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ON THE BOUNDEDNESS FOR THE BILINEAR QUADRATIC FUNCTIONAL
GIVEN BY ARBITRARY STRIPS

FREDERIC BERNICOT

ABSTRACT. This study provides initial results on the boundedness of the (smooth) bilinear qua-
dratic functional defined by an arbitrary collection of disjoint strips. The square function under
consideration is a combination between the well-known Rubio de Francia square function from the
linear setting with the bilinear Hilbert transform’s singularity structure, which involves modulation
invariance.
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1. INTRODUCTION

In this work, we aim to give a first result concerning the boundedness of the bilinear square
function, built on the BHT (bilinear Hilbert transform) structure and an arbitrary collection of
strips.

Let us first review this topic which originates to the work of Rubio de Francia [10]: consider
;= (w)weq an arbitrary collection of disjoint open intervals of the real line, then the associated
(sub)linear square function

RFo(f) := (Z \m(f)P)

we)
is bounded in LP(R) for every p € [2,00), where here m, stands for the non-smooth frequency
projection on w

Tolf) = 2 f 71, (6) f(€)de.

This important result encodes the orthogonality of the projections m, due to the disjointness in
frequency, in any Lesbesgue spaces LP, p € [2,00). If for some specific configurations (for example
the dyadic intervals wy, := (2¥,2¥*1)) one can enlarge the range of boundedness, it is known that
for the general statement the range [2,00) is the maximal one.

We refer the reader to [2] for more details about the literature on this topic and to its bilinear
version. In fact, if on the real line, the frequency domain has a simple geometry (described by
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a collection of intervals), in the bilinear context the frequency domain is the plane R? and there
could be far more subtle geometric aspects (curvature, bi-parameter, invariance by non-trivial
modulation, ...).

So now, consider U := (U)yey a collection of disjoint arbitrary open subsets of R?, we can
consider the bilinear quadratic functional

RFy(f.9) : (Z\ﬂafg )

weN

where now 7y is the bilinear projection

w0 (f.g) = @ f EN T (€, m) F(€)3(m)dedn.

For more details about the literature, we move the reader to the introduction in [2], where the
problem has been solved for U beeing an arbitrary collection of squares in the smooth case in [2]
(i.e. with a smooth cutoff as symbol instead of the non-smooth characteristic function) and then
later in the non-smooth case in [8]. The result as also been extended to the setting of an arbitrary
collection of rectangles, see [9].

This current work is dedicated to the situation where U is a disjoint collection of parallel
strips. Indeed, the geometry of a strip is motivated by the geometry of the BHT (bilinear Hilbert
transform): we identify a strip S (parallel to the first diagonal) to an interval wg by

S={(&n) eR? £-newsh

One can then consider its (non-smooth) bilinear projection

N eix(&+n) £

which is equal to a linear combination between the identity and some modulated BHT’s, where
the bilinear Hilbert transform BHT is given by

BHT(f, ¢)(x f f =€) F(£)g () Le_ymod€ .

We recall that the BHT is bounded (see [13| 14]) from LP* x LP? to LP for every exponents
(p1,p2,p) such that their inverse belong to the range (p’ will always be the dual exponent of p,
defined by p’ = [% and which can be negative since p can be smaller than 1)

1 1 1 1 1 1 3
Range ::{ S ) e[0,1)? x (—1,1 0<1——:—+—<7}.
BHT (p17p2 p,) [ ) ( ) )7 p, n Do 2
Following the analogy of Rubio de Francia’s result, it is then natural to try to understand if there
is also some orthogonality aspects in this bilinear setting: to an arbitrary disjoint collection of
intervals, identify the collection of disjoint strips S := (S)ses (such that (wg)ses are disjoint) and
to look for boundeness of the quadratic bilinear functional

) im (X Imstr002)

SeS

This question has been studied by the author in [7] under the condition that the strips have all the
same length, which allowed to use a BHT time-frequency analysis, combined with some ¢?-vector
valued arguments.

Up to now, there is no results in the literature dealing with an arbitrary collection of strips and
such a question seems to be quite challenging. We also move the reader to the introduction in
[3, 4] and mostly [4, Paragraph III in Section 1.2.3], where different problems (even more difficult)
related to this question have been described.
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This work aims to provide a first answer, dealing with the smooth situation. So we start with
S := (S)ses a collection of disjoint strips S, that we identify by its interval wg with

S = {(5777) GR27 f—news}-

Associated to S, we build the smooth bilinear projector

rs(fog) = f f € F(€)g () xass (€ — m)dedy

with .4 a compactly supported function in wg and adapted to it (i.e. for sufficiently enough

integers «, nga) o < Jws|™¥). To such a collection S, one can consider the bilinear square
function
1/2
s(fg) = (3 Ims(f.9))
SeS

If in the linear setting the L2-result is trivial (by L2-orthogonality), there is no similar easy
results in the bilinear setting. The linear L2-range (where the exponent and its dual is larger than
2) has a bilinear counterpart which is the (strict) local—L? range:

Rangeyea—12 := {(i,i,l/) e (0,1, 0< l/, i,i < L and 1= l/ + S + i}
p1 p2 P Pop1p2 2 Popop2

Our main result is the following:

Theorem 1.1. Let S be a disjoint collection of strips: (ws)ses are pairewise disjoint. Then for
every € > 0, there exists a €2-neighborhood V. of the local—L? range such that for every exponents

(p%’ p%, I%) € V. satisfying 1 = :L% ~|—p% ~|—pi2, the square function Ilg is bounded from LP*(R) x LP2(RR)

to LP(R) with p := p,p—_ll and a uniform bound (with respecto to S) of order
HHSHLpl xLP2>Lp Se (ﬁs)e'

Remark 1.2. So our result is the first result dealing with an arbitrary collection of disjoint strips
(up to an e-loss) and the statement can be thought as the bilinear version of the L?-boundedness
in the linear context. As we will see, the proof is far more delicate and subtle than in the linear
setting !

As it will be proved, V. can be taken for example of the form
1 11

We already know that

Is(f,9) < (55)2 - M(f.9)
where M is the bilinear maximal function (since for every S € S, the smooth bilinear operator
mg is pointwisely controled by M). We know (see [12]) that M is bounded in the BHT range
Rangegpr. So by interpolation we get the following:

11 l) € Rangeggr. One has for every € > 0,

Theorem 1.3. Fiz exponents with (p1 e ¥

L || 2o1 x oo < (ﬁS)U(plyp27p)+€,
with

( ) (1 10>+ (1 10)+ <1 10)
‘=max | — — = max | — — = max (— — =,0].
o{pP1,P2,P 1 92’ Do 9’ p/ 9’
About the optimality of the range (up to the e parameter as small as we want), one coud follow
an analogy between the linear theory and the bilinear theory, and by observing that the quadratic
functionals are not symmetric, we could expect the following:
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Conjecture 1.4. For every collection of disjoint strips S, every e > 0 and every exponents such
that p1,p2 € [2,00) then uniformly in the collection S, we might have

IILs| rr1 xLr2 e < (4S)S,

for p given by ]% = p% + p% (and maybe even without the loss €).

Remark 1.5. (a) A similar conjecture could also be formulated in the context of [2], where
an arbitrary collection of squares is considered; however, even this simpler case remains
unsolved. While the proof does not rely on symmetric arguments for the functions f,g
and for the dualizing functions b, it appears that the proof only works in the stated range
which is symmetric.

(b) In the context where the strips have same (or equivalent) width, then in [I1] it has been
proved the estimate for p = 2, without any loss €.

(c) Moreover all these questions can be extended to the non-smooth context, where the symbol
Xwg in g is replaced by the characteristic function 1, . In such a non-smooth setting, it
is only known the boundedness in the strict local-L? range for strips of the same width —
see [7] and an estimate is proved without any loss.

The proof of Theorem will follow the approach developped in [2] for squares, and that we
adapt here for strips. It goes through a size/energy argument after having defined the suitable
quantities and a reshuffling of the frequency geometry into columns and rows. With respect to [2],
the main difference is the following one. In [2] we were considering ¢"-functionals over a collection
of squares, for r > 2 — which by duality means to consider some 0" -sequence of functions. If a
strip can be discretized by a collection of squares, the main obstacle will be that we cannot sum
over these square in ¢, since 7 < 2. So the main idea will be to define a new energy for the dual
functions which will be a L?(£?) quantity. Indeed, since we can only hope to sum in £? over the
squares along a fixed strip, then by "homogenity’ we have to sum in ¢2 the strips as well. That

will be done up to a loss in terms of §S to the power %a with « := % — % and it will be necessary

in several occasions that a > 0 (which will then become the € := 2o > 0 in the statement).

2. DISCRETE MODEL OPERATORS AND INTERPOLATION

2.1. Reduction to a well-distributed collection of strips. In the linear setting, namely Rubio
de Francia’s work [I0], a first step is to reduce the study to the case of a well-separated collection
of intervals, which is a slightly stronger condition than the disjointness: a collection of interval
(w)weq is said to be well-separated i

the collection (2w)eq is pairwise disjoint.

In this current work, we will need to discretize the strips by squares (in order to apply some
time-frequency analysis involving tiles) which will have to be mutually disjoint (when coming from
different strips). Hence we will need to use the property of well-separated and we first explain how
in the smooth case, this is easily doable to assume.

Proposition 2.1. To prove Theorem |1.1, we may assume that the collection of strips or more
precisely of intervals (ws)ses is well-distributed.

Proof. We start with an initial collection (wg)ses which is only disjoint. Then for every interval wg
we consider its Whitney covering (partition) by dyadic intervals: wg := | |w with dyadic intervals
w C wg such that
41 < dist(w,w$) < 101
and denote for £ > 0
QF = {w, 27" Nws| < |w| < 27F|ws|}

1The numerical constant 2 is not important and could be replaced by any constant k > 1.
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so that we have

ws=]([]w):

k
k=0 weQS

We then consider a partition of the unity (. ). associated to the covering (2w),, so that
10.)5 = Z XUJ
w
(n

and each X, beeing adapted to w, which means that x, € Ci°(2w) and |xw )Hoo < |w|™" for
sufficiently large integers n.
So then we decompose

Xos = 2 Xos - (D] Xw) = D Xk

k=0 weNk k=0

By the properties of construction, x.g, is supported and adapted to the union of two intervals
which constitute a well-separated collection and are uniformly bounded by 27%. So if we assume
that the result is true for such collections, we deduce that for every k = 0, the corresponding square
function Ils ; is bounded with an extra 27% and then we conclude by using that pointwisely

HS(fag) < Z HS,k(fag)'

k>0

0

So from now on and in all the remaining part of this work, we will assume that the collection
of intervals (wg)ses is well-separated.

The next step of the reduction is to discretize the square function and to use multilinear inter-
polation to reduce to restricted weak-type estimates for the discrete models.

2.2. Reduction to discrete model operators. By duality, to estimate IIs in LP (1 < p < o0),
one can test it and use

IMs(f,g)|ee := sup > ws(f, 9)(@)hs(z) da
per?’(2) JR geg
HhHLPI(ZQ):l

where we take the supremum over the sequence of functions b := (hg)ses belonging to L¥ (£2(S))
and beeing normalized.

In this part 7g is the smooth bilinear projector, so by covering the strip S with squares w (of
scale the one of the strip) and then by performing a windowed Fourier decomposition, it is rather
standard that mg(f,g) can be decomposed along wave-packets:

Definition 2.2 (Wave-packet). For a rectangle I x U of area 1, a wave-packet ¢r«p is a smooth
function L?-normalized which has a frequency support on U and is adapted to U in frequence and
to I in space, i.e. for sufficiently large integers n > 0 and M = 0, for every z, & then

n —p—1 d x,I —-M ~“(n —np—1
6@l < 1 SN 3] < el ),
For an interval I, we denote
d(x, I)\—m
x(z) := (1 + ( ))

1|

where M is an exponent as large as required (and which can vary from a line to another one).
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By standard arguments, we then have the following decomposition ﬂ

ms(f9) = D) 2 1172 (f, bran )+ (9 Brwn) * Bsss
wnNS#J
w=wyxwy |I|= \W1\ !
[1]=lwg]~1
where the sum can be restricted to intervals w and I belonging to a dyadic grid (up to a finite
sum of similar terms in order to take into account shifted dyadic grids as well).
So it is sufficient to work on such discrete models. Aiming that we fix D the collection of dyadic

intervals and we recall the notion of tri-tiles:

Definition 2.3. A (unitary) tile is the product of two dyadic intervals I x v of area one |I|-|v| = 1.
A tri-tile s = (s1, s2, s3) is a collection of three tiles sharing the same spatial interval I = I

s1=1Is x wgy, s9 = I X wg, and Sg = I X wg,y

with the property that ws, € —(ws, + ws,). We denote by P for a generic (finite) collection of
tri-tiles. For such a tri-tile s, we will denote the frequency square wy := wg, X ws, which will play
an important role, interacting with the strips.

With these notions, we are then reduced to the study of the following trilinear form (and to
prove bounds, uniformly with respect to any finite collection P)

Ap(fg.0) =30 X0 Il72(f dsl - g, sl - [Chs, b)),

SeS  seP
wsNS#J

where b := (hg)ses is a sequence of functions (indexed by the collection of strips) and by ws NS #
&, we mean that ws := ws, X ws, has to meet S and so in particular (ws,)i—12,3 have to be at
the scale of S (and more precisely of wg). When ws; 1S # & then ws 25 where 2S5 is the strip
given by the double interval weg := 2wg. Because we assume that the collection of strips S is
well-distributed that means that such a frequency square will not meet any other strips. So for
every s € P there is at most one strip such that ws N S # ¢J. That is an important property and
will be implicitely used at many places.

As usual, we will prove boundedness by use of multilinear interpolation and restricted weak-type
estimates. For E any measureable subset of finite measure, we denote by

X(E):={feL®”R), |f(x)| <1p(z) a.e.}

and its ¢? version (we keep the same notation for simplicity, the context will dictate the use)

X(E) :={h e L*((R)), [b(z)]e < 1p(z) a.e.}.

In order to prove Theorem [I.I], we know that by multilinear interpolation, it is sufficient to
prove some “restricted weak-type” estimates.

Definition 2.4. For a triple v := (v, 19, v3) satisfying 14 + v + v3 = 1 with 0 < 14,15 < 1 and
—1 < v3 < 1, a trilinear form £ acting on the Schwartz spaces S(R) x S(R) x £2(S(R)) is said to
be of restricted weak-type v if for every measurable sets (of finite measure) F, G, H, there exists
a major subset H' ¢ H (with |H| < 2|H’|) such that for every functions f € X(F'), g € X(G) and
he X(H') one has

IL(f,9,0) < [F[" -G - [H[*

and we denote by | L], 1,.,] the best implicit constant.

The multilinear interpolation (with a slight precaution due to the vector-valued context, see [T
Section 2.2] and [5], Section 2.3]) gives the following:

2Here we denote ~ by the fact that the LHS can be decomposed into a (finite or infinite with fastly decreasing
coefficients) sum of terms of the form the RHS.
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1

Theorem 2.5. Let p1,p2 € (1,00) and p € (%,oo) such that p% + p% = 3 Then with i =

1-— % € (—1,1) if there exists a neighborhood V' around (p%, p%, I%) such that for every v € V, the
trilinear (or sublinear) form L is of restricted weak-type v, then L is bounded (admits a countinous
extension) from LP* x LP> x LV (£?) (if p’ € [1,0)) and

”‘CHLPl < LP2 x P (£2) < sup H'CH [v1,v2,03]"
veV

In the case that L(f1, f2,h) = (T(f,9),b) for some £*-valued bilinear operator T then we have

(even if p := p,p—_l < 1) that T admits a continuous extension from LP' x LP* into LP((?) with

HTHLpl x LP2—LP(42) < sup H‘c||[1/1,z/2,1/3]-
veV

From all these previous reductions, we get that Theorem will be a consequence of this one:

Theorem 2.6. Fix € > 0 arbitrarily small and consider S a collection of well-distributed strips.
Then, there exists a €2-neighborhood W of the local—L? range such that for every v = (v1,v9,13) €
We satisfying 1 = vy + va + v and for all finite collection of tri-tiles P (and uniformly with respect
to it) then the trilinear form Ap is of restricted weak-type v with the bound

HAIPH[Z/l,l/Q,l/g,] S (ﬁs)e

3. THE RESHUFFLING OF THE COLLECTION OF TILES

From now, we fix the collection of tri-tiles P and we aim to study the trilinear form Ap. Following
[2], we re-shuffle the collection in terms of rows and columns, with the following definitions.

Definition 3.1 (Row/Column). A sub-collection R c P is a row of top ¢ € P if for every s € R,
I, c I and Wiy S Wey.

We denote the top as tg := Ig X wr.-
A sub-collection C < P is a column of top t € P if for every s € C,

I c I and Wi, S We, -
We denote the top as t¢ := I¢ X wc.

Remark 3.2. Due to the geometry in the frequency plane, we observe that the tiles s1 := Iy x wyg,
are mutually disjoint when s varies along a row. Similarly, the tiles sy := Iy X wg, are mutually
disjoint when s varies along a column.

As expected (see [2, Definition 2.4]), we say that a sequence of columns (Cy, - -- , C,,) is mutually
disjoint if they are are disjoint sets of tri-tiles and if (I¢; x wc;,); are disjoint as well. A sequence
of rows (Ry,- -+, Ry) is mutually disjoint if they are are disjoint sets of tri-tiles and if (Ir; x wc;,);
are disjoint as well.

Definition 3.3 (Tree/Forest). A tree T is a collection which is either a row or a column and we
denote by I the spatial interval of its top. A forest F is an arbitrary finite collection of trees.

Then, to perform the time-frequency analysis, we need to define suitable quantities (see [2,
Definition 3.1]).

Definition 3.4. For a sub-collection P’ = P, we define the size for f by

Sizep/(f) := sup Kf:ds1)l ¢51>|.

1
scP |Is|§

For a sub-collection P’ < P, we define the size for g by

SiZQp(g) I= sup w
sclP | Ig|2
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For the sequence of functions §, we aim to keep a definition in terms of wave-packet coefficients.
We refer the reader to the proof of [2] Proposition 2.5] which motivated the notion of size through
a maximal function (]2, Definition 3.2]). Here we will keep the quantity appearing at the beginning
of the proof and involving the wave-packet coefficients: through all the rest of the work we will
use an extra exponent r > 2 or a parameter a > 0 jointly defined by a := 3 — % which will be

2
used in the technical estimates and will then be related to the € parameter in the main statement.

Definition 3.5. For a sub-collection P’ « P, we define the size for b, as

1/r’

Sizep(h) := Sup |[ |r’/2 2 Z Z S M ’<h57¢83>|r

’
) TcP SeS I seT
column or row I|=|lwg|™ 1 wsnS#p

Remark 3.6. Since % + ar’ =1, one has
1/r

Siep(0) = swp |G Y Y L o)l

!
TP SES seT
column or row wsNS#J

We will also use the “modified” sizes, encoding only the spatial information: for a function v
—~ 1
size p(v) := sup (m j |v(x)|x1, (x)daf)
S

selP’

We now define the energy quantities. For f, g we follow [2, Definition 3.3]:

Definition 3.7. For a sub-collection P’ ¢ P, we define the energy for f, as

1/2
Energy p/(f) := sug2” (Z |Ic|>

¢ Ced

where € ranges over all collections of mutually disjoint columns C < P’ so that

‘<f7 ¢S1>| < 2n+1

. for all se C
|12
and whose tops t¢ satisfy
S (btc V| = 2" for all C e €.
Io|2

Similarly for the function g, with rows instead of columns.

For the sequence of functions b, we will have to modify slightly the energy with respect to [2]
and so we set:

Definition 3.8. For a sub-collection I P, we define the energy for b, as

1/2
Energy w (h) := sup2” (2 w)

"]E_-Z TeF

where F ranges over all forests of mutually disjoint rows and mutually disjoint columns satisfying
for every T € F

Z Z S 047” <h5a¢83>|r 2nr"

SeS  seT
wsNS#J

‘IT‘T’/Q
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As we will see later (Proposition , this definition allows to have a L2?-control of the energy
which was not the case in [2]. However this is only possible here because we allow a loss in terms
of §S (as we will have in Proposition [.3). In [2], the setting was simpler (a collection of squares
instead of strips as here) but the result was stronger since there was no loss and for that it was
necessary to consider the L™ -energy introduced in [2].

To control the trilinear form Ap, we will re-suffle the whole collection P into rows and columns
(as in [2]) and so we have first to estimate the trilinear form on these elementary sub-collections.
That was already done in [2, Proposition 2.5] (so we do not repeat its proof which is relatively

easy):

Proposition 3.9 (Column/Row estimate). Let P’ be a sub-collection of P and C be a column of
P’. Then we have the following estimate:

Ac(f,9,0) 5 Sizew(f) - (Sizer (g))* (u XK <z>52>|2> Sizer (0) - |lcl.
seC
If R is a row of P, then we have similarly
AR<f7ga h) < (SizeP’(.f (’I | Z |<f ¢81>|2> . SizeP’(g) . SiZGIP”([]) ’ |IR‘
seR

4. CONTROL OF THE sizes AND energies

As usual the size quantities are bounded by the L® norm and more precisely local L'-averages
(or L™ -averages for h):

Proposition 4.1 (Size estimates). We have for an arbitrary collection P’ < P the following
estimates:

sives() < sup (117 [1f @@ ) < 1l Sizewto) < sup (7 ol @)tr) < Lol

seP’ seP’

and with h := (2565 |hS|2)1/2

) 1/r'
Sizep(h) < (85)" - Sup <\I%r\ f ()] XIT(fL‘)de’) < (88)" - [hlleo-

Proof. For f and g, there is nothing to prove since the wave-packets are adapted to their spatial
interval.

For b, we follow what was done for the proof of [2, Proposition 2.5]. So we fix a tree T and we
have (with M beeing the Hardy-Littlewood maximal function)

/

TN D Mol < g S % IS [t M)

SeS seT SeS  seT
wsNS#J wsNS#J
!
SES D EE | Mhsv)@)]
Seswsfsi@ s

Since r'(« + l) =1, one has

SN L s du)l” < %2 D j M(hsxi,)@)] da.

SeS seT seT
wsNS#Y wsﬁ5¢®

\I\
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We note that for S € S fixed, then along any tree T there is only one frequency square (ws)ser
which meets S and so the corresponding spatial intervals I are disjoint (and included in It). So

ES X MKk o)l < ,”2 |, Bresxan @] s

Se§S  seT SeS
wsNS#J
J|h5 ~X1T(93)d:n,
SGS

where we used the L™ -boundedness of the maximal function. Finally by doing a Holder inequality
along S, one deduces

uT|Z > L s, du)I < ] j (@) - 1 ()d.

SeS  s€T
wsNS#J

Taking the supremum over all trees in I/, allows us to conclude the estimate. [l
For the functions f, g, we have the standard energy estimate — see [2, Propositions 3.6 and 5.1]:
Proposition 4.2 (Energy estimates). For every sub-collection P’ < P of tri-tiles, one has
Energyp(f) S |fl2 and  Energyp(g) < gl
If the collection P’ is localized on a spatial interval Ip: then we have the local estimates
Energy pi(f) S |f - x5 l2 and  Energyp(g) < g - X1 l2-

We aim to have a similar result for the sequence of functions §.

Proposition 4.3 (Energy estimates). Let P’ be any sub-collection of tri-tiles of P and b a sequence
of functions. Then with h:= (Y¢.s |hs|?>)"/?, we have

Energy p/(h) < (£85)% - |A]e.

If the collection ' is localized on a spatial interval Ip: then we have the local estimate

Energy p(h) < (88)“ - |- X1, [ 2-

Proof. Let us chose a maximiser in the definition of the emergy: an integer n and a mutually
disjoint forest F such that

1/2
Energy p(h) < 27! (2 uTr)
TeF
and for every tree T € F

2|l < )0 D) LI Khs ds)l”

SeS seT
wsNS#J

With ¢, := |I5|*[{hs, ¢sy)| (Where implicitly S is the unique strip in S intersecting ws), we have

Yo lel” =30 >0 X Ml Khs, o)l

TeF seT TeF SeS  seT
wsNS#JH
!
<OV CN DY Khsos)
TeF SeS seT seT
wsNS#J wsNS#J
/2
<SRN Khs, o)
TeF SeS seT

wsNS#J
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where we used Holder inequality with % =a+ % and then that for S € § beeing fixed, then the
frequency tile w; is fixed when s varies along a tree T and so the spatial intervals I are disjoint
(and included in I1). So we obtain (by Holder inequality)

S S el < (t8)F S (YY) Khs, de))?

TeF seT TeF SeS " iesT;&g
<ES)TE(N DTN Y Y Khs e
TeF TeF SeS  seT

Wsﬁs¢@

By easy orthogonality arguments (since for S € S fixed, the tri-tiles s such that ws NS # & have
all the same scale, given by the strip S)

(LY % Knsow)s (X Insly)”

TeF SeS  seT SeS
wWs nS’#@

< |2,

with by convention h := (¢ s |hs|?)!/2. So we conclude to

(N i) < Y Y el 5 ¢8)F (S 1) Rl

TeF TeF seT TeF

which yields (since 1 — ar’ = %)

(N 1)) ? < (38)™ - [l

TeF

and so allows us to conclude to the (global) energy estimate.

For the localized statement, we just observe that if P’ is localized on Ip then all the previous
arguments imply wave-packets also localized in Ips and so one can keep and track the localization
at every step. O

5. DECOMPOSITION LEMMAS AND SUMMATION OVER COLUMNS/ROWS

Through all this section and the next one, we fix the functions f,g,bh and a sub-collection of
tri-tiles P’ < IP and we will use the following notations
Sl = Size]p/(f), 52 = Size[p/(g), Sg = Sizep/(h),
By := Energy p(f), Fp = Energyp(g), Bs := EnerayP'(h)

for the sizes and energies.
For f and g, we recall the following “selection algorythm” — see [2, Lemma 3.9]:

Lemma 5.1. Let Q be a sub-collection of P' and an integer ng such that Sizeq(f) < 27™E;.
Then one can extract a collection € of columns such that

e the remaining collection Q' := Q\(Jgee C) satisfies Size g (f) <27 1Ey

e the selected columns satisfy

D] < 2%,
Ce€

We have a similar lemma for the function g with extracting a collection of rows — see [2, Lemma
3.10]:
Lemma 5.2. Let Q be a sub-collection of P’ and an integer ng such that Sizeg(g) < 270 Ej.
Then one can extact a collection R of rows such that
e the remaining collection Q' := Q\(Uren R) satisfies Size g (g9) < 2701 E;y
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e the selected rows satisfy

> e s 2.

ReR
We aim to have a similar lemma for the sequence b — see [2, Lemma 3.11] (that we adapt to
our new definition of energy in this current setting):

Lemma 5.3. Let Q be a sub-collection of P’ and an integer ng such that Sizeg(h) < 270 E3.
Then one can extact a collection R of rows and a collection € of columns (both mutually disjoint)
such that

e the remaining collection Q' := Q\(Ugen R Y Ucee C) satisfies Size g (h) < 2701 E;
e the selected rows and columns satisfy

Z |Ir| + Z |Ic| < 22n0,
Rer Cee

By iterating these three previous “selection lemmas”, one has the following decomposition:

Proposition 5.4. Let fix an arbitrary collection P’ < P of tri-tiles. Then we have a decomposition
= U Qn
neZ
where Qy, is given by the union of a forest of rows F;} and a forest of columns F2 and satisfy

o Structural decomposition: Q, = URe]—‘l R) Uce]:Q C);
e Control of the size

Size g, (f) < min(2""Ey,S1), Sizeq,(9) < min(27"Esy, Ss), Sizeg,(h) < min(27"Es, S3);
o Control of the forests

Dkl <2 and > |Ie| < 2%
ReF} CeF2
Moreover .7-'% is empty if n is such that
27"FE1 = 25, and 27"F3 > 2855.
Similarly, F2 is empty if n is such that
27"FEy = 25, and 27"F3 > 28;3.

6. BOUNDEDNESS OF THE TRILINEAR FORMS

We first prove the following generic estimate: we consider a fix sub-collection of tri-tiles P’ < PP,
measurable subsets F, G, H and functions f € X(F), g € X(G), h € X(H). For each of them,
as in the previous section, we denote the global sizes and energies (with respect to P') by S;, Ej,
j=1,2,3.

Proposition 6.1. For P’ a sub-collection of tri-tiles, we have: for every 01,602,603 € [0,1] with
01+ 05 + 03 =1 then
Az (f,9,h) < sizep (1) - 5700 B2 - 5300 170 . gges p2ets
§ 70 (1) V7 - 52001 200100) | GRata pl-2ads . G2ata pl-2ata,
Proof. 1t is an application of the decomposition — Proposition
Ap(f,9,0) = > Mg, (f,9,h)

nez

and for every n € Z

Ag,(f,9,0) = D Ar(f.9,0)+ D> Ac(f.g,h).

ReF} CeF?2
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For every column C € ]-'3, Proposition gives

Ac(f,9,h) < Sizeg, (f) - Size g, (9)** - sizep (1) Y" - Size g, () - |Ic]|

and similarly for every row R € F}

AR(f, 9,b) < sizep (1) - Size g, (f)** - Size g, (g) - Size g, (h) - |Ir].

Here we used (as in [2, Proposition 2.7]) that by orthogonality along a column or a row, we have
7 3 o0 < i [ @) P ()i < sfep (1)
seC

and similarly

2 F b < | 1F@)Pxa (2)da < sizew (1p).
u |

seR

So it suffices now to estimate the two components

D=3, 3] Sitequ(f): Sizeq (o) - Sineq, ) ic

and

= > ) Sizeg, (f)* - Sizeg, (g) - Size g, (h) - [Ir|.

neZ ReF}

Let us focus on (1), since the second one is symmetric. By the property given by the “selection
algorythms” in Proposition one has

< ). D) min(27"Ey, S1) - min(2 "By, S2)** - min(2 " Es, Ss) - [Ic|

neZ CeF?
< ). 2% - min(2 "By, 1) - min(27" By, S2)** - min(2 ™" Es, Ss)
nez
S S S
< EEPE;- Y 2% min(27", 21) - min(27", 22)%  min(27", =)
E Es Es
nez
and the summation is under the constraint
27" Fy < 25, or 27" k3 < 255
which can be written as
Sy S3

27" < Qmax(E—2, E—g)

To compute the geometric sum in n, we need to compare the three quantities %11, % and %

Aiming that, let us work under the assumption

Si 52 Sg

1
(1) By E2 E3

and we let the reader to check the other situations (which can be dealt with in a very similar way).
We will consider the sum in (7), split into several components (still denoted by (I)):
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e when 27" < %, then
1
(I < E\E3*Fx -222” L2727 T S B E By - ) 27700
n

< E\E2Fy - (le )%

< E1E2204E3 . (E711)2a91 ) (E722)2a92 ) (Fi)2a€3

< S%aalEl —2a61 52a02E2a 209 S§a93E1 2a03

. When <27 2, then
I §E1E2aE3‘ 22n"511 9—2an  o— n<SlE2aE3 2(1 20)n
2 B
E1 (1-2a)
< S E2°Es -
152 (Sl)
since a € (0,1). So
S1\2
I) < E\F?E
(I) € EAE3°Es - (E1)

and we recover the same estimates as previously.
e when %22 <27 < 2%, then
S1

(I) < E\E3*F; -222” B (

S o —n o n
522)2 27" < 5153 Eg,-;z

E « E 1o %
<SISZ201E3 §2<S152QE3 ( 2)2 2\1-2

So Sy
< SlEgaEg . (?)1_20 < B ES aEg (lS?ll)

and we recover again the same estimate as previously.

1 1 1
p1’ p2’ p

(uniform with respect to P)

3a
[Apla 1,1y < (8S)2
P1 P2 P

14

This completes the proof of the estimate for () under (). The other situations (permutation of
the quantities in (1)) can be studied similarly, as well as the second term (1) which is symmetric.

O

From that estimate, as explained in [2, Sections 5 and 6], in order to get the widest (from
such estimates) range, it is necessary to go through an extra localization step. This extra step,
detailed in [2] could nowadays be explained through the sparse domination point of view (see [6]).
It was introduced in [5] when it has been observed that up to a localization, the energy could be
‘transformed’ into a power of size. We donot detail and we refer the reader to [2], we will only
sketch the argument to track the exponents.

Theorem 6.2. Let r > 2 be fized arbitrarily close to 2 and denote o := % — % > 0. Then for all
exponents p1,p2 € (1,00) and p € (%,oo) such that % = p% + p% and

) with a control
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Proof. So we fix arbitrary measurable subsets F, G, H (of finite measure) and functions f € X (F),
g € X(G) and by homogeneity one can assume |[H| = 1. Then we define the 'usual’ exceptional
set

Q:={z, M(1p)(z) = ol FI} v {z, M(1c)(x) > col G}

for a numerical constant co, sufficient large such that || < 3 and then we set H' := H\(2 a major
subset of H. Then we consider also functions h € X (H’) and we decompose the initial collection
P :=JzsoPa defined as

d(I,°)

Py :={seP2¢<1+
| L]

< 2d+1}.

We refer the reader to [2, section 6], to the following localization step. For integers ny, na, ns = 0,
there exist (J")i—1,2,3 three collections of disjoint dyadic intervals and for each of these intervals
Ie J", there is a corresponding collection Pg(I) such that

(a) Control of the averages:
1
27M < Il J 1p(z)xr(x)de < 27™

and similarly for ny with G and n3 with H’;
(b) Control of the local sizes: for every I € J;"!

Size]pd(l)(f) + S’Eépd([)(].}?‘) < 27"1
and similarly for ny with g, G and for n3 and every I € 75"
Size]P’d(I)(h) +éi;éPd(I)(1H’>1/T/ < 2—n3/r/;

(c) Partitions of Py: for i =1,2,3

The fact that we have
Size ]P’d(l)(h) < 2—n3/r’ and s/izé]pd(f)(lH/) < 2—n3

comes from the fact that Sizep, (h) can be estimated by maximal LT/—averages (and not maximal

L'-averages as for f,g) — see Proposition
Then one has

Asy(Fr9.0) = >, D) Meutinay)(fr9:h)

n1,M2,M3 1ye7,"1
126.7;2
I3e733

where
Pa(I1, I, I3) = Pa(l1) N Pa(l2) N Pa(l3)
and the integers n; are such that (because they have to be controlled by the size of Py)

27m < 2|, 27 <29 @G|, 27 g 27 ML (45)

where M is as large as we want. Indeed it is standard that because of the definition of the
exceptional subset and of P; then

Sizep,(f) <2%|F|,  Sizep,(g9) <2%G|,  Sizep,(h) <271 (4S)".
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For every Iy, Is, I3, we apply Proposition (with the fact that now the energies which are
controlled by local—L? averages are then bounded by 27"/2|I} n I ~ I3]Y/2 for i = 1,2,3):

AIPd(Il D.Ts) <f7g7 h) g 2—n2/7" i 2—2a91n12—(1—2&91)n1/2|jl A 1'2 A 1'3’(1—2():91)/2
. 2—204927122—204(1—92)n2/2|11 A 12 A 13|2a(1—02)/2
2—2049377,3/1” (ﬁs) ]. 20403)2—(1—20493)713/2‘[1 A IQ A 1-3|(1—2a93)/2
+ 2—n1/7" . 2—2&917112—2&(1—91)n1/2|11 NIy 13|2a(1—01)/2

. 272a92n227(172a92)n2/2 |(172a02)/2

|Il N .[2 M 13
. 2—20593713/7"(ﬁs)a(l—Qoﬁg)2—(1—2&93)n3/2|Il A 12 A 13|(1—20z93)/2'

That gives us (since 01 + 0 + 03 = 1)

Apy1,.1,1)(f,9:0) < (48)*(1—2a05) o= (g+abim  g—(gtabainz  9—(53+20%05)s |1 ~ [, A I,
Then we will have to sum over ni, no, n3 such that
(2) 27 Smin(1,29F)), 27 smin(1,2YG]), 27 g2 M. (15)°

because all the sizes are also bounded by a constant and so we get that as soon as 0 < v < %—i—a&l,
0< 1 <%+a02 and0<173<l+2a293 we have

Ap (11,1 15)(f19:0) S (§8)*(1720%) . g7vam g mvame . 970803 ) o I ( I).

Then we have to sum over the intervals I; € J;". Due to Property (a) above of the selected
intervals J;"*, we have that

Y, Ihls2mF
LeJg"
and similarly for i = 2,3, due to the disjointness. And indeed we also have

3 |1m12m1315mm( Nl Y R, Y ugy).

n n n n
negt LieJ)t Ied,? I3eJ,3
12672”2
I3e753

So for 7; € [0, 1] with 41 + 72 + 3 = 1, one has
Z |1 Iy N Ig| < (2™ F))7(272|G) 7227373,

Iy EJlnl
IyeJy?
135553

Hence finally,
Y0 Abrna(f9,0) $ (38)°UT200) onmvm gl maine gbemins | ppa| e,

negyt
126.7;2
136‘.73713

We can then sum over n; under the condition with v; > v; and in such a case we have
A]P’d(faga ) (ﬂS) (1—2ab3+03—73) | 2—M’d‘F’V1’G‘V2

for some numerical exponent M’ (depending of all the exponents). Since o € (0, 3) then

3

1
1—2af3+ 3 —v3 < 172a93+2+a03\§

and so we deduce that

(3) 2(f,9,0) = > Ap(f.9,h) < (£5)2% - [F|" |G|,

d=0
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That corresponds to the desired restricted weak-type estimates for the exponents (v, 12, v3) with
vy :=1— (v1 + 19).
The constraints (that are needed in the previous computations), are

1 1
0<V1<§+0z91, 0<V2<§+0492,
and )
mn <, Y2 < V2, V3 < U3 < 3 +2a%0;

with 6;,v; € [0,1) and
Oh+02+03=71+7+y=L1

In particular, these contraints are satisfied if
1 1
O<I/1,V2<§+2O¢2 and V3<§+2a2.

Indeed for such exponents, one has

LAy 1
<1 and ZZ 2 - <1,

. 202 402
=1

1
Vi — 5
202

So we can find admissible exponents 6; € (0,1) such that for i =1,2,3
1
v < 5 + 20[29i

and since a € (0, 3),

0

N

1 1 1 1
y1<§+2a291<§+a01, 0<1/2<§+2a292<§+a92.
Then by chosing 73 € (max(v3,0), % + 20203), one has vy, vy, 73 € (0,1) with vy + 15 + 3 > 1 and
so there exists 7; € (0,1) such that 0 <y < vy, 0 <y <o, 0 <73 < U3 with 71 +v2 + 73 = 1.
So we have found suitable exponents verifying all the conditions, in order to make the previous

computations valid, which concludes the proof of the statement with 14 = p%’ vy = p% and
V3 = 1-— % D

Remark 6.3. If we follow [6] which explains how such localization algorythm can give a sparse
domination (indeed for i = 1,2, 3, the collection UniZO J/" is sparse), we can then prove that
the trilinear form Ap satisfies the following sparse domination: for f,g,h there exists a sparse
collection of intervals (I); such that

o< ()3 (f f|“):1 ({ w)é ({ Ihl’"?’)% 1

for exponents r1, 7o, r3 corresponding to

1 1+ ab 1 1+ ab 1 1
T 1, Bl e and — =~ +2a%03.
1 2 9 2 3 2

We know that such sparse domination implies boundedness from LP* x LP2 to LP for exponents

p1,p2, p such that p% + p% = % and

r<p, ra<ps and r3<p,
which allows to recover the exact same range of boundedness (up to the use 2a < 1 for a simplifi-

cation of the conditionn that we also used in the previous proof).

Remark 6.4. In the final statement, we put a loss of order (48 )%0‘ and the % comes from . If
we do things a bit more carefully we could reach an exponent 1.
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