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In this work, we propose a novel definition of the one-point charge correlator (QC)
adapted to the Breit frame in deep-inelastic scattering (DIS). We demonstrate that
this observable is infrared and collinear (IRC) safe, ensuring its perturbative calcula-
bility. Utilizing soft-collinear effective theory (SCET), we systematically analyze the
QC in both the forward and back-to-back limits. In the forward limit, we introduce
the nucleon charge correlator as a novel non-perturbative object that encodes the
multi-dimensional microscopic structure of the nucleon. In the back-to-back limit,
the QC establishes a direct correspondence with transverse momentum-dependent
distributions (TMDs), enabling its description within the standard TMD factoriza-
tion formalism. The singular distributions are derived within SCET and are verified
by the full QCD calculations up to O(a?). The corresponding collinear logarithms
are resummed to all orders with the accuracy of NLL (O(a? L™~ 1)), while the trans-
verse momentum-dependent logarithms are resummed to all orders with the accuracy
of N3LL for the unpolarized distribution and N?LL for the Sivers asymmetry.

I. INTRODUCTION

Understanding the internal structure of hadronic events in Quantum Chromodynamics
(QCD) continues to be a central objective in high-energy physics. Over the past few decades,
significant progress has been made in mapping the three-dimensional momentum space of
nucleons through transverse momentum-dependent distributions (TMDs). Many of the as-
sociated distributions such as the Sivers function, which describes the correlation between
the transverse momentum of quarks and the transverse spin of the nucleon, play a central
role in unraveling the dynamics of orbital angular momentum and spin physics. The up-
coming Electron-Ion Collider (EIC) [1] will provide an unprecedented precision laboratory
to explore these multi-dimensional landscapes with high luminosity.

Over the past few years, the development of energy-correlator observables [2-12] has
offered a promising new perspective for probing nucleon structures [13-15]. By tracking
the angular distributions of energy deposited in the final state, these observables resolve
complex QCD dynamics without traditional reliance on jet clustering. When applied to
deep-inelastic scattering (DIS), their behavior spans two distinct physical limits. In the
back-to-back (current fragmentation) kinematic regime, the resulting angular correlations
are closely tied to the transverse-momentum-dependent (TMD) recoil effects, establishing
a natural bridge to standard TMD factorization techniques [16-21]. Conversely, within the
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forward (target fragmentation) region, they bypass individual hadronization stages to offer
a direct probe of spin-dependent partonic motion inside the nucleon [20, 22-26].

In this work we introduce a new variant of such observables which focuses on the one-
point charge correlator (QC) in lepton-nucleon collisions. We define the charge correlator
as the total charge deposited at a given polar angle with respect to the incoming proton
direction:

SUEDS / 00epresisx Q00 — ;). 1)

Here, 6; denotes the polar angle of the final-state hadron ¢ measured with respect to the
incoming proton in the Breit frame, and @); is its electric charge. Driven by the high-precision
tracking capabilities at the future EIC, this observable can be measured very precisely on
charged tracks, showing great potential for phenomenological studies.

To access the Sivers asymmetry, we further construct an azimuthal-angle-dependent ver-
sion:

(0, 0) = Z/ dOepserirx Qi OO — 0;)0(d — ¢i) (2)

where ¢; is the azimuthal angle with respect to the lepton plane. A graphical illustration
of the QC in DIS is provided in Fig. 1. The QC represents a generalization of the nucleon
energy correlator (EC) [27] to the charge sector. For comparison, the EC is defined as:

5
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where Ej; is the energy of the observed particle and £, is the proton energy.
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FIG. 1: Sketch of the one point charge correlator measurement showing the angle and the
intuitive picture of the charge measurement operator.

The detector operation of charge correlator can be expressed formally in terms of QFT
operators with intuitive space-time definitions [5-11, 28, 29]:

0 0

o(n) = / sin §'dd’ lim r? / dtn' J;(t, rii) . (4)
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The theoretical structure of the charge correlator takes on different forms depending on the

scaling of the angle 0 defined above. In the target fragmentation region (TFR), where out-

going particles are emitted along the incoming hadron beam, this observable is theoretically

described by a one-point charge correlator which provides a probe of the intrinsic nucleon



dynamics. We demonstrate here the factorization into the partonic DIS cross section ¢ and
a nonperturbative nucleon charge correlator (NQC):

(0) = / tdz, (%2) fiac(z.0). (5)
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This factorization allows a direct connection between measured charge distributions and the
underlying partonic structure of the nucleon.

In the current fragmentation region (CFR), where particles propagate in the opposite di-
rection from the incoming nucleon, this observable can be used to extract the conventional
transverse-momentum dependent parton distribution functions (TMDPDF's), the TMD frag-
mentation functions (TMDFFs) and the Sivers function. We perform the corresponding
TMD resummation up to N3LL accuracy for the unpolarized target and N?LL accuracy for
the study of the Sivers asymmetry.

In both the TFR and TMD regimes, the observable can be systematically analyzed using
a factorized framework based on soft-collinear effective theory (SCET) [30-35]. We validate
our approach by comparing the singular distributions at O(as) with those obtained from
the factorized formula. The resummed distributions are then matched with fixed-order NLO
QCD results for EIC kinematics. We briefly discuss non-perturbative effects in the CFR.

The remainder of the paper is organized as follows. In Sec. II we introduce the kinematics
in both the TFR and the CFR. In Sec. III, we demonstrate infrared safety of the observable.
Sec. IV presents the factorization formulae in the TFR, while Sec. V presents the factoriza-
tion formulae in the TMD region. The numerical consequence of the resummation, the fixed
order o2 #-distribution and PYTHIA [36, 37] simulations are studied in Sec. VI. We conclude
in Sec. VIL

II. DIS KINEMATICS IN THE BREIT FRAME

We begin by reviewing the kinematics of DIS and the momentum regions relevant to our
study. The incoming and outgoing lepton momenta are denoted by [* and I'*, while the
initial proton momentum is denoted as P*. The momentum carried by the virtual photon
is ¢* = [* — I'". The standard Lorentz-invariant DIS variables are defined as

Q? P-q
2P'q7 y Pl? (6>

Q2 = _q27 Trp =

where Q% characterizes the photon virtuality, zz is the Bjorken scaling variable, and vy is
the inelasticity parameter.

Our discussion will be carried out in the Breit frame, in which the virtual photon carries
momentum only along the z axis:

q" = _<ﬁ'u - n#) - Q(Ov 0,0, _1) ) (7)

with the light-like vectors n* = (1,0,0,—1) and n* = (1,0,0,1). The proton momentum is
then given by
QR , Q

pPr=pr=_* (1 1).



We employ the usual light-cone notation p™ = - p and p~ = n - p, such that a generic
four-vector is written as p* = (p*,p~,pr). The polar angle of a final-state particle ¢ is
defined by tan ‘91 = pi,T/pi,3-

In the Breit frame, final-state radiation can be organized into two hemispheres. Particles
emitted along the positive-z direction define the target fragmentation region (TFR), while
those emitted along the negative-z direction correspond to the current fragmentation region
(CFR). In the CFR, the detected hadrons originate primarily from the fragmentation of the
struck parton. Depending on the angular configuration, the CFR can be further separated
into two regimes. In the back-to-back (TMD) limit, § = 7 — < 1, the relevant momentum
scaling is

Dbi ~ Q(ézvlaé)v (9)

and the cross section is described by TMD factorization. When 6 ~ O(1) the relevant
momentum scaling is

with large transverse momentum generated by hard QCD radiation. This region is described
by fixed-order collinear factorization. The TFR corresponds to the small-angle region § < 1,
where the observed hadrons scale as

In this case the dominant contribution arises from spectator partons in the incoming nucleon,
which continue along the beam direction and hadronize.

While the hard region is well described by fixed-order perturbative calculations, both
the TFR and TMD regions involve large logarithmic contributions that must be resummed
to obtain accurate predictions. This resummation, together with the corresponding factor-
ization structure, can be systematically studied within the SCET framework. A schematic
illustration of these angular regions in the Breit frame is shown in Fig. 2.
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FIG. 2: Sketch of the relevant angular regions in the Breit frame.

Two relevant planes can be defined in the Breit frame. The hadron plane is spanned by
the final state hadron momentum and the proton beam direction, while the lepton plane is
spanned by the incoming lepton momentum and proton beam directions. We denote the
azimuthal angle between these two planes by ¢;. In the following sections, we will study
the azimuthal dependence of the charge correlator when the incoming proton is transversely
polarized.



III. PHYSICS OF CHARGE CORRELATORS IN THE BACK-TO-BACK LIMIT

FIG. 3: Potential IRC-unsafe measurement of soft quark that originate from the branching
of a very soft gluon

The mechanism for infrared and collinear (IRC) safety of charge correlators differs from
that of energy correlators, which we briefly discuss here. Beyond leading order in QCD
perturbation theory, potential IRC unsafety stems from measuring quarks that originate
from the splitting of a very soft gluon, as shown in Fig. 3. This process introduces soft
charges into the final state in a manner that potentially disrupts the cancellations of real
and virtual divergences necessary for IRC safety. In the case of energy correlators the
vanishing of the individual energy of each emission in the soft limit leads to IRC safety. For
QC, this cancellation occurs via charge conservation, after summing over the ¢ and ¢ states.
For the potentially dangerous soft g contribution, the QCD soft kernel is symmetric under
q <> ¢, whereas the signed charge insertion is antisymmetric. This ensures that perturbative
methods can be safely applied to calculate the distribution.

IV. FACTORIZATION IN THE TARGET FRAGMENTATION REGION

Using the framework of SCET we now establish a factorization theorem for the QC in
the TFR. The charge-weighted cumulant cross section () can be calculated as

%) = % Y héuen / d'ze' (Pl () Q(8) 57 (0)|P) (12)

A=T,L

where the dependence on Q% and z g is left implicit. 7 denotes the electromagnetic current
while |P) denotes the external proton state. The leptonic phase space measure can be
expressed as

d3l Q?

= drp dQ? . 1
Qe 16r2s 0ndC (13)




The polarization projectors of the virtual photon obey

. 42
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up to contributions that vanish due to gauge symmetry. €7 and €/ are the transverse and
longitudinal polarization vectors of the virtual photon, respectively. The corresponding flux
factors for these polarization states are

2
fT=1—y+%, fo=2-2y. (15)

The operator Q(@) measures the total charge accumulated inside a cone of opening angle 6.
It acts on a final state |X) as

QOIX) = 3 Q:0(0 - 0:)]X). (16)

We note that if Q(Q) is replaced by the identity operator, Eq. (12) reduces to the standard
inclusive DIS cross section.

We focus on the small-angle limit /Q < Q. The dominant contributions to X(Q?, 0) arise
from the following momentum regions:

e hard modes with scaling py = (p};, p, prs) ~ Q(1,1,1);
e collinear modes scaling as pc ~ Q(1,62,0);
e soft modes with pg ~ Q(6%, 6% 6%) where a > 1.

In the small-angle limit, hard radiation is insensitive to the angular measurement since
typical angles satisfy 0y ~ O(1), and thus do not contribute to the constraint imposed by

O(0 — 0y). We therefore match the product j#1Q(0)j* onto a basis of SCET operators,
consisting of quark and gluon contributions O, and Oj:

(Plj*(2)Q(60)5"(0)| P) = Ci*(P|O,|P) + C* (PO |P).. (17)

where the C’é‘ /"g denote the corresponding hard matching coefficients. Note that the gluon
coefficient C** begins at O(a;). The SCET operators are defined as

O(r,0) = Xala)¥ () - QO (0)x1(0),
Oy(x,68) = BL(2)V'(2)Q(0)V(0)B.(0), (18)

written in terms of the standard collinear building blocks

Xn(2) = Wh(2)&u(2), B = gl[WJiDiWn] () (19)
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We note that both y and B scale as . Gauge invariance is ensured by the collinear Wilson
line

Wa@) =Y exp <—ﬁf’;nﬁ.,4n(x)> , (20)

perms

which appears in the definitions of y,, and B, . Soft interactions are encoded in the Wilson
lines Y and ) in the fundamental and adjoint representations, respectively. Since these
Wilson lines are electrically neutral, the charge measurement commutes with them:

[Q.Y]=1Q,V]=0. (21)

With these ingredients, the hadronic matrix element in Eq. (12) is expressed in SCET as
[atae i) o) 0)1P)
— [ e (ogv<x><p|Xn<x>yf<x>§Q<9>Y<o>xn<o>|P>
wgvm<P|zsu<x>yf<x>@w)y(owm|P>> , )

The momentum transfer satisfies ¢ ~ Q(1,1, 1), implying that the Fourier integral is dom-
inated by coordinate separations of order x ~ Q7'(1,1,1). Increasing Q corresponds to
probing the nucleon over shorter distances, as expected from the usual DIS interpretation.
At leading power we expand the SCET operators in the light-cone coordinate x—. We
perform a multiple expansion of the collinear fields and the soft Wilson lines, obtaining

/ et (Pl (x) O(0) 7(0)|P)
~ [ e <05”<x><P|xn<x->Y*<o>§Q<9>Y<o>xn<o>|P>
+cgv<x><P|Bl<x—>y*<o>Q(@)yw)mm|P>> . (23)

Using the commutators in Eq. (21) together with YTY = Y'Y = 1, all soft Wilson lines
cancel, and we obtain

/d%em (P|j™(x) Q(6) j*(0)|P)
4. ig A
= /d ze' | O (x)(P|Xn(z )79(0)9(71(0)”))

+05”(93)<P|BL(9C_)Q(9)B¢(0)|P>) : (24)



This makes manifest that in the small-0 limit, soft radiation is treated inclusively and does
not generate logarithmic enhancements. Inserting this result back into Eq. (12) gives

2
a *
¥(0) = @ Z f/\ﬁ,\,;ﬁ/\,u

A=TL

« [ dtaens (05”<x><P|>zn<x—>§Q<e>xn<o>|P>
+05”<x><P|BL<x—>Q<9>BL<o>|P>> . (2)

We insert a complete set of collinear final states,

1= [Xe)(Xcl, (26)

into the hadronic matrix elements appearing in 3(#). We then translate along the x~
direction. In particular,

(Plxale) [Xe) = (PITIT xu(a7) T'T | Xe)
= (P73, (0) e T | Xo), (27)

where T denotes the translation operator in z~, and P/ is the large light-cone momentum
component carried by the collinear radiation. Introducing the auxiliary identity

1= P+/dz5((1 —2)PT - P7), (28)

to define the momentum fraction variable z, we obtain

2
@ *
3(0) = @ Z fAEA,MEA,u

A=T,L
XP+/dZ(5((1 —,Z)PJr _ Pg)/d4l’€iq'rei(P+Pg)gcg
+ A
x (05V($)<P|>Zn(0)%Q(e)\chXC\Xn(o)‘ P)

+05”<x><P\BL<o>Q<e>\XC><XorBL<o>\P>> , (20)

Using P* ~ P*n#/2 up to O(Aqep/Q) corrections, (Pt — PZ)%- can be rewritten as

2zP*%- = 2P - x. The delta function can be represented in Fourier space as

(1= 2P = pf) = [ el orars
T



After shifting the collinear fields by y~ and performing the z integral, the cumulant cross
section can be written into the factorized form

¥(0) = /dz (Hq(z,xB,QQ)fquc(z, PT0)

+Hg(zaxBaQ2) fg7QC(Z7P+9)) ’ (30)
where the hard functions are given by

CYQ * ) zP)-x v
H, = ot Z f)\e)\,ue)\,u/d4x€ (a+2F) Ch (z) Pt

A=T,L

042 * 7 zP)-x v
H, = o > A / d'ze TR O () (31)

A=T,L

The nucleon charge correlators are defined as

dy~ _i.prv- _ B t
ele.P10) = [ Scers e, () ool G2
for quarks, and
dy~ iz PT Y B A
£, q0(z PHO) = / Yoot prPIB, (%w) A(0)B.(0)|P) (33)

for the gluon. These matrix elements provide the operator definitions of the quark and gluon
nucleon charge correlators in momentum space.
The hard functions H, and H, can be fixed as follows.

e Replacing the measurement operator Q(6) by the identity 1 = 3 + [ X)(X] in the
QC matrix elements restores the standard operator definition of the collinear PDFs.
In this limit, the corresponding observable reduces to the usual inclusive DIS cross
section.

e The hard matching coefficients are insensitive to the structure of the collinear sector.
As a result, they are unaffected by whether the collinear matrix elements contain the
operator Q(0) or the identity operator.
Consequently, we identify
1 TR 1 TR
H:—&(—, 2), H —-6 (—, 2), 34
=20 (@), H=s6(2a (34)

where 6,4, are the standard partonic DIS cross sections. The factorization theorem takes
the compact form

$(0) = Z / %&i (%B,cf) frac(z, PT0). (35)

This form makes it explicit that all § dependence resides in the collinear correlators f; qc,
so that the angular cumulant directly probes the nucleon charge correlators.
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A. Matching onto the Collinear PDF when 6Q > Aqcp

When 00 > Aqcp, the collinear modes admit a further separation into a hard-collinear
mode C; with scaling pc, ~ Q(1,62,0) and a Cy mode in SCETy with pc, ~ Q(1, %)),
where A = Aqep/Q < 6. The SCET operators in Eq. (18) can be further matched onto the
SCET; operators such that

Oi(x7) = Y Ci(a7)Oju(x"). (36)

J=a.9

The O; 11 have the same Dirac and color structure as O; but are constructed solely from Cs
fields and do not contain the measurement operator Q(6).

It is helpful to examine the action of Q(f) on a generic state | X) = |X¢,, X¢,). From
the definition, we have

Q(0)|Xey, X)) = Z (QiO(0 — 6:) + Q;0(0 — 0;)) | X) . (37)

Since emissions in the C5 sector satisfy 0; ~ A < 6, the corresponding step functions reduce
to unity. The above expression can then be rewritten as

Q(0)|XC1’ Xey) = Z —Qi0(0; —0) + Qx | | Xy, Xey) - (38)
1€Xcy
with
Qx= ) (Qi+Q)) (39)
i€Xc,
Jj€Xcy

and where ©(0 — 0;,) = 1 — O(6; — 0) has been used. The Qx term in Eq. (38) acts on both
C; and Cy modes simultaneously and contributes to the fqc so that

fiac D (Qp — Qi) fi(2), with 7 =¢,g, (40)

where f;(z) is the collinear PDF. The —Q;0(0; — ) term in Eq. (38) acts only on the C}
modes. In the matching onto SCET}, it combines with the Wilson coefficient C;(z~) in
Eq. (36) and generates the corresponding perturbative matching kernel. Its contribution
can be written as

fae> -3 [ 1 (20) th60) (1)

Here I}; is the matching coefficient. It can be calculated perturbatively and starts at O(a).
Collecting all contributions, the matched expression in the regime Q) > Aqcp becomes

Fiaelz.0) = Qri() - | 1 21 (5 e) 7€), (42)

where [;;(2) = Qi6(1 — 2) + I};(2).
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B. NLO Matching Coefficient for I;;

The matching coefficients I;; in Eq. (42) can be calculated by comparing the partonic
matrix elements of the QC observable in Eqs. (32) and (33) with the collinear PDF matrix
elements within SCET. We can replace the external hadronic states |P) and |X) with on-
shell quark and gluon states, allowing a perturbative calculation. Working in dimensional
regularization, higher order corrections to the collinear PDF are scaleless and vanish identi-
cally. The matching is fully determined by the partonic matrix elements of the QC operator
in Egs. (32) and (33).

At NLO, the contribution of the second term in Eq. (42) is given by

fiae = —P* [ dga((e - )P~ g
ddp 2
X /W5(P ) (Q; — Qi) ©(6, — 0)
2L 7€ L0 (2
X (8mag ) —5=Py7 | Z,e) f;(6), (43)
b §
where p* is the momentum of the detected parton, and p, is its transverse component. & is

the momentum fraction carried by the incoming parton. Here Pi(jo) are the O(ay) splitting
kernels. We parameterize the phase space as

d’p 2 1 (4m)° dp™ (p* o 2)—2¢
00 = fgE T (7?) 0,0, (44)

where we have used p, = Gp%. At NLO, the only non-vanishing contribution is

frac(z,0) = (@i — Qy)= (@)_QE (dmu) / ag®E PO (— ) £1(€)(45)

2me \ 2xp £’
142
—€(1—
~or(Ts )

( )

PO (, = 1—2) —2ez(1—z)),

where [38]

z +1
11—z z

The unrenormalized NLO matching coefficient is

Pg(g)(z, €) =2C4 ( +2z(1— z)) ) (46)
un S 0 2 4 2)e
) - - (2) R 1)

)<
I @ ~@ =@ ()




12

where
dy () =2 (2]l )+ . (48)

Here, the pgjo-)’ (2) are the coefficients of €* with k = 0,1 in the splitting kernels P( (z,€) of
Eq. (46). The NLO renormalized matching coefficient is then

S 4 i ’
19 (50) = @-@igs B el (2) 4 as (2]
- g [mthno ()1 (2)] "

where PZ.(JQ)(Z) are the O(a) splitting functions

1+ 22
Py
(2) = CF(1—2>+’
1+ (1—2)?

0 0
Pg(q) :P;q)@) :CFf’

P;S)(z) =Tr(z* + (1 — 2)?),

PO(z) = 20, <(1 _ZZ)+ 41 . Ca(1— z)) @5(1 — ). (50)

and we defined

P? =(Q; —Qi)Py,
= (Q; — Qi)dyy . (51)

We note that unlike the energy correlator in [23], I,, and I, vanish at this order because of
the factor (Q; — Q).

C. Evolution Equations

When a,In#? ~ 1, logarithmic enhancements become large and must be resummed to
all orders. The NLO results obtained in Sec. IV B provide the ingredients necessary to
achieve next-to-leading logarithmic (NLL) accuracy, resumming terms of the form o In* 62
and o In"~! 62,

From the consistency relation

4
dIn p?

2(0) =0, (52)

we deduce that the QC satisfies the DGLAP evolution equation

dln 3 fZQC Z/ ®p m( )f]czc(é 0). (53)
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When 0P* > Aqcp, as shown above, the foo can be matched onto the collinear PDFs,
with all 6 dependence occurring only in the perturbative matching coefficients I. Since fqc
is dimensionless and the matchmg coefficient is insensitive to the hadronic state, the P*60
will appear only in the form In == zP 9 % can therefore also be written as

=Y / —a, B fZQC (z 1n;ﬁ) (54)

P BM

We have used that Pt = IQ in the Breit frame. We note that p-dependence also enters
through the strong coupling "and the collinear PDFs. This expression is consistent with the
NLO result presented above.

The renormalization group equation governing the coefficient function follows directly
from Egs. (53) and (42):

dl;; 2Q0\ Lde z zQ0 z zQ0
dlnjﬂ (z,ln @> —/Z ?[pik(g)[kj (E,ln fﬂfBN) — i (5 In fSUB/J> Pk](g):| . (55)

The first term in Eq. (55) originates from the evolution of the QC, while the second term
arises from the evolution of PDF. The solution up to NNLO reads

rpu

(0 2
L, PO ><z>) () (fig-)(z) L

0 ,(0 0 0
) [Pf,f e PgV) P e Rl

2 2
1 (0 1 0
0PSO + 2,10 P

ﬁ() ,(1
~PY @ I)(2) - 51 (2) - PO (2)

r2 [ EmerPorg® (2)|) + ot (56)

where as(p) = as(p)/(2m) and L, = 21n 2’390#

A convenient implementation of the resummation is to compute the partonic cross section
¢ together with the collinear PDFs f; at a hard scale 1 ~ (), while evolving the matching
coefficient I from the natural scale g ~ Q8 up to u ~ ) using the evolution equation
in Eq. (55). An equivalent formulation is to define both the PDFs f; and the matching
coefficients I;; at the scale py ~ Q8, and evolve the full QC distribution to the hard scale
using the evolution equation in Eq. (53). This evolution follows the standard DGLAP

structure and can be implemented numerically using HOPPET [39] or APFEL [40, 41].

D. Resummation in Mellin space

We note that an iterative Mellin-space solution strategy developed for nucleon energy
correlators [23] can be applied to derive an analytic solution for the QC as well. We use this
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approach as a check on our numerical implementation. The Mellin-transformed observable
is defined as

= Z / do(rg, Q% p)xh Q00 —6;) . (57)

Using the factorized form in Eq. (35), we obtain

7TO[2
2u(0) =2 [t 3 ZA{Z (Wfiac (¥ = nin g2 )

U
I'=T,L n=0 H

1 A Q0
+Ff ; 260 () fyqo (N —n,In ﬂ) ] (58)

where u = *£. The approximate equality arises from extending the lower kinematic limit
of xp down to zero. Such effects are suppressed in Mellin space due to the presence of the
weight z%¥. The Mellin space function f; qc(NV,In 3—3) is defined as

0 L 0
fiqc(NV,In Q_,u) :/o dzzN_lfinC(z,ln :i—ﬂ) (59)

The additional decomposition of the flux, f) = Zi:o flag", is required due to the relation
y = Q?/(xps). In Mellin space, Eq. (53) becomes
d Qo
% In —
dIn f qo(N,In uu)

0
Z / dEENTIP (€) fiqe(N, In )SQTM)' (60)

Following the iterative solution strategy developed for nucleon energy correlators [23], and
detailed in Appendix A, the NLL-resummed solution can be written in a compact form as

Frac(N, lnff—j> = V1)~ DYoo) Iy (V. In 2 ) (N o)

OU) N7 2P2O () (V. ).

(61)

Here I;;(N,In %) is the NLO matching coefficient in Eq. (49) evaluated at the scale o in
Mellin space, and the evolution factor Df}’ (i, o) is the DGLAP evolution in Mellin space,

DY) = exp | / dmger(, “)L | (62

To realize NLL resummation, we need P;j(N) through NLO in the evolution factor D;J. The
correction to the DGLAP evolution starts from a”L"~! order, in which

# ~
Nij = / dlﬂM%Dg(MM)Pm(N; Ml)Dz]}[(MbNo)‘ (63)
Ho
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We note that at NLL both D and NV can be integrated analytically. Including the evolution
of the PDFs to the hard scale, f;(N,uy) = Dj_kl(N)fk(N, i), we obtain the corresponding
evolution of the matching coefficient,

QY N Q0
I;(N,In—) = D (1, LI, (N,In —)D; (o,
i nu”) i (1 10) Tra( nuuo) zg(#o 1)

s 7
20 5 9P (N DY (0. 1) (64)

E. Transversely polarized QC
When the incoming nucleon is polarized, we can also probe the spin asymmetry by mea-

suring the azimuthal angle. The leading-twist quark contributions relevant to the SSA are
given by the following correlation matrix:

dy~ _. y_ B toa
ele0,6.5.) = [ e ipsix, () L QM OIR S

47 2
— —fq’ngrZ’ %) + [S1[sin(¢ — ¢s) firg.qc(z,0) (65)

where fir,qc(z,6) describe the unpolarized quark distributions in a transversely polarized
nucleon. (¢ — ¢g) is the azimuthal angle between the detector and the nucleon spin.
Then we have

%(0,¢,57) = Xyu(0) + |S1]sin(¢ — ¢s)Sur (66)

Yur can be factorized similarly as the unpolarized distribution in Eq. (54) with the re-
placement of f,qc by firgqc(z,60). The non-vanishing of the sin(¢ — ¢gs) dependent part
arises from the same mechanism as the Sivers effect [42, 43]. The Sivers-like QC induces a
sin(¢ — ¢g) azimuthal asymmetry:

AS’ivers — ) (67)

The prediction of A5 relies on the non-perturbative input of the fr.oc which requires
further study in the future.

V. TMD REGION
A. Unpolarized target
We now consider the structure of the QC observable in the TMD region for an unpolarized
target. Our analysis is based on the standard factorization of semi-inclusive DIS in the back-

to-back limit in the Breit frame [44]. In this region, the transverse momentum imbalance
qr < @ is described by TMD beam, soft, and fragmentation functions, and the differential
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cross section can be written as

AT et peta d*b
tpoetarX aoH(QQ,M;MH)Z/WQ?
!

dQ?dxpd?qrdz

x exp[—iqr - b] By, (28, b, 1, V; ip, V)

X S(b, p, V3 pus; vs) Dayy (2, b, 11, v iy, vs) (68)
up to power corrections of O(¢2/Q?). Here oy = 262“2 1+ (1- y)Q}, z denotes the longitu-

dinal momentum fraction carried by the observed hadron, and an implicit sum over quark
flavors is understood. The hard function H encodes the short-distance scattering, while
By, S, and D,y denote the TMD beam, soft, and fragmentation functions, respectively,
b is the Fourier conjugate variable to qr and b = |b|. In the following, we suppress the
explicit dependence on the canonical scales p;, v; for brevity.

In the back-to-back region, the charge-weighted angular distribution can be expressed in

terms of the single-hadron semi-inclusive DIS (SIDIS) process. Introducing the observable
dz(6)

—5 > Wwe write

do,
_ a2 d e+p—eta+X W00, — 0
Za / A o ey diqr @ 0200 =) (69)

where (), is the hadron charge and 6,, is the angle between the observed hadron and the

proton beam direction in the Breit frame. Using 04, ~ m— Q%T‘ , the factorized form becomes

2 _ UoH(Q2,u)ZQ§/d2qT
7

b .
= G ol -

(27

2 _
X By (25,0, p1,v) S(b, 1, v) 5o (b, 1, 1/)5( |22T| —9) , (70)

where § = m — 0, and J; q is the charge-charge correlation jet function [45] defined as the
charge-weighted first moment of the TMDFF:

Jr.q(b, p, v) Z/ dz QaDqyp(2,b,p,v) . (71)

In the perturbative regime 1 > (7 — 0) ~ ¢r/Q with (7 — 60)Q > Aqcp, both the QC jet
function and the TMD beam function admit an operator-product expansion onto collinear
degrees of freedom. As a result, they can be written as convolutions of perturbatively calcula-
ble short-distance matching coefficients with the corresponding fragmentation functions(FF)
Diss (¥, po) [45] and collinear PDFs:

JOPE b, 1, v Z/ de]Df]< = [,V > , (72)

B?/IZE Z, b y by V Z/ _Ifl ) 7:U’7 )fz/p<z7lvb) : (73)
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Dy; and Ij; are perturbatively calculable Wilson coefficients and f;;, denotes the usual
collinear PDFs. We have used the superscript OPE to denote that this is the leading
contribution in the expansion. In addition, we have employed the sum rule

1
Q=" / 42 QuDusy (2,1) (74)

which leads to the absence of FF in the first line of Eq. (72).
The beam, jet, and soft functions can be evolved to the common scale p from their natural
scales at vg, vy, vg, g, iy, and pg, respectively:

Bf(va7uay;:uBaVB) = UB(luvV;MBayB)Bf(x’bvluB7VB)7
Jrac(b, psvipg vy) = Us(p, v, vy)Jgace(b, s vy), (75)
S(b, p, v s, vs) = Us(p, v pus, vs)S(b, pis, vs),

where Ug, Uy, and Ug are the position-space evolution factors for the beam, jet, and soft
functions. Similarly, the hard function also has a multiplicative renormalization group evo-
lution

H(Q? i prr) = Un(Q?, py i) H(Q?, i) (76)

where Uy (€2, , pug) is the corresponding hard-function renormalization-group evolution fac-
tor. Combining these ingredients, the RG-improved factorization formula becomes

d5(0) &b
7 H@z’“H@Qf‘/dQQTW

x exp|—iqr - b|Ui By (25,0, 115, VB)

9 -
%S (b, 15, vs) T by i, v2)5 ( '2;' _ e) | (77)

where we have introduced the shorthand U, = Ug U;Ug Uyg.

The factorization outlined above provides a systematic way to study the QC in the TMD
region and allows for the resummation of large logarithms. It enables the calculation of
precise theoretical predictions for the observable in high-energy scattering processes involving
hadrons. Table I lists the ingredients required for resummation up to N3LL. The hard

Accuracy|H, J, S, B| Yeusp | 7 B
NLL Tree 2 loop|1 loop|2 loop
NNLL 1 loop |3 loop|2 loop|3 loop
N3LL 2 loop |4 loop|3 loop|4 loop

TABLE I: Classification of the resummation accuracy in terms of the fixed-order
expansions of boundary term, anomalous dimensions, and beta function in the TMD region

function is known at O(a?) [46, 47]. The soft function has been calculated at O(a?) in [16,
48]. The QC jet function is available up to O(a?) [45]. The beam function has been
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calculated up to O(a?) [49-57]. Finally, the analytic expression for the four loop cusp
anomalous dimension, needed to solve the renormalization group evolution equations at
N3LL was obtained in [58, 59].

When b becomes large and thus p, I Aqcp, the TMD evolution enters the non-
perturbative region. We follow the usual b*-prescription [60] that introduces a cut-off
value by, and allows for a smooth transition from the perturbative to the non-perturbative

region,
b* =b/\/1+b2/b2.., (78)

with by = 1.5 GeV L

B. Transversely Polarized Target

The differential SIDIS cross section on a transversely polarized nucleon target can be
written as [61-63]

dae+p(SJ_)ﬁe+a+X

drpd(QQ?dzd*qr

where ¢4 and ¢, are the azimuthal angles for the nucleon spin and the transverse momentum
of the outgoing hadron, respectively. Fy is the unpolarized distribution defined in Eq. (68)

— | Fyy + |51 | sin(én — o) F;j;(d’h‘%)} , (79)

divided by 27 and ng;wh*%) is the transverse spin-dependent structure function:

sin(ép —be b2 db blq
F e farl. @) = ool Qi) Y@ Jl( | T')
f 0

4 z

X flT,f/P(xBa b, , V)S(b, Ly V>Dh/f(zv ba Ly V) . (80)
Here, fir,q/p(25,b; 1, v) is the SIDIS Sivers function and J; is the Bessel function of the first
order.

At small b where 1/b > Aqcp, one can perform an operator product expansion (OPE)
of the the SIDIS Sivers function onto their collinear counterparts [64-71], we follow the
convention in [64] and get:

OPE Ydiy diy - R R o
flT,q/p(vanu?V) - UB(:“7 V;,U/BayB) N < Cq(_i(x/xl,l’/flfg,b,,UB,VB) TFi/p($17x27uB>7

x L1 T2
(81)

As the Sivers function obeys the same evolution equations as the unpolarized TMD PDF, the
evolution kernel Up is identical to that of the TMD PDF. Ty, (1, 22, 1) is the Qiu-Sterman
function [64, 69, 71], and

Cq(—i (l‘l,fz,b; My, V = Q) = 5(1@' 6(1 - ZEl)(S(]. —1’2)

_ W 1 §(1 — wo/z)(1 — 1), (82)

21 2N,

where - = 26;’5 To get Tpi/p(T1, &2, pip+), wWe parameterization Tp,/p(Z,, o) to be

proportional to the unpolarized PDF f;/,(x, 119) at the initial scale piyp = V1.9 GeV [64, 72]:

(Oéq""ﬁq)

o, + o

O ¥ Po) 2 a1 — e fy(a, o). (53)
g’ Bq’

TFq/p(xa , po) = Ny
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In order to obtain a numerical result, evolution of the Qiu-Sterman function must be
performed from g to the natural scale p+ with [73]

aTFgTrEiZQm;M) - az(:: ) /d’Z [P (2) = Ned(L = 2)] Trgpp (¢/z,0/z0) . (84)

Following the procedure outlined in the last section, we can get

d2<97¢h) B dEUU(Q) d2§}1¥¢h—¢5)(0)

d0 - d@ + Sln(¢h - ¢S> d9 ’ (85>
where
dE?}];ﬂ(qﬁh ¢s)(9) ) ) % 12 db
10 = 0oH(Q ,M)Zf:Qf/QTdQT/O I Ji (blar|)
2lqr|

X flT,f/p(vabnua V>S(b7:ua V>Jf7Q(b7:u7 V)(S Q —0 ) (86>

We can define the asymmetry as the ratio of the above structure functions:
d ASivers B d22r711(¢;b—¢5)<0)/d9 B dE?}gﬂ(%_%)(@)/dQ (s7)

o dSyy(0)/do d(6)/(2md6)

C. Non perturbative effect

A key feature of Eq. (77) is that the same universal back-to-back soft function enters as in
standard TMD observables. This allows us to incorporate the non-perturbative contributions
using the conventional TMD modeling strategy. For the hadronization model of the QC jet
function we can assume a generic multiplicative ansatz. The final result reads,

\/_JfQ b, 110, 0) = \/Spert. JfQ (b, 1o, o ]fQ(b) (88)

where Spe;¢. denotes the perturbative soft function, while jg P (b) parametrize non-perturbative
effects in the jet sector. Since this is the same function that appears in the QC observable

in [45] one can extract the model function j&*(b) by fitting to experimental data from e*e™

process. Alternatively, we adopt the strategy used in the EC study [74], and relate the

model function j5¥(b) to the standard TMDFFs as follows,

Ydw ['dz b w
ij(b)JfQC b, 1o, Vo) = Z/o U/ ?Qapfj <;,Z>NO7V0) Dqy; <;7ﬂ0> dNP(Wvb) (89)
a,j w

where D;/¢ (2, 1) is the FF and the non-perturbative model function dyp(w,b) is defined
in the context of TMDFFs [64],

\/EDa/f(Za b7M0,V0 pert Da/f z b, ,MOaVO)dNP(Z7b)a (90)

Therefore, given a specific model for TMD fragmentation we can explicitly evaluate the
model function j5¥(b). Recent extractions of TMD fragmentation functions are available
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in [75-77]. The non-perturbative components of the TMD PDFs and the Sivers function
can be modeled following the same strategy commonly adopted in TMD analyses of SIDIS
and Drell-Yan processes [64],

\/§Bi/P(l', ba Ho, I/O) =V Spert.Bz’O/gE(Iv b’ Ho, VO)lejllz(b) )
\/gflT,q/p(xa b7 Ho, VO) =V S’pert.fl(%g]?p(x’ b? Mo, Vo)lejg,T(b) : (91)
We combine all non-perturbative ingredients and write them as

Fp(b) = fjp0)jiq (b)

Fypr() = fiypr®)iig (0). (92)
Finally the distribution can be written as
dx () N : d*b
— =H d
X exp[_iQT : b]UtOtB]?/PpE (':CB; b7 MB) VB)
9 ~
XSpert(bv s, VS)J}?(SE(I% o, VJ)F??II?’([))(S < ’ng - 6) ) (93)
and
dZSin(@ﬁd)s) 0 % 12 b
O @ 30 [ardar [ tar
de 7 o 4m

9 B
< T (bt ) Spen (b 2) T (b 1, ) ENEp (0)5 ( ’2‘;’ - 9) (04)

Following [64, 75], we adopt the nonperturbative model

dyp(z,b) = exp (—%lng lnbﬁ* - gf)bZ)

2 Qo
g, Q@ b
Z.17;’(1)) = exp (—éln@ lnb—* — g{b2>
NP (b) = ex (—@mg— Tb2>. 05
fz/P,T( ) p 5 Oo 91 ( )
with
g2 =084, Qy=+24GeV, gl =0106, ¢°=0042, g7 =018 (96)

For the numerical implementation, we need a model for the jet function in Eq. (89). For
simplicity we only use the matching coefficients at LO and choose the following simple
parametrization:

NP (p) — ex (—@m—— ?bQ) . 97
Jig (b) pl-Gng, — & (97)

where gg are free parameters. We perform a fit with the NPC23 collinear fragmentation
functions for charged hadrons [78] in the region 2 < b < 10 GeV~" for i € {u,d, u,d} and
obtain ¢g] = 0.14. We further shift the input variation by +50%, finding that the resulting
effect is negligible. We take this result as the starting point for our numerical analysis.
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VI. NUMERICAL RESULTS

In this section, we study the QC observable at /5 = 140 GeV with 400 < Q2 < 500 GeV?,
relevant for a future EIC. For all calculations, we use the NNPDF40_nnlo_as_ 01180 PDF
sets [79].

/s = 140 GeV, 400 GeV< Q% <500 GeV?, x5>0.1

s = 140 GeV, 400 GeV?< @ <500 GeV?, x>0.1 1. . Ty

I L L 0.9F = Full QCD at ag

100F 0.8 Full QCD at a?
r ] 0.7 — Singular at as :
5 o= /'8\_ 0.6F Singular at a?
o ~ £ |
= D 0.5 E
l% F 1 B E "
N — Singular at a; W 0.4F E
S -100F ER S E
| — Singular at ag? ] 0-35_ R
= Full QCD at a; 0.2F K
~200F . FulQcD at a2 ] 0.1E NG
N T () T PRRRREeeY YT | L—
1 107" 102 10°° 10 107 102 107" 1

6=r-6 6

FIG. 4: Comparison between the In # leading singular contributions with the full
fixed-order calculations. The left panel shows the comparison for § > 7 while the right
panel shows the comparison for 6 < 7.

We first validate the factorization framework by comparing the leading singular terms in
In(#) predicted by SCET with the full QCD prediction at a; and a?. We focus on the dis-
tribution d¥/dy, where y = Intan(6/2). In the TFR and TMD regions, the logarithmically-
enhanced In(f) contributions dominate the cross section, and the singular approximation
should reproduce the complete fixed-order prediction. The comparison is presented in Fig. 4,
with all scales chosen as = (. The full fixed-order results are obtained numerically using
distress [80]. In both the TFR and TMD regions we find excellent agreement between the
singular terms derived from the factorization theorem and the complete QCD calculation,
providing a non-trivial validation of the factorization formula.

In both the TMD and TFR regions, large logarithmic contributions can significantly
enhance higher-order corrections and degrade the reliability of the fixed-order perturbative
expansion. The resummation of these logarithms to all orders in the strong coupling is
essential for reliable predictions. In the TMD regime, the resummed cross section is obtained
by evolving the hard, soft, beam, and jet functions appearing in Eq. (70) from their natural
scales to common renormalization and rapidity scales, denoted by p and v. In our numerical
implementation, we adopt the canonical scale choices

b*

p=pg=v=vy=vg=0Q, py = ji§ = lip = (98)

Fig. 5 presents the resummed distributions in the TMD region.The theoretical uncer-
tainty is estimated by independently varying the scales y© = puy, and v up and down by a
factor of two around their central values. We observe sizable corrections when going from

NLL to N2LL, while the N2LL and N3LL results are in much better agreement. The scale
uncertainties are reduced at N3LL compared to lower-order predictions.



22

\s = 140 GeV, 400 GeV?< @ <500 GeV?, xg>0.1
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FIG. 5: Resummed y distributions for the QC in the TMD region.

Fig. 6 presents the resummed distributions in the TFR. We choose u, = u, allowing us
to evaluate the resummed cross section by evolving the QC from o to p. In this case, we
select the canonical resummation scales as follows:

The scale uncertainties are evaluated by varying po up and down by a factor of 2 indepen-
dently.

LL(analytic)
NLL(analytic)

Vs = 140 GeV, 400 GeV< Q? <500 GeV?, N=6 s = 140 GeV, 400 GeV?< Q% <500 GeV?, x5>0.1
0.6 ; . ; . ; . ; . ; . ;
[ LL(APFEL) 0 LL(APFEL)
05 I NLL(APFEL) . I8 NLL(APFEL) T

dE\/dy(fb)
o
w

......

0.3 0.4 0.5 0.6 0.7

FIG. 6: Resummed y distributions for the QC within the TFR shown in Mellin space in
the left panel and in z-space in the right panel.

The left panel of Fig. 6 illustrates the resummed distributions in the TFR region in
Mellin space for N = 6. We show this plot to confirm our numerical treatment through
the comparison to this analytic result. For 6 < 0.3, 10/2 becomes comparable to Agcp,
and the perturbative calculation is no longer reliable in this regime. The band shows the
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prediction from APFEL [40, 41], while the dashed line corresponds to the analytic Mellin-
space result obtained from Eq. (61) at the central scale. This provides a cross-check of
our numerical implementation. Owing to the factor 2% !, the cross section is significantly
suppressed compared to the full z-space result, shown in the right panel of Fig. 6. Although
the resummed result in the TFR region is significantly lower than that in the TMD region,
the expected integrated luminosity at the EIC, more than 10% pb™' /year [1], suggests that
a sizable number of events can still be observed in this kinematic regime.

s = 140 GeV, 400 GeV?< Q? <500 GeV?, xg>0.1
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FIG. 7: Comparison of the distributions between the N®LL+NLO prediction, the QCD
prediction and PYTHIA simulations.

The prediction of N*LL+NLO in the TMD region is presented in Fig. 7. The N3LL+NLO
is achieved with

ds(6)

do

ds(6)

dao

ds(0) _ ds()

do do (100)

resum QCD resum exp. to NLO

The resummed result accounting for the effects of large logarithms to all orders correctly
captures the behavior of PYTHIA in this region.

In Fig. 8, we present the results for the Sivers asymmetry using the parametrization
in [64]. In this plot, in order to be consistent with the PDF set used in their parameter
extraction, we employ the HERAPDF20_NLO_ALPHAS_118 PDF set [81]. The magnitude of the
asymmetry ranges within a few percent and indicates that this asymmetry is a reasonable
measurement for constraining the Sivers function.

VII. CONCLUSION

In this work, we have proposed a novel definition of the one-point charge correlator
adapted to the Breit frame in DIS. This new observable provides a powerful and clean lab-
oratory to investigate the structure of the nucleon. Utilizing SCET, we have systematically
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s = 140 GeV, 400 GeV?< Q? <500 GeV?, xg>0.1
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FIG. 8: Resummed y distributions for the Sivers asymmetry. The error band corresponds
to the uncertainties in the parameters of the Sivers function in [64]

established the factorization theorems and provided precise theoretical predictions in both
the TMD region and the TFR. Specifically, in the TFR, similar to the recently proposed
nucleon energy correlators [22], the measurement of this charge correlator is remarkably
clean, requiring no additional non-perturbative inputs beyond the nucleon charge correlator
itself. Furthermore, due to its charge-sensitive nature, this observable exhibits significant
potential for flavor tagging in future phenomenological analyses.

Looking forward, this novel framework opens up several exciting directions for future
research. First, following recent developments in studying the odderon in the small-z re-
gion [19, 82], it would be highly interesting to explore the odderon signatures within our
charge correlator framework, which could be accessed in both the TMD region and the TFR.
Second, extending the current unpolarized and Sivers asymmetry studies to investigate the
comprehensive spin-dependent structure of the nucleon, along the lines of Ref. [17, 20],
represents another compelling avenue.

From an experimental perspective, this observable is relying solely on charged-particle
tracks. It takes advantage of excellent angular resolution and does not need energy mea-
surements, hadron identification, or jet-finding algorithms. This clean feature makes it a
very promising tool for the EIC, where it can offer a unique way to study the structure and
spin-dependent behavior of hadrons.
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Appendix A: solving the RG-evolution

In this section, we solve Eq. (60), which can be written as

0 0 ®
faclXV, ln%> faolV, 1n%> /ﬂdln;ﬁ / 46V P (€) fgo(N,In

0

Q0
§up!

). (A1)

For simplicity, we have suppressed the subscripts. The product of the P’s should be treated
as the matrix product.

We write the ansatz solution to Eq. (A1) as

0 0
foo(N,In %> — D, o) fore (N, In QQTO’ T Rl o) (A2)

where D and R are to be determined and satisfy D(pug, o) = 1 and R(puo, po) = 0.
We plug the ansatz back into Eq. (A1), to find

0 0
Dt ) fac(N. 1 20) + Rlp, o) = fao(N.ln 20 + [ dla i POV, ) R o)
Ho Uplo Lo

+Amwﬂkw@@<ummNm{%

To realize the NLL resummation, we use the NLO result as the initial input at pgy, and
manipulate Eq. (A3) as

0 0
D(MaﬂO)fQC<Nalnl;Q_/m)+R(/L,,Uo) = ch(N ln%)

» 0
[P () | DO ) focN B 4 R )
Ho

_aslpo) / " P (N, ) DG i) PO (N, i) (A4)

2 Ho
where we have used the property that at NLO, the initial condition satisfies

QO o(po)

0
fac(N.n Z2) = foc(V,In 1 20) = “ P ngpPO(N. ) f(N.p) . (A5)
and applied the definition
5 1
P(N) = / dEENTP(€) In€ (A6)
0

Now we repeat the above procedure, to replace the D(u/, po) foo (N, In =2 Foe %) + R, o)
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using Eq. (A3) to find

0 0 # 0
D(s o) fao (Nl 20) 4 Rt ) = fao(N.n 20 4+ [ dlu P (N.p) foo(N.In 20
Utlo Ufto Lo Utho
ju w
+ [ Cdmp POV [ di PO RO )
Ho Mo
e v Q0
+/ dlny/ P(N,u’)/ dlnp” P (N, p") D(n", po) fac (N, In —)
Ho HO Uflo
ju W 5
—%2(50) / dlnp” P (N, ') / dln P (N, 1) D(", 110) 2P (N)] (N, 1)
Ko Ko
o H ~
-0 [ P (N ) DO o) 2PNV, ) (A7)
1o

which can be organized as

0
Do, o) fac (N, 10-2) 4 Ry, o)
Ho

/7

u p
= [Camptp v [ P {Dm",uo)mo(w,ln%)+R<u",m>
Ho 0

Ho

" 0
+ {H / dlnu”P(Mu’)] fae(¥, 1042
" up

0 0

- g /Mdln/f2 {1 +/,ﬂdlnu”2P(N7 u")} P (N, 1) D(', 10) 2PY(N)] £ (N, 116A8)

27 o

where in the last line, we have switched the order of the integrations, using

j w o @
[ awa [ s = [ [ aiae). (A9)
Ho Ho Ho u
[terate the procedure, we will arrive at

0
D(,LL, MO)fQC(Nv In fL;Q_) + R(,LL, MO)
Ho

" " 0
— lim dlnuiP(N,un)---/ dn 5 P(N, pis) [D(m,uo)ch(N,ln%)+R(u1,uo)
0

nl

n—1

= Do o) fac(Non 2 — 280 [ i D, ) PN, ) DG ) 2PN, )N )

ULl 2 o
(A10)
where D = exp [f:) dIn /2P (N, ,u’)} is defined in Eq. (62). We note that
1 n— Q0

nh—>nolo o (min, P(N, u))" " fqc(N,In U_,Uo) — 0

- 8 2 ! 2 Q0
< h_)m dln:u’nP<N7 /*Ln)/ dln/L2P<N7 ,LLZ) |:D(M17NO>fQC(N> In U_,u()) +R(/*L17,u0)

nmroe Hn—1 pl

. 1 n—1 QQ

< lim — (max, P(N, )" foc(N,In =) = 0. (A11)

n—o0o N U Lo
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Here we have assumed that the moment of the PDF is bounded and thus the limit vanishes
as n — 0o.
Therefore, we conclude that

0 )
foo(N,In %> — D, o) fore (N, In QQTO’ T Ry o)

@0 ) — s (Ho) /# dIn p*D(p, ) )P(N, 1 )D (1, 10)[2P9 (N, p10)] f (N, pro) -

= D(M? MO)fQC(Na In who o .
(A12)

Since foco(N,In %) and R are independent and the solution should hold for arbitrary
constant in foo (N, In %), then we could identify

m
D =D =exp {/ dlnu'QP(N,,u’)] )
m

0

R= —M /# dln (*D(p, 1 ) PN, 1 YD (', 110) 2P (N, 110)] f (N, o) . (A13)

2T o

The derivation is applicable to higher logarithmic accuracy by suitably adjusting the
relation in the initial condition of Eq. (A5) at higher a; orders.

[1] R. Abdul Khalek et al., Nucl. Phys. A 1026, 122447 (2022), 2103.05419.

[2] C.L. Basham, L. S. Brown, S. D. Ellis, and S. T. Love, Phys. Rev. D 19, 2018 (1979).

[3] C. L. Basham, L. S. Brown, S. D. Ellis, and S. T. Love, Phys. Rev. Lett. 41, 1585 (1978).
[4] C. L. Basham, L. S. Brown, S. D. Ellis, and S. T. Love, Phys. Rev. D 17, 2298 (1978).

[5] F. R. Ore, Jr. and G. F. Sterman, Nucl. Phys. B 165, 93 (1980).

[6] N. A. Sveshnikov and F. V. Tkachov, Phys. Lett. B 382, 403 (1996), hep-ph/9512370.

[7] G. P. Korchemsky, G. Oderda, and G. F. Sterman, AIP Conf. Proc. 407, 988 (1997), hep-

ph/9708346.
[8] G. P. Korchemsky and G. F. Sterman, Nucl. Phys. B 555, 335 (1999), hep-ph/9902341.
[9] A. V. Belitsky, G. P. Korchemsky, and G. F. Sterman, Phys. Lett. B 515, 297 (2001), hep-
ph/0106308.
| C. Lee and G. F. Sterman, Phys. Rev. D 75, 014022 (2007), hep-ph/0611061.
| D. M. Hofman and J. Maldacena, JHEP 05, 012 (2008), 0803.1467.
9] 1. Moult and H. X. Zhu, (2025), 2506.09119.
] M.-S. Gao, Z.-B. Kang, W. Li, and D. Y. Shao, Phys. Rev. Lett. 136, 151902 (2026),
2509.15809.
14] Y.-K. Song, S.-Y. Wei, L. Yang, and J. Zhou, Phys. Rev. Lett. 136, 131901 (2026), 2509.14960.

[14]

[15] Z.-B. Kang, A. Metz, D. Pitonyak, and C. Zhang, (2026), 2604.28131.

[16] L. Moult and H. X. Zhu, JHEP 08, 160 (2018), 1801.02627.

[17] Z.-B. Kang, K. Lee, D. Y. Shao, and F. Zhao, JHEP 03, 153 (2024), 2310.15159.
[18] Z.-B. Kang, J. Penttala, and C. Zhang, (2024), 2410.21435.

[19] S. Bhattacharya, Z.-B. Kang, D. Padilla, and J. Penttala, (2025), 2504.10475.
[20] J. Gao, H. T. Li, and Y. J. Zhu, Phys. Rev. D 113, 034028 (2026), 2509.17596.



[\)
—_

% ' )
NS T N

[\~

—— ——— — —— ——
[\)
(=)

[N}
3

wWw W
R = )

w
A

w
~ O

w
o

o agea R R EREAEREAEENT WO WY
S S AL A B = A= = i AR =2

ot o ot o ot
RS ) N

[57]

[58]
[59]

28

Y. Fu, Z.-B. Kang, J. Penttala, and Y. Zhou, (2025), 2512.16847.

X. Liu and H. X. Zhu, Phys. Rev. Lett. 130, 091901 (2023), 2209.02080.

H. Cao, X. Liu, and H. X. Zhu, Phys. Rev. D 107, 114008 (2023), 2303.01530.

X. Liu and H. X. Zhu, (2024), 2403.08874.

K.-B. Chen, J.-P. Ma, and X.-B. Tong, JHEP 08, 227 (2024), 2406.08550.

Y. J. Zhu, Phys. Rev. D 113, 014025 (2026), 2509.01652.

H.-Y. Liu, X. Liu, J.-C. Pan, F. Yuan, and H. X. Zhu, Phys. Rev. Lett. 130, 181901 (2023),
2301.01788.

D. Chicherin, J. M. Henn, E. Sokatchev, and K. Yan, JHEP 02, 053 (2021), 2001.10806.

G. Cuomo, E. Firat, F. Nardi, and L. Ricci, (2025), 2503.21867.

C. W. Bauer, S. Fleming, and M. E. Luke, Phys.Rev. D63, 014006 (2000), hep-ph/0005275.
C. W. Bauer, S. Fleming, D. Pirjol, and I. W. Stewart, Phys.Rev. D63, 114020 (2001),
hep-ph/0011336.

C. W. Bauer and I. W. Stewart, Phys.Lett. B516, 134 (2001), hep-ph/0107001.

C. W. Bauer, D. Pirjol, and I. W. Stewart, Phys.Rev. D65, 054022 (2002), hep-ph/0109045.
C. W. Bauer, S. Fleming, D. Pirjol, I. Z. Rothstein, and I. W. Stewart, Phys.Rev. D66,
014017 (2002), hep-ph/0202088.

M. Beneke, A. Chapovsky, M. Diehl, and T. Feldmann, Nucl.Phys. B643, 431 (2002), hep-
ph/0206152.

T. Sjéstrand et al., Comput. Phys. Commun. 191, 159 (2015), 1410.3012.

C. Bierlich et al., SciPost Phys. Codeb. 2022, 8 (2022), 2203.11601.

S. Catani and M. Grazzini, Phys. Lett. B 446, 143 (1999), hep-ph/9810389.

G. P. Salam and J. Rojo, Comput. Phys. Commun. 180, 120 (2009), 0804.3755.

V. Bertone, S. Carrazza, and J. Rojo, Comput. Phys. Commun. 185, 1647 (2014), 1310.1394.
V. Bertone, PoS DIS2017, 201 (2018), 1708.00911.

D. W. Sivers, Phys. Rev. D 41, 83 (1990).

J. C. Collins, Phys. Lett. B 536, 43 (2002), hep-ph/0204004.

X.-d. Ji, J-p. Ma, and F. Yuan, Phys. Rev. D 71, 034005 (2005), hep-ph/0404183.

P. F. Monni, G. Vita, Z. Xu, and H. X. Zhu, (2025), 2508.00977.

. Idilbi, X. Ji, and F. Yuan, Nuclear Physics B 753, 42 (2006).

. Becher, M. Neubert, and B. D. Pecjak, JHEP 01, 076 (2007), hep-ph/0607228.

. Li and H. X. Zhu, Phys. Rev. Lett. 118, 022004 (2017), 1604.01404.

Gehrmann, T. Lubbert, and L. L. Yang, Phys. Rev. Lett. 109, 242003 (2012), 1209.0682.
Gehrmann, T. Liibbert, and L. L. Yang, Journal of High Energy Physics 2014 (2014).

. Liibbert, J. Oredsson, and M. Stahlhofen, Journal of High Energy Physics 2016 (2016).
M. G. Echevarria, I. Scimemi, and A. Vladimirov, Journal of High Energy Physics 2016
(2016).

M.-X. Luo, T.-Z. Yang, H. X. Zhu, and Y. J. Zhu, JHEP 01, 040 (2020), 1909.13820.

M.-X. Luo et al., JHEP 10, 083 (2019), 1908.03831.

M.-x. Luo, T.-Z. Yang, H. X. Zhu, and Y. J. Zhu, JHEP 06, 115 (2021), 2012.03256.

M.-x. Luo, T.-Z. Yang, H. X. Zhu, and Y. J. Zhu, Phys. Rev. Lett. 124, 092001 (2020),
1912.05778.

M. xing Luo, T.-Z. Yang, H. X. Zhu, and Y. J. Zhu, Journal of High Energy Physics 2021
(2021).

J. M. Henn, G. P. Korchemsky, and B. Mistlberger, JHEP 04, 018 (2020), 1911.10174.

I. Moult, H. X. Zhu, and Y. J. Zhu, (2022), 2205.02249.

B



29

J. C. Collins, D. E. Soper, and G. F. Sterman, Nucl. Phys. B 250, 199 (1985).

Z.-B. Kang and A. Prokudin, Phys. Rev. D 85, 074008 (2012), 1201.5427.

A. Bacchetta et al., JHEP 02, 093 (2007), hep-ph/0611265.

M. Anselmino et al., Eur. Phys. J. A 39, 89 (2009), 0805.2677.

M. G. Echevarria, Z.-B. Kang, and J. Terry, JHEP 01, 126 (2021), 2009.10710.

X. Ji, J-W. Qiu, W. Vogelsang, and F. Yuan, Phys. Rev. Lett. 97, 082002 (2006), hep-

ph/0602239.

X. Ji, J.-w. Qiu, W. Vogelsang, and F. Yuan, Phys. Rev. D 73, 094017 (2006), hep-ph/0604023.

67] Y. Koike, W. Vogelsang, and F. Yuan, Phys. Lett. B 659, 878 (2008), 0711.0636.

Z.-B. Kang, B.-W. Xiao, and F. Yuan, Phys. Rev. Lett. 107, 152002 (2011), 1106.0266.

P. Sun and F. Yuan, Phys. Rev. D 88, 114012 (2013), 1308.5003.

L.-Y. Dai, Z.-B. Kang, A. Prokudin, and L Vitev, Phys. Rev. D 92, 114024 (2015), 1409.5851.

71] 1. Scimemi, A. Tarasov, and A. Vladimirov, JHEP 05, 125 (2019), 1901.04519.

72] M. G. Echevarria, A. Idilbi, Z.-B. Kang, and I. Vitev, Phys. Rev. D 89, 074013 (2014),
1401.5078.

[73] Z.-B. Kang and J.-W. Qiu, Phys. Lett. B 713, 273 (2012), 1205.1019.

[74] H. T. Li, Y. Makris, and I. Vitev, Phys. Rev. D 103, 094005 (2021), 2102.05669.

[75] P. Sun, J. Isaacson, C. P. Yuan, and F. Yuan, Int. J. Mod. Phys. A 33, 1841006 (2018),
1406.3073.

[76] A. Bacchetta, F. Delcarro, C. Pisano, M. Radici, and A. Signori, JHEP 06, 081 (2017),
1703.10157, [Erratum: JHEP 06, 051 (2019)].

[77] 1. Scimemi and A. Vladimirov, JHEP 06, 137 (2020), 1912.06532.

[78] J. Gao, C. Liu, X. Shen, H. Xing, and Y. Zhao, Phys. Rev. D 110, 114019 (2024), 2407.04422.

[79] NNPDF, R. D. Ball et al., Eur. Phys. J. C 82, 428 (2022), 2109.02653.

[80] G. Abelof, R. Boughezal, X. Liu, and F. Petriello, Phys. Lett. B 763, 52 (2016), 1607.04921.

[81]

[82]

[66]
[67]
[68] Z.
[69] P.
[70] L.
[71]
[72]

81] H1, ZEUS, H. Abramowicz et al., Eur. Phys. J. C 75, 580 (2015), 1506.06042.
82] H. Méntysaari, Y. Tawabutr, and X.-B. Tong, Phys. Rev. D 112, 114027 (2025), 2503.20157.



