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ON THE PARABOLIC HAUSDORFF DIMENSION OF
ORTHOGONAL PROJECTIONS

TERENCE L. J. HARRIS AND PERTTI MATTILA

ABSTRACT. For Borel sets A C R™ x R we prove lower bounds for the parabolic
Hausdorff dimension of the orthogonal projections of A on generic m-dimensional
linear subspaces of R™ x R.

1. INTRODUCTION

Marstrand’s projection theorem [Marb4] tells us the following, see, for example,
[Mat95] or [Mat15]:

Theorem 1.1. Let A C R™ be a Borel set.
(1) If dimg A < m, then dimg Py (A) = dimg A for almost all V € G(n,m).
(2) If dimg A > m, then L™ (Py(A)) > 0 for almost all V € G(n,m).

Here G(n,m) is the Grassmannian of linear m-dimensional subspaces of the Eu-
clidean n-space R", P, : R" — V is the orthogonal projection, L™ is the Lebesgue
measure on R™, and on the m-planes V' € G(n, m), and dimg denotes the Hausdorff
dimension with respect to the Euclidean metric.

In this paper we shall investigate analogous results for the Hausdorff dimension
dim with respect to the parabolic metric: let || - || be the parabolic ‘norm’,

1@z, Ol = V/]|* + [t

in P" = R" x R and d the corresponding metric d(p,q) = ||p — ¢||. Here, and later,

|z| is the Euclidean norm of . We have dimP" = n+2 and dim V' = m+1 for every

V € G(n + 1,m), which is not contained in the horizontal plane {(z,0) : z € R"}.
For n = 2 we shall prove the complete result:

Theorem 1.2. Let m =1 or 2 and let A C P? be a Borel set.

(1) If dim A < m+ 1, then dim Py(A) > dim A for almost all V € G(3,m).
(2) If dim A > m + 1, then L™ (Py(A)) > 0 for almost all V € G(3,m).

In general dimensions we have

Theorem 1.3. Let 1 < m <n and let A C P" be a Borel set.
(1) If dim A < 2, then dim Py (A) > dim A for almost all V € G(n+ 1,m).
(2) If dimgp A < 1, then dim Py(A) = 2dimg Py (A) = 2dimg A > dim A for
almost all V € G(n+ 1,m).
(3) If dim A > m + 1, then L™(Py(A)) > 0 for almost all V € G(n + 1,m).
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The cases dimA > m + 1 or m = 1 in both theorems are quite easy, based on
Theorem and the comparison of the Euclidean and parabolic Hausdorff dimen-
sions as given in Section [3] The proof of (1) for m = 2,2 < dim A < 3, in Theorem
1.2/ uses the Fourier transform. The other cases are done by geometric arguments.

The condition dim A > m +1 is clearly sharp. We believe dim P, (A) > dim A for
almost all V'€ G(n + 1,m) should hold always when dim A < m + 1.

Parabolic Hausdorff measures have been used for a long time in connection of
parabolic PDE’s. Recently parabolic analogs of the quantitative David-Semmes rec-
tifiability, [DS93], and its connections to harmonic analysis, PDE’s and other topics
has been under active investigation, see [BHHLN25] and [HJ25] and the references
given there. Analogs of the classical qualitative Besicovitch-Federer rectifiability,
[Fe69], were developed in [Mat22] and [MMP22].

Much work has been done for projections and Hausdorff and other fractal di-
mensions, see Falconer’s recent survey [Fa26]. Closest to our parabolic case are
projection theorems in Heisenberg groups. They were initiated in [BDEMT13] and
[BEMT12] and continued in [FHI16], [FO23|, [Ha23], [Ha25] and [Ha24].

2. PRELIMINARIES

The metric d in P" is defined as in the Introduction. For A C P", d(A) stands for
the parabolic diameter of A.

We shall denote by fyu the push-forward of a measure o under amap f : fyu(A) =
u(f~1(A)). For A C P" let M(A) be the set of Borel measures p with compact
spt u C A and with 0 < pu(A) < oco.

By the notation a < b we mean that a < Cb for some constant C, by a 2 b the
converse inequality, and by a ~ b that both @ < b and a 2 b hold. The dependence
of C should be clear from the context, but sometimes we may specify it writing, for
example, <.

We denote by L" the Lebesgue measure in the Euclidean n-space R",n > 1, and
also in n-dimensional linear subspaces of higher dimensional Euclidean spaces. o"
will stand for the surface measure on the unit sphere S® C R""! normalized to
o"(S") = 1.

Let dim stand for the parabolic Hausdorff dimension:

dim A = inf{s > 0:Vz > 0 3B; C P" with A C U2, B; and » _d(B;)’ < c}.

i=1

As usual, this can also be defined in terms of Hausdorff measures, but we don’t need
them in this paper. Then, dimP" = n + 2. The Euclidean diameter and Hausdorff
dimension will be denoted by dg and dimg.

We shall use the Frostman and energy characterizations of Hausdorff dimension.
For 0 < s < n—+ 2 let k, be the kernel

ko(z,t) = [|(@,0)]|7° = (|2* + [t) =2, (2,t) € P,
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Define the growth exponent and the s-energy of u € M(P") by

B(p,r
cp) = sup M)
peP™ r>0 r

and

1) = / / E(p — @) du(p) du(q)

Then for Borel sets A C P",

(2.1) dim A = sup{s > 0: Ju € M(A) such that cs(u) < oo}
(2.2) =sup{s > 0: 3Ju € M(A) such that I;(u) < oo}
(2.3) =sup{s > 0: Ju € M(A) such that cs(u) < oo and I4(u) < oo}.

For the Euclidean metric follows from, for example, [Mat15, Theorem 2.7].
The proof also works for the parabolic metric. Or one could use the general
Howroyd’s Frostman lemma, see [Ho95] or [Mat95, Theorem 8.17]. Then and
follow from [Mat15l Theorem 8.12] and its proof.

The Euclidean s-energy of u € M(P") is

Tioa() = / & — 1™ dpu(z) dpu(y).

Let G(n+1,m) denote the Grassmannian manifold of the m-dimensional (mean-
ing linear dimension) linear subspaces of P" equipped with the unique rotationally
invariant Borel probability measure 7,41 ,,. Let

H, ={(z,t) e P" : t =0}
be the horizontal n-plane and
G(H,,m)={VeGn+1,m):V C H,}
be the set of horizontal m-planes. Then, as is easily checked, for V€ G(n + 1,m),
dimV =m, if V € G(H,,m), and dimV' = m + 1 otherwise. Identifying H, with
R™ we set Y, m = Ynm. The uniqueness of v, ,, implies
(2.4) Yoan(G) = Ypm-m({V € G(n,n —m) : V+ € G}), G C G(n,m).

The orthogonal projection onto V' € G(n + 1,m) is denoted by Py. Note that
the projections onto horizontal and vertical (those containing the ¢-axis) planes are
Lipschitz and they do not increase the Hausdorff dimension. But this is false for all
other planes V' € G(n + 1, m); Py is only Hélder continuous with exponent 1/2.

We have for 6 > 0,2 € R", see Lemma 3.11 and Corollary 3.12 in [Mat95],

(2.5) mam({V € G(n,m) : [Py (x)] <6}) S 0™ ||,

and for 0 < s < m,

(2.6) / Py ()] drmV < J2] .

For m =1, (2.5)) is the same as
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(2.7) o"{ee 8" (e, x)| < 8}) < Slw|
The following two simple lemmas will be used in Section [5

Lemma 2.1. Let 1 < k<n-—1 and x € R™.
(1) If 0 < t < |z|/2, then

JUPA@] )7 (V) S (el ).
(2) If k > 2, then
[ IPe@I (V) £ Jal
Proof. To prove (1), set v = |z| 'z and a = ¢/|z| < 1/2. Then
JQPeta) +07 dav) = ol [(Pr@)] + @) draV),

We estimate this by dividing the integration into dyadic pieces. Let N be the
smallest integer j for which 27a > 1, so N ~ |loga| = log(|z|/t). Then, by (2.5),

J1petol + @) drav)

~a (V1 [Py (v)| < a}) + Z(Qja)_l%,k({‘/ 1277 a < Py (v)] < 27a})

N
<N (@a)y N (2a)t £ N ~ log(lzl/t).

Jj=1

For (2), we get in the same manner

J 1P draV) = lal [ IR ds (),

and

/!Pv(v)!1 (V) ~ ) Pyp({V 27 < [Py(v)] <279

j=1

<2212 ki — 221 NN E

O

The next lemma holds, and is easy to prove, for all Borel sets B C S*. But since
we don’t need it, we only state the following trivial form.
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Write e = (e1, e5) € RF x R when e € S*. For 0 < ¢ < 1 let
SP={ec S":|es] > ¢, |es] > ¢},
C,={ecS¥: e /le)| =v}, ve S
Lemma 2.2. For any Borel set B C S¥,

o"(B) ~ /al(B NC,)do"*(v).

Proof. The projection 7, m(e) = ey, is bilipschitz on the upper and lower halves of
S* and C, for every v € S*~!. Hence o%(B) ~ L*(7(B)) and

/al(B NC,)do"*(v) ~ /L’l(ﬂ(B NC,))do*t(v).
Here [L'(n(B N C,))do**(v) ~ L¥(w(B)) by integration in polar coordinates,
because 7(B) C {x € R* : |x| > ¢}. The lemma follows. O
3. COMPARISON OF EUCLIDEAN AND PARABOLIC HAUSDORFF DIMENSIONS

Immediately from the definition of the parabolic metric we get for any p € P
with [p| < 1 and any A C P" with d(A4) < 1,

(3.1) Il < llpll < 2/1pl, die(A) < d(A) < 2¢/ds(A).

We have the following rather easy comparison inequalities:
Let A C P™ with d(A) < 1. Then,

(3.2) dimp A < dim A < 2dimpg A,
(3.3) dimp A < dim A < dimgp A+ 1,
(3.4) 2dimp A —n <dimA < dimp A+ 1.

(3.2)) is the best of these in the range dimg A < 1, (3.3) in the range 1 < dimpg A <
n, and (3.4]) in the range n < dimg A <n+ 1.

Proof. The first item and the left inequality of the second item follow immediately
from . The right hand inequalities in and follow since any Fuclidean
ball with radius » < 1 can be covered with roughly 1/r parabolic balls with radius .
Finally, the left hand inequality in follows since any parabolic ball with radius
r can be covered with roughly " Euclidean balls with radius 72. 0

It is easy to find examples showing that these bounds are sharp.

If Ve dGn+1,m)\ G(H,,m), then the orthogonal projection from V' onto the
vertical plane {(z,t) : x € V. N H,,t € R} is both Euclidean and parabolic bi-
Lipschitz. Hence the inequalities , and , with n replaced by m — 1,
are valid for subsets of V.

Similar, but much more difficult, comparison results were proved by Balogh,
Rickly and Serra Cassano in the first Heisenberg group, [BRS03], and by Balogh,
Tyson and Warhurst in general Carnot groups, [BTW09].
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4. PROJECTIONS ONTO HOMOGENEOUS LINEAR SUBSPACES

In this section we discuss the easy case of projections onto homogeneous subspaces.
They are the m-planes V' € G(n + 1, m) which are invariant under the dilations
(z,t) = (rz,r*t),(z,t) € P*,r > 0. These are exactly the horizontal planes V C
H,, and their orthogonal complements. The latter are the vertical planes; those
containing the t-axis {(0,t) : t € R}.

The projections onto homogeneous linear subspaces are Lipschitz maps and do not
increase the parabolic Hausdorff dimension. The vertical m-planes planes are given

by Viw =W +T,W € G(H,,m —1),T = {(0,t) : t € R}. Then dimV} = m + 1.
Let ¢V = (0,1) € P". For p = (z,t) the projection is given by
Py o P" = Vi, Py, (9) = Pw(p) + (", p)e” = (Pw (), 1).
Let
7:P" = H,, n(z,t) =z,
be the projection onto the horizontal plane.

Let A C P". For any homogeneous U € G(n + 1,k), A C Py(A) + U*. Using
this, it follows easily from the definition of the parabolic Hausdorff dimension that
dim Py (A) > dim A — dim U*. This gives for all W € G(H,,m),

dim Py (A) > dimA+m —n — 2,
dim Py, (A) > dim A +m —n,
dimm(A) > dim A — 2.
All these inequalities are sharp, but we can improve them for almost all .
Theorem 4.1. Let A C P" be a Borel set.

(1) If dim A < m + 2, then dim Py (A) > dim A — 2 for almost all V € G(H,, m).
(2) If dim A > m + 2, then L™ (Py(A)) > 0 for almost all V € G(H,,,m).

Proof. Clearly, Py(A) = Py(n(A)) for V € G(H,,,m). Since dimm(A) > dim A — 2,
the result follows applying the Euclidean projection theorem to m(A). O

Examples of the form A = B x R show that dim A — 2 is sharp.

Theorem 4.2. Let A C P* be a Borel set.

(1) If dim A < m, then dim Py, (A) > dim A for almost all W € G(H,,m).
(2) If m < dim A < n, then dim Py, (A) > m for almost all W € G(H,,m).
(3) If dim A > n, then dim Py, (A) > dim A+ m —n for all W € G(H,,m).

Proof. To prove (1), let 0 < s < dim A < m. By (2.2) there is p € M(A) with
Ii() < co. For any (z,t) € P" we have

/ | Py (. 8)1° gy (W) = / (1P (@) + )72 dyg, (W)

< /min{(le(iE)\_svlt\_s/Q} Wyt m(W) Smin{/le(x)l_s Vit (W), [t]*/%}

< min{lz |7 [t]7/2} ~ (2, 1)),
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where we used ([2.6)) to get the second to last estimate. This implies
[ 1) @m0 = [ [ [ 1P = 0 i) dita) v, (1)

< / / I — Il du(p) du) = L(x) < oo,

from which (1) follows by (2.2)).
Item (2) is trivial by (1) and item (3) is the uniform estimate already mentioned
above. O

The above estimates are sharp:

(1) and (2): For any A C H,, dim Py, (A) < min{dim A,m} for all W €
G(H,,m), so (1) and (2) are sharp.

(3): Take A= H,, x B,B C R. Then dim A =n+ dim B, Py, (A) = W x B and
dim Py, (A) = m 4+ dim B = dim A + m — n, whence (3) is sharp. Taking B with
dim B = 2 and £!(B) = 0, we get A with dim A = n + 2, but £'(Py,, (A)) = 0 for
all W e G(H,,m).

In Heisenberg groups, and more general homogeneous groups, projections defined
via the group structure onto homogeneous subgroups are more natural than the
orthogonal projections onto general linear subspaces. Consequently, they have re-
cently been studied by several authors, see [BDEMT13], [BEMT12], [FH16], [FO23],
[Ha23|, [Ha25] and [Ha24|. In Heisenberg groups these projections are much more
complicated than in the above very easy parabolic case. So the main interest of the
questions studied in this paper is not about homogeneous groups but about geomet-
ric measure theory in R"*! with a non-Euclidean metric, in particular, behavior of
parabolic Hausdorff dimension under general orthogonal projections.

5. PROJECTIONS ONTO GENERAL LINEAR SUBSPACES

Next we consider projections onto general lines and planes in P". Recall that
for Ve G(n+ 1,m), dim = m, if V. C H,, and dimV = m + 1, otherwise. For
non-horizontal lines L we also have dim B = 2dimg B for any B C L. Here is first
the easy case m = 1 of Theorem [1.3}

Theorem 5.1. Let A C P" be a Borel set.
(1) If dim A < 2, then dim Pr(A) > dim A for almost all L € G(n+ 1,1).
(2) If dim A > 2, then LY(Pr(A)) > 0 for almost all L € G(n+1,1).

Proof. By the Euclidean projection theorem [1.1/and the dimension comparison (3.2]),
we have for almost all lines L,

dim P (A) = 2dimg Pr(A) = min{2dimg A, 2} > dim A,

which gives (1).
If dim A > 2, then dimg A > dim A/2 > 1 and again (2) follows by the Euclidean
projection theorem. 0
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The bounds in Theorem are sharp; consider subsets A of lines.

Let m > 1. Almost every V' € G(n+1, m) intersects the horizontal plane H,, in an
(m—1)-plane W € G(H,, m—1). So, it is uniquely (up to identifying e and —e) given
as the plane spanned by W and L, = {ue : u € R},e € W+ NS™. Here and later the
orthogonal complement is taken in R**! whence W+ is an (n —m + 2)-dimensional
vertical plane. We then denote V' = (W, e) and Py = Py.. Let

G={W,e): W€ G(H,,m—1),ec W-nS"} C G(n+1,m),

and let A1, be the Borel probability measure on G, defined by
(51)  Avrinl(E) = / o ({e € WA S™: (We) € EY) dvay s (W)
for Borel sets £ C G.
For 0 < ¢ < 1, writing e = (e, e2) € (H, x R) N .S™, let
Ge.={(W,e) € G: |e1]| > ¢, |ea| > c}.
Then

(5.2) Yot (G(n+1,m)\ | JGryi) = 0.

=1

The measures A\, 41,, and Y,4+1,, are mutually absolutely continuous:
Lemma 5.2. For Borel sets E C G, M\i1.m(E) =0 if and only is vpi1.m(E) = 0.
Proof. Let dy,11,, be the standard metric on G(n + 1,m) given by
dni1m(V, V") = sup{dp(z, V') : 2 € V N S"}.
Then d,,+1 , is easily seen to be locally equivalent with the metric
d'(W,e), (W', €) = dyma (W W) + dny11(Le, Ler)

on the open sets G.,0 < ¢ < 1. The dimension of G(n + 1,m) is m(n+ 1 —m) and
Yni1m(B(V, 7)) ~ rmnF1=m) for V € G(n+1,m),0 < r < 1, see, for example, [Fe69,
3.2.28(2)]. Here balls are defined with the metric d,,41,,. For the corresponding d’
balls the definition of A, 11, gives Ayy1.m(B' (W, e),7)) ~ r™H1=m) for (W,e) € G,
and for small » > 0. This yields the lemma. OJ

Here is Theorem [1.3] for m > 1:

Theorem 5.3. Let 2 < m <n and let A C P" be a Borel set.
(1) If dim A < 2, then dim Py (A) > dim A for almost all V € G(n + 1,m).
(2) If dimg A < 1, then dim Py(A) = 2dimg Py(A) = 2dimg A > dim A for
almost all V € G(n+ 1,m).
(3) If dim A > m + 1, then L™(Py(A)) > 0 for almost all V € G(n + 1,m).

Proof. We may assume that d(A) < 1. To prove (1) and (2), we use the parametriza-
tion of the planes with (W,e) € G, that is, W € G(H,,m — 1),e € W+ N S", as
above. The projection Py, onto the plane spanned by (W, e) is given by

Py.e(p) = Pw(p) + (e, pe, p € P".
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By (5.2)), given 0 < ¢ < 1, it suffices to consider Py, with (W,e) € G.. Writing
again e = (e, e€3),e1 € H,, ey € R, we have

Pye(x,t) = (Pw(x) + (e, (z,t))eq, (e, (x,t))es) € H, x R.
Therefore,
[ Pove(, 0)[1? = [Pw () + (e, (z,8))er]* + (e, (z,1))es].

Let 0 < § < ¢/2. Then, if |Pw,(z,t)| < 0, we get |Pw(x) + (e, (z,t))es| < 0 and,
since (W,e) € G, |(e, (z,t))| < §?/c < §/2, which implies |Py (p)| = |Pw ()| < 24.
Thus

(5.33(W> e) € Ge: [|Pwe(p)|| < 0} € {(We) € G.: |Pw(p)| < 20, [{e, p)| < 6°/c}.
Let p = (z,t) € P* with |p| < 1 and 1 < o < 2. We shall show that

(5.4) Mt ({(Wee) € Ge: [[Pwe(p)ll < 63) < 6%fp| ™"

The implicit constants are allowed to depend on n, m,c and «. By this gives

(5.5) Aitm({(Woe) € Ge || Pwe(p)]| < 0}) < 6%[lp[ =

Suppose first that |p| < §%. Then ¢%|p|~! > 1 and (5.4) holds.
Next suppose that |p| > 26. Then |Py (p)|> + |Pw.(p)]* = |p|* and [Py (p)| < §

imply |Py1(p)| > |p|/2 and we obtain by and (3.1)),
0" ({e € WENS™ 1 (e p)| < 0°/c})
=o" " ({e e WHNS" (e, By (p))| < 67/c})
S 0| Py (p)| 7" ~ 8%[pl

which gives (5.4) by (5.3 and (5.1)).

Next, assume that §? < |p| < 26, and suppose first that, in addition, |t| > §2. We
have Py 1 (z,t) = (Py.(z),t) € H, x R. Then

Anstm({(Wre) € Ge & || Pve(p) || < 63)

< / o (fe € WA S (e, )] < 8/e}) dya, et (W)
{W:|Pw (p)|<26}

- [ 0" (e € WE A8 [{e, Pyt ()] < 82/c}) dsm 1 (W)
{W:|Pw (p)| <25}

AN

/ 1P )™ (W)
{W:|Pw (p)|<26}
<42 / (1P ()] + 1) dyatms (W)

L / o (B B V),
n,n—m-+
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where z € H, =R", t € R. If |z] < 2],
[ (P ) (V) ~ ]~ I
G(n,n—m+1)
and (5.4) holds. Suppose 2|t| < |z|. Then by Lemma [2.1]

# L R B ()
G(n,n—m+1)
< el log([ol/ 1) 8o lla| " S 57lpl"

Therefore, follows also in this case.

Finally, assume that 6% < |p| < 2§ and |t| < §%. We first consider the case m = n.
We have again that if (W,e) € G, and ||Py.(p)|| < d, then |({e1,z) + eat)es| < 62,
so |{e1, z)| < 262 /c. For the unit vector v = ey /|e;| € H,, orthogonal to W we have
(v, 2)] = Kex, x)|/lex] < 25%/¢2.

For any W € G(H,,n — 1) let vy € H, N S™ be the (two-valued) unit vector
orthogonal to W. By the uniqueness of v, »_1,

Yty (F) =" '{ow : W € F}), F C G(H,,n—1).
Thus
Acin({(W,€) € Go - 1P (p)]] < 6})
— [Fe e W 08" IR0 < 5)) v s (V)

<1 ({W € G(Hp,n — 1) : [{(vw,x)| < 252/02})
=" '{ve H,NS": |(v,r)| <20%/c*})
S 0%~ ~ 8%[p| 7,

and we again have ([5.4)).
We shall now finish the proof of (5.4) in the remaining case 2 < m < n — 1

and 6% < |p| < 26,]t| < 6. For W € G(H,,m — 1) we apply Lemma in
Wt e Gn+1,n—m+2) withk =n—m+1and B= By = {e e WtNnS": (W,e) €
G., [[Pwe(p)|| < 8}. Asabove, ifv € WENH,NS™, C, = {e € WENS™ : ¢1/|es| = v}
and C, N By # 0, so that (W, e) € G, and ||Pw.(p)|| < ¢ for some e € C, N By,
then |(v,z)| < 262/c%. Hence, by Lemma 2.2 and (2.7),

o e e WENS™: (Wye) € G, || Pwe(p)| < 6})

= o" " (By) ~ / o' (C, N By) do" ™ (v)

WLnH,NS™
<o m{veWrNH,NS": |(v,x)] < 26%/c*})

=" "{v e WENH, NS (v, Pyriny)| < 26%/*}) S 6% Py |
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Consequently, by and Lemma
Anpin({(Wre) € Ge: || Pve(p)]| < 03)
= [ i e e WS (W) € G | P 0)] < ) d i a (W)

S8 [ 1Rusiol " s W) =8 [ 1P| e (V)
S el |

and (|5.4) is verified in all cases.

Let 0 < s < dimA < 2 and s < a < 2 with 2s/a < dim A. By (2.2) there
is € M(A) with Ips/o(p) < oo. We now apply (5.5) with § = r=1/¢ < ¢/2 for
r> (c/2)7%

/G | Pre (0)]]* i (W, €)

<(e/2) + /( e (V6) € G [ R > ) o
c/2)—2
— (¢/2) + /( a0V, € G [ <o) dr
c/2)—2
<1 |lpf 2 + / P ]| 2 dr
|Ip||—28/«

~ 1 [Ipll 72+ Il 72 =1+ 2l 72

Hence

| L) v (V.0
- /G / 1Pwe(p = )l 7 dua(p) dpa(a) dAns1,m (W, €)

< (AP + / b — gl /% dya(p) dps(g) = (A + Ingpa(pr) < 0.

It follows that for all 0 < s < dim A, dim Py .(A) > s for almost all (W,e) € G,
whence dim Pyy.(A) > dim A for almost all (W, e) € G.. Due to (5.2)), this proves

(1).

To prove (2), let 0 < s < dimg A < 1 and 2s < a < 2 with 2s/a < dimg A.
Choose i € M(A) with Igas/q(p) < 00. Use then (5.4) and the same argument as
above to obtain

/ IQS(PW,eti(,U)) d)‘n-i-l,m(W? 6) S M(A)Q + [E,QS/Q(M) < 0.

(&
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This yields dim Py.(A) > 2dimg A for almost all (W,e) € G.. By the dimen-
sion comparison and the Euclidean projection theorem, we have dim Py .(A4) <
2dimp Pw,e(A) = 2dimg A for almost all (W, e). (2) follows from this.

(3) follows immediately from the corresponding Euclidean result Theorem [1.1{and
(3.3): if dim A > m + 1, then dimg A > m, whence L™(Py(A)) > 0 for almost all
VeGn+1,m). O

Remarks 5.4. Under the restrictions dim A < 2 and dimg A < 1, (1) and (2) of
Theorem are sharp. What would be the sharp inequalities in general? Probably
for (1), dim Py (A) > dim A for almost all V € G(n, m + 1) could hold always when
dim A < m + 1. This is open when n > 3 and m > 2, and would be sharp because
if A C W for some non-horizontal W € G(n + 1,m), then dim Py(A) = dim A
for almost all V- € G(n + 1,m). For (2), when dimg A < m, there should be an
inequality dim Py (A) > Cdimg Py(A) for almost all V' € G(n + 1,m) with some
C > 1. If so, what would be the best value of C' and would it depend only on m
and n or also on the Euclidean and/or parabolic Hausdorff dimensions of A7 When
dimp A < 1, it is 2 by Theorem

6. PROOF OF THEOREM [1.2]

In this section, dg will refer to Euclidean distance.

Proof of Theorem[1.9. The case dim A < 2 already follows from case (1) of Theo-
rem [L.3] so it may be assumed that m = 2 and 2 < dim A < 3. Using Frostman’s
lemma , let 1 be a compactly supported nonzero Borel measure on A with
ca(p) < 1, where 2 < a < dimA. By (2.3), it suffices to show that for any
2 < s<a, forany € > 0,

(6.1) / L(Pygpt) dys (V) < 00,
Ge(3,2)

where G,(3,2) is the subset of V' € G(3,2) with unit normal v € S_th, where
S_Qhe ={ve S :dp(v,(0,0,1)) > €,dp(v,R* x {0}) > €},

and S? is the upper hemisphere of S?. By scaling it may be assumed that s is
supported in the unit ball.

Each V' € G¢(3,2) can be written as V' = span{v,ve}, where v; = v1(V) is
a horizontal unit vector in R? x {0}, and vy = (V) is a unit vector orthogo-
nal to v; which makes an angle > € with the horizontal plane R? x {0}. More
precisely, if V' = v+ where v = (v(l),v@),v(?’)) € S_Qhe, then vy is the unit vector
obtained by scaling (—0(2),2)(1),0), and v, is the unit vector obtained by scaling
<_U<1>v<3>, @y (y0)* 4 (U<2>)2),

For V € G.(3,2), write vy = v} + v}, where v} is in the horizontal plane and v}
is parallel to (0,0, 1) with |[v]]| 2 € (note that v, and v may not be in V'). Then v}
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and v} are orthogonal to v. Thus, if x = zjv; +x9vy € V, and y = y1v1 + 1202 € V,
then

d(z,y) = /(21— y1)? + (22 — 2)2[v5]? + [ (22 — go)05].
But |vj| <1 and [v| 2 €, so this simplifies to

d(z,y) ~ |1 — 1| + |29 — 3o/
1/4
~ (|21 — |+ Jzo — yal?) /

Y

in any bounded set around the origin, where the implicit constant depends only on
¢ and the distance from the origin. Therefore, (6.1]) is equivalent to

1
(6.2) —7 dp(z) du(y) do(v) < oo,
Lm//WWWMW+m—ww%/“ Y

where o is the surface measure on S*. For v € S7 _, let m, : R® — R? be m,(z) =

((x,v1), (x,v2)). Then (6.2) can be written as
(6.3 (LQu/ﬁ; 4 (5mogpt * mgn) () dor(v) < o,

where ((z) = —x, and
flw ) = (Je)* + )", (2,1) e R

By Plancherel’s theorem (more precisely [Ha23, Lemma 3.3]), to prove (6.3)) it is
enough to show that

(6.4 L, [ o mmor ) <

where the left-hand side is well-defined since f, > 0 when 1 < s < 3 (see [Ha23,
Lemma 3.2]). By [Ha23, Lemma 3.2], f; < fs—s when 1 < s < 3, so by dyadically

decomposing the frequency space R? into regions where |£;] + £/ ~ 27, to prove
(6.4]) it suffices to show that

Sz [ f RO de da(v) < oo
=1 8% . J[-29,29]x[-2%,227]

where boundedness of the j = 0 term follows from the L bound on 7,41 and the
local integrability of f3_,. It is enough to show that for 2 < s < «, for any 7 > 1,

o / / | Toit(€)[? dé do(v) < 274,
S?F,s [—29,27] x [—227,227]
where A; < B; in (6.5)) is an abbreviation for A; < j72B; (the use of j~2 is not

important; any summable series in j with slower than exponential decay would work
too). By using |z|> = zZ and writing out the Fourier transform, (6.5) is equivalent

to
] 21D e da(v) dp(e) duly) < 20,
83 . J[-29,29]x[-2% 2%]]
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for any 5 > 1. To avoid complicating the notation in what follows, z < r will
mean |z| < r in case z is complex and r is real. Given j, dyadically decompose the
domain (z,y) according to the parabolic distance d(z,y) ~ 27% from x to y, where
1 <k < j. Since s < «, the bound for the contribution from d(z,y) < 277 follows
easily from the fractal condition ¢, (1) < 1 on p and the trivial upper bound of 2%
for the oscillatory integral. Therefore, it suffices to prove that

6 6 // / / 27”<7rv(55 ),€)
Z z,y)~27k J ST 27,20 x [—227227]

dé do(v) dp(z) du(y) < 27679,
The proof of will be broken into two cases. It will be shown that

i/2
Z // / / 627rz‘(7rv(ac—y),§)
k=1 d(z,y)~27F S-2‘r,e [—27,27]x[—227,227]

dé do(v) du(z) duly) < 27679,

and

6.8 / / / / e2mi{mo (z—y).£)
( ) Z d(z,y)~2=Fk J 853 J[-20,29]x[-2% 22]]

k=j/2
dé do(v) dp(x) du(y) < 27079

For the sum over j/2 < k < j, partition the domain further according to the
Euclidean distance dg(x,y) ~ 27%27¢ where 1 < ¢ < k, where d is the Euclidean
distance. Then to prove it is enough to show that

Z Z / / / / (2milm(2-9).6)
d(ay)~2"" 52 27,27 x [ 227 22]

k=j/2 0=1 " 4 (za)~2—k—t [—227,227]
dé do(v) dp(z) du(y) < 27679,

This will be further subdivided into the two sub-cases

(6 9 // / / 627”'<7T’U(x7y)7§>
my)NQ : 8% J[-29,20]x[227,2%]]

k j/2£ 1 z,y)~2k—t
dé do(v) dp(x) dp(y) < 2707,
and

J k

Z Z z,y)~27Fk S% o J[-27,29]x[—227 22]]

k=j/2t=j—k dE(xy) ~2 k=t

dé do(v) dp(z) du(y) < 29679,
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The assumption k& > j/2 ensures that j — k < k, so the subdivision makes sense.
For the first sub-case , by writing the 2-dimensional ¢ integral as a product of
two 1-dimensional integrals and calculating each explicitly,

(6.11) S Zj: ji//d(oc,yw’“ /

k=j/2 £=1 dp(z,y)~2" k¢ s
1

max {277, [(v1, 7 — y) |} max {27%, [{v3, 2 — y)|}

2
+,€

do(v) dp(z) dp(y).

The integral over S_th can be partitioned into dyadic regions where |(vy,x — y)| ~
27™ and |(ve,x —y)| ~ 27™2, where k +¢ < my; < jand k+ ¢ < my < 2j, with
~ replaced by < when either m; = j or ms = 2j. It will be shown that each such
dyadic region has surface area < 2771 ~m2F2(¢+k),

If ¢ < k— C for a large constant C, and u = (v — y)/|z — y|, then u makes an

angle < ¢'% with the horizontal plane (since otherwise it would hold
27~ dp(z,y) ~ |15 — ys| ~ d(z,y)* ~ 27,

which is a contradiction if C' is sufficiently large depending on €). Therefore, the
62

function f, : By <O, 1-—- ﬁ) — R? given by

uz(wi + wj)
V1—w?— w3

fu(wy, wy) = <—w2ul + Wi, —wW UL — Wals +

has

. Uz —Uy
det(D fu(wy, wp)) = det (—ul + O (uze %) —uy + 0O <U3€_10))

(6.12) = —(u+u3)+0 (ugem\/u% + u%) :

The reason for introducing this function is that f,(w;,ws) is (up to a harmless

scaling) the same as ((vi,u), (ve,u)) when v = (wy,wy, /1 — w? — w%) By the

inverse function theorem and ((6.12)), it follows that for any unit vector u with |ug| <
!9 /u? + u2, for any open set O C R?,

My (f.7(0) S HE(0),

where H% is the 2-dimensional Lebesgue measure. Applying the above with O a
rectangle of dimensions ~ 271 R x 9=maH+k yerifies the bound of 2771~ m2+2(E+k)
for the surface area, in the case where ¢ < k — C' for a large constant C'.

The other case for the surface area bound is k —C </ <k (and still { < j—k <
4/2). In this case 2k — C' < m; < 2k, and hence 27— m2+2(l+k)  g=matlth g it ig
enough to show that the region of v where |[(vy, 2 — y)| ~ 27™2 (with ~ replaced by
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< when my = 2j) has surface area <272 HHF If [ 52 ) — 5% s

1

F = B - ) 2
(w) !(—w1w3,—w2w3,w% —i—w%)] ( wWi1wW3, —WarWsg, WY +w2)
—w1w3 —w2w3
g 2 27 D) 2, \/m ,
\/’LU1 + wj \/wl + w3
then writing (z,y, 2) = F(w) gives wy = V1 — 22, w; = =2, and wy = £

Vi2 iz
Therefore, F' is a self-inverse diffeomorphism of Si,o onto itself, and in particular F'

is bi-Lipschitz on S7 .. The region {v € S* : [(v,z — y)| ~ 27} is the intersection
of the 27m2++k_peighbourhood of a plane through the origin with S?, which has
area ~ 272 HFE 5o the inverse image of this set under F : 5% . — S? also has
surface area < 2 m2tiHk,

This verifies the claim that the dyadic regions described above have surface area
< 27mi=mat26Hk) for each pair (mq,ms). Since there are < log (27)° many such
pairs (my,mg), summing over m; and my in ( m yields the bound

(6.9) < log (27) 222 o // e o dp(x) du(y).

k=j/2 (=1 (z,y)~2 k¢

For fixed y, the region of integration in z is contalned in a Euclidean cylinder of
dimensions 27*+9 x 272% which can be covered by < 22 many parabolic balls of
radius 2~ +9 . Therefore, each such Euclidean cylinder contributes < 22-2(+0 ip
p-measure to the above. Hence, the above becomes
J
‘m’ < log (2j Z Z 22 €+k)22€ oc(k:-‘rf)
k=j/2 t=1

This simplifies to

<log 23 ZZZ“ @)

k=j/2 £=1
Since o < 3 < 4, summing the geometric series in ¢ gives

) < log 2] Z 9(i—k)(4—a)—k(a=2)

k=j/2

This simplifies to

< log 2] Z 9—2k+j(4—a)
k=j/2
Summing the geometric series in k gives
(6.9) < log (27)" 27,

This implies in this sub-case, since s < a. This verifies the first sub-case
(high k& and low ).
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For the second sub-case (6.10)) (high k& and high /), by calculating the integrals

explicitly as before,

J k

(6.13) EIS > Y. //d(x,y)~2k /g

. 2
k=j/2l=j—k dp (@,y)~2—k—t " Phe
1

277 max {27% [(vy, x — y)

3 do(v) dp(z) dp(y).

The integral over 52 can be subdivided into dyadic regions where |(va, z — y)| ~ 27™,
where k+/¢ < m < 2j, with ~ replaced by < when m = 2j. Each such dyadic region
has surface area ~ 27-™* by the same reasons as above; it is the inverse image
(under a bi-Lipschitz function from ane — S?) of the 27 *+*_neighourhood of a
plane through the origin intersected with S2.

Since there are < log (2) many values of m, summing over m using the
above surface area bound yields

J k
I0) Slog (27) Y- ) 2t / / dogyer @) duly).

k=j/2 t=j—k dp () 2kt

As before, the Euclidean cylinder contributes p-measure < 22¢-2(%+0 5o the above
becomes

J k
[I0) Slog (27) Y ) afthtigralirh,
k=j/2 t=j—k

This simplifies to

J k
(6.10) < log (23‘) Z Z 9l(3—a)—k(a—1)+j

k=j/2 t=j—k

Since o < 3, summing the geometric series over ¢ gives

J
(6.10) <log (2j) Z ok(3—a)—k(a—1)+j_

k=j/2
This simplifies to
J
(6.10) < log (27) Z 9—2k(a=2)+j
k=j/2
Since a > 2, summing the geometric series over k gives
(6-10) < log (27) 279721 = Jog (27) 293~

This implies (6.10)) in this sub-case, since s < a. This is the remaining sub-case for
high k, so this verifies the case j/2 < k < j in (6.8).
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It remains to prove (6.7)) (low k). As before, partition the domain according to
dg(z,y) ~ 27%2=f where 1 < ¢ < k, where dg is the Euclidean distance. To prove
(6.7)) it suffices to show that

il2 K
ZZ / / k / / (2mi{m(z—5).0)
o1 I d(@y)~2" S2 . J[—29,20]x[~223 221]

Cl?y)N2 k—t
dé do(v) dp(x) du(y) < 27079

As before, let C' be a constant chosen sufficiently large depending on €. The above
will be broken into the two sub-cases

/2 k—C

6 14 // / / eQTri<7Tv($7y)7£>
( ) Z Z d(z,y)~2"F 52 [—27,29]x [—227,227]

k=1 /=1 dE(zyNQ"‘
dé do(v) dp(z) du(y) < 27679,

and
iz ok

(6.15) > > / / . / / 2mi(mo(3—).6)
k=1 t=k—C dE(;j gkt 5T 2, 2] X [227,227]

dé do(v) dp(z) du(y) < 29679,
For the first sub-case where < (6.14), similarly to before, by calculating the

innermost integral,

J/2 k—C
EW=3S ] sy [,
k=1 (=1 dg( xy)Ng— +e

1
j ~ do(v)du(z)d )
e (27, [{on, & = )T} max {27, [fom,z = g} ) ) duly)
Similarly to the low ¢ sub-case of the high k case with ¢ < k — (', this becomes

Jj/2 k—C

2(k+0

B Slog (2)* 35200 ([ dute) duto)
k=1 (=1 dg(z,y) ~2 k—¢

By using the same bound of 22=**+0 on the p-measure of the Euclidean cylinder
as before, this becomes

i/2 k—C

(6.14) < log (21 Z Z 92(k+0) 920 —a(k+t)

k=1 (=1

This simplifies to
i/2 k—-C

‘ <10g 2] QZ 22 —a)—k(a— 2)

k=1 (=1
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Since o < 3 < 4, summing the geometric series in ¢ gives
. 3/2
(614) Slog (27)7) 27K,

k=1

Since o < 3, summing the geometric series in k gives

(614) <log (27)° 276,

This implies (6.14) in this sub-case, since s < «. This verifies the case where
(6.7) < (6.14).

[t remains to prove (6.15). By allowing the (slightly ambiguous) notation ~ to
include dependence on C', this case can be abbreviated to

i/2
Y // / / G2t (z-1).)
d(z,y)~2"% 2 o 2i 024
k=1 dE(Z‘7y)N272k S+,e [_2]72‘7]X[_2 J72 J]
d¢ do(v) dp(z) du(y) < 27572,

Write z = (2/,2") € R? x R, and dyadically partition the domain further into sets
where either |2/ —¢/| <2779, or |2/ —¢/| ~ 272*7F where 0 < ¢ < j — 2k. It suffices
to show that

/2
2mi(my (z—y),€)
(6.16) ;//1(13152;22—_’3 /Si,e /[_gj,zj]x[—?j,?j]e
dé do(v) dp(z) du(y) < 27679,
and
/2 j—2k ,
040 L5 st o L™

k=1 /=0 ‘x/_y/‘N2—2k—£
dé do(v) dp(z) du(y) < 27679,

The edge case (6.16)) satisfies
/2

1
16) < . , d d d .
UED I | B e s e e RACKAR L

k=17l | <2

Similarly to before, this becomes
/2
< j 2k+j
(6-16) < log (27) ) "2 Aoyt

=1 o’ —y’|<279

dp(x) du(y).
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By covering the 277 x 272 Euclidean cylinder with < 2%~2% many parabolic balls
of radius 277 similarly to before, this becomes

i/2
(616) < log (27) ) 2%+H9% kg ey,
k=1

This simplifies to
(6.16) < log (27) 276,
which verifies (6.16]) since a > s.
[t remains to consider the non-edge case ([6.17)). Similarly to previous cases,

Jj/2 j—2k

019 DY [0 |
k=1 /=0 |1./7y7/|N2—2k—£ Si,e
1

max {29, 1(z — , o)} max (29, [{z — g,y © () @) dnly):

Dyadically partition S7 . according to [(z — y,v1)| ~ 27 and [(x — y, va)| ~ 2772,
where 2k + ¢ < my; < j and 2k < my < 2j, with ~ replaced by < when either
my; = j or mg = 2j. It will be shown that each such region has surface area
< 2 mmammat2k 2k If gy < 2k + ¢ + C then this follows easily from previous
arguments, so it may be assumed that m; > 2k + ¢. Similarly, it may be assumed
that mq > 2k. If v is written in (one version of) spherical coordinates

v = (cos ¢ cos b, cos psin b, sin ¢) , 0<O<2m, ce<op< g — ce,

which includes Sig if ¢ > 0 is sufficiently small, then
vy = (—sin#, cosb,0),

and
vy = (—sin ¢ cosf, —sin ¢ sin 0, cos @) .
Since Oyve = —v, it must hold that |(u, Ogvs)| ~ 1 whenever [(x —y,vq)| ~ 27™
and |(x — y,ve)| ~ 272 where u = (z —y)/|x — y| (this is where m; > 2k + ¢ > 2k
and my > 2k get used). Therefore, the region of v € 53 _ where [(z — y,vy)| ~27™
and |(z — y,v2)| ~ 27™2 has 6 contained in a set of length < 2%t~ and for each
0, ¢ is contained in a set of length < 22%=™2_ This verifies the claimed surface area
bound of 22k+é-mit2k=mz
Substituting this surface area bound into (6.18) gives

/2 j—2k

(619) @17 Slog (27)°) Y 2t / / dog)at

k=1 ¢=0 |x/7y/‘~2—2k—2

du(z) dp(y).

For each y, the region of integration in z is contained in a Euclidean cylinder of
dimensions 2727 x 272¢ which can be covered by < 22%+2¢ many parabolic balls of
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radius 2727, and therefore contributes p-measure at most 22++262-(2k+0) = Qubsti-

tuting into " gives
J/2 j—2k
‘b S 10g (2j)2 Z Z 24k+€22k+2£2—a(2k+g)'

k=1 (=0
This simplifies to

j/2 j—2k

<10g 2] 2222k3 a)+£(3— a)

k=1 (=0
Since o < 3, summing the geometric series in ¢ gives

i/2

(617) < log (27)° Y 2GE-e)t(=2k)E0),

k=1

The summand is independent of k, so this simplifies to
[6.17) < log (27)% 276,

Since s < «, this finishes the remaining sub-case for the remaining case of low k in
(6.7), and finishes the proof. O

Remark 6.1. If f,, = (|2|* + t2) """ where (z,¢) € R" x R and n > 1, then f,., is
given by a function which is smooth away from the origin and which satisfies

(6.20) Fus| S

This follows from an observation in the introduction to |GS06], that the Fourier
transform of a regular homogeneous distribution is a regular homogeneous distribu-
tion. This observation was overlooked in |[Ha23, Lemma 2.2|, where it was shown
using modified Bessel functions that

fn,n+2787 0<s<n+2.

O<J?1;§f1,3_s, 1<s<3.

Due to the smoothness and homogeneity mentioned above, the positivity conclusion
automatically upgrades to

fis ~ fi3-s 1<s<3.

Although a proof of positivity of ﬁ\s may require modified Bessel functions, the

positivity and lower bound fl\s 2 f13-s was not crucial to argument of this section,
so ((6.20)) may be a first step towards generalising the argument of this section to
higher dimensions.
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