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We study the classical tree-level scattering amplitudes of deep-water surface gravity waves using
the methods of high-energy physics. For scattering in one horizontal dimension and in the two-
negative-wavenumber sector we obtain a closed formula for n-wave scattering. Up to a kinematic
prefactor, the amplitude is the volume of a classic polytope—a box sliced by a hyperplane, which we
dub the hydrotope, whose purpose in life is simply to organize the sign patterns of the “chambers”
characterizing all the different regions of the two-minus kinematic space. The general formula was
discovered by Claude Opus 4.6 working under our guidance, beginning with our earlier discovery
of a one-term expression valid in the “simplest” kinematic chamber. Our results resolve the puzzle
raised by Y. V. Lvov’s 1997 computation of the five-wave amplitudes, unifying and extending it to

all multiplicities.

Introduction—Fluid and nonlinear wave systems re-
peatedly reveal unexpected mathematical structure:
complete integrability and solitons [1], exact turbulent
cascade spectra [2], and even topologically protected edge
modes [3, 4]. However, deep-water surface gravity waves
have largely resisted such simplification: they are nonlin-
ear, dispersive, and spatially nonlocal. They are nonethe-
less of great practical consequence, governing the nonlin-
ear energy transfer across the ocean spectrum and the
formation of rogue waves [5]. The classical framework
for their nonlinear dynamics is the theory of wave turbu-
lence [2, 6, 7], built on Zakharov’s Hamiltonian formula-
tion and organized around interactions on the resonant
manifold, where waves obey their long-distance disper-
sion relations while conserving total energy and momen-
tum, what is referred to as on-shell kinematics in particle
physics.

Perturbative tools akin to Feynman diagram tech-
niques have long been part of this story, including Wyld’s
diagrams for Navier—Stokes turbulence [8] and Hassel-
mann’s calculation of nonlinear energy transfer across the
wave spectrum [9, 10], but explicit interaction coefficients
remain notoriously hard to come by. Nevertheless, calcu-
lations for surface waves in deep water have yielded unex-
pected simplicity. In one horizontal dimension the four-
wave interaction coefficients vanish identically on the res-
onant manifold [11, 12], once thought to suggest that the
equations might be integrable for real kinematics [13].
Later, Lvov showed the five-wave interaction coefficients
do not vanish everywhere [14]. Lvov extracted the answer
through a canonical transformation and summing eighty-
one diagrams case by case, but the final answers proved
“remarkably simple”, a simplicity he suspected “should
have a deep physical meaning.” What has been miss-
ing is an organizing principle that makes such structure
manifest and a formula that efficiently computes these

amplitudes once and for all.

Such a principle has emerged from high-energy physics
in the study of on-shell scattering amplitudes, which
often prove dramatically simpler than their Feynman-
diagram expansions suggest. The Parke-Taylor for-
mula [15] collapses an avalanche of diagrams into a sin-
gle term, on-shell recursion [16] builds all tree ampli-
tudes from three-point data, and broad classes of am-
plitudes are now understood as the canonical forms of
positive geometries—the amplituhedron [17], the associ-
ahedron [18], the cosmological polytope [19]—for which
regions of kinematic space are carved out by natural ge-
ometric questions, and each amplitude is the canonical
form [20]. Developed across domains as varied as grav-
ity, gauge theory, and cosmology, these ideas invite us to
ask whether similar structures lie behind non-relativistic
fluid dynamics.

We find first indications pointing to a positive answer
in the context of deep-water surface gravity waves. Treat-
ing each interaction as a classical scattering process we
study the on-shell amplitude, a function of only external
frequencies and momenta, obeying the on-shell condition.
Our central result is the computation of scattering ampli-
tudes in one spatial dimension in the leading nontrivial
sector with two negative wavenumbers, an analogue of
MHYV amplitudes. These enjoy a closed-form formula for
all multiplicities, Eq. (17). This formula was discovered
by a Claude Code AI agent (Opus 4.6) working under
our guidance, beginning with our own earlier discovery
of a one-term expression Eq. (18), valid in the “simplest”
kinematic chamber.

Up to a kinematic prefactor, the amplitude can be
given a geometric interpretation in Eq. (16), as the
volume of a single polytope—a hypercube sliced by a
hyperplane—which we call the hydrotope. This polytope
has a very natural, purely kinematic origin, encapsulat-
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ing all the sign-chambers of one-dimensional kinematics.
It is very striking that the volume of this kinematic ob-
ject computes the scattering amplitude.

Our formula is valid at all n, but up to n = 5 points, all
allowed kinematics have a single minus momentum (for
which the amplitude vanishes), two minus momenta, or
are related by parity to either, so our two-minus formula
suffices for all five-wave amplitudes, reproducing Lvov’s
entire five-wave table in a single stroke.

The surface water wave problem— For surface water
waves, start with a d-dimensional region occupying a
time-dependent fluid domain Q(t) € R x Rl. The spa-
tial coordinates are (z,y), where = (x1,...,24) € R?
denotes the horizontal directions and y € R is the ver-
tical coordinate, and gravity g > 0 is oriented along the
negative vertical axis (see Fig. 1).

The boundary of §2(¢) consists of two components. The
bottom is described by a rigid boundary at depth y =
—h(z). The upper boundary is the free surface

E(t)z{(x,y):y:{(%t)}, (1)

where we call ¢ the free surface displacement, where the
surface waves in question live. Deep water means we
take min(h(z)) — oo, much larger than any other length
scale, namely the wavelengths of the surface waves. The
bulk fluid domain is then

Qt)={(z,y) eERIxR: —~h <y < &(z,t)}. (2)

We take the bulk fluid to be inviscid, irrotational, and in-
compressible, so its velocity field derives from a scalar po-
tential field ¢(¢, x, %) obeying Laplace’s equation, V¢ +
35(;5 = 0 in the bulk.

Starting from Luke’s Lagrangian formulation [21], the
action is

£(ot)
Slo €] = —p/dtdd / [0+ 3V

2( y¢) +gy]§

3)

which recovers Laplace’s equation under variation of ¢,
which is exponentially suppressed at the bottom bound-
ary y = —h — —oo in deep water. All the nontrivial part
of this action lives at the upper boundary, the dynamical
free surface &(x,t). Varying the fields at y = £(z, t) gives
the two equations of motion at the upper boundary:

HE+VE- (Vo)e — (0y9)e = 0 (4)
(0:0) + 5(VO)e + 5(0y0)¢ + 96 =0, (5)

with ¢ and its derivatives evaluated at y = £(z,t) in
both equations, e.g. (¢)e = &(t,z,y)y=e, (V)¢

(Vyo(t,z,y))y=c. The first is a kinematic condition en-
coding that the surface is comoving with the bulk fluid,
and the second is a dynamic condition, Bernoulli’s equa-
tion for unsteady potential flow evaluated on the surface.

FIG. 1. Surface gravity waves on deep water: an incompress-
ible, irrotational, inviscid fluid (infinite depth, h — oo) with
free surface y = &(x,t), outward normal n, and gravity g.
The dashed line marks the equilibrium level & = 0, and the
rigid seafloor is far below in the negative y-direction.

The symmetries and conservation laws of this problem
have been studied in [22].

For surface gravity waves, we would like to find a sur-
face action described by purely surface variables. To this
end, we can integrate out the bulk leaving

= g/dt dx [(@5@5 - 952] (6)

The hydrostatic term integrates over the water column
to the gravitational potential energy %g &2, giving the
restoring potential. For concreteness, we have chosen to
work in a regime where we neglect surface tension in this
work, but there is no obstruction to including surface
tension in this formalism.

Now, since we are literally scattering gravity waves of
surface displacement £, we would like to express the en-
tire action in terms of £ alone. We do this by inverting
(4), trading Dirichlet data (¢)¢ (also called 9 in the lit-
erature) for Neumann data V. This inversion is solved
with a perturbative expansion in a small dimensionless
parameter called surface steepness € ~ £/A ~ k&, the as-
pect ratio of the vertical height of a wave to its horizontal
wavelength \. Density p is a constant that completely
factors out and we can work in units where gravitational
acceleration g = 1, so € is the remaining small (< 0.4)
parameter in the problem. We end up with an effective
field theory Lagrangian completely specified by the sur-
face displacement &, in spatial momentum space [23]:

S[¢,¢]

L= 5 (0:€)°

2| 7] (0) =29 € HVa@) 4 VA0 E 4 (7)

where the unsymmetrized contact terms can be found

in [24]. Fourier transforming time as well to get angular
frequencies, we have up to cubic order,

£= [ awat] (T; g)a—w,—k)e(w,k) ®)

+ / <1:[1 dw; ddk;i> (2m) s <Z wi> &4 <Z k;)

w12u)2 (|Z11 ||I];322| + 1) E(wr, k1)€(wa, ko) (ws, k3)




We can read off the deep-water dispersion relation and
the retarded propagator from the quadratic pieces:

L

D =
k) = Grione — gy

W = gk, (9)
For the unsymmetrized three-point contact term, we
generically have no poles, simply wyws (1 +ky ];;2) This is
special to three-points; at higher points generically there
are poles in the contact terms, which can be accessed in
the Supplemental Material and GitHub repository [24].

Working with Lagrangian contact terms, we can com-
pute the classical field theoretic scattering amplitude by
computing tree-level Feynman diagrams. As long as we
are careful about the complex analytic continuation of
the w and k subject to the on-shell condition w* = k2, we
can immediately read off meromorphic Feynman rules for
each vertex for positive and negative frequencies, with-
out need to keep track of the flow of time as in the
Hamiltonian formulation of [6, 25, 26]; we get this for
free by analytical continuation. A practical consequence
is illustrated by calculation of the five-point amplitude,
for which the Hamiltonian calculation requires upwards
of 81 terms, whereas the Lagrangian Feynman diagram
calculation only has 26. This is further improved with
Berends-Giele recursion made possible by the Lagrangian
vertices, discussed below.

We leave the extensive treatment of the water wave
problem in general dimensions and of the symmetry
breaking pattern and its consequences to upcoming
work [27], and focus on one spatial dimension in what
follows.

One-dimensional kinematics— We now specialize to
one horizontal dimension, d = 1, and set ¢ = 1. One-
dimensional momenta are signed scalars, and because ev-
ery propagator and vertex depends on momenta through
absolute values of sums |}, k;|, the amplitude is analytic
in the external momenta only inside regions where the
sign of each relevant subset sum ), k; is fixed. For real
kinematics, a sign flip occurs exactly where the absolute
value kinks, leading to non-analytic amplitudes. These
regions—the kinematic chambers—are finite and combi-
natorial, and the analytic structure becomes sharp. We
need only one dynamical input: the behavior of the am-
plitude when a single leg goes soft, w? = |k;| — 0.

We label one-dimensional kinematics as follows: ex-
ternal legs carry frequencies wi,...,w, and momenta
ki = o; wiz with 0; = =1 encoding the direction of
the wavenumber, using the all-incoming convention uni-
formly for all legs. Their conservation equations are

Zn:wl:o, ikizzﬂ:@w?:o. (10)
=1 =1 =1

It must be stressed that the physical process is always
(n — 1) linear waves in and one wave out, regardless of
the signs of the w;, k;, or the incoming sign conventions.

We organize the computation by the sign pattern of
the one dimensional momenta {o;}. Due to momentum
conservation, all-plus and all-minus are not kinematically
supported so the amplitude is zero. Moving on to the
one-minus and mostly plus sector, e.g. o1 = —1 and all
other o;>2 = +1, the amplitude vanishes for all n [26],
and the same for one-plus and mostly minus. The first
nontrivial case, and the main subject of this Letter, is
the two-minus sector,

o1 =09 = —1, o, =+1 (Z > 3), (11)
The two-plus sector is related by parity invariance of the
Lagrangian. Detailed analysis of the three-minus sector
only starts to matter at six points and higher and will be
investigated in future work [27].

Classical solutions and the single-minus sector— Let
us spell out the physical meaning of the classical scatter-
ing amplitude A,, and of the one-leg off-shell current J,, in
this context. In general, the solution to the nonlinear wa-
ter wave equation can be constructed by preparing n — 1
incoming on-shell “linear” waves that are free and read-
ing off the out-going “nonlinear” wave. The evolution
is fully causal, hence the use of the retarded propagator
in Eq. (9). We note however that this prescription does
not impact tree level scattering amplitudes, and it would
enter only in reconstructing the causal time-domain pro-
file. The product of the wave heights of the incoming
waves times the scattering amplitude essentially gives
us the wave height of the out-going wave. The one-leg
off-shell current J,, that enters the Berends-Giele recur-
sion pipeline [28] does not have that leg amputated, and
it physically represents the full off-shell “bound” field
response driven by n — 1 on-shell incoming waves (see
Fig. 2).

The amplitude is recovered by amputating the off-shell
leg in the Berends-Giele current, and then taking the
on-shell limit of that leg. That means explicitly A, =
lim,a g2 (W? /|| — 1) Jp.

The distinction between the two can be sharply illus-
trated in the single-minus sector. With a single minus leg
and the rest positive, momentum conservation gives ev-
ery subset sum a definite sign, so there is a single chamber
and the amplitude is one analytic function. From explicit
computation, we find the amplitude A, (— + ---+) van-
ishes at all points, which is a consequence of the recursion
relations studied in [26].

The one-leg off-shell Berends-Giele current with the
other |S] legs on-shell is

J(S) = (ks) 17t ks =Dk, (12)

j€eS

with S U {—ks} a set of mostly positive momenta with
exactly one minus. That is, either the off-shell leg —kg
is the single minus or one of the k;cg is the single minus.



Since this is a solution to all multiplicities, the classical
solution sourced by the one-minus currents can be ex-
plicitly found. As will be discussed in more detail in [27],
a special case of this solution recovers the classical solu-
tion in [29]. Because J(S) in these sign configurations
has no poles, we can readily take the on-shell limit of the
unamputated current to recover the vanishing one-minus
amplitudes.

n

FIG. 2. Berends—Giele recursion for the current J, with (n—
1) on-shell legs and one off-shell leg: the off-shell Lagrangian
vertices at cubic and higher order partition it into sub-
currents, summed over all partitions {L,R}, {L,M,R},...
of the on-shell legs.

The hydrotope and the two-minus sector closed for-

mula—Take the two negative momenta k; = —w? and

ks = —w3 in two-minus n-point scattering and let 3% =
min(w?, w3). Cutting an internal line of any tree diagram
separates leg-1 together with a subset S of the plus legs

from the rest, and the line carries

gs =k1+ Y ki = —wi +ks. (13)
€S

The same line, cut from the leg-2 side, carries ks + kg =
—gs by momentum conservation, so the signs of the gg
already fix the sign of every internal momentum: track-
ing sgn(qg) alone labels the “chambers” of the kinematic
space. Since w? = |k| is non-analytic wherever an inter-
nal momentum changes sign, the amplitude is piecewise

polynomial, with one chamber per sign pattern.
Interestingly, all of these chambers are succinctly cap-
tured by a very simple polytope geometry. Attach a co-
ordinate t; € [0,w?] to each plus leg and form the scaled
hypercube [} ,[0,w?]. Its 2"~ 2 vertices are labelled by
the subset S of plus legs grouped with leg 1 (those with
t; = w?) and sit at height >, t; = kg, the plus-leg subset
sum. By Eq. (13) a vertex lies above or below the plane
>, ti = B? according to sgn(gs); knowing which vertices
fall below this single lower plane fixes the chamber, since
the planes >, ¢; = w? and Y ,t; = w3 carry the same
information by the complementarity above. The scaled

hypercube sliced by this plane is the hydrotope:

Wy, = {(tg,...,tn): 0<t <wy gti:ﬁ}, (14)

Our central result is that the two-minus amplitude is, up
to a kinematic prefactor, the volume of the hydrotope,

A=) = 010, 27 (= 3)IVOl(W,),  (15)

where we defined

Vol(Wh,) Z/()w-§~ /OW’QL (Hdt¢> 5(2&' - B2>7 (16)

and equivalently the slice is 0gz of the solid region
> ti < 2. Evaluating it gives the closed form at once.
Fourier-representing the hyperplane constraint decouples

2 ,
the ti‘ ir;to independent edge integrals fowi dt; eioti =
(1 —e'i)/(—ia), whose product expands over the n — 2
legs, [,(1 — ei@i) = Y (~1)I5lei*ks . The remaining
frequency integral at each term is a pure truncated power,
(n—3)1[de(—ja)~("=De~iaP = [P] 773 5o that

A$;7+"'+) — Wiy gn—1 (_1)|S| [62— wf} n 37
scg;.,n} ; +

(17)
where [z], = xO(r) = max(0,z). This is an ordinary
inclusion—exclusion formula: from the full simplex {¢; >
0, >°,t;i = 5%} subtract each over-filled edge t; > w?,
add back the doubly-counted overlaps, and so on—one
alternating term per (n—2)-cube vertex S, contributing
only when kg < 32.

There is an especially simple limit of this expression,
when one of the minus legs is softest, i.e. where one of
|wi 2| is the smallest of all the |w|. In this case the cut
plane is very close to the corner at the origin, and the
cut geometry is just a simplex. In this special limit, we
have

_ on—1, 2n-5
" |\w1\ issmallest 2 w1 w2 (18)

The general expression Eq. (16) makes central proper-
ties of the amplitude obvious. It is of course manifestly
permutation symmetric in the two minus legs, and
all the plus legs. It also trivially manifests the soft
limit properties. As a single minus leg frequency wy
goes to zero, the “cutting plane” gets close to the
origin and the amplitude vanishes as (w?)("=3) after
factoring out 2" 'wiws, compatible with the fact that
the single-minus amplitudes vanish. Instead, as a plus
leg goes soft, the integral manifestly vanishes linearly in
w2, and the coefficient of the linear term is precisely the
one lower dimensional volume.

To reiterate, it is important to emphasize that the vol-
ume expression, up to overall normalization, is in fact
entirely determined by the obvious properties expected
of the amplitude together with the soft behavior. Given
that the single-minus amplitudes vanish, we know that
the two-minus amplitudes can not have poles. We also
know that they can not be analytic functions of the mo-
menta everywhere, for the obvious reason that magni-
tudes of subset sums of momenta, | k|, occur every-
where in the computations. And we expect the ampli-
tudes to vanish as w? in the soft limit. As we have said
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segment whose length is the amplitude. Energy and momentum conservation further constrains Wy to 8% = w?. Middle and
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kinematically forbidden regions.

these are all properties of the volume formula, and indeed
if we reverse the logic, we can uniquely determine the
volume function in this way. We are looking for expres-
sions that are piecewise polynomial, with jumps precisely
where | Y~ k| changes sign, which must vanish at least as
fast as w? as any leg becomes soft. Standard results from
“spline theory” going back to the 1980’s [30, 31] then
prove that the “cut box volume” formula is the unique
expression (up to overall numerical normalization) satis-
fying these properties.

The volume formula also extends the soft behavior to
an exact statement away from the soft limits, giving us
that the derivative with respect to any momentum of the
n-point volume is determined by the (n—1)-point volume
as:

aw,%VOl(Wn) = VOI(Wn—1)|wf s—w? w2 (19)

Of course this relation, together with vanishing in the
soft limit, can be inductively integrated back to the full
integral form of the volume.

Ezxamples of the geometry—As anticipated, the hydro-
tope has a transparent geometric meaning, which we now
make explicit at four, five and six points. The simplest
case is n = 4: given the box [0,w3] x [0,w]], Wj is the
one-dimensional segment cut by t3 +t4 = 2 (Fig. 3,

top row). Here energy and momentum conservation pin
the on-shell kinematics to the single wall 32 = w3, the
degenerate base case where the four-wave amplitude van-
ishes [11, 12]. The genuine multi-chamber structure be-
gins at n = 5. Expanding Eq. (17) gives

A5 = 16wiwa B — [82 = kol — [8% — kal2 = 8% — ks [2
+ (8% = ks — k]l + (8% — ks — ks
—+ [52 — kg — ]{75]3_ - [52 - k3 —ky— k5]3—:|, (20)

with k; = w?. On shell k3 + ky + ks = w? + w3 > 2532,
so the last term vanishes and As = 16 wjwy P with P
the square bracket above. As 52 grows, Ws runs through
the cross-sections of a rectangular prism, see Fig. 3 with
ordering w3 < wj < w?: a triangle cutting off one corner,
a trapezoid, a pentagon, and—when w? > w2 + wi—
a parallelogram. The one section that never occurs is
the hexagon (3% > w?): momentum conservation caps
$% = min(w?,w3) < %Z?:l w? = %Z?:g w? and energy
conservation sharpens this to 4% < w?.

Lvov [14] computed the same physics using the Hamil-
tonian framework: his effective five-wave Hamiltonian
matrix elements Tz’fqlk2k3 on the resonant manifold are
the physical five-wave interactions. Fixed instead by La-

grangian vertices, our on-shell amplitude reproduces his



case-by-case analysis exactly. They are related by nor-
malization,

1673/2 Thikaks (@1)

Wk Wy Wk Wplg pa 7
but we bypass the construction entirely: the amplitude
is a single object computed directly from on-shell data,
as encoded by the closed n-point hydrotope formula.

For n = 6 the section is a three-dimensional polytope—
a slice of the scaled four-cube (Fig. S1). Sweeping (32
and the orderings of the w? now produces 14 distinct
sectors, realizing 12 combinatorially distinct polyhedra:
from the tetrahedron, through a triangular prism, a par-
allelepiped, and a truncated tetrahedron, up to twelve-
vertex forms.

BG _
AgY =

Conclusion and outlook— The hydrotope joins a grow-
ing web of connections between geometry and scatter-
ing amplitudes: in every example the geometry is carved
out directly by some natural question in kinematic space,
yet its volume or canonical form computes a dynamical
observable. The hydrotope’s primary purpose is purely
kinematic—it is nothing more than the simplest object
that organizes all the chambers of one-dimensional kine-
matics at once—so that its volume should compute the
scattering amplitude is, to us, the most surprising part
of the story.

It is tempting to ask whether this analytic structure
has any bearing on the physics of extreme surface events.
Rogue waves—the localized, anomalously large events
whose generation mechanism remains debated [5, 32]—
are only weakly nonlinear, with carrier steepness of order
€ ~ &/ ~ 0.1 [33] (or locally near the breaking limit,
< 0.4 [34]), so a perturbative description based on scat-
tering amplitudes is not obviously precluded. Our ampli-
tudes may be used to build nonlinear wave solutions, con-
structing water wave profiles starting from given bound-
ary conditions. The poles of the off-shell current seed
localized extremes, and poles of the on-shell amplitude
yield steeper nonlinear waves. These two phenomena,
that occur at sufficiently high multiplicity, are calculable
and may contribute appreciably to nonlinear rogue-wave
formation. Concretely connecting the singularities of tree
amplitudes to the formation of coherent extreme events
is an important question we leave to upcoming work.

More broadly, the goal is to understand all amplitudes,
in every sign sector and in higher dimensions, and to ask
whether the structures that organize relativistic theories
have water wave counterparts: are there simple analogues
of the MHV expansion or BCFW-type recursion? And,
ultimately, is there a unifying geometrical object for wa-
ter waves? We intend to follow up this story including
connecting the symmetries of the surface theory and po-
sition space wave solutions to the amplitudes in all sign
sectors and higher dimensions [27].

On the use of AI— Given the great current interest in

the capabilities and use of AI in theoretical research, it
is worth giving a clear picture of the nature of our (very
successful) interaction with AT here.

To set the scientific context, this project is an off-
shoot of an effort we have been undertaking for some
time, to understand the physics of water wave scattering
amplitudes from the modern perspective of high-energy
physics, especially using the “on-shell” point of view.
Most of our focus has been on the physics for general
d-dimensional surfaces, with d = 2 of direct relevance
for real ocean waves. But obviously great simplifications
always occur in d = 1 dimensional scattering in any sys-
tem, given extremely restricted kinematics. There were
also already a number of indications for simplicity in the
specific case of water waves, beginning with the observa-
tion of the vanishing of single-minus amplitudes and the
relatively simple results of Lvov at five points. We there-
fore decided to restrict our formulae to one dimension
for the two-minus configurations. The results reported
in this letter were all derived in the span of less than two
days.

We first quickly found the one-term formula Eq. (18)
valid in the “simplest” chamber, and initially thought it
might be correct globally, before finding other chambers.
At this point we decided this was a perfect test case for
using Al to “discover a simple formula”, since we sus-
pected that one existed and also had a first guess for
it. This was the information that was given to Claude
Code, together with the Lagrangian and the BG recur-
sion relations for computing the amplitude. At first, the
agent was also not able to see past the simplest cham-
ber, but after some prompting from us on the importance
of understanding other chambers, it found the inclusion-
exclusion formula of Eq. (17).

In the first instance, then, our experience can be
counted as another in a list of examples of the striking
ability of Al to “find a simple formula”, given the ability
to check it against the ground truth (in our case BG re-
cursion for the amplitude). Our example bears some sim-
ilarity to the ChatGPT discovery of the “single-minus”
gluon amplitude in one-dimensional collinear kinemat-
ics [35]. Indeed the formulae themselves are very similar,
both involving inclusion/exclusion sums—apparently Al
models are especially good at discovering formulae for
amplitudes in one dimension! In our case, the final ex-
pression is so simple that ordinary human pattern recog-
nition methods would almost certainly have eventually
found the result—much more intricate “simple formulae”
have been discovered in standard ways. But of course it
is not obvious ahead of time whether simplifications are
possible, and so the ability of Al to quickly “find a sim-
ple formula”—when one exists—is incredibly useful in
the process of discovery.

Happily in our case, “the simple formula” was so ubig-
uitous in the mathematical literature on splines, that
the AI could also immediately tell us that the inclu-



sion/exclusion formula could be interpreted as a geomet-
ric volume of a box cut by a plane. We could then easily
recognize the physics-reason for the existence of the ge-
ometry as described above—a polytope that captures all
the possible kinematic chambers. This then serves as a
springboard for looking for more general, “kinematic ge-
ometries” that may be relevant for all the amplitudes in
this theory, even if they do not all admit “simple for-
mulae”. Thus our experience also shows a second use
of Al—plausibly connected to its ability to discover the
simple formula to begin with—in more powerfully ex-
posing the unity of knowledge and similarities between
equations across different fields that rarely intersect each
other, here connecting the physics of water wave scatter-
ing amplitudes to the mathematics of splines.
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Supplemental Material

LAGRANGIAN KERNELS

Integrating out the bulk leaves a Lagrangian for the surface elevation £ alone. With u = f and the Dirichlet—
Neumann operator G(&), defined by u = G(§) ¢, it reads

L= %uG(f)_lu—%gfz. (S1)

All of the nonlinearity sits in the inverse operator G(£)~!: expanding it in powers of the surface steepness defines the
Lagrangian kernels F,, as the coefficient of the interaction with two time-derivative legs (momenta ki, k) and n — 2
undifferentiated legs,

1

3uGE) u= I

Ekr S — % D Fulkrs o kn) Gy ks ks k- (S2)
n>3

The F,, are the only dynamical input; the rest of this section computes them.

Recursion. Inverting u = G(§)y order by order fixes the kernels. Anchoring the inversion on leg 2 (so that ¢; = |k;|,
with ¢ in the denominator), they are most easily built through the auxiliary kernels E,, of Ref. [26], which satisfy,
with base case F3(1,2,3) = —%(Q1QQ + k1~k2),

N-3 N=-3 m
P a2
Exv=-2_ __p,23+ -+N)-S L2 gy (1,24 2),m+3,...,N), s3
N =y gy Be(h 234 4N mZ:lm!N (1,24 +(m+2), m+ ) (S3)
after which the Lagrangian kernels follow from
op N-3
go Fy = qN — > 2Eni0(=Sm. 2, om42) Fy (1L, S0, mA3, .. N), Sy = kot o (S4)
1
m=1

These are the routines EKernelExpr and FKernelExpr in the repository [24]. At cubic order the sum is empty, giving
the base kernel

2F,
Fy="2

ki-k
=11 (S5)
q192 q1 92

Closed form and vertices. The recursion (S4) resums into closed form. Writing the internal momenta P, = Y7 , k;
(so Py = ko and P, = —k; by momentum conservation),

_ 0 vi—1l—v,_ 2
1 | Py "0 { LRy, | ( |Py; | )]
Fp=—— Bul 1T |- = Py ko + 2= ) (s6
|Fea 2 2 (n—vp)! [Py, | (v —1—pm)t U770 7 (56)

" . Vi —Vj1
020 2=po<v1<---<vp<n 7j=1

where the vertices appearing in Eq. (S4) satisfy V,, = —%Fn. A kernel becomes the physical n-point vertex once its
two derivative legs are dressed with frequencies and all legs are symmetrized,

1
Vn = —5 Z wg(l) wg(g) Fn (ko(1)7 ey ka’(n))- (S?)
oES,
This Lagrangian contact term V,, is what enters the Berends—Giele recursion.

Cubic and quartic. Evaluating (S6) at n = 3 recovers (S5), whose dressing —2wiws F3 is the unsymmetrized cubic
contact vertex of the main text (8). At n =4 the four chains give, with P; = ko + k3 and Py = —k;,

1 ke
YT kel | 2

k
— (k2-ks + |k2|?) — :kj:(kz'kn +

\kQP) (ka-ks + |ko|?) P3-Py

S8
> DA (58)

for which the full Lagrangian contact term is —%wleF4.



RECOVERING LVOV’S FIVE-WAVE MATRIX ELEMENTS

The first explicit one-dimensional five-wave amplitudes were obtained by Lvov [14], who constructed the effective
five-wave Hamiltonian building on techniques developed in Ref. [13] by a canonical transformation that removed the
four-wave interaction coefficients, and tabulated the symmetric matrix element T]fql k2ks on the resonant manifold

ki+ka+ks=p+q, — Wi +wr, twr =wptwg,  wr=/glkl, (S9)

where every w denotes a positive dispersion value \/g|k| and the wave vectors k1, ko, ks, p, ¢ carry independent signs.
Lvov found that for two sign orientations the matrix element vanishes identically, while the remaining orientations give
“remarkably simple” but conspicuously asymmetric and multi-branched expressions, and remarked that the vanishing
“should have a deep physical meaning.” We show here that the single hydrotope formula (17) reproduces his entire
table: the branches are the polygon regimes of W5, and the two vanishing orientations are the one-minus sector.

Dictionary. —We read Lvov’s kinematics as five legs of As with momenta {k1, ke, k3, —p, —¢}, summing to zero
by (S9) and signed frequencies {wg, , Wk, , Wiy, —Wp, —Wq }, Summing to zero by energy conservation. Each leg’s momen-
tum sign is its o;, so the number of negative momenta fixes the sector, see Table S1. Comparing the two computations
on the manifold (S9) we find the exact relation (here g = 1)

Thiksks _ 1 1/2

1 1/2
pq = 16713/2 (W Wiy Wiy wpwg) '~ A5 = (Why Why Wy Wp W) / wawp P, (S10)

T op3/2

where w,,wy are the frequencies of the two minus legs, P is the bracketed polytope value of Eq. (20) (so A5 =
16 wawy, P), and the universal factor ([Jw)/? is the field-normalization Jacobian between Lvov’s canonical normal
variable and the surface elevation &.

Config Wave-vector signs (k1, k2, k3; p, q) Neg. momenta Our sector As
(i) all positive 2 (—=p,—q) two-minus hydrotope
(ii) one k< 0; p,g>0 3 three-minus = two-minus hydrotope
(iii) two k <0; p,g>0 4 one-plus 0
(iv) ki,2,3 > 0; p,q opposite 1 one-minus 0
(v) one k < 0; p,q opposite 2 two-minus hydrotope

TABLE S1. Lvov’s five sign orientations mapped to our convention in Eq. (10). At n = 5 the three-minus configuration is the
parity image (kK — —k) of the two-minus one, so (i), (ii), and (v) all give the hydrotope. The two vanishing orientations (iii),
(iv) are exactly the one-minus/one-plus sector that vanishes.

For each nonzero orientation the two minus legs carry 8 = min(|w,|, |wp|): legs p,q in (i), legs ki, ko in (i) (after
the parity flip), and legs k3,p in (v). Lvov’s sub-branches are then distinguished by the ordering of the frequencies,
which is precisely the data selecting which corners of the box [][0,w?] are clipped—i.e. the polygon regime of Wi.
Table S2 lists every branch of Lvov’s Table 1 alongside the regime it realizes; Eq. (S10) with the corresponding P
from Eq. (20) reproduces each formula. Lvov’s apparent asymmetry is merely the labeling of the minimum leg and
the ordering w3 < w? < w?2; the hydrotope is the single symmetric object beneath all seven branches.
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Branch Ordering Lvov matrix element 7°/2 T;fql kaks (g=1) Regime Clips

(1) — Zwk/2w2£2w2§2wg/2w3/2/ max(wy, , We, , Why) parallelogram 2
(ifa) Wiy < Wiy S/Qwi;/zwiP{Qw;/Q Wq triangle 0
(iib)  wry > Wy z{Q ,Z?' ,ZQ o 2 wa — wi,) trapezoid 1
(va) Wk > Wiy > Wk w;{Q if ;;/waj” triangle 0
(vb)  wky > Why > Wk, ;{szfwzég 520 Wi, — 2wi,) trapezoid 1
(ve) Wiy > Wy > Wy, Wp > Wy wi{Q ,12 2§2w3/2 (wkl + wkz 2wk1wk3 kazwk3 + wkg) pentagon 2
(vd)  wry > why > Wy, Wg > wp  — 2w5/2wz£2w2£2 3/2 parallelogram 2

TABLE S2. Every nonzero branch of Lvov’s Table 1 and the hydrotope polygon regime it realizes. The monomial branches are
the triangle (P = 54) and parallelogram (P = 2asaa, where the largest plus-leg drops out, corresponding to Lvov’s 1/ max);
the binomial brackets are the trapezoid (P = a3(28% — a3)) and the degree-four bracket is the pentagon. Relation (S10) with
the matching P of Eq. (20) reproduces each entry.

VISUALISATION OF THE SIX-POINT GEOMETRIES

Going beyond five point, we show in Fig. S1 the geometric sectors that are realized in the six point amplitude.

ts

ta
t3
tetrahedron
(4,6,4)

10 vertices
(10,15, 7)

12 vertices
(12,18, 8)

triangular prism
(6,9,5)

10 vertices
(10,15, 7)

12 vertices
(12,18, 8)

8 vertices
(8,12, 6)

10 vertices
(10,15, 7)

12 vertices
(12,18, 8)

parallelepiped
(8,12,6)

(D

trunc. tetrahedron
(12,18, 8)

Q

12 vertices
(12,18, 8)

FIG. S1. All twelve combinatorially distinct six-wave geometries. Each is the hydrotope W realized as the box [0, w3] x [0, w3] x

[0,w?] in (t3,ts,t5) cut by the slab 82 — wZ < t3 +ts +t5 < 52 (eliminating tg; ordering w3 < - - -
are labeled by the number of vertices, edges and faces (V, E, F).

< w?). The geometric objects
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