arXiv:2606.25677v1l [math.RT] 24 Jun 2026

The representation theory of the wreath product of a finite
group with the monoid of all partial functions on a finite set
as an El-category algebra

Itamar Stein*

= Steinita@gmail.com

Abstract

Let G be a finite group. We provide a description of the ordinary quiver of the complex
monoid algebra of the wreath product G PT,,, where PT,, denotes the monoid of all partial
functions on an n-element set. This description depends on the multiplicities of simple G-
modules appearing in the decomposition of tensor products of simple G-modules. We also
prove that the global dimension of this algebra is n — 1. Both results are obtained by analyzing
the associated Ehresmann El-category related to the monoid. Finally, we describe the quiver
of the algebra of the wreath product of G with the submonoid of all order-preserving partial
functions.

1 Introduction

A central aim in the study of monoid representations is to connect them with the general repre-
sentation theory of associative algebras. Investigating the invariants of the monoid algebra of a
finite monoid M is of particular interest. Throughout this paper, all modules are over the field of
complex numbers C, so we consider the complex monoid algebra CM.

Among invariants of an algebra, the (ordinary) quiver plays a foundational role. A standard
way to present a finite-dimensional algebra is via a quiver, which is a directed graph, bound by
a set of relations on its paths. In this context, the quiver can be viewed as the generators part
in a generators-and-relations presentation of the algebra. Even without explicit knowledge of the
relations, the quiver alone encodes a significant amount of data about the algebra.

Determining the quiver of a monoid algebra is a fundamental problem in the representation
theory of finite monoids [31, Chapter 17]. To date, descriptions of the quiver have been obtained
for many monoids and families of monoids [4, 13, 14, 15, 16, 17, 19, 22, 24, 26, 30, 32]. In particular,
in [26], the author described the quiver of the monoid algebra CPT,,, where PT,, is the monoid
of all partial functions on an n-element set. In this paper, we aim to generalize this result to the
complex monoid algebra of the partial wreath product G PT,, of any finite group G with PT,,.
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Partial wreath products of groups with (partial) transformation semigroups play a crucial role in
the Krohn-Rhodes decomposition theory of finite automata and Krohn-Rhodes complexity theory
[18]. This monoid was also studied recently in [2, Section 9].

To compute the quiver of the monoid algebra of G PT,,, we follow the general framework
established in [26] for PT,,. However, the introduction of the finite group G into the structure
introduces complications in the underlying representation theory.

After reviewing the necessary preliminaries in Section 2, we introduce several branching rules
in Section 3 that will be used in our proof.

The computation of the quiver is carried out in Section 4. Since C(G { PT,,) is a finite F-
Ehresmann and right restriction semigroup, its algebra is isomorphic to that of its associated
Ehresmann category.

This category is the wreath product of G with the category of all onto functions between subsets
of an n-element set (see also [23]). This is an El-category, meaning that every endomorphism monoid
is a group. To determine the quiver of an El-category algebra, a well-known method (see [16, Section
6.3.1] and [11]) reduces the problem to the representation theory of its endomorphism groups. We
follow this approach here.

The endomorphism groups in this case are of the form G .Sy, where Si is the symmetric group.
This computation utilizes known branching rules for G 1 S; to establish our main result. The
description of the quiver itself is given in Theorem 4.10 and relies on the decomposition of tensor
products of simple G-modules.

We remark that the similar problem of finding the quiver of the wreath product of G with the
category of injective functions between subsets of an n-element set was solved in [27, Section 6].
However, in that case, the structure of the group G plays a minimal role in the description.

In Section 5, we prove that the global dimension of C(GIPT,,) is n—1 by applying the El-category
framework to lift known results on the global dimension of PT,, from [29].

Finally, in Section 6, we compute the quiver of the complex monoid algebra C(GPO,,), where
PO, is the monoid of all order-preserving partial functions on an n-element set. The method is
identical to that applied in the case of PT,,, but the branching rules are simpler in this setting.

Acknowledgement: The author is grateful to Professor Stuart Margolis for several discussions
on the monoid G PT,,.

2 Preliminaries

2.1 Partial wreath product

Let A be a small category. We denote by A and A' the sets of objects and morphisms of A,
respectively. For a,b € A°, we write A(a, b) for the hom-set of morphisms with domain a and range
b. Recall that a monoid can be viewed as a category with a single object. Following [25], we denote
by Pfn the category whose objects are finite sets and whose morphisms are partial functions, and
by Set the subcategory consisting of total functions as morphisms.

Let G be a finite group with identity element 1, and let PT(X,G) denote the set of all
partial functions from X to G. For every f € PT(X,G), we denote by dom(f) its domain. The
set PT(X, @) is a monoid under pointwise multiplication, where for any f1, fo € PT(X,G), the
product f; - fo has domain dom(f1) N dom(fz) and is defined by:

(f1- f2)(x) = fi(z) - fo(x) for all z € dom(f;) N dom(fs).



The identity element of this monoid is the constant function mapping every z € X to 1g.

Let H : A — Pfn be a functor. Define a new category G g A in the following way. The set of
objects is the same as the set of objects of A, that is, (G iz A)° = A°. Given two objects a,b € A,
the hom-set (G 1y A)(a,b) is

{(f,m)| f € PT(H(a),G), m € A(a,b), where dom(f) = dom(H (m))}.
Now, given two morphisms (f,m) € (G g A)(a,b) and (f',m’) € (G g A)(b, c) the composition is
(f'm') - (f.m) = ((f" o H(m)) - f,m'm).

It is routine to verify that this composition is well defined and that Gy A is indeed a category.
If id, is the identity morphism of a € A° and 1g@) @ H(a) — G is the function defined by
1y (z) = 1 for every € H(a), then the identity morphism of the object a € (G 1y A)° is
(15(q),idq). The category Gy A is called the partial wreath product of G and A with respect to H.
We will apply this construction in two special cases. In the first case, H is a functor H : A — Set.
In this case, the construction reduces to the standard wreath product of a group with a category
(see, for example, [23, 34]). In the second case, A is a monoid M with identity element 1,,. Here the
construction is well-known, even when G and M are semigroups. It appears in [5] in the language
of transformation semigroups, and in [10] under the name of 0-wreath products. See also [2, Section
9.1] and references therein. In this case, a functor H : M — Pfn is an incomplete M -action. That
is, it consists of a set X and a monoid homomorphism ¢ : M — PTy. For m € M and = € X, we
will write m e z instead of ¢(m)(x). For every m € M, we write

dom(m) = dom(p(m)) C X.

The monoid M acts on the right of PT(X,G) by f *xm = f o @(m). Explicitly, for x € X, the
partial function f *m is given by

f(mexz) mex and f(mex) are both defined

undefined otherwise.

(f xm)(x) = {

In this case, the partial wreath product Gty M is a monoid whose underlying set is
Gy M={(fym)|meM, fePT(X,G), dom(f)=dom(m)}.
The operation is given by

(fi,m1) - (f2,m2) = ((f1r *m2) - f2,mim2),

where (f1 *mso)(z) = fi(mso e x) and the identity element is (1, 1as).

Remark 2.1. Many authors adopt the convention of composing functions from left to right. Under
this convention, the monoid M acts on the right of X and on the left of PT(X, G). Consequently,
the multiplication in G 1y M is often written in a different form in the literature.

The case where M is a group is of great importance. If f : X — G is a (total) function, we
denote by f~': X — G the function defined by f~'(z) = (f(z))~" for every z € X. If M is a
group, then Gy M is a group, and the inverse of (f,m) € Glx M is given by

(f,m)~H=((f+m™")

o,



There is a natural incomplete action of the monoid PT x on the set X'. Formally, the action is given
by the identity function ¢ : PTy — PTy. In this case, we simply write G PTy for G iy PTx.
If ¥ =[n] ={1,...,n}, we denote the corresponding wreath product by G PT,,. In this special
case, the wreath product has a natural description using matrices over G U {0}. For a € PT,, and
f € PT([n],G) with dom(f) = dom(«), we denote by [f, ] an n X n matrix over G U {0} defined

by
[f,aliy = {f(y) a(j) = i,

0 otherwise.

Let M denote the set of all such matrices. Note that each [f,«] € M has at most one non-zero
entry in each column, so matrix multiplication is well-defined. It is straightforward to verify that
the function ¢ : G1PT,, — M defined by ¢¥((f, «)) = [f, @] is a monoid isomorphism.

2.2 Ehresmann semigroups

Let S be a semigroup and let £ C S be a subset of idempotents. We define two equivalence relations
Lg and Rg on S. B
alpb <= (Ve€ E be=bsae=a)

aRpb < (Vee E eb=bsea=a).

A subset E C S of idempotents is called a subsemilattice if it is a commutative subsemigroup. It
is well known that any commutative semigroup of idempotents has the structure of a semilattice
(i.e. a poset where every two elements have a meet) if one defines @ < b whenever ab = ba = a. A
semigroup S with a subsemilattice £ C S is called right E-Ehresmann if every L g-class contains
a unique idempotent from E and Lg is a right congruence. We denote the unique idempotent in
the Lg-class of a by a*. Note that a* is the unique minimal element e € E such that ae = a. It is
well known that Lg is a right congruence if and only if the identity (ab)* = (a*b)* holds for every
a,besS. .

Dually, we can consider semigroups for which every R class contains a unique idempotent.
We denote the unique idempotent in the Rp class of a by a*. Such a semigroup is called left
E-Ehresmann if Rg is a left congruence, or equivalently if (ab)t = (ab™)* for every a,b € S.
A semigroup S with a subsemilattice £ C S is called E-Ehresmann if it is both left and right
E-Ehresmann. The semilattice E is also called the set of projections of S.

A right (left) Ehresmann semigroup S is called right (respectively, left) restriction if the “right
ample” (respectively, “left ample”) identity ea = a(ea)* (respectively, ae = (ae)¥a) holds for every
ac€Sandec€E.

For every Ehresmann semigroup S, we can associate a category C(S) in the following way.
The object set of C(S) is the set E of projections and the morphisms of C(S) are in one-to-one
correspondence with elements of S. For every a € S, we associate a morphism C(a) € C(S)! with
domain a* and range at and if the range of C'(a) is the domain of C'(b), the composition C(b)-C(a)
is defined to be C(ba). For more facts and proofs on Ehresmann semigroups and Ehresmann
categories, the reader is referred to [6, 7.

2.3 Algebras and modules

Let A be an algebra. We will only discuss unital, finite-dimensional C-algebras in this paper.
Likewise, when we say that V is a module over A (or an A-module or an A-representation), we



mean that V is a finite-dimensional left module over A. For a € A and v € V, we write a e v for the
action of a on the module element v. An A-module V' is simple (or irreducible) if 0 is its only proper
submodule. The ordinary quiver @ of a finite dimensional algebra A is a directed graph defined in
the following way: The vertices of () are in a one-to-one correspondence with the simple modules
of A (up to isomorphism). If V; and V; are simple modules of A (identified with two vertices of the
quiver), then the number of arrows from V; to V; is

dim Ext* (V;, V;)

where Ext!(V, —) is the first right derived functor of Hom(V, —), see [20, Chapters 6-7]. More about
modules of algebras and quivers can be found in [1].

In this paper, we discuss complex algebras of finite categories. Let A be a finite category. The
category algebra CA is a vector space over C with the morphisms of A as its basis. It consists of
all formal linear combinations:

{Zklml | k; € C, m; E.Al}.

i=1

The multiplication in CA is the linear extension of the following;:

, m/m  if m'm is defined in A,
m'-m= .
0 otherwise.

The algebra CA has a unit element given by the sum of the identity morphisms of all objects in A:

lea= Y ide.

ce A°

Since a monoid is a category with a single object, this construction naturally specializes to
the definition of a monoid algebra. In this case, the algebra CM consists of all formal linear
combinations of elements of the monoid M, with multiplication defined as the linear extension of
the monoid operation.

2.4 Complex group representations

Let G be a finite group. If V is a CG-module, we will usually simply say that V' is a G-module (or
a G-representation). Equivalently, a G-module is a pair (V] p) of a C-vector space V and a group
homomorphism p : G — GL(V). We denote the set of simple modules of G (up to isomorphism)
by IRepG. It is well known that every G-module is a finite direct sum of simple modules and
that the number of different simple G-modules (up to isomorphism) is the number of conjugacy
classes of G. We denote the trivial module of any group G by trg. Recall that if V' is a G-module,
then V* = Hom(V,C) is also a G-module with operation (g e ¢)(v) = ¢(g~! ev). Let U and
V be G-modules. The inner tensor product U ® V is again a G-module with action defined by
ge (u®v) = (geu)® (gev) and extending linearly. Now, assume that U; and U are modules of
G1 and Gs, respectively. The outer tensor product U; ® Uy of Uy and Us is the (G x Gz2)-module
where (g1,92) @ (u1 ® uz) = (g1 ® u1) ® (g2 ® uz). Although the two types of tensor product can
be distinguished by context, we prefer to use a different notation for the outer tensor product,
denoting it by X. Similarly, the simple tensors of U X V' will be denoted by uXv. It is well known



that IRep(G1 X G2) = {UKRV | U € IRepG1,V € IRep Ga}. The character xy of the G-module
(U, p) is the function xpy : G — C defined by xy(g) = trace(p(g)). Recall that the multiplicity of
U € IRep G as a simple constituent in some G-module V is given by the inner product of characters

(Xv,xv)e = = > xulg)xv(9).
Gl Jee

We may omit the subscript G when the group is clear from the context. Recall also that xv+(g) =
xv(9), xvmv ((91,92)) = xv(g1)xv (92) and xvev(9) = xv(9)xv(g). In order to simplify notation,
we will usually omit y and write U also for the character of U. Hence the above inner product will
be written as

1 N
(U.V) =15 2 U@)V(g).
Gl 7=
Let (U, p) be a G-module and let H < G be a subgroup. The restriction of (U, p) to H is the
H-module (Res% U, Res$, p) defined by

Resf p(h)(u) = p(h)(u)

that is, restricting the homomorphism to the subgroup H. Note that dim Resg U =dimU and if
U is a simple G-module, then Res% U does not have to be a simple H-module. Let (U, p) be an
H-module, the induction to G, denoted (Ind$ U, Ind$ p) is the tensor product

md§ U =CG @ U
CH

where the G action is given by

ge(s®@u)=(gs)@u
where s € CG and v € U. However, we will also use the following more concrete description.
Choose S = {s1,...,s;} to be representatives of the left cosets of H in G (where | = [G : H]). Note

that any element g € G can be written in a unique way as g = s;h where s; € S and h € H. Every
element of Ind% U is a formal sum of the form

ar(sp,ur) + .o+ ag(s,w)
l
where u; € U and «; € C. In other words, as a vector space Indg U is @ U, that is, [ copies of U.
i=1
The action is defined on elements of the form (s;,u) by

g (si.u) = (s, heu)

where s; and h are unique such that gs; = s;h. The required action is given by extending linearly.
Note that dimInd$ U = [G' : H]dimU. Tt is important to mention that the modules Ind% U and
Resg V' depend not only on the groups G and H but also on the specific embedding of H into G.
Hence, we will have to give the specific embeddings when discussing these modules. Both induction
and restriction are transitive and additive, that is, if K < H < G then

md$ md? U =2 mdf U, Wmd§(U e V)=nd} U e df VvV



and
Resf Res% U = Res@ U, Res$ (U @ V) = Res§; U @ Res V.

For the restriction this is a trivial statement, and for the induction the proof is [3, Propositions
1.1.10 and 1.1.11]. An important fact that relates induction to restriction is the following one (for
a proof, see [3, Corollary 1.1.20 ]).

Theorem 2.2 (Frobenius reciprocity). Let H < G and let U and V' be G and H-modules respec-
tively. Then the multiplicity of V in Resg U equals the multiplicity of U in Indg V.

Using characters, Frobenius reciprocity can be written as the following equality
(Ind$ V,U)q = (V,Res§ U) 7.

Let U be a G-module. Consider the swap transformation S : U @ U — U ® U defined on simple
tensors by S(u; ® us) = uy @ u;. We define the symmetric square Sym? U and the alternating
square Alt> U as the following submodules of the tensor product U ® U:

Sym?*U ={v e U U | S(v) = v},
AU ={veUxU|S() = —v}.

As G-modules, U ® U 2 Sym? U & Alt? U. The characters of these modules are given by:

LW +U(®) and (AK2U)(g) =

(Sym® U)(g) = 5

(U9)? =U(g%)) -

N =

2.5 Representation theory of S, and G5,

We will recall some elementary facts regarding the representation theory of the symmetric group.
More details can be found in [9, 21]. Recall that an integer composition of n is a tuple A =
[A1, ..., Ax] of non-negative integers such that Ay + --- + Ay = n while an integer partition of n
(denoted A F n) is an integer composition such that A\; > Ay > -+ > Ax > 0. From now on, when
dealing with a partition A we will write its elements in superscript A = [A!,..., A\¥] because we
want to reserve the subscript for multipartitions. Note that 0 has one partition, namely the empty
partition, denoted by (). We can associate to any partition A a graphical description called a Young
diagram, which is a table with A? boxes in its i-th row. For instance, the Young diagram associated
to the partition [3,3,2,1] of 9 is:

We will identify the two notions and regard integer partition and Young diagram as synonyms.
It is well-known that simple modules of 5,, are indexed by integer partitions of n. We denote the
simple module associated to the partition A (also called its Specht module) by S*. An explicit
description of S* can be found in [21, Section 2.3]. It will be often convenient to draw the diagram
\ instead of writing S*. For instance we may write



LT el ]

instead of: S* @ S9 for partitions A\ = [3] and § = [2,1].

Let n = [ng,...,n] be an integer composition of n. A tuple A = (A1,..., ;) such that \; - n;
for every i is called a multipartition of n with [ components. We also call it a multipartition of
the composition n and denote this by A IF n. We define a multi- Young diagram to be a tuple of
Young diagrams. As we identify partitions with Young diagrams, we also identify multipartitions
with multi-Young diagrams.

Let G be a finite group with [ conjugacy classes. It is well-known ([3, Theorem 2.6.1]) that multi-
Young diagrams with n boxes and [ components index the simple modules of the wreath product
G1S,. If A IF n is a multi-Young diagram, then we denote by S? its associated G 1 S,-module.

3 Branching rules

Let G be a finite group with I conjugacy classes. Fix IRepG = {Uy,...U;} to be its set of simple
modules. In this section we will describe several known branching rules for the group G S,, that
we will need later on.

3.1 Restriction of G .5,

Let Sy = {id, s} be the symmetric group of order 2 where s will always be the swap permutation.
We denote by trg the trivial module of So and by sgn, the sign module of S3. The group G x S can
be embedded in G152 by ¢(g,0) = ((g,9),0). In this section, we study the restriction Resgzxs§2.
Every simple module of G x S5 is of the form U, Ktry or U, Ksgn, where U, € IRepG (r € {1,...1}).
The description of simple modules of G155 is more complicated, but well-known (see [3, Chapter
2] for the description of simple modules of G S, in general). If U;,U; € IRepG are two non-
isomorphic simple modules of G then U; M Uj is a G x G simple module. Clearly, G x G embeds
in G1Ss by ¢©(g1,92) = ((91,92),id). One type of simple G Sy module is obtained by induction
Wi = Indgzxsé(Ui X U;). This gives us (é) simple modules. Note that dim W; ; = 2dim U; dim U;.
The module W; ; corresponds to the multipartition A with \; = A; = [1] and A\, = 0 for k # 4, j.
Given U; € IRep G, another type of simple module is the tensor product U; K U; where the action
is

((91,92),0) @ (u1 Kuz) = (go(1) ® Uo(1)) X (go(2) ® Ue(2))-
We denote this simple module by Wf. This gives another [ simple modules. The module W;*

corresponds to the multipartition A with A; = [2] and A\, = 0 for k # 7. Finally, we denote by
Inf(sgn,) the inflation of sgn, to a G ! S module. This means that ((g1,92),0) acts like 0. The
last [ simple modules of G S5 are obtained by the tensor product VV{|r ® Inf(sgn,) and we denote

them by W, . The module W™ corresponds to the multipartition A with A; = [1,1] and A, = 0 for
k # i. In total, we have 12%3[ simple modules for G .S5.

Remark 3.1. In the literature, the module W;" is defined by the action

((91,92),0) ® (ur Mug) = (91 ® uy(1)) X (g2 ® Uy (2))



(in fact, with o=, but 0~ = o in our case.) This variation arises because, in the context of groups,
the composition in the wreath product G M is defined by

(f2;m2) - (f1,m1) = (f2 - (M2 x f1), mam;)

where (m * f1)(x) = fi(m~'z). As shown in [27, Lemma 6.3], the two definitions are isomorphic
under the map

T(f,m) = (m= f,m)

but it changes the concrete description of the module W;'. In any case, we are interested in the
action of elements of the form ((g,¢g),o). For such elements, the two actions coincide, ensuring
there is no ambiguity in our context.

The characters of these modules are well-known and essential for computing the desired restric-
tion. Recall that we use the same notation for a module and its character. If we take ((1g, 1g),id)
and ((1g,1¢g), s) as representatives of the cosets of G X G in G153, it is easy to see that ((g, g), s)
swaps the cosets and ((g, g),id) fixes them. The character of the induction is summation of the
base character over the fixed cosets (see [21, Section 1.12]). Therefore, the character W; ; for an
element ((g,9),0) € G1.Ss is given by:

2Wilg)U(g) if o =id,
0 if o =s.

Wi ;i((9,9),0) = {

For the modules W;* and W,™, the character values on the elements ((g, g), o) are given as follows
(see [9, 4.3.10 (vi), p. 150]):

Ui(g)? if o =id,

+ o) =
Wi ((9,9),0) {Ui(g2) if o = s,

and
Ui(g)? if o =1id,

Wi ((9,9),0) = {U.(g2) if 0 =s.

Lemma 3.2. The multiplicities of Uy W try and Uy M sgn, in Resngg2 Wi j are both equal to the
multiplicity of Uy, in U; @ U;.

Proof. Let V be either the trivial module trs or the sign module sgn, of Ss. The multiplicity of
U, KV in the restriction is:

1 -
(Resgioz, Wiy, Us BV )gxs, = 3G SN Wiil(9.9),0)Uk(9) V(o).
geG o€EeS2

As W; i((g,9),s) = 0, the sum over o € Sy only has a contribution from o = id. Since V(id) =1
for both the trivial and sign modules, the expression becomes:

ﬁ ;W”J((Q’g% id)Uk(9) = ﬁ gEZ;QUi(g)Uj(g)m = (Ui ® Uj, Ui)a,

which completes the proof. O



Lemma 3.3. The multiplicities of U, K tro and Uy X sgn, in the restrictions ]?{esglxsg2 W and

?

Resgzxsg2 W, are given by the multiplicities of Uy in Sym? U; and Alt? U; as follows:
1. (Res@ls Wi, Ux Ktra) s, = (Sym® Ui, Up)e
2. (Resgioz, Wi, Uy Bsgny)axs, = (Alt> Uy, Up)g
3. (Resgioz, Wi, Uy Btra)axs, = (Al Uy, Up)e
4. (Resgfgz W, , Uy Rsgny)axs, = (Sym? Uy, U

Proof. We prove the first case; the others follow by similar character computations. By the definition
of the inner product of characters on G x S5, we have:

(ResGicz, Wi, Uk B trs) s, = m Z(W+ ((9:9),i)Uk(g) + W;" (9, 9), 5)Uk(9) ) -

Substituting the character values W, ((g, g),id) = U;(g9)? and W;"((g,9),s) = U;(g?), we obtain:
(A
[G] 4

The term in parentheses is precisely the character of Sym? U;. Thus, the expression reduces to
(Sym2 U, Uk)g, which is the multiplicity of Uy, in Sym? U;. O

3.2 Littlewood-Richardson rules for small additions

Let G be a group with [ conjugacy classes. The group (G Sk) x (G1.S;) is naturally embedded in
GUlSkr I f1:{1,...,k} > Gand fo: {1,...,7} = G we define f: {1,...,k+7r} = G by

L A6 i<k
ﬂ”_{buk)i>k'

Then, the natural embedding ¢ : G Sk X G S, — G Sk, is defined by ¢((f1,01), (f2,02)) =
(f,0102) where o (02) can be regarded as an element of S, that fixes {k+1,...,k+r} ({1,...,k}).
The branching rules for describing the induction from G Sy x G1S, to G Sk, are known (see [8,
Theorem 4.7] or [27, Theorem 4.5]), but we will give here only the cases for r = 1,2 as this is what
we need in this paper.

Let k = [kq,...,k;] be a composition of k and let A IF k be a multi-Young diagram and let
SA be the associated G Sp-module. Let U; be a G = G S;-module. We can think of it as a
multi- Young diagram with one box in the i-th component and all the other components are empty.
Let Y;J“(A) be the set of multi-Young diagrams that can be obtained from A by adding one box at
the 4-th component. Conversely, let ¥;”(A) be the set of multi-Young diagrams obtained from A
by removing one box from the i-th component.

Proposition 3.4. The induction and restriction rules are as follows:
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1. Induction:

QS A r
Ind 45 o(S"RU) = P 9
rer(A)

2. Restriction: By Frobenius reciprocity, the restriction of a G1Sk41-module S* to the subgroup
(G1S) x G is given by:

l
[&I18)
ReS(GZZ o a8 = b P s'wu
=1 Aey; (D)

For the case r = 2, we define the sets of multi-Young diagrams obtained by adding exactly two
boxes to A:

. Yl'; (A): one box added to component i and one box added to component j (i # j).

. YfH 2(A): a horizontal strip of two boxes added to component i. This means that we cannot
add the two boxes in the same column.

° Yﬁv? (A): a vertical strip of two boxes added to component i. This means that we cannot add

the two boxes in the same row.

Proposition 3.5. The induction from (G1Sk) X (G1S2) to G Sky2 for the various simple G Sa-
modules is given by:

Q1S r
Ind(ps ' s (S*BWi ) = €D S
rey;t(a)
G1S A N\ r
In d(Gsz:)zx(stg)(S X W; ) = @ S
PeY 2 (A)
Q1S r
Ind GzSH)Qx GZSz)(S W) = @ S

.
rev; ,(A)

4 The quiver of C(G!PT,)

4.1 Ehresmann structure

For every X C [n] = {1,...n} we define idx to be the partial identity of the set X

id () T ifzx € X,
idx(x) =
X undefined otherwise,

and 1x : [n] = G to be the function

1 ( ) la ifx € X,
€Tr) =
X undefined otherwise.

11



Set £ = {(1x,idx) | X C [n]} and note that this is a subsemilattice of G PT,. It is routine
to verify that the idempotent (1x,idx) is a left (right) identity of (f,«) € G PT, if and only if
im(a) C X (respectively, dom(«) C X). Therefore, we have that two elements (f,«) and (g, )
of G PT, are Lg-related if and only if dom(e) = dom(J), and they are Re-related if and only if
im(a) = im(f). In other words, if X = dom(a) and Y = im(«) then

(f7 O‘)* = (1x,idx), (fv a)+ = <1Y7idY)~

In [2, Proposition 9.11], it was proved that G { PT,, is a right E-restriction monoid. It is also easy
to prove that the left congruence condition holds.

Lemma 4.1. The relation ﬁg s a left congruence on G PT,,.

Proof. Let (f1, 1), (f2,a2) € GIPT,, such that (fl,oq)?zg(fg, ap). This is equivalent to im(ay) =
im(cg). Let (f3,a3) be any element in G1PT,,. Note that im(azai) = im(azas) so

(f3,a3)(f1,00) = ((f3 *a1) - f17043a1)7~35((f3 * Q) - fa, azaz) = (f3, a3)(f2, a2).

Thus, ﬁg is a left congruence. O

It follows that G PT,, is a £&-Ehresmann and right restriction monoid. This will be crucial in
view of the following fact.

Theorem 4.2 ([28, Theorem 1.5]). Let M be a finite E-Ehresmann and right restriction monoid
and let C(M) be its associated Ehresmann category. Then, for every unital commutative ring k
there is an isomorphism of algebras kM ~kC(M)

Therefore, we can switch to studying the representation theory of the associated category
C(G1PT,). We start by describing it. The objects of C(G ! PT,,) are in one-to-one correspon-
dence with the elements of £. Thus, the objects are of the form (1x,idx) for X C [n]. For two
subsets X,Y C [n], the hom-set C(GPT,)((1x,idx), (1y,idy)) is identified with the elements
(f,a) € G1PT,, such that

(f,)" = (1x,idx) and (f,@)" = (1y,idy).

Note that in this case, X = dom(a)) and Y = im(a). We denote by C(f, @) the morphism associated
with (f, @).

Let E,, be the category defined as follows. The objects of E,, are subsets X C [n]. For X, Y C [n],
the hom-set E,(X,Y) contains all the onto (total) functions a: X — Y. Let G be a group. We
denote by G ! E,, the wreath product Gy E,, where H: E,, — Set is the inclusion functor.

Proposition 4.3. There is an isomorphism of categories C(GU1PT,) ~ G E,.
Proof. Tt follows immediately from the above discussion. Formally, an isomorphism
v: C(GPT,) - GlE,

is defined by ¥ ((1x,idx)) = X and ¢¥(C(f,«)) = (f,«). Note that if C(f,«) is a morphism in
C(G1PT,)((1x,idx), (1y,idy)), then dom(a) = X and im(a) = Y, so « is indeed a total onto
function a: X — Y. Moreover, dom(f) = X, so f € GX as required in the definition of G E,,. It
is easy to see now that v is an isomorphism. O
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4.2 The skeleton

If C and D are equivalent categories, then their algebras are Morita equivalent (see [33, Proposition
2.2]). Since the quiver of an algebra is an invariant of Morita equivalence, we can switch our
attention to a simpler category which is equivalent to G E,,.

We can take a full subcategory with one object from every isomorphism class in G E,. This
category is called the skeleton of G E,. To describe it, we first have to characterize which objects
in G E,, are isomorphic.

Lemma 4.4. Two objects X,Y in GUE,, are isomorphic if and only if | X| =|Y].

Proof. First, note that if | X| < |Y], then the hom-set (G1E,)(X,Y) is empty because there are no
onto functions from X to Y. If X and Y are isomorphic, then both (1E,,)(X,Y) and (ME,,)(Y, X)
are non-empty, which implies | X| = |Y].

Conversely, if |X| = |Y|, we can take any invertible function a: X — Y, and we claim that
(1x, ) is an isomorphism with inverse (1y,a~1). Indeed,

(1y,a™h - (1x,0) = ((1y xa) - 1x,a 'a)
= ((1y * Oz) . 1X7idx).

Note that since im(a) =Y, we have 1y * a = 1x. Therefore,
(]_y,Oéil) (1x,a) = (1x -1x,idx) = (1x,idx),

which is the identity morphism of the object X. Likewise, since aa™! = idy, it follows that
(lx,a) . (]_y,Oé*l) = (ly,idy). O

Denote by G ! SE,, the full subcategory of G ! E,, whose objects are the sets [0] = @ and
[k] = {1,...,k} for 1 < k < n. As the notation suggests, this category can be identified with the
wreath product of G with the category SE,,, where the set of objects is {[k] | 0 < k < n} and the
morphisms are total onto functions. Following the discussion above, to determine the quiver of the
original algebra, it suffices to focus our attention on the quiver of the algebra C(G ! SE,,).

It is also convenient to describe G SE,, using matrices. Let D,, be the category defined as
follows. The set of objects of D, is {[k] | 0 < k < n}. For 0 < k,r < n, the hom-set D, ([k], [r])
consists of all r x k matrices over G U {0} with exactly one non-zero element in every column and
at least one non-zero element in every row. Composition of morphisms is given by standard matrix
multiplication, which is well-defined because each column contains only one group element.

It is straightforward to see that there is an isomorphism of categories G SE,, ~ D,,. To each
morphism (f, @) € (G1SE,)([k], [r]), we associate an r x k matrix [f, a] defined by:

[f,edig = {f(j) if a(j) =1,

0 otherwise.

By construction, the j-th column of [f, a] contains a unique non-zero element in the «(j)-th row.
The condition that « is surjective implies that every row contains at least one non-zero element. It
is routine to verify that this assignment respects composition and thus defines an isomorphism of
categories.
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4.3 The quiver of a skeletal EI-category algebra

A category is called an El-category if its endomorphism monoids are groups. In other words, in an
El-category, every endomorphism is an isomorphism.

The category G ! SE,, is an El-category because for any morphism (f,«): [k] — [k], the map
« is a surjective map from a finite set to itself, which is necessarily a bijection. Therefore, the
endomorphism monoid of an object [k] is the group G 1 S.

The problem of finding the ordinary quiver of the complex algebra of a skeletal El-category can
be reduced to a problem in group representation theory. We define a few concepts below and then
state the relevant theorem.

For any finite set X, we denote by CX (or C[X]) the complex vector space consisting of all
formal linear combinations of elements of X. If a group G acts on X, then CX naturally becomes
a CG-module called a permutation module.

Let A be a finite El-category. A morphism m € A! is called irreducible if it is not an iso-
morphism, and whenever m = mjmeo, either m; or my is an isomorphism. We denote the set of
irreducible morphisms from object ¢ to object ¢’ by Irr(A)(c,¢’). Recall that we denote the set of
simple modules of a group G by IRep(G).

Theorem 4.5 ([16, Theorem 6.13], [11, Theorem 4.7]). Let A be a finite skeletal El-category and
let Q be the quiver of CA. Then:

1. The set of vertices of Q is given by

| | IRep(A(e,c)).

ce A0

2. The vector space C[Irr(A)(c, ¢')] can be viewed as an (A(c, ') x A(c, ¢))-module with the action
given by (h,g) @ f = hfg~'. For V € IRep(A(c,c)) and U € IRep(A(c, ), the number of
arrows from V to U is the multiplicity of U @ V* as a simple constituent in C[Irr(A)(c, )]

In view of the theorem above, the vertices of the quiver @ of C(GSE,,) are indexed by the
simple modules of the automorphism groups G Sy, for each object [k] in G SE,. Since G has
I conjugacy classes, these modules are indexed by multipartitions (or equivalently, multi-Young
diagrams) A with & boxes and [ components, where k varies from 0 to n.

4.4 Irreducible morphisms

The next step for using Theorem 4.5 is identifying the irreducible morphisms of G ¢ SE,,.

Lemma 4.6. The irreducible morphisms of GUSE,, are precisely the morphisms from [k + 1] to [k]
for 0 <k <n. In other words,

GUSE,([pl, [k]) ifp=Fk+1,
0 otherwise.

Irr(G O SE,)([pl [K]) = {

Proof. 1t is clear that every morphism (f,«) from [k + 1] to [k] is irreducible. Indeed, if one
decomposes (f,a) = (f1,a1) - (f2, @2), the size of the sets implies that one of the factors must be
an endomorphism and hence an isomorphism.
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Now, if (f,a) € GUSE,([p], [k]) where p > k + 1, then it is known that we can write @ = agaz
for some onto functions as: [p] — [k + 1] and a;: [k + 1] — [k] (see [26, Lemma 3.3]). In this
case, (1jp41],1) and (f,az) are both well-defined morphisms which are not endomorphisms and
therefore are not invertible. Finally,

(L, a) - (fy00) = Qg * a2 - fyarae) = (A - f,a1a2) = (f, @),
o (f,a) is not irreducible. O

Let V € IRep(G 1 Sp) and U € IRep(G 1 Sy). If p # k + 1, there are no arrows in the quiver of
C(GSE,) from V to U because Irt(G SE,, ) ([p], [k]) is empty. Consequently, we focus on the case
p =k +1 and examine the module C[Irr(G SE,,)([k + 1], [k])] under the action of G?.S; x G Sk+1
as described in Theorem 4.5.

For convenience, we denote the set of irreducible morphisms by

X =Trr(GUSE,)([k+ 1], [K]) = {(f,«) | a: [k + 1] — [k] is onto, f: [k + 1] — G}.
The group G Sk X G 1 Sk4+1 acts on X via

((f1,01), (f2,02)) o (f,a) = (f1,01) - (f, @) - (f2,02) ",

where fi1: [k] — G, fo: [k +1] — G, 01 € Sk, and 02 € Sgy1. The module of interest is the
linearization CX, which is a permutation module for this action.

4.5 Description of the action and stabilizer
Lemma 4.7. The action of G Sk X GU1Sky+1 on X is transitive.

Proof. We show that every element of X lies in the orbit of (1j;1),dec), where dec: [k + 1] — [K]

is defined by
o ifi <k
dec(z) = ! 1 Z,* ’
k ifi=k+1.
Let (f, ) € X. It is easy to verify (also mentioned in [26, Section 3]) that the action of Sk X Si4+1
on the set of surjective maps from [k+1] to [k] is transitive. Thus, there exist o1 € Si and 2 € Sgk11

such that o1 decoy = a.
Taking (1), 01) € GUSk and (f,02)"" € G Sk11, we observe that:

(Lkp, 01) - (Ljg1), dec) - ((f, o9) 7! ) = (L) * dec-1jpyq), 01 dec) - (f,02)
= (Ljp41), 01 dec) - (f,02)

= (Lppg1y ¥ 02 - f,01decoy)
(1[k+1] f,01 decag)

= (

f,a).

Thus, the action is indeed transitive. O
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Let K be the stabilizer of (1441}, dec) under the action of G?.Sy x G1Sk41 described above, and
let trx denote the trivial module of K. Since CX is a permutation module arising from a transitive
group action, it follows that

GI1SExG1S
CX o~ Ind 271 (frge ).

To proceed, we must characterize the stabilizer K more explicitly.
For the action of Sy x Sk41 on the set of surjective maps from [k + 1] to [k], it is known that
the stabilizer of dec is the subgroup

{(o,07) |0 € Sk—1, T € Stit1y}
(see [26, Lemma 3.5]). For any function f € G, let f € GI*+1 be the function defined by

N ) i<k,
D= itimke,

Note, in particular, that f(k+ 1) = f(k).
Recall that we can view any element o € Si_; as an element of Si that fixes k.

Lemma 4.8. The stabilizer K of (1,411, dec) under the action of GUSy, x G1Syy1 is given explicitly
by
K ={((f.0),(f,07)) | 0 € Sk—1, T € Sqpps1}. f € GH}.

Proof. An element ((f,0), (h,¢€)) is in K if and only if
(f,0) - (Lpprag, dec) - (hy €)™t = (L yqy, dec),
or equivalently,
(f7(7) . (1[k+1],dec) = (1[k+1],dec) . (h, 6).
Applying the product rule for the wreath product on both sides, we obtain
(f *dec-1jpqq),0dec) = (L4 * € - h,dece).
Since 1[4 1) is the identity for the pointwise product, this simplifies to the condition

(f x dec, o dec) = (h,dece).

The map equality o dec = dece implies that (o,¢€) is in the stabilizer of dec under the action of
Sk X Sg41. It follows that o € Sk—1 and € = o7 for some 7 € Si ry1}-

Finally, the function equality f * dec = h is equivalent to h = f . Indeed, for i < k, we have
h(i) = f(dec(i)) = f(i), and for i = k+1, we have h(k+1) = f(dec(k+1)) = f(k). This completes
the proof. 0

For any f € G*~1 and g € G, we define a function f? € GI* by

oo [FG) i<k—1
= {J0 1561

Note that every h € G*! can be uniquely written as h = f9 for some f € G*~! and g € G.
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In what follows, it will be useful to understand how elements of K correspond to matrices over
GU{0}. Given an element (f9,0) with o € Sj_1, its associated matrix consists of an (k—1) x (k—1)
block A associated with (f, o) and a 1 x 1 block containing g. Thus, (f?,0) corresponds to a block-

diagonal matrix:
A o
Ad(g9) = (0 E

For the element (ﬁ, o7), the associated matrix similarly decomposes into two blocks of sizes (k —
1) x (k—1) and 2 x 2. The first block is A, and the second is the 2 x 2 block gP,, where P; is the
permutation matrix associated with 7:

A o

0 gP. )’

Lemma 4.9. There is an isomorphism of groups
K~ (G1Sk-1) x G x S,.
Proof. Identify Sy with S, ;413 We define a map ¢ : (G1Sk—1) x G x Sy — K by
W((f.0),9,7) = ((f%,0), (F9,07)).

By Lemma 4.8, it is clear that 1 is a bijection. It remains to show that 1 is a group homomorphism.
Indeed,

¢(((f1701)79177'1) : ((f2702)792772)) = ¢(((f1,01) : (f2,02))7919277172)
Y((f1* 02+ f2,0102), 9192, T1T2)

———

= (((fr x o2+ f2)99,0102), ((f1 * 02 - f2)9192,010971T2))
On the other hand
O((f1,01),91,71) - O((fa, 02), 92, 72) = (8, 00), (FI, 017m1)) - (J£2, 09), (FE2, 0272))

(f7* o2 - f2,0102), (f{* * 0oma - f3?,01T10972)).

First note that
0102T1T2 = 01710272

because 7; and o9 have disjoint supports and thus commute as elements of Sy 1. Next, for i < k—1,
we have

(fi* o9 f2)7192(i) = f1(02(i)) - fo(i) = [ (02(i)) - 157 (3)

because o2(i) < k — 1 as well. For i = k, we have

(fr w0z f2)79 (k) = grga = 7' (k) - (k) = f1* (02(R)) - f5° (k)

since o9 fixes k. This establishes that

(fixog- f2)992 = fi* xoq - 5.
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Proving the last equality is similar. For ¢ < k — 1, we have again

(Fr 02+ F2)9192(3) = fi(0a(0)) - foli)

and
(/iq\1 * 09Ty - Jég;) (i) = f7 (0ama(3)) - 5 (i)
= fi(o2()) - f2(i)

because 75(i) =4 for all ¢ < k — 1. Finally, for k <1i <k + 1, we have

———

(f1x 02 f2)9192(i) = (f1 * 02 - f2)79% (k) = 9192

and

—

(/19\1 * 09Ty - Jéﬁ) (i) = /1g\1(027'2(i)) J32 () = 9192,

where the last equality follows because o9 fixes {k,k+ 1} and ]Tjg\" takes the value g; on both k and
k + 1. This completes the proof. O

4.6 The quiver computation

Let U € IRep GRS, and V' € IRep G1Sk41. To simplify the notation, we shall use the same notation
for a module and its character. For example, we write U and V in place of xy and xy.

The number of arrows in the quiver of C(G?SE,,) from V to U is the multiplicity of U ® V* as
a simple module in the (G Sk X G 1 Sk41)-module

G1Skr xGlS
CX = Indj; 7F 1 e

This multiplicity can be expressed as the inner product of characters:

(U @ V*, Ind o X G gy,

Using Frobenius reciprocity, this equals
<ReSGZSk XGUSk41 (U ® V*) tr
K ) K>‘
According to Lemma 4.8, a general element of K is of the form
((f%,9),(f7,07))

where 0 € Sk—1, T € S 41y, f € G g € G. Therefore,

(Resf(ls’c X GlS+1 (U V"), trg)

:\Tlﬂ Y. UeVI((f0).(f1,0m)) trx((f7,0). (f7,07)))

fecgtt=l geq
0€SK—1,TES2

= X UWUe) V((em)

fegtt=l geq
0€ESK—1,TES2

—F X Vo) V(en).

feGgt—1 geq
0€SK_1,TES?
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Now, if we think of (f9,07) as a (k—1) x (k—1) and 2 x 2 block matrix, it is just a general element
of GV Si_1 x G x Sy so we can write

. as .
V((f9,07)) = Resgisﬁix(Gst) V((f9,071))

Likewise, if we view (f9,0) asa (k—1) x (k—1) and 1 x 1 block matrix, it is a general element of
GU1SL-1 X G so s
U((f9,0)) = Resg%s:_lxc U((f%,0)).

In order to view this also as a K = (G 1 Sk—1 X (G x S2)) module we will write this as
elX
Resgisr ,xq U((f7,0)) - tra(7).
where try is the trivial module of Sy. Therefore, we obtain
Q1S x Q1S *
(Resy 7O+ (U @ V), tr)

]‘ -~ __
=& 2 UUe)V((fer)
fecg1 gea
0€SK_1,TES2
! k+1 y
= L (RS UU0) ta() “ResG™ sy V(9 07)

Kl
fea ,g€G
0€SK-1,TES2

1 GUSk41 F
== > (Resgrgr i U) Btx2)((f9,0,7)) - Resgya ! gresyy V(9 07))

||
((f,9),(9,7))
E(GUSk—1)x(GxS3)

_ s GiSk
= <(RESG25271 o U) Xtrg, ReSGszi X (G S5) V).

By Frobenius reciprocity, this equals

GU1Sk+1 QS
<IndGzSZ:x(stz)((ReSGzS:,le U)Wtry), V).

By transitivity of induction we obtain

GlSk41 G1Sk—1 X (G1S2) LGSy,
<IndGzSI;:t1 x (G1S2) Indczsi,l x(Gx§2) ((Resgys, ,xq U) Mtra), V).

Now we analyze this expression using the branching rules described in Section 3. Let U be a
simple module of G ¢ Sy corresponding to a multipartition A.
By Proposition 3.4, we have

l
GUlSk+1 Ay T
Res i xa(S™) = b S'RU,,
r=1rey,”(A)

where I" € Y7 (A) means that T" is obtained by removing one box from the r-th component of A.
Let ST X U, be one component in this summation. The next step is to compute the induction

GiSk—1 X (G1S
IndGiSi_iiéclxgi)(SF XU, K tra)
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For this we need to compute the induction

Ind(gols, ) (Un B tr).

Let m; ; be the multiplicity of U, in U; ® Uj, let m;“T be the multiplicity of U, in Sym? U;, and let
m; " be the multiplicity of U, in Alt2U;. According to Lemma 3.2 and Lemma 3.3 we have that

l
Ind(52 (U, ®itrg) = @ (mi,Wiy) @ @ (mf Wi @m;"w,)

3
1<i<j<l i=1

SO

l
e (STRURtn) = @ (ml;(STRW;,)) oD (m " (STRWH) @m; " (STRW,)).

1<i<j<l i=1

Ind

Finally, by Proposition 3.5 we have that

l
GiSk r r +,rql + =gl - —
stzjx(czsﬁ @ mi (ST WW; ;) ® @ (mi (5" RWT) @m; " (ST KW, )) -

1<i<j<l i=1

Ind

!
@ my @ S8 69@ m;" @ S2@m; " @ SA.
i=1

1<i<y<l AeY;H(T) = AGY:HQ(F) Aeijz (1)
From this we can conclude:

Theorem 4.10. Let G be a group with | conjugacy classes and let IRep G = {Ux,...,U;}. Define
maj,mj’r,m;’r as above. The quiver @ of the monoid G1PT,, is described as follows. The vertices
correspond to multi-Young diagrams with | components and k bozes, where k varies from 0 to n.
Let U be a multi-Young diagram with k boxes, and V be a multi- Young diagram with p bozxes. If
p #£ k+ 1, then there are no arrows from V to U. If p = k+ 1, then the number of arrows depends
on the ways that V' can be constructed from U by removing one box and adding two. For each way
that V' can be constructed from U by removing one boz from the r-th component and adding one
box in components i and j (i # j) we add mj ; arrows. In each way that V' can be constructed from
U by removing one box from the r-th component and adding two boxes on the i-th component but
not on the same column we add mj’r arrows. In each way that V' can be constructed from U by
removing one box from the r-th component and adding two bozxes on the i-th component but not on
the same row we add m;"" arrows.

4.7 Examples

4.7.1 The quiver of CPT,,

If G is the trivial group then G PT,, ~ PT,,. In this case, IRep G contains only the trivial module
U, = trg. Clearly Sym? trg = trg and Alt? tre; = 0. Therefore, mf’l =1and ml_’1 = 0. Therefore,
we retrieve [26, Theorem 3.8]:
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Theorem 4.11. The vertices of the quiver Q of the monoid algebra CPT,, correspond to Young
diagrams with k boxes where k varies from 0 to n. Let U be a Young diagram with k boxes and V'
be a Young diagram with p boxes. If p # k+1, then there are no arrows from'V toU. Ifp = k+1,
then the number of arrows from V to U is the number of ways that V' can be constructed from U
by removing one box and adding two, but not in the same column.

4.7.2 Generalized monoid of partial functions

Let G = () be the cyclic group with [ elements, say G = {1g,9,¢%, ...,9' "'} where ¢! = 1. All
simple modules p € IRep G are one-dimensional. There are [ such modules, p, for r =0,...,[ —1,
defined by:

pr(gn) _ wrn

where w = €*™/! is a primitive [-th root of unity. These modules satisfy p; ® pj = pit+j, where
the sum is taken modulo [. Since each p, is one-dimensional, its symmetric square and alternating
square satisfy:

SymZpr = pr ® pr = p2, and Alt2pr =0

Therefore, the decomposition coefficients m; ; for the tensor product are given by mj; = 1 if
i+ j =r (mod ) and zero otherwise. For the symmetric and alternating squares, the coefficients
are m;"" = 1if 20 = r (mod I) and zero otherwise, while m; " = 0 for all » € {0,...,1 — 1}. We

end with the following result:

Theorem 4.12. The vertices of the quiver Q of the monoid algebra C(C; ! PT,,) correspond to
mutli- Young diagrams with | components, indexed {0,...1— 1}, and k bozxes, where k varies from 0
ton. Let U be a multi- Young diagram with k bozes and V' be a multi-Young diagram with p boxes.
If p # k+1, then there are no arrows fromV toU. If p = k+1, then the number of arrows depends
on the ways that V' can be constructed from U by removing one box and adding two. For each way
that V' can be constructed from U by removing one box from the r-th component and adding one box
in components iand j we add an arrow if i+ j =r (mod l). In each way that V can be constructed
from U by removing one box from the r-th component and adding two boxes on the i-th component
but not on the same column we add an arrow if 2i = r (mod ).

Example 4.13. Consider the case G = Cy. The quiver of the algebra C(Cy ¢ PT3) is given by the
following figure:
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(Y (Hw> %QED) (QH)
(Y )
(0,0)

The first component of each multi-Young diagram corresponds to the trivial module pg, while the
second component corresponds to the alternating module p;.

Notably, there are two arrows from (| ].[ ) to (__],[ ]). This multiplicity arises because the
branching construction can be satisfied in two distinct ways:

e First, by removing one box from the first component (r = 0) and adding two boxes in the
same row, which is valid since 0 +0 =0 (mod 2).

e Second, by removing one box from the second component (r = 1) and adding one box to each
component, which is valid since 0 + 1 =1 (mod 2).

4.7.3 The quiver of C(S31PT,,)

We now consider the case of the smallest non-abelian group G = Ss. The set IRep(G) contains
three simple modules: The trivial module Uy, the sign module U, and the standard module Us.
It is well-known and easily verified by character considerations that the symmetric and alternating
squares satisfy:

Sym2U1:Sym2U2:U1, Sym2U3:U3@U1,
Alt? Uy = Alt? U, = 0, Alt? Uy = Us.

Furthermore, the tensor products are given by:

Ur@Us=Us;, Ui ®U3z=Us, Uy®Uz=Us.
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Therefore, the coefficients m; ; are given by:

, 1 ifr=2, d - ” 1 ifr=3,
my o= and mjs=mb, =
1,2 0 otherwise, 13 2,3 0 otherwise.

The coefficients m?", md", where ¢ € {+, —}, satisfy:

md" = md" = {
Finally, for the coefficients m%", where ¢ € {4+, —}, we have:

1 if 1,3 1 ifr=2
m;r,r{ ITE{,}7 and mg’r{ irr ’

1 ifg=+andr=1,
0 otherwise.

0 otherwise, 0 otherwise.
Therefore, we obtain:

Theorem 4.14. The vertices of the quiver Q of the monoid algebra C(S5tPT,,) correspond to multi-
Young diagrams A = (A1, A2, A3) with k total bozes, where 0 < k < n. Let U be a multi-Young
diagram with k bozes and V' be a multi- Young diagram with p bozxes.

If p # k+ 1, there are no arrows from'V to U. If p =k + 1, the number of arrows from V to
U is the number of ways V' can be constructed from U by removing one box and adding two bozxes
according to the following rules:

e Remove one box from A\ and add two boxes to any one component, provided they are not in
the same column.

e Remove one box from Ao and add one box to A1 and one box to As.
e Remove one box from Ao and add two boxes to A3, provided they are not in the same Tow.
e Remove one box from A3 and add one box to A1 or Ao and another box to As.

e Remowe one box from s and add two bozes to A3, provided they are not in the same column.

Example 4.15. The quiver of the algebra C(S51PTs) is given by the following figure:

Hw,m mH.w) MH)

(YA
(A ((AEEY) 0. 1D () (A

10,9 (A .0, )

(©,0,0)
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5 Global dimension of C(G!PT,)

In this section, we prove that the global dimension of the algebra C(GPT,,) is n — 1 based on the
results established for the algebra CPT,, in [29]. We show that every projective module of CPT,,
can be lifted to a corresponding projective module of C(G{PT),,), allowing us to transfer the known
homological properties to the wreath product case.

5.1 The global dimension of an algebra

Let A be a finite-dimensional C-algebra. An A-module P is projective if the functor Hom 4 (P, —)
is exact, or equivalently, if P is a direct summand of a free module. A module is indecomposable
if it cannot be written as a direct sum of two non-zero submodules. Every projective A-module
decomposes into a direct sum of indecomposable projective modules.

These modules are classified by the idempotents of the algebra. Two idempotents e, f are
orthogonal if ef = fe = 0. An idempotent is primitive if it cannot be written as a sum of two non-
zero orthogonal idempotents. A set {e1,...,e,} is a complete set of orthogonal primitive idempotents
if the elements are pairwise orthogonal, each e; is primitive, and > e; = 1 4. Every indecomposable
projective A-module is isomorphic to Ae for some primitive idempotent e, and a complete set of
primitive orthogonal idempotents yields all indecomposable projectives up to isomorphism.

Let A be a finite-dimensional C-algebra. The Jacobson radical of A, denoted Rad(A), is defined
as the intersection of all maximal left ideals of A. Equivalently, Rad(A) is the unique maximal
nilpotent two-sided ideal of A. For any finite-dimensional A-module M, we define its radical,
Rad(M), as the intersection of all maximal submodules of M. A fundamental property of the
radical is that it can be computed via the action of the algebra’s radical. Specifically, we have the
identity Rad(M) = Rad(A)M.

Let A be a finite-dimensional C-algebra and M an A-module. A projective cover of M is a pair
(P, ), where P is a projective A-module and 7 : P — M is a surjection such that ker(w) C Rad(P).

For the algebras considered here, every finite-dimensional module M admits a projective cover,
which is unique up to isomorphism.

Let A be a finite-dimensional C-algebra and M an A-module. A projective resolution of M is
an exact sequence of the form

Po: P P o aP S PS M0

where each P; is a projective A-module. Such a resolution is called minimal if Py is the projective
cover of M, and for each ¢ > 1, P; is the projective cover of ker(d;_1).

Every finite-dimensional module M possesses a minimal projective resolution, which is unique
up to isomorphism of complexes. The projective dimension of M, denoted pd(M), is the length
of its minimal projective resolution, that is, the largest integer n such that P, # 0 (or infinity if
the resolution does not terminate). For a finite-dimensional algebra A, the global dimension of A,
denoted glDim(A), is the supremum of the projective dimensions of all simple A-modules:

glDim(A) = sup{pd(S) | S is a simple A-module}

The global dimension is an invariant of the Morita equivalence class of the algebra A. If two
algebras are Morita equivalent, their global dimensions are equal. Moreover, it is a known fact for
finite-dimensional algebras that the global dimension is bounded above by the length of the longest
path in the quiver of the algebra.
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5.2 Lifting projective resolutions of El-categories

Let E be a category and G be a finite group. For simplicity, assume that E is a subcategory of Set
so that there is a natural wreath product G E. Clearly, every C E-module M can be inflated to a
C(G 1 E)-module via the action (f,m) e v = m e v. We denote the inflation of M to C(G ! E) by
Inf(M). In fact, we consider Inf as a functor between the category of C E-modules and C(G ¢ E)-
modules. In this subsection, we show that if E is an El-category the inflation functor lifts the
minimal projective resolution of M to the minimal projective resolution of Inf(M).

Let E be an El-category. For every object e € E°, we denote by H, the associated endomorphism
group, and let P, be a complete set of orthogonal primitive idempotents of CH,. It is known (see
[12, Lemma 9.31] or [33, Corollary 4.5]) that we can obtain a complete set of orthogonal primitive
idempotents P of CE by taking the union of all complete sets of orthogonal primitive idempotents
of the endomorphism groups:

P= U P..

ecEY

Therefore, if V is a simple CH.-module isomorphic to CH.p for some p € P., then
CEp=CEe®chu, CHp=CEe®cu, V

is an indecomposable projective module of C E. Moreover, every indecomposable projective module
is isomorphic to CEe ®@cp, V for some e € E® and V € IRep(CH,).

It is straightforward to verify that G ! E is also an El-category with the same set of objects
EY. For any object e € E°, the associated endomorphism group in the wreath product category is
G U H.. Given a simple module V' € IRep(CH,), its inflation Inf(V') is a module over C(G H),
which remains simple under the action defined previously. The relationship between the inflation
functor and the indecomposable projectives is captured by the following lemma.

Lemma 5.1. Let e € E° and V € TRep(CH,). Then there is an isomorphism of C(G 1 E)-modules:
Inf(CEe ®cp, V) ~ C(G1E)e ®c(qa.) Inf(V).

Proof. We denote by 1. the function in G¢ that maps every element of the set e to the identity 15
and by id. we denote the identity function of e. To establish the isomorphism

Inf(CEe@cp, V) 2= C(G1E)e ®c(qu,) Inf(V),

we first observe that for every (f,m) € (G1E)e and v € V' we have

Next, define a linear map
V:Inf(CEe®cnu, V) = C(GlE)e ®c(gu.) Inf(V).
on simple tensors by

U(mv) = (1le,m) Q v,
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where m € CEe and v € V. To see that ¥ is well-defined, note that for any h € H,, the inflation
action on V satisfies (1.,h) e v = h e v. Thus,

U(mh ®@v) = (1.,mh) @ v
= (1,,m)(1,h) ®v
=(1e,m)® (L, h) 0w
=(1e,m)Qheov

which confirms W respects the tensor relation over CH.,.
To verify that ¥ is a C(G ¢ E)-module homomorphism, let (f,m’) € GU1E where m’ € E(¢/,e”)
and let m®@v € CEe®cpy, V where m € E(e, e’). By the definition of the inflation action, we have:

U((f,m') e (m@v)) =T (m'm@0v)= (1, m'm) 0.

On the other hand, acting on the image gives:

(fym') e ¥(m®@v) = (f,m) e ((1e,m) @)
=((fim) - (1e;m)) ®v
)Qw

(

(
=(fxm-1,m'm

(

(

To prove that ¥ is an isomorphism, we construct its inverse
¢ : C(GE)e ®@¢c(a,) Inf(V) = Inf(CEe ®cp, V).

Define @ on spanning elements by ®((f,m) ® v) = m ® v. To show that ® is well-defined, let
(9,h) € GV H,; then:

@((f,m)(g,h)@v) :(I)((f*hg7mh)®v)
=mh ® v.

On the other hand:
O((f,m) ® (g,h) ev) = ((f,m) @ hev)
=m®hev
=mh Q.
Thus ® is well-defined.

To show that ® is a C(G ! E)-module homomorphism, let (g,m’) € GUE and (f,m) ® v be a
spanning element of the domain. We have:

®((g,m") o ((f;m) @v)) = 2(((g,m') - (f,m)) @)
((gxm- f,m'm) @ wv)
m'm® v.



On the other hand, acting after applying ® gives:

(g:m') @ 2((f,m) @v) = (g,m') ¢ (Mm@ )
=m'm®®w,

so ® is a C(G ! E)-module homomorphism.
From the definitions it follows immediately that ® o ¥ is the identity on Inf(CEe ®cp, V), as:

(T (M) =P(Le,m) ®v) =mv.

Conversely, for any (f,m) ® v in the target, we previously established the identity (f,m) ® v =
(1.,m) ® v. Therefore:

Y(D((f,m) @v)) = ¥(m @) = (Le,m) @v = (f,m) @,
which shows ¥ o ® is the identity. Thus, ¥ is an isomorphism of C(G ! E)-modules. O

As a consequence of the fact that inflation preserves the structure of indecomposable projective
modules, we obtain the following result regarding general projective modules.

Corollary 5.2. If P is a projective C E-module, then its inflation Inf(P) is a projective C(G 1 E)-
module.

Proof. Each projective C E-module P can be decomposed into a direct sum of indecomposable
projectives, each isomorphic to CEe ®@cg, V for some e € E° and V € IRep(CH,). According to
Lemma 5.1, the inflation of each such indecomposable projective is an indecomposable projective
C(G 1 E)-module. Since the inflation functor Inf preserves direct sums, it follows that Inf(P) is a
direct sum of projective modules and is, therefore, projective. O

The next step is to characterize the radical of an El-category algebra.

Proposition 5.3 ([11, Proposition 4.6]). Let E be a finite El-category. The radical Rad(CE) is
the subspace spanned by all non-invertible morphisms in E.

In an El-category, a morphism m € E(e,e’) is non-invertible if and only if its domain and
codomain are not isomorphic (e % ¢’).

Lemma 5.4. Let P be a projective CE-module. Then Inf(Rad P) = Rad(Inf P).

Proof. First, assume P is an indecomposable projective module. Then P ~ CE e ®cg, V for some
e € EY and V € TRep(CH,). The radical of P is given by Rad P = Rad(CE)P = Rad(CE)e ®cp,
V. Using the characterization of the radical for El-category algebras, Rad P and Inf(Rad P) are
spanned by the set

S={m@v|mekE(e¢), e te veV}

On the other hand, by Lemma 5.1, Inf(P) ~ C(G1E)e ®¢(gn,) Inf V. The radical of the latter
is Rad(C(GE))e ®c(cm, ) Inf V', which is spanned by simple tensors of the form (f,m) ® v where
m € E(e,e’) and €’ % e. As shown in the proof of Lemma 5.1, (f,m) @ v = (1.,m) ® v.

Under the isomorphism ® : C(G E)e ®c(ga.) Inf V' — Inf P, the image of the spanning set

{(e,m)@v|meE(e¢), ete, veV}
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is exactly the set S defined above. Therefore, S also spans Rad(Inf P). Since both Inf(Rad P) and
Rad(Inf P) are spanned by the same set of elements within Inf P, we have Rad(Inf P) = Inf(Rad P).

The result for a general projective module P follows immediately from the fact that P is a direct
sum of indecomposable projectives and both the radical and the inflation functor preserve direct
sums. O

Lemma 5.5. Let M be a CE-module and let P "> M be its projective cover. Then Inf(P) Ioftm),

Inf(M) is the projective cover of the C(G { E)-module Inf(M).

Proof. Recall that a surjective homomorphism 7 : P — M is a projective cover if and only if P is
a projective module and ker(m) C Rad(P).
Applying Inf yields
mt(P) 2 me(ar),
and it is clear that Inf(7) is surjective and ker(Inf(7)) ~ Inf(ker(n)).
Next, we know from Lemma 5.1 that Inf(P) is a projective C(G { E)-module. Finally, applying
the result of our previous lemma, we have:

ker(Inf(m)) o~ Inf(ker(w)) C Inf(Rad P) = Rad(Inf P).

Since Inf(P) is projective and the kernel of the surjection is contained in its radical, Inf(P) Iof(m),
Inf(M) is the projective cover of Inf(M). O

Corollary 5.6. Let Py — M be a minimal projective resolution of a CE-module M. Then the
inflated sequence Inf(Po) — Inf(M) is a minimal projective resolution of the C(G 1 E)-module
Inf(M).

Proof. Let P4 be the resolution - -+ — P; LN Py 5 M — 0. Tt is easy to verify that Inf is an exact
functor. Therefore, the sequence

o Inf(Py) 2N mepy) 2N () s 0

is exact. By Lemma 5.1, each Inf(F;) is a projective C(G ¢ E)-module.

By definition, the resolution P, is minimal if € is a projective cover and each d, induces a
projective cover P,, — ker(d,,—1). By Lemma 5.5, inflation preserves the projective cover property.
Thus, Inf(e) is the projective cover of Inf(M) and each Inf(d,) induces the projective cover of
Inf(ker(dy,—1)) ~ ker(Inf(d,,—1)). It follows that Inf(P,) is a minimal projective resolution. O

Corollary 5.7. The inflation functor preserves the projective dimension of modules. That is, for
any CE-module M, we have

pdc (M) = pd(C(GZE) (Inf M).

5.3 The Global Dimension

Finally, we apply the preceding results to compute the global dimension of C(G?PT,,). Recall that
E, is the El-category whose objects are the subsets of [n] = {1,...,n} and whose morphisms are
onto functions. Since C(G ! PT,,) is Morita equivalent to the category algebra C(GE,), we may
instead determine the global dimension of the latter.
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Theorem 5.8. The global dimension of the category algebra C(GUE,) isn — 1.

Proof. We first establish n — 1 as an upper bound. The global dimension is bounded above by
the length of the longest path in the quiver of the algebra. In Theorem 4.10, we characterized the
vertices of the quiver as multi-Young diagrams. Specifically, we showed that if U is a multi-Young
diagram with k£ boxes and V is one with p boxes, an arrow V' — U can only exist if p = k 4 1.
Furthermore, there are no arrows directed toward the vertex corresponding to a multipartition with
0 boxes (the ”bottom” element). Consequently, the longest directed path in the quiver has length
n — 1, which provides the required upper bound: glDim(C(GE,)) <n —1.

For the lower bound, we consider the CE,-simple module M corresponding to the partition
(2,1"72]. It was shown in [29, Corollary 6.9] that pdcg (M) = n — 1. By Corollary 5.7, the
inflation functor Inf preserves projective dimension, implying:

pde (e, ) (If M) = pdeg, (M) =n—1.

Since the global dimension of an algebra is the supremum of the projective dimensions of its simple
modules, it follows that glDim(C(GE,)) > n — 1. Combining these bounds, we conclude that the
global dimension is exactly n — 1. O

Corollary 5.9. For every finite group G, the global dimension of the monoid algebra C(G 1 PT),)
isn—1.

6 The quiver of the wreath product of a group with the
monoid of all order-preserving partial functions

A partial function a: [n] — [n] is called order-preserving if + <y = a(z) < a(y) for every z,y
in the domain of a. Let PO,, be the submonoid of PT,, consisting of all order-preserving partial
functions. In this section, we describe the quiver of the complex algebra C(G ! PO,,).

In this case, the wreath product is

G1PO, ={(f,a)| f € PT(|n],G), a € PO, and dom(«) = dom(f)}.

Recall the set of idempotents €& = {(1x,idx) | X C [n]}, which forms a subsemilattice of G1PO,,.
It is a straightforward consequence that G{PO,, is an £-Ehresmann and a right restriction monoid.
Let EO,, be the subcategory of the category E,, defined in Section 4.1, which has the same set
of objects but whose morphisms consist of surjective, total order-preserving functions. It follows
that G1EQ,, is the Ehresmann category associated with G!PO,,. Thus, by Theorem 4.2, we obtain
an isomorphism of algebras
C(G1PO,) ~ C(G1EO,,).

Following the approach in Section 4.2, we now consider the skeleton of GIEO,,. If a: X — Y isan
order-preserving bijection, then its inverse a~! is also order-preserving. Consequently, Lemma 4.4
implies that two objects X and Y of G EQ,, are isomorphic if and only if |X| = |Y|. Let SEO,,
denote the category whose objects are [k] for 0 < k < n, and whose morphisms are surjective, total
order-preserving functions. The skeleton of G{EQ,, is then the wreath product G!SEQO,,. Our goal
now is to describe the quiver of the algebra C(G ! SEO,,).
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The endomorphism groups in G SEQ,, have a straightforward structure. Since the only order-
preserving bijection from [k] to itself is the identity map, the endomorphism group of any object
[k] in G1SEQ,, is simply the direct product G*.

By applying Theorem 4.5 to the skeletal category GISEQ,,, the set of vertices of @ is the disjoint
union of the simple modules of the endomorphism groups of the objects in the skeleton. Since the
endomorphism group of the object [k] is isomorphic to GF, the vertex set is:

|i| IRep(G*).

k=0

Any simple module of G* is an outer tensor product of k simple modules of G. Thus, the vertices
of the quiver are naturally indexed by sequences (Vi,..., Vi) of length 0 < k < n, where each
Vi € IRep(G). So the vertex set is:

| [{vi®-- RV, | V; € IRep(G)}.
k=0

For k = 0, the unique vertex is the trivial module of the trivial group G°.
Our next step is to identify the irreducible morphisms in the category G ! SEQO,,.

Lemma 6.1. The irreducible morphisms of G1SEQ,, are precisely the morphisms from [k + 1] to
[k] for 0 <k <n. That is,

GU1SEO,([r], [k]) ifr=k+1,

0 otherwise.

Irr (G SEO,)([r], [k]) = {

Proof. As in the proof of Lemma 4.6, any morphism from [k + 1] to [k] is clearly irreducible
because any factorization would force one of the factors to be an isomorphism. Conversely, suppose
(f,a) € GUSEO,([r], [k]) with » > k + 1. Since « is a surjective order-preserving function, it is
known that « factors as @ = ajae, where aqg: [r] = [k+1] and aq: [k+ 1] — [k] are both surjective
order-preserving functions (see [26, Lemma 5.1]). We may then define the morphisms (1[;1), 1)
and (f,asz). Since neither a; nor asg is a bijection, these factors are not invertible in G ! SEO,,.
Their product is
(Lgyap, a1) - (f,@2) = (Lpgqy x a2 - foara2) = (f, a),

which shows that (f, «) is not irreducible. O

Let V € IRep(GP) and U € IRep(G*) be vertices of the quiver. If p # k + 1, there are no arrows
in the quiver of C(G 1 SEQO,,) from V to U because Irr(G ! SEO,,)([p], [k]) is empty. Consequently,
we focus on the case p = k + 1 and examine the structure of C[Irr(G ¢ SEO,,)([k + 1],[k])] as a
(G* x G¥*1)-module, with the action defined in Theorem 4.5.

A morphism in Irr(G SEO,,)([k + 1], [k]) is a pair (f,«), where a: [k + 1] — [k] is a surjective
order-preserving function and f: [k + 1] — G. It is easy to see that there are exactly k surjective

order-preserving maps from [k + 1] to [k], denoted o1, ...,0x. The map o; is defined by:
. J if j <1,
oi(§) = {". e o
j—1 if 5>z
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so o = oy for some i. Set M = ClIrr(GSEO,,)([k + 1], [k])] and define
M; = span{(f. ;) | f € G}
We naturally identify GI* with G*.

Lemma 6.2. The (G* x GF*1)-module M decomposes as a direct sum of k submodules:

k

Mz@Mi,

=1

Proof. Since the set of all such pairs (f, @) forms a basis for M, and since the M; are disjoint except
for the zero vector and their union spans M, we can write M as a direct sum of vector spaces

.

To show this is a decomposition of (G¥ x G¥*1)-modules, we examine the action defined in Theo-
rem 4.5. For h € G* and g € G**1, the action on a basis element (f,0;) is:

(h,g) ® (f,05) = (h,idp) - (f,03) - (g,idpeg)) ™"
Since (g,idgr11]) " = (¢7*,1idk11]) and by calculating the product in the wreath product category:
(h,idy) - (f.05) - (g7 Y idpes)) = ((hxoi) - f-g7 " 04).

Crucially, the underlying order-preserving map o; remains unchanged by the action of the en-
domorphism groups so each subspace M; is a submodule of M. O

IIZ

For each 1 <i <k, let X; = {(f,04) | f € G} denote the natural basis for the subspace M;.
By Lemma 6.2, the action of G* x G¥*1 preserves M; and maps basis elements to basis elements.
Consequently, we can view M; as the permutation module CX; arising from the action of G* x GF+1
on the set X;. To analyze the structure of this permutation module, we first establish that this
action is transitive.

Lemma 6.3. For each 1 <i <k, the action of GF x G on the set X; is transitive.

Proof. Let (1[41],03) be the element of X; where 144y is the constant function mapping every
element of [k+1] to 1¢. For any arbitrary (f,0;) € X;, we choose (1j, f~') € GFxG**1. Applying
the action, we have:

(Lo f71) @ (Lpgay 09) = (Mg idg) - (Lpgeys 00) - (F 71 idpgegyg) ™
= (L, idpy) - gy 00) - (Fyid )

= (1 *Uz) Ljpqa) - fro0)
= (

=(

1[k+1 L1y - fr00)

fvoi)~

This shows that any element of X; can be reached from (141, 0;), and thus the action is transitive.
O
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The transitivity of the action allows us to identify each M; as a permutation module induced
by the stabilizer of our chosen base point. Let K; denote the stabilizer of (141}, 0;) in GF x GF+1,

Lemma 6.4. For each 1 < i <k, the stabilizer K; of the element (1[k+1},0i) s given by
K; = {(h,hx0;) | h € G*}.

Proof. An element (h, g) € G* x GF1 belongs to Kj if and only if (h, g) ® (Lx41],0:) = (Lt1], 04).-
This condition is satisfied if and only if:

(hx03) Lyggay - g~ " 03) = (Lg, 03)-

Equating the first components, we obtain the equation (h * o;) - g~ = 1(t41), which implies g =
h*o;. O

In particular, the elements of K; are in one-to-one correspondence with G*. Note that if we
write h € G* as h = (hq,...,h), then

h*gi:(hla-~~7hi,hi;hi+17~~';hk)

Since M; is a transitive permutation module, we have the following isomorphism of (G* x G*+1)-
modules: .
M; =2 Indf 9 (trg,).

For each 1 < i < k, we define a group monomorphism ¢;: G¥ — G**1 by ¢;(h) = h * 0.
Explicitly, for h = (hy, ..., h;) € G¥, we have

@i(h1, ... hg) = (h1, .. hishishigr, .o hy).

It is easy to verify that this is indeed a group monomorphism.

Proposition 6.5. Let U € IRep(G*) and V € IRep(G**1). For each 1 < i < k, the multiplicity
of the simple (G* x G**1)-module U X V* in M; is equal to the multiplicity of V in the induced

module Indg:H(U), where the induction is taken along the group homomorphism p;: G¥ — GF+1,
In terms of characters, this is expressed as:

(UBV*, M) grrern = (V,IndS " U)grs.
Proof. Using the character of the permutation module M; as identified in Lemma 6.4:
(URV*, M) gr e = (URV* Id$ " trie,) grwrsr
Applying Frobenius reciprocity:

<U|K V*,Ind?{fXGkJrl trKi>Gngk+1 = <RGS§IZXG)€+1 (U& V*),tI'Ki>Ki.
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As a summation, we have:

1 1
(Res§ *¢" (UR V), tri,)k, = Teg] S (URV)(hhxoi)- 1
heGFk
1 *
heGk
1 -
heGk

Note that V(h x0;) = Resg:fl V' (h) where the restriction is taken along the homomorphism ;.
Therefore, the final expression becomes:

1 B T — .
G 2 U Res™ V() = (U, Resgi Vgr.
heGk

Finally, applying Frobenius reciprocity again, we obtain:
(U, ResCy" Vg = (IndSy™ U, Vg
This completes the proof. O

Clearly, since ¢; acts as the identity on all coordinates j # i, investigating the induction from
G* to G**1! along ¢, reduces to understanding the induction from G to G x G along the diagonal
homomorphism d(g) = (g, 9).

Lemma 6.6. Let Uy,Us,Us € IRep(G). The multiplicity of Uy W Uy in the induced module
InngG Us is equal to the multiplicity of Us in the tensor product Uy @ Us as a G-module.

Proof. By Frobenius reciprocity for the group pair (G,G x G), we have:
(IndS*C Us, Uy K Us)gxa = (Us, ResS*C (U, R Uy)) G-

The restriction of the external tensor product U; X Uy to the diagonal subgroup is the internal
tensor product U; ® Us. Substituting this into the inner product, we obtain:

(U3, ResS™ % (U, R U)o = (Us, Uy @ Us)c.
O

Lemma 6.7. Let U = Uy X --- XUy, € IRep(G*) and V = Vi X --- X Vi1 € IRep(GFTY). The
multiplicity of U X V* in M; is non-zero only if:

o V.2U, forallr <1,
e V.2U,_1 forallr >i+1.

In this case, the multiplicity is given by the multiplicity of U; in the tensor product V; ® Vi 1.
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Proof. From Proposition 6.5, we have:
* [elan
(M;, URV™) = (Indge U,V)gr+1.
Since the induction along ¢; is the identity on all components except the i-th one, where it is the

diagonal induction, we have:

Gk+1

mdS, U=U, K- KU, KIndS*(U;,) KU K- KU,

Comparing this with V =V, K- .- XV} 1, the result follows from Lemma 6.6. O

If we use the Kronecker delta notation:

5 _jritu=v
vV 0 otherwise

then the multiplicity formula can be expressed compactly as:

i1 k
(M;, UK V*) = (H 5UT,V,‘> ( H 5UT,VT+1> (Ui, Vi ® Vis1)a.
r=1

r=i+1

In order to obtain the number of arrows from V to U all is left is to sum this number over i from
1 to k. We can conclude:

Theorem 6.8. The quiver Q of the algebra C(GISEQ,,) or, equivalently, C(G1PO,,) is constructed
as follows:

n

e Vertices: The set of vertices is the disjoint union |_| IRep(Gk), where each vertex is a simple
k=0
module of the form U = Uy K --- KUy, with U, € IRep(G).

e Arrows: For any V = Vi X .--K V1 € IRep(GFTY) and U = U; K --- K U}, € TRep(GF),
the number of arrows from V to U 1is given by the sum:

k i—1 k
> <H 5Ur,vr> < 11 5UT,VT+1> (U, Vi ® Visr)a,

i=1 \r=1 r=i+1
where (U;, V; ® Viy1)a is the multiplicity of U; in the tensor product V; ® Viy1 as a G-module.

Example 6.9. We illustrate Theorem 6.8 by constructing the quiver @ of the algebra C(C21POs3).
The group G = C has two simple modules: the trivial module tr and the sign module sgn.
The tensor product rules for these modules are straightforward:

® ‘ tr  sgn
tr tr  sgn
sgn | sgn  tr

The quiver is a bit crowded, and given by:
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(sgn, tr, tr) (sgn, tr, sgn) (sgn, sgn, tr) (sgn, sgn, sgn)

(tr,sgn, sgn)

/

(tr, tr) (tr,sgn) (sgn, tr) (sgn, sgn)

Note that a multiplicity of two between vertices is denoted by a double-lined arrow.
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