-Mills
theory and QCD, a correctly normalized EMT is also re-
quired for the nonperturbative study of the equation of
state, transport coefficients, hadron and glueball matrix
elements, and the trace anomaly.

On the lattice, however, the construction of the energy-
momentum tensor (EMT) is nontrivial because continu-
ous translational symmetry is explicitly broken to a dis-
crete subgroup. The naive discretization of the EMT op-
erator leads to severe ultraviolet divergences—extreme
fluctuations at very short distances—that require multi-
plicative and additive renormalization ﬂg] Unlike simpler
fermion bilinears, the EMT mixes with other operators of
equal or lower dimension under renormalization ﬂm, |ﬁ|],
and its renormalization constants depend on the lattice
action and the specific discretization of the gauge and
fermion fields. Moreover, the conservation of the EMT,
which is exact in the continuum, is broken by lattice ar-
tifacts - that is, artifacts arising specifically from the dis-
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cretization - making a direct extraction of physical matrix
elements from lattice correlators a delicate task.

Two distinct frameworks have been developed to
address these challenges. The first framework uti-
lizes shifted boundary conditions to introduce a non-
perturbative renormalisation scheme, thereby eliminat-
ing the need to explicitly construct composite opera-
tors on the lattice. Imposing twisted boundary condi-
tions in the Euclidean time direction relates the parti-
tion function of the EM tensor to a derivative with re-
spect to the shift parameter. Such a relationship facil-
itates the extraction of renormalized EMT matrix ele-
ments via a Ward identity ﬂﬁ, ] This approach has
been successfully applied to the renormalisation of the
EM tensor in pure Yang-Mills theory ﬂﬂ] and later ex-
tended to full QCD ], to accurately reproduce the
trace anomaly. The second approach, the so-called gra-
dient flow, uses a continuous smoothing transformation
on gauge and fermion fields along a positive ‘flow time’
t. This technique reduces ultraviolet quantum fluctua-
tions while preserving the essential long-distance physics
of strong interactions. Suzuki first showed that a finite,
renormalised energy-momentum tensor (EMT)—which
measures the density and flow of energy and momen-
tum in a field—could be built from flowed fields in pure
gauge theory E] This idea was later extended to in-
clude quarks |, offering a practical, gauge-invariant
EMT definition on the lattice (a discrete spacetime grid
used in numerical simulations). This method has now
become standard for lattice QCD thermodynamics, sup-
porting high-precision calculations of the trace anomaly
and the equation of state ﬂa] These advances set a bench-
mark for perturbative calculations: one-loop lattice per-
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turbation theory renormalisation factors—correction fac-
tors accounting for quantum effects at one order—should
match the correct weak-coupling behaviour and can be
directly compared with nonperturbative lattice data ﬂﬂ]

Perturbative lattice perturbation theory complements
these non-perturbative methods by providing crucial in-
put on operator mixing coefficients and renormalization
constants. Specifically, one-loop computations of the
renormalization of the EMT have been carried out for
a variety of lattice actions, ﬂE, , , ], serving as a
necessary component in the development of improved ac-
tions as well as a consistency check. More recently, high-
precision non-perturbative matching between the lattice
EMT and continuum schemes like MS @] has been made
possible by the development of gauge-invariant renormal-
ization schemes building on these foundations and al-
lowing direct comparison with phenomenological extrac-
tions.

The present work is situated at the interface between
improved lattice perturbation theory and nonperturba-
tive EMT renormalization. Our goal is to compute
the one-loop renormalization of a tadpole-improved glu-
onic EMT built from a three-loop improved clover field-
strength tensor, together with the tree-level Symanzik
gauge action containing plaquette and rectangle terms.
In this framework, the one-loop matching factor is ob-
tained by evaluating the two-gluon matrix element of the
operator in lattice perturbation theory and converting it
to a continuum renormalization scheme. The calculation
naturally separates into sail, tadpole, and external-leg
contributions, each of which contributes to the finite lat-
tice coefficient entering the renormalization factor. Nor-
malization ensures that the clover EMT has tree-level
coefficients of order unity, making perturbative matching
(e.g., to MS) more stable and convergent. To elaborate,
a central issue in this analysis is the distinction between
the traceless spin-2 channel and the scalar trace channel.
In particular, the multiplicative renormalization constant
Zr extracted from the spin-2 projector fixes the normal-
isation of the traceless part of the EMT, while the trace
anomaly is encoded in the scalar operator proportional to
Fg, Fg,. Consequently, a complete renormalisation pro-
gram must track both sectors: the perturbative matching
of the spin-2 operator and the scalar-channel normalisa-
tion required to reproduce the EMT in the continuum
limit.

The paper is organized as follows. We first define the
tadpole-improved three-loop clover EMT to derive the
relevant propagators and operator vertices in Landau
gauge, including the two-, three-, and four-gluon EMT
kernels. Next, we evaluate the one-loop sail, tadpole, and
external-leg diagrams and reduce the projected ampli-
tudes to a minimal basis of Brillouin-zone integrals. This
yields the lattice finite coefficient B4 (up) and, through
matching to the continuum scheme, the renormalization
constant Zr. Finally, we discuss the trace anomaly, the
scalar channel, and the comparison between the per-
turbative prediction and results obtained using shifted

boundary conditions and gradient-flow methodologies.

II. THEORETICAL FRAMEWORK

A. Tadpole-improved Energy-Momentum Tensor
on Lattice

The action is discretized through the tadpole-improved
Symanzik gauge action [21]
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where the trace is over the colour indices and g =
2N /g3 with go being the bare coupling constant. For
the Symanzik action, the coefficients are ¢y = 5/3 and
¢ =-—1/12.

The plaquette is defined as a function of the gauge
links, and it given by

Uy (@) = Up (@)U, (& + af) U (2 + ad) U (x)

where p, u = 0,---3, fi is the unit vector along the direc-
tion u, and x is the space-time coordinate.
The energy-momentum tensor of the gauge field theory
has the form:
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where the gluon field strength tensor is defined as
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is the sum of the four plaquette terms. The gluon field
strength tensor has O(a?) discretisation errors. To im-
prove the discretisation of the gluon field strength tensor,
we incorporate additional higher ”clover” loops (Fig. [
in Fy,,. In general, we define the following improved field
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FIG. 1. The 1x1, 2x 2, and 3 x 3 loops are used to construct
the clover term for the improved energy-momentum tensor.

ki are the constant coefficients and Q™ () corresponds
to the sum of the four m xn loops in the clover formation.

For computational efficiency, we consider a 3-loop im-
proved field strength tensor (k4 = ks = 0) with mean
field improved coefficients,
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The improved energy-momentum tensor is then repre-
sented by

1
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III. ONE-LOOP RENORMALIZATION OF
T ()

The improved EMT on the lattice, Tlffj”p', is a compos-
ite operator. When inserted into correlation functions, it
will have UV divergences from point-splitting regulariza-
tion, operator mixing with lower-dimensional operators,
and lattice artifacts from broken continuum symmetries.
The renormalized operator Tﬁ;l P is related to its bare
counterpart by

TR (2) = ZT<go><T””p<> <T,5:ﬁp<x>>>. (9)

The subtraction of the vacuum expectation value,
<Til7,”p(x)> is essential as it non-perturbatively removes

the power divergent mixing ~ 9,/ a’.

A. Propagator and n-gluon EMT Vertices

The tree-level gluon propagator is obtained from the
quadratic terms in the action. For each loop (plaquette
or rectangle) the second order term is proportional to
the lattice discretization of (9,4, — d,4,,)? plus higher-
derivative discretization corrections. The contribution
from the total quadratic action, after expanding and
Fourier transforming in momentum space has the form

8(2 ZAa Gab )A27

where

The quadratic kernal has the usual transverse and logi-
tudinal decomposition
Gu(k) = A(k)Py (k) + B(k) Py, (k),
where the functions A(k) and B(k) are simply the trans-
verse and longitudinal eigenvalues of the quadratic (in-
verse-propagator) kernel G,,,, (k):
e,k Kk
P (k) = 6, — Z? , P (k) = ==~

The functions A(k) and B(k) are obtained by projecting
G, onto the transverse/longitudinal subspaces:

Alk) = ﬁﬁ[G(’f)PT(/ﬂ)] = EP{,,(k)GW(k),
B(k) = Tr [G(k)P*(k)] = PL (k)G (k) = kG (k)b

for d = 4 Eucilidean lattice.

On the lattice, gauge invariance implies that the
quadratic gauge kernel G, (k) has a null longitudinal
mode,

k.G (k) =0,

and is therefore not directly invertible. To define the
gluon propagator, one adds the lattice gauge-fixing term

Sar = 252 (V, Al (x

which contributes in momentum space

1. .
G (k) = ¢ Rub.

The full quadratic kernel is then
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with GLOV)(k) the gauge-invariant part coming from
the Symanzik action. For an exactly gauge-invariant
quadratic kernel, the longitudinal eigenvalue vanishes,
while the transverse eigenvalue takes the form

A(k) = E2Kp(k; uo),

where K7 (k;up) is the improvement factor induced by
the plaquette and rectangle terms.

To enforce transversality of the propagator and remove
the longitudinal modes, we choose the Landau gauge



(¢ — 0). The tree-level gluon propagator in Landau
gauge is therefore the inverse of the transverse kernel:
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where the continuum-like transverse operator (1%2(5“,, —

/%H/%V) receives the leading scalar transverse eigenvalue
factor

KT(k; UQ) = [EO + 61a2k2 + O(a‘%ﬂ , (11)
with the effective coefficients in the transverse kernel
given by:
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To calculate the EMT 2-,3-, and 4-gluon vertices, we
expand improved field strength, F;)", for each clover
loop size n =1,2,3

Fpn = F{D™™ 4 goF@m<n 4 REE7% 4 O(gh).
Therefore,
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The EMT operator then expands as
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generate, respectively, the 2-gluon, 3-gluon, and 4-gluon
EMT vertices. In the momentum space, with the stan-
dard lattice momenta

. 2 . N .
Dp = . sin(ap,/2), pu = sin(ap,), cu(p) = cos(ap,/2),

the linearised clover field strength for n x n loop can be
written as

Fézlz)yn"a = iRn(pu)Rn(pu)(ﬁuAu - ﬁVAM)7
where the path sum factor R, (p,) is

sin(nap,/2)

o) = napa2)

with p,, as the external four-momentum carried by the
EMT insertion matrix element. The plaquette-size kernal
is defined by

QZU (p) = Rn (p,u)Rn(pu)
and the 3-loop (3L) improved kernal is then given by
Fi) ™ (p) = 147 (93 w0) (PuAy — PuAs),

with
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Writing T3 = %AA&? ) A, the amputated 2-gluon opera-
tor vertex is then given by

1
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(14)
where @ is the standard gluonic EMT structure with lat-
tice momenta p,, p, and Lorentz indices p, o

sz;po (p) = (5upﬁa - 5uaﬁp)(5wﬁa - 51’04139) + (p AN U)
1 . . . .
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To obtain the EMT 3-gluon vertex, we need to evaluate
the quadratic part of the clover field strength, F(?)" in
the second equation of (I3]). For any Wilson loop, the
quadratic term in the anti-Hermitian part can be written
in momentum space as

a,n 1 abe d4q a c
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where, for the average n x n clover loop, the kernal S is
obtained by summing over pair of link insertions on the
loop and, after antisymmetrizing, is given by
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The first two terms in Eq. [6) are the continuum-like
commutor core, and T contains the lattice transport cor-
relations. The core factor C), and the transport term
T are, respectively, given by
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Then the 3-gluon vertex is given by
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with momentum conservation p + q +r = 0.

The most involved ingredient is the four-gluon EMT
vertex. The 4-gluon vertex
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receives contributions from FF®) and F(UFG) parts.
The F® F® contribution can be written as
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with the color tensors

Cabcd fabefcde Cabcd

facefbde Cabcd fadefbce

Each H®™ is bilinear in S| and therefore inherits the

decomposition

H =Hee + Her + Hre + Hrr, (19)

with S = S, + 7. Here H,.. is the core-core contribu-
tion, in which both quadratic field-strength factors are
represented by their continuum-like local kernels. This
term controls the leading continuum tensor structure of
the operator. The mixed terms H.r and Hr. arise when
one field-strength factor contributes through its core part
and the other through its transport part, and therefore
describe the leading interference between local contin-
uum physics and the extended Wilson-loop geometry of
the lattice clover operator. The transport-transport con-
tribution Hpp is built solely from the transport kernels
and represents the purely lattice-geometric, nonlocal cor-
rection. Thus, the decomposition provides a natural sep-
aration between continuum-like physics, leading lattice
corrections, and fully geometric lattice artifacts.

For s channel
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The FM F®) contribution is written as:
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For general kinematics the tensor M is defined by a per-
mutation sum over the four external gluon legs. However,
in the operator tadpole diagram the kinematics special-
ize to (p, —p, k,—k), and the permutation sum reduces
to four non-equivalent assignments corresponding to the
four choices of which external leg is absorbed by the
linear kernel X. In that case one may write the non-
permutation form
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This representation is particularly convenient in the tad-
pole channel because it eliminates the explicit sum over
Sy and makes the color contractions transparent. The
tadpole-specialized 4-gluon vertex, after color contrac-
tion of the two internal legs, becomes
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B. One-loop Contributions

The one-loop renormalization is extracted from the
one-particle irreducible amputated two-gluon Green
function with one EMT insertion,

Fﬁll)/;pd (p) = (A5(P) T, (0) Ag(=p)) | 1PLamp °

At one loop, the correction separates into three topolo-
gies,

(23)
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The contributions to the one-loop correction, from sail
(external leg corrections), operator self-energy (tadpole)
diagrams, and vertex diagrams, are shown in Fig. 2l The
sail diagram is generated by the contraction of the three-
gluon EMT vertex with the three-gluon gauge-action ver-
tex through two internal gluon propagators. These rep-
resent the one-loop correction to the external gluon wave
functions. The virtual gluon loop dresses the incom-
ing or outgoing gluon before it interacts with the EMT
operator. These are wave function renormalization cor-
rections to the external gluon legs. These provide part
of anomalous dimension (logarithmic divergence) and a
lattice-specific finite contribution.

In Landau gauge, the corresponding amputated two-
gluon Green function is

i d*k
rpaee) = [
e pz (2m)*
x D (p + ki uo)
bc'e’, ce!
XVo'Oz/ﬂ/(g)(—p7p+ k,—k,UO)Dﬁﬁl(k}7u0)7
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1 The Feynman diagrams were generated using the LaTeX package
tikz-feynman.

P P
AS(p) w9 T (999 A%(—p)

(a) Tree-level operator insertion.

(e) Right external-leg self-energy correction.

FIG. 2. One-loop Feynman diagrams H contributing to the
renormalization of the improved gluonic energy—momentum
tensor 1},,.

where p is the external momentum and k is the loop
momentum. The two internal propagators therefore
carry momenta p + k and k, respectively. The 3-gluon
gauge-action vertex for the tadpole-improved tree-level
Symanzik action is

Vbc’e' ,(3)

o CO
s (01, D2, P33 u0) = go f° {Fvgilﬁl(pl7p27p3)

0

C
HEV )| (20
0

where VP and VP denote the plaquette and rectan-
gle parts, respectively. For the sail kinematics used in

Eq. (26),

(p1,p2,p3) = (—=p,p + k, —k). (27)



It is convenient to define the transverse projector
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Substituting Eqs. (IT), 26) and 9) in Eq. 25]), and

noting that the explicit factors of gy cancel, one obtains
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The color contraction is immediate:
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and therefore the contribution from the sail diagram re-
duces to
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Using Eq. (8], the numerator may be written explicitly

as:
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It is useful to separate the core and transport pieces of
the clover kernel:
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The first term N5 contains the continuum-like vertex
structure, while M5! measures the leading distortion
induced by the finite lattice geometry of the clover
operator. This split is useful both conceptually and
practically, since it separates the continuum matching
structure from the genuinely lattice-specific correction.



To obtain the contribution relevant for the renormal-
ization constant, the Green function is projected onto the
transverse symmetric-traceless spin-2 channel. We use

DpDo
t a\P) = 0 o T 5
P ( ) P p2
1
PMU;'y(S = 5(6N76U5 + 6;,“56,,7) — Z(Suyé,y(;’
and define

1 sail
F(0310) = Puviyst o (0)tos (DT L2 (03 ).

Substituting Eq. (32) into the above equation gives

4
(1) a*k
Foa(p; = 2C
Sall(p7u0) A/BZ (27‘1’)4

% Pulfwétm( Jtos(p )N;illpa'(pu k; uo)

(1 F) Kr(p + ks uo) h2Kr (k; uo)
(36)

Expanding the projected integrand for small external mo-
mentum and retaining the coefficient of the p? tensor
structure, the sail diagram contributes to the finite one-
loop matching coeflicient through

95Ca o P Baait(ug) + O(p*), (37)

1
Faasuo) = 25

where Bgaii(ug) is reduced analytically to the minimal
basis of Brillouin-zone integrals

5. g 9
Bgail(uwo) = gcgfo(uo) - gC(QJIl (u0) + Eé1la(uo)
——Co Z )elE) 100) (44
n,m=1
~051 Z e I (wo). (38)
n,m=1

For the isotropic kernel K (k;ug) = Eo+61a2152, the one-
loop projected amplitude reduces to the minimal scalar

basis
d*k 1
Io(w :/ - ,
olwo) = |, Gyt R2 K p (K ug)?

1) _/ d'k 1
N s @)t K (ks ug)?

Lo (uo) / d*k 1
u - = )
2 Bz (2m)* k2Kr(k;up)?

together with the operator-weighted integrals

/ &k Dpn(k)
Bz 2m)* E2Kp(k; ug)?’

'k Dp(k)
I(l) U _ / _ nm 7
nm( 0) B (271')4 k2KT(]€; ’U/O)B

19 (uo) =

where

ZQ”” k)Qe (k). (39)

u<u

In this way the sail contribution is represented by an
explicit, gauge-invariant numerator built from the im-
proved EMT kernel, the improved gauge-action vertex,
and the transverse lattice propagator, together with a
scalar denominator controlled entirely by the improved
transverse kernel Kp(k;ug).

The operator tadpole diagrams arise when the two
gluon fields in the operator’s O(A?) vertex contract with
each other, forming a closed loop. The operator ”feeds on
itself” by emitting and reabsorbing virtual gluons. These
diagrams are expected to give power divergences that
must be subtracted. The contribution from the operator
tadpole is given by

1 d*k
I\(l)tad ab _ _/ Aabcc,(4) . k. —k:
Qs po (p) 2 B2 (27T)4 #y;pgaﬁ(p7 P, R, ,UO)
X ffﬁ(k;uo).

Using the propagator, the above expression becomes

. d*k N9 (p,k;u
Dl (p) = g5C 6% / wipe (P K o)
' Bz (2m)*

k2K r (ks uo)
. (40)
wit
1 abce, 77 7
Niitioo = 3N pmpas (. =0k, =k o) (m - kakﬁ/ﬁ)

The vertex diagrams involve the interaction between
the operator and the action vertices. The operator ver-
tex (from expanding T17"? to O(A?)) connects with the
action vertex (three-gluon vertex) via gluon propagators.
The external-leg contribution generated by the gluon self-
energy, is given by

HZZ (p) = g [(5;)0132 = Dpbo )l (p2§ uo) + Ppbolly (p2(; U(S)} )
41
and contributes through

F(l) leg( )

nvipo _29(2) HT(M2; U’O) A,Sw) ipo (p; UO)' (42)

To extract the renormalization constant, we project onto
the transverse symmetric-traceless channel and define

F2(p;10) = Puviap toa (D)tos (p) Ao (Piuo).  (43)

The total coefficient is the sum of three one-loop topolo-
gies

Blac(uo) = B (ug) + B2 (ug) + B1& (o)



where

B (ug) = C5 (o) lo(uo) + C5* (uo) 11 (uo)
+cwl(u0)12(u0)

4 Z [O(O sall

n,m=1

0) IO (uo)

+OI (o) I3 (o)

3
Bio (uo) = C§* (uo)lo(uo) + Z CLO:tad (1) IL0) (uy),
n,m=1
%ﬁ%(uo) = Cy®(uo) o (uo) + Oy (uo) I (uo)
+Cy5 (o) Iz (uo),
with
5 sai 1
Osaﬂ( 0) = gCO( ) O 1( ):—ECO(U0)27
C5* M ug) = éo(u0)?é1 (o),
) sail ) — T P eF) 5 ()2,
. 1
il (yg) = 5Cn e &g (ug)?é1 (uo),
1.
Ce*(uo) = —ZCO(UO)NF(UO)
C{ -t (yg) = gCnF)Cng; Vo (uo)
leg 13
Co (uo) = 3NF(U0)CO(UO) s
o 2
Ci*(uo) = — 3N (uo)Zo(uo)?,

C%(ug) = 2 Np(uo)éo(uo)?é (o),

and

N (u >—6( ’ i+L)2.

2u0 5ug 10u62
The renormalization constant is then given by

2
95Ca
0) =1+ J5—5 [Brrs —

Zr(u Brat (uo)] + O(g5)-  (44)

The renormalized traceless EMT obtained from the one-
loop matching is finally defined by

2C
TR = [1 + ?6 204 (%MS %m(uo))} T,y + O(gp)-
(45)

C. Yang-Mill Trace Anamoly

The one-loop renormalization derived in the spin-2
channel determines the normalization of the traceless
part of the improved gluonic energy—momentum tensor

(EMT), but it does not by itself account for the anoma-
lous trace. For the tadpole-improved operator,

. 1
T () = o | Fua (0)Foa (@) = g0 Fafs (@) Fas (7) |
(46)
the classical trace vanishes identically in d = 4,
S Tyy® () =0, (47)

so the operator is classically traceless. The quantum
trace anomaly therefore cannot originate from the multi-
plicative spin-2 renormalization constant alone. Instead,
it resides in the scalar trace channel and must be incor-
porated through the full renormalized EMT rather than
through its traceless projection only. Accordingly, the
renormalized EMT must therefore be written as

. 1 )
Ty = Zr(uo) Ty ™ + 10, Zo(uo, ap) O (a), (48)
with
im 1 im 1
0" (a) = — Og™(a) = — Fy7 (a)Fyr (a).  (49)
90 90
The anomaly condition requires

GR(M) _ ﬂ( )Fa e

29 po = por (50)
or equivalently
1 /8 a a
Z(—)(UJOva,UJ) g_QF;?c{‘FSG{‘ - 2( ) Fpa'Fpa' (51)
0

Since the improved clover combination reproduces the
continuum field strength up to discretization errors,

3L 3L a ra
P By =Fp Fo +0(a 3, (52)
the matching condition becomes
Zeo(uo,ap) _ Bg) 4 2
= 4+ O(g*,a%). 53

Thus the wup-improved construction modifies the finite
lattice matching coefficients, but it does not alter the
anomaly coefficient itself.

At one loop in pure Yang—Mills theory,

g° 11
_ 5 ——
so that
Blg) _ Bo g 4o 11Cx ¢? 4
29 2 167r2 Olg") = =5 1672 T OL0)-
(55)
Therefore the renormalized trace must be
11 CA g2 a a
T’L:— 6 1672 FngpU+O( ) (56)



which is precisely the one-loop Yang—Mills trace anomaly.
In the improved lattice formulation this implies

woo__11Ca g
R 6 1672

An equivalent lattice interpretation follows from the
relation between the EMT trace and the response of the
action to a scale variation or anisotropy. Since T, ~
a 0S/0a, while the bare action depends on a through the
bare coupling go(a), one finds

05 _ 9S dgo

Fe F +0(g*, a?). (57)

pot po

a5

am— = 8—goa T & B(g) 99’ (58)
and, because 95/0g x g~ 3F?, this again yields
7o = P p2, (59)

I 29
Hence the anomaly follows directly from the running of
the coupling in the gauge action, and the improved EMT
must reproduce it because it is built from the same im-
proved field-strength basis that matches the continuum
action density.
Combining the traceless and scalar sectors, the correct
renormalized EMT is therefore

im 1 ﬁ(g) a rra
T;ﬁ/ = ZT(U‘O) T,uup)TL—i_ Zélﬂj [g Fpa'Fpa' +O(a27 94)
(60)
Taking the trace gives
BUY) 1o pa
ST, = 2(—9) FyLFS +0(a”, g*), (61)
because the traceless component satisfies
S Ti™ = 0. (62)

Thus, the renormalization procedure based on the im-
proved clover EMT correctly reproduces the quantum
trace anomaly while preserving the properly normalized
spin-2 part of the gluonic energy-momentum tensor.

We define the connected renormalized Fuclidean cor-
relator in the 00 channel by

GE(r) = / d (8T (. %) 0T (0,0)),
§Tos = Too — (Too)-

The corresponding dimensionless normalized correlator
is

1 1
Cop(r) = 5 Gih(r) = =5 /d3x <5Tg§(7, x) 5T0%(0,0)>.
(63)
Using
. 1
Ty, = Zr(uo) Typ» ™ + 70w O+ O(a®, g%,
= M9 (64)

29
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the 00 component becomes

TE = Zp(up) Tem» ™ 4 i O +0(a?, g%, (65)
and hence
Gly(r) = Z3uo) Gy () + 2L G
+1—16 Goo(T) 4+ 0(a?, g%), (66)
where

Gt = [ (ST 8T 0.0))

Gmix(r) = / d3x<5TSg’p’TL(T, x)50/(0, 0)
+30(7, %) 6 T35 (0,0) ),

Goo(r) = /d3x<5@(r,x)5®(0,0)>.

Therefore,
1 im ZT(U’ ) mix
C(r) = 7z |23 Gl ™) + 25 G
1
+1—6 Goo (7‘)] + O(a2, g4). (67)

In our formulation, the renormalized energy density 75
receives both a multiplicative factor Zr(ug) acting on the
improved traceless operator and an additive contribution
from the trace-anomaly operator © = [3(g)/2g]F?. Con-
sequently, the correlator CZ(7) is not simply a rescaled
version of the bare correlator, but contains additional
mixed and pure-anomaly contributions. At leading order
the renormalization affects both the overall magnitude
and the detailed structure of the correlator. Physically,
this modifies the short-distance behavior and can intro-
duce deviations from an ideal plateau at intermediate 771
due to mixing with the scalar (trace) channel. Proper
renormalization is therefore essential to ensure that the
extracted plateau value correctly reproduces the thermo-
dynamic observable cy /T3.

IV. COMPARISON OF ONE-LOOP
PERTURBATION THEORY WITH THE
LATTICE DATA

To assess the reliability of the perturbative matching
factor Zp(ug), it is essential to compare the one-loop pre-
diction with nonperturbative lattice data obtained from
the same improved gauge action and operator basis to
quantify the size of residual higher-order and discretiza-
tion effects, thereby indicating the range of lattice spac-
ings for which the one-loop expression remains quan-
titatively reliable. The inferred continuum finite part



B was determined by matching the lattice-side one-
loop formula to the published dashed perturbative curve

for Zr(g3) [13);

B = Biat (ug Z$(g) — 1]

)+ ggcA[

Applying this point by point to the available (g3, ug) val-
ues yielded a nearly constant result, from which the ef-
fective value B = 15.04 was extracted and is approxi-
mately constant across the relevant coupling range. Thus
15.04 should be understood as the effective continuum fi-
nite matching coefficient that reproduces the published
perturbative one-loop normalization in the same projec-
tor convention, rather than as a universal constant of
the theory. Thus the one-loop renormalization factor is
computed as

95Ca

1-1
Z% oop( uo, g 0)—1—|— 1672

[15.04 = Brac (uo)] . (68)

By contrast, the pointwise values %CH ) extracted

from non-perturbative lattice data shoulg not be used as
input for a one-loop prediction, since they already absorb
higher-order and non-perturbative effects. Table [[] shows
that the dominant contribution to Bi.4(ug) comes from
the external-leg term, while the tadpole contribution
is positive but much smaller, and the sail contribution
is negative. The corrected one-loop prediction Zj loop
follows the perturbative curve closely but remains
systematically below the continuum-extrapolated lattice
data, with the discrepancy increasing monotonically
from weak to moderate coupling. The discrepancy
grows with g2: it is moderate at intermediate coupling,
and becomes large near gZ ~ 1, where the lattice
value is about 1.6 while the one-loop curve is only
about 1.27. This indicates that the one-loop calcu-
lation captures the leading trend but misses sizable
higher-order and/or nonperturbative contributions,
which enhance the growth of Z7 at moderate coupling.
This provides quantitative evidence that the one-loop
matching captures the correct normalization trend
but does not fully account for the stronger growth
of Zr seen in the lattice calculation. This strongly
suggests that higher-order perturbative terms, and pos-
sibly additional nonperturbative effects, are required for
quantitative agreement beyond the weak-coupling regime

To make the comparison with Fig. [Blmore quantitative,
we fit the continuum-extrapolated lattice data for Zp as
a function of g2 with a simple cubic ansatz,

ZF"(g5) = ao + argg + a2(g8)* + as(g5)°. (69)

and obtain the effective two-loop and cubic fits using the
lattice data from Ref. ﬂﬁ] to provide a phenomenolog-
ical estimate of higher-loop effects beyond the one-loop
calculation.  These fits reproduce the lattice curve
accurately over the interval 0 < gg < 1, with an rms
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deviation of order 6 x 1073.

In our explicit calculation, however, the perturbative
curve is understood as the full matching factor. The
lattice finite contribution itself is comparatively small,
Blat(ug) ~ 0.41-0.61, so the magnitude of the per-
turbative curve is controlled predominantly by the
continuum-lattice difference %% — Blat(up).  The

1.8 T T
One-loop +—a—
Lattice —e—

Eff. two—loop

Cubic—fit

0.8 B

0.6 [ B

2
&

FIG. 3. The renormalization factor Zz(g3) together with the
one-loop analytic result in Eq. (G8])

comparison between Egs. ([G8) and ([@9) and makes the
origin of the discrepancy transparent. Because the
present operator is tadpole improved and built from the
three-loop clover combination, one expects the one-loop
prediction to show significantly improved agreement
with lattice data compared with the unimproved
plaquette-clover operator. In particular, the explicit
up-dependence resums an important subset of mean-field
corrections and should reduce the magnitude of finite
renormalization effects at moderate lattice couplings.

TIT, = 155 —e—
TS =215 e

45 F E

Imp.R
Coo™™R (M)
9
5]

T
*

!

>
re
X3

0.1 0.2 0.3 0.4 0.5
T

FIG. 4. The anomaly correlator Coo(7T") on N, = 16 lattices.
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TABLE I. One-loop lattice contributions and renormalization factor computed with the effective inferred continuum finite term

eff
Bits

2
90 uo %sail %tad

0.335 0.952 -0.204527 0.131404 0.484903
0.442 0.943 -0.209848 0.133627 0.505208
0.512 0.937 -0.213314 0.135036
0.605 0.930 -0.217255 0.136592
0.750 0.901 -0.231816 0.141737 0.601840
0.850 0.872 -0.241867 0.143884 0.668342
0.930 0.861 -0.243974 0.143618
1.000 0.853 -0.244781 0.142970

%lcg %lat Z%—loop
0.411779 1.093(2)
0.428987 1.123(2)

0.518870 1 0.440591 1.149(3)
0.534907 0.454244 1.168(3)
0.511760 1.207(7)
0.570359 1.236(7)
0.693388 0.593032 1.255(7)
0.711654 0.609842 1.274(6)

Figure M displays the normalized Euclidean energy-
density correlator Coo(7T) for T/T. = 1.55 and 2.15.
The correlator exhibits a pronounced decrease with
increasing Euclidean time separation, with the strongest
signal at small 77 and a gradual flattening toward the
midpoint 77" = 0.5. Over the full range, the magnitude
of the 00-channel fluctuations increases with tempera-
ture. The enhancement at small 77" is consistent with
dominant short-distance ultraviolet contributions, while
the weaker variation at larger 77 indicates that these
ultraviolet effects become less important as the temporal
separation increases. Overall, the figure suggests that
the temperature dependence primarily enters through
the overall normalization of the correlator, whereas
the qualitative 77-dependence remains similar for both
ensembles.

T
This work F—a—1
Lattice data ———

&3pr
a-p

>

i

FIG. 5. The trace anomaly for improved EMT. The reference
lattice data values are taken from continuum-extrapolated
SU(3) lattice equation-of-state results and their Padé inter-
polation, with the discontinuity at 7. corresponding to the
latent heat of the first-order transition [22, [23].

The figure [Bl shows the comparison of temperature de-
pendence of the trace anomaly of the present EMT re-
sults with reference lattice data M] at N, = 16 The
trace anomaly rises rapidly from low temperatures as the
system approaches the deconfinement region, reaching a

pronounced maximum around 7/T, = 1.0 — 1.2. This
peak reflects the strongest breaking of conformal sym-
metry and the dominance of nonperturbative dynamics
near the transition. At higher temperatures, the trace
anomaly decreases steadily, indicating that the system
gradually approaches the weakly coupled, approximately
conformal regime where ¢ = 3p. The improved EMT re-
sults reproduce both the location and magnitude of the
peak and show good overall agreement with the lattice
data across the full temperature range, with only minor
deviations at intermediate temperatures. This behavior
is consistent with the expected thermodynamics of the
gluon plasma, where nonconformality is maximal near
T., and diminishes at higher temperatures @, ]

V. SUMMARY AND CONCLUSION

In this work, we have presented a complete one-loop
renormalization of the gluonic energy—momentum ten-
sor (EMT) in pure SU(3) lattice gauge theory using a
tadpole-improved tree-level Symanzik action and a three-
loop improved clover discretization of the field-strength
tensor. The calculation was carried out in Landau gauge,
with matching to the continuum MS scheme through
a symmetric subtraction procedure. A central achieve-
ment of this study is the systematic reduction of all
one-loop contributions—sail, tadpole, and external-leg
diagrams—into a minimal basis of scalar Brillouin-zone
integrals, yielding closed-form expressions for the lat-
tice finite coefficient B¢ and the renormalization factor
ZT (UO)

A key structural result is the clean separation be-
tween the traceless spin-2 sector and the scalar trace
channel. The multiplicative renormalization constant
Zr(up), determined through projection onto the trans-
verse symmetric-traceless channel, correctly fixes the nor-
malization of the spin-2 component of the EMT. At
the same time, we have demonstrated explicitly that
the quantum trace anomaly originates entirely from the
scalar operator proportional to FJ I'0 . and is not af-
fected by the spin-2 renormalization. The improved lat-
tice construction reproduces the continuum Yang-Mills
trace anomaly at one loop, confirming the consistency of
the renormalization procedure and the correctness of the



operator basis.

The use of tadpole improvement and multi-loop clover
discretization plays a crucial role in controlling lattice
artifacts. By absorbing large renormalizations into pow-
ers of the mean-field factor ug, the perturbative expan-
sion is significantly stabilized, and all one-loop diagrams
are rendered ultraviolet finite after tadpole subtraction.
Moreover, the decomposition of loop contributions into
continuum-like “core” terms and lattice-specific “trans-
port” corrections provides a transparent understanding
of how discretization effects enter and how they are sys-
tematically suppressed.

We have further shown that renormalization has a non-
trivial impact on Euclidean correlators, particularly in
the 00-channel. The renormalized correlator is not a
simple rescaling of the bare one, but receives additional
mixed and scalar-channel contributions arising from the
trace anomaly. This modifies both the normalization and
the short-distance structure of the correlator, with direct
implications for the extraction of thermodynamic quan-
tities such as the specific heat. Consistency between per-
turbative normalization and nonperturbative lattice data
therefore requires a careful implementation of the full
renormalized EMT.

Finally, comparison with available lattice results
demonstrates that the improved EMT framework repro-
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duces the expected thermodynamic behavior, including
the trace anomaly and its temperature dependence, with
good agreement. Residual deviations can be attributed
to higher-order perturbative corrections and finite lat-
tice spacing effects, suggesting that the present one-loop
calculation provides a reliable baseline for quantitative
studies.

In conclusion, the tadpole-improved Symanzik EMT
constructed and renormalized in this work provides a ro-
bust and systematically improvable framework for lattice
QCD thermodynamics. It ensures correct normalization
of both the spin-2 and scalar sectors, reproduces the con-
tinuum trace anomaly, and is well suited for applications
to the equation of state, gluon condensates, and trans-
port properties. Future extensions to two-loop order and
to full QCD with dynamical fermions, as well as integra-
tion with nonperturbative renormalization schemes such
as gradient flow, will further enhance the precision and
applicability of this approach.
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