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WHEN ENTROPY FLOWS: DRIFTING ALONG THE ROUTE TO CHAOS

ERAN IGRA'2, VALERII SOPIN':2, YANGHONG YU3

ABSTRACT. Consider a smooth one—parameter family of vector fields defined over some smooth manifold tran-
sitions from order into chaos. Inspired by the Second law of Thermodynamics, one is led to ask: can we
find a flow whose dynamics realize this transition? To answer this question, motivated by the Mallet-Yorke
Orbit Index theory, the Arnold-Khesin scheme for hydrodynamics and a heuristic argument by Rene Thom,
we introduce a construction that transforms any one—parameter family of vector fields into a new object: the
?Entropy flow”. The Entropy flow is a flow defined on the product of the phase space with the parameter
space and is best thought of as a flow generated by the original one—parameter family together with a drift in
the parameter space, that pushes the trajectory of a given initial condition into a disordered, more complex
state. To exemplify, for the Period Doubling, the Ruelle-Takens-Newhouse and the Intermittency routes to
chaos the Entropy flow behaves exactly as expected - that is, it truly pushes trajectories into more complex
states. In addition, in the spirit of Forcing Theory, in the paper we use the Conley index to discuss how one
can use the Entropy flow to study the connection between topology and bifurcations. Moreover, drawing on the
numerical and analytic evidence, we will analyze how the Entropy flow behaves in several examples of famous
flows, including the Lorenz system, the Rossler attractor, and the breakup of the Shilnikov homoclinic scenario.
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We dedicate this paper to James A. Yorke, who taught us to see how periodic orbits push Order into Chaos.

1. INTRODUCTION

Let M be a smooth manifold, let § = F(s) be a smooth vector field on it and let ¢ : M x R — M be
a corresponding flow. By the Second Law of Thermodynamics, one would want that for all unbounded, in-
creasing sequences {t; }jen and all large ensembles of ”generic” initial conditions, z1, ..., z,, the finite sequences
&(x1,%5), ...¢(2n, t;) become more and more "mixed” as j — co. This leads us to ask: can we actually construct
a flow having these properties? To better formulate this question, let us formally treat § = F.(s) as a C¥,
k > 1, family of vector fields, defined by a C*-map F : M x I — TM, where I is some one-dimensional
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parameter space and F(s,7) = F,(s). As 7 is varied in I, the dynamics generated by F, should be expected to
become increasingly more chaotic (usually by undergoing some route to chaos). As discussed in [19], [27], [29],
[32], [34], [35], [49] and [59] (among others), these transitions from order into chaos could be understood as toy
models for the evolution of turbulence (see Chapter 5 in [99] and [115] for a survey on the modern approach to
this problem). We now rephrase our question above as follows: can we find a flow on M x I whose trajectories
behave like the transition of § = F.(s) from order into chaos as 7 is varied?

It is exactly this problem we tackle in this paper: we prove that given a C* family of vector fields § = F, (s),
s € M, 7 € I, there exists a C1-flow ¢ : (M xI)xR — M x I whose invariant sets include many of the bifurcation
sets for $ = F(s). In particular, the stable manifolds of these bifurcation sets attract and repel initial conditions
in M x I, thus propelling trajectories towards increasingly disordered motion. Specifically, inspired by Mallet-
Yorke Index Theory (see [39], [42], [43], [48]) and the theory of Bifurcations without Parameters (see [92], [118]
for a survey), we construct the flow ¢ as the solution for the following system, defined on M x I:

{é = F,(s) + V(s,7),
7= P(s, 1),

where both P and V are smooth functions that vanish away from two sets Per and Fix in M x I, which
correspond to the ”distinguishable” periodic orbits and fixed points for § = F,(s) (respectively). Intuitively,
the set Per should be understood as the collection of initial conditions (s,7) € M x I that lie on attracting or
repelling periodic orbits for F;. Similarly, Fiz should be understood as the collection of points (s,7) € M x I
s.t. s is either a source or sink for F.. That being said, the definition for both is more global than that, and
both these sets certainly allow some saddle orbits and fixed points inside (see Section 2 for the precise details).
Therefore, the functions P and V should be understood as follows: if one thinks of each F, as encoding a
parameter-dependent law of motion, then P is the force causing the law of motion directing the motion of s to
change while in motion. Similarly, V' can be interpreted as a function controlling the transition of energy from
one bifurcation to another, in a way that increases complexity (see the discussion after Definition 2.8 for the
precise formulation).

To illustrate how this flow on M x I behaves in practice, let us assume I = (—1,1) and the existence of a
period doubling cascade of attracting orbits at parameters {7,,} C (—1,0), 7, — 0. Then, around the subsets
M x I corresponding to this cascade, D, the function P would in general be positive (i.e., the flow above
would always push towards M x {0}). Similarly, given a period doubling cascade of attractors occurring at
a sequence {1} C (0,1) s.t. 7, — 0, P would be negative around the subset 7 of M x I corresponding to
the cascade (see Section 3.1). In other words, the flow would push initial conditions (s,7) € M x I close to
D or T (respectively) towards M x {0}, where there exists some complex motion for Fy corresponding to the
”end” of the cascade. To honor the Second Law of Thermodynamics, we name this new flow as the Entropy
flow. At this point we explicitly state that a connection between our construction and the Second Law of
Thermodynamics does not arise from any known definition of Entropy. Rather, we chose the name since, as
stated above, the Entropy flow is designed to push initial conditions in (s,7) from an ordered into disordered
state. Before moving on, we stress that the Entropy flow for realistic systems can, and many times will, have
extremely complex dynamics in M x I. We will exemplify that with several examples throughout this paper, in-
cluding the Rossler, the Lorenz, and the Michelson systems, among others (see [22], [11], and [53], respectively).

Our motivation to construct the Entropy flow arose from two main sources. The first is an attempt to study
bifurcations in a topological setting. Specifically, let us recall that there exists a rich theory for how certain
prescribed topological conditions can force certain dynamics to appear, a field often referred to as " Dynamical
Forcing Theory” (see [65] for a survey). The Entropy flow allows us to study the analogous question - namely,
how does topology force bifurcations to appear. To illustrate, let us recall the sets Per and Fix mentioned
above. It is the topological configuration of these sets in M x I that constrains the bifurcation structure of
these periodic orbits and fixed points in M x I. As their topology can be hard to analyze directly, by making
them the invariant sets for the Entropy flow we can study them as invariant sets for it. This allows us to apply
topological tools like the Conley index Theory (see [89] for a survey). As such, a central part of this paper
develops a Conley index framework for the topology of bifurcations (see Subsection 4.2). In detail, we prove
that when a bifurcation set for § = F(s) can be isolated in M x I, we can describe the way it constrains the
dynamics of the Entropy flow using the Conley index (see Proposition 4.3 and Theorem 4.7). As the dynamics
of the Entropy flow are defined by the bifurcations of § = F;(s), these facts should be interpreted as saying
that one bifurcation can force others to appear, i.e., that topology forces bifurcations. These results, there-
fore, should be viewed as bifurcation analogues for the Sharkovskii Theorem (see [13]), the Li-Yorke Theorem
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(see [21]), and the Thurston-Nielsen Classification Theorem (see [30]), all of which can be interpreted as ways
topology forces dynamics (that being said, we stress the analogy should be understood as programmatic rather
than a direct equivalence).

To further elaborate on the above, our idea is the following: let us assume there exists some isolated invariant
set A C M x I for the Entropy flow, corresponding to a collection of some bifurcation sets, each of which can be
isolated (again, w.r.t. the Entropy flow). By splitting .4 into these components we will construct a filtration of
them adapted to the flow (see Definition 4.2.2), which we use to define transition groups (see Definition 4.2.3)
and transport maps between them (see Definition 4.2.3) encoding the bifurcations as the parameter 7 varies via
the lens of the Entropy flow. In detail, these objects record how Conley classes are inherited, created, killed or
attached as the Entropy flow passes through successive bifurcation blocks (for the details, see Definition 4.2.4).
In this sense, our contribution is not to introduce new index filtrations as abstract Conley-theoretic objects,
but to select them from the geometry of bifurcation sets in M x I w.r.t the Entropy flow and interpret their
induced maps as records of bifurcation transitions.

The second source of our motivation for constructing the Entropy flow is more philosophical in nature and
arose from three different places. The first is the heuristic originally due to Rene Thom, stated in [45]. Accord-
ing to it we should not expect to find structurally stable hyperbolic behavior in systems derived from scientific
experiments, as such systems often have properties that are essentially unstable. The second is the Chaotic
Hypothesis (see [96]), according to which chaotic behavior should always assumed to have hyperbolic-like prop-
erties, even if the dynamics do not satisfy any "nice” splitting condition. The final source is the Arnold-Khesin
scheme for fluid dynamics (see [123]), according to which the solutions of the Euler equations can be seen as a
geodesic flow on the space of diffeomorphisms, i.e., a ”transition between states”. These three different ideas
led us to construct the Entropy flow as a flow that behaves like all of these, combined. In detail, as a flow on
M x I the Entropy flow is extremely unstable dynamically, yet, as will be made clear later on, the projection
of its flow lines from M x I to M can certainly appear hyperbolic - thus connecting Rene Thom’s heuristic
and the Chaotic Hypothesis. At this point we stress that at no stage do we claim the Entropy flow describes
a fluid flow like the Arnold-Khesin Scheme was designed to do. That being said, somewhat surprisingly, the
projection to M of the flow lines in M x I for some Entropy flows share a (even if possibly superficial) similarity
to turbulent motion. We discuss this in Section 5, where we will observe this correspondence arising naturally
in the Entropy flow for the Shilnikov homoclinic scenario (see [14]).

This paper is organized as follows: in Section 2 we construct the Entropy flow. In order to ensure a large
degree of flexibility and a broad applicability for our construction, this Section is highly technical. After that,
we discuss two examples showing how the Entropy flow behaves - the first is derived from the van der Pol
oscillator (see [1]) and the second — from a cascade of pitchfork bifurcations. Following that, in Section 3 we
perform basic qualitative analysis and study the behavior of the Entropy flow in the three famous routes to
chaos: the Period Doubling route to chaos (see [27]), the Ruelle-Takens-Newhouse route to chaos (see [19] and
[29]), and the Intermittency route to chaos (see Theorem 3.8). Broadly speaking, in all of these routes to chaos
the Entropy flow behaves as expected, i.e., pushes initial conditions towards a disordered state (see Theorem
3.5, Corollary 3.7 and Theorem 3.8, respectively, for the precise details). Further, in Section 4 we discuss
how one can use the Entropy flow to study the constrains topology places on bifurcations (see Theorem 4.7
and Proposition 4.3). Finally, in Section 5 we discuss the behavior of the Entropy flow around the Shilnikov
homoclinic scenario (see Theorem 5.4 and Corollary 5.5), which leads us to heuristically compare such Entropy
flows with the Richardson’s notion of turbulence (see [2]). We conclude this paper by discussing how our work
can possibly continued and to what problems we expect it can possibly applied.

Before we begin, we would like to state that even if this may not always appear so, this paper is inspired by
many numerical and scientific studies, including [33], [108], [122], [126], [133] (among many others). Moreover,
many of our ideas were motivated by the results and approaches of [42], [107], [110], [114], [127], which, together,
led us to consider the sets Per and Fix as topological objects. In particular, we started this project keeping in
mind the next quote from the preface of [63] (see page 7 in it): ” Reformulating the words of Poincare on
pertodic solutions, one may say that bifurcations, like torches, light the way from well-understood
dynamical systems to unstudied ones”.

Acknowledgements. The authors are grateful to James A. Yorke, Warwick Tucker, Tali Pinsky, Zin Arai,
Genadi Levin, Vered Rom Kedar, Michal Lipinski, Bowen Chen, Joshua Haim Mamou, Evelyn Sander, Jinxin
Xue, Michael Faran, Domenico Lippolis, Jinzi Mac Huang, Bin Shi, Mikhail Zhitomirskii, Gabriel Teixeira
Guimaraes, Michael Khanevsky and Noy Soffer-Aranov for their helpful comments and suggestions.
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2. DEFINING THE ENTROPY FLOW

From now on, let § = F,(s) be a C'! one-parameter family of vector fields defined on a smooth manifold
M, parameterized by 7 € I. Our goal in this Section is to construct and define the Entropy flow on M x I
in a way that captures how the dynamics of § = Fi(s) transition from simple behavior into chaos, based on
the bifurcations occuring as 7 is varied in I (see Definition 2.3.2). This Section is organized as follows: we
begin by recalling several facts about the Implicit Function Theorem which leads us to define two subsets of
M x I, Per and Fix, corresponding to the ”distinguishable” periodic orbits and fixed fixed points of $ = F,(s)
(see Definition 2.0.1). As will be clear, Per and Fiz are non-empty for a large class of flows, including many
”real life” versions - in particular, the components of Per and Fix are often separated from one another by
bifurcation orbits and fixed points. Following that, to motivate our construction, we heuristically discuss what
desired properties we would like the Entropy flow to have. This will lead us to prove several technical facts
(see Propositions 2.4, 2.5 and Corollary 2.6), that would allow us to transform the heuristic into a rigorous
construction (see Subsections 2.1, 2.2 and 2.3). At this point we remark that despite our idea being relatively
geometric and straightforward, to make it rigorous our arguments will be extremely technical. Therefore, to
illustrate how one can actually analyze Entropy flows for C! families of vector fields at the end of this Section
we provide two explicit examples (see Subsections 2.3.1 and 2.3.2).

To begin, from now on M will always be a connected, locally compact, separable, smooth orientable manifold
of dimension at least 1 - we will also often implicitly assume M is metrizable. I will always denote a connected
subset of either R or S!, that includes some open set (although for the sake of discussion, for most of this
Section I would be assumed to be (—1,1)). We will always denote by § = F,(s) a C! one-parameter family,
where F,(s) will always be defined by a C'-map F : M x I — TM satisfying the equation F(s,7) = F,(s).
Our goal in this Section is to define two sufficiently smooth functions, V. P : M x I — R s.t. the following
system of differential equations:

{S = F(s)+ V(s,7) 1)

7= P(s,7)
is well-defined and at least C' in M x I, and satisfies the following:

e P(s,7) points in the direction in I where the trajectory of s is "more complex” w.r.t. F. - where by
”more complex” we mean ”oscillates between more fixed points and periodic orbits”.

e The function V is a function ensuring that if 7, C M is an invariant set for F, then the flow on M x I
has a connected invariant set J C M x I s.t. JNM x {r} = J; - in other words, V is a correction
term ensuring tangency to continuously varying invariant sets.

To give a more geometric explanation which types of P and V' we are looking for, consider, for example, the
case when I = (—1,1) and s lies on some chaotic attractor Ag in M for Fy which persists in 7 € (—¢,€) and
whose complexity increases when, say, 7 increases (for some small € > 0). In this case, we would like P to be
positive while V' should ensure the trajectory of (s,0) remains tangent to A = U,c(_c 4o A7 x {7} as we move
in M x I. In particular, if there exists some 79 € (—¢,€) s.t. the chaotic attractor A,, for F;, is the "most
complex” in some sense, we would like P to always point towards A, x {70}, at least around A. That being
said, we would not like our dynamics to be ”too far away” from those of the original system, or, in other words,
we would like our flow not to be too far in the C'-metric from the system:

i o2

These requirements on P and V would ensure the trajectories of this new flow would be projected from M x I
to M they would appear as if the motion becomes more and more irregular around A, without changing its
dynamical structure ”too much”. It is this geometric intuition that will guide our construction of both P and
V. To begin making this idea precise, we now recall the following Corollaries of the Implicit Function Theorem
which we state in a topological way more suitable for our needs:

Corollary 2.3. Assume I = (—1,1) or I = S*, and that x¢ is a fized point for the vector field Fy s.t. |Jo(0)| # 0,
where Jy denotes the Jacobian of Fy at xg. Then, there exists some ¢ > and an arc v in M X (—¢,€) passing
through (x,0) s.t the following isolation properties hold:

o v is a C! curve homeomorphic to an open interval.
e For all T € (—e,€), v is transverse to M x {7t} at a unique point, (x,,7) satisfying Fr(x;) = 0. In
particular, y N M x {0} = (o, 0).
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o There exists a connected neighborhood N of v in M X (—e,+e€) s.t. for all 7| € (—e€,€), Fy does not
vanish in the set N \ 7.

Similarly, let Ty be a periodic orbit for Fy and let fo : Sy — So be some first-return map for a cross-section
So transverse to Ty s.t. SNTy = {po}. Let Do(Tp) denote the differential of fo at po - then, if all the eigenvalues
of Do(Ty) are not roots of unity, there exists some € > 0 and some C*-surface S in M x (—e¢, €) passing through
To x {10} satisfying the following isolation properties:

e S is homeomorphic to a cylinder , i.e., to St x (—e¢,€).
o S is transverse to M x {7} for all T € (—¢,€), and SNM x {1} =T, x {7} where T, is a periodic orbit
for the vector field F.
e For all T € (—e¢,€) there ewists a cross-section S, , transverse to T, w.r.t. to F, and varying C* with T,
s.t. the following two conditions hold:
(1) The first-return map fr : S; — Sy is well-defined and continuous, and varies smoothly with .
(2) If {p-} =T- N S:, then {p-} ={y € S-|f~(y) =y}
(3) For alln > 0 there exists some € € (0,€] and some cross-section S. C S, varying C! as we vary

Te (=€, ¢) st {ar} ={y € So|f7(y) =y}

Remark. When M = R? or S3, one further conclusion is added - namely, that the knot type of the periodic
orbit T in M doesn’t change as we vary T in (—€,€). Moreover, by Proposition 3.3 in [/2], we know that in
all dimensions, the Mallet-Yorke Index of Ty is well-defined and remains unchanged as 7 is varied in (—¢,¢).

It is easy to see that every hyperbolic periodic orbit or fixed point satisfies the above, i.e., they are both
isolated and persist under small perturbations. Inspired by Corollary 2.3 above, we now introduce the following
preliminary definitions for ”well-behaved” periodic orbits and fixed points:

Definition 2.0.1. Consider a C' one-parameter family s = F,(s) defined on a smooth manifold M as above,
where T varies C' in I. A regular periodic orbit for F., T € I is a periodic orbit that satisfies the conclusions
of Corollary 2.3, and does not correspond to a Neimark-Sacker bifurcation orbit. Similarly, a regular fized
point for F; is a fized point satisfying the conclusions of Corollary 2.3, which is also not a Hopf bifurcation
point. We now define the following sets in the product space M x I:

e Regy = {(z,7)|z lies on a regular periodic orbit for F,}.

e Regs = {(z,7)|z is a regular fixed point for F.(x)}.

By definition, every component o in Reg, is a C'-surface and locally homeomorphic to a cylinder. Similarly,

every component « of Rego is locally homeomorphic to (0,1).

Remark. We stress that in Definition 2.0.1 we only require the regular periodic orbits or fized points to satisfy
the conclusions of Corollary 2.3. We do not require them to also satisfy the assumptions of Corollary 2.3, or
those of the Implicit Function Theorem. The reason for that is because we want our definitions to apply in the
broadest setting.

Before proceeding we remark that despite the abstract setting, generically, at least the set Reg; is non-empty
(see the Appendix of [42]). More precisely, as discussed and proven in both [39] and [42], for a C3-generic choice
of a C? one—parameter family § = F,(s), all periodic orbits are either regular, or correspond to either a saddle
node, period Doubling, or Neimark-Sacker bifurcation (for more details, see [39], [42], [46] and the references
therein). Consequently, the case where at least Regy # 0 can be thought of as the general rule. The reason
we care about regular periodic orbits and fixed points is because of two reasons: the first is that the different
components of Reg; U Regs are often glued to one another at bifurcations. The second is that these periodic
orbits and fixed points are, in some sense, isolated - at least provided their local dynamics have certain behavior.
To make this idea precise, we now define:

Definition 2.0.2. Consider a C' family $ = F,(s) defined over some smooth manifold M, where the parameter
T varies in I. With previous notations, given a periodic orbit T x {T} C Regy for F., we say it is completely
isolated if there exists some neighborhood N of T x {7} in M X I s.t. if « is the component of Regy for which
T x {7} C «, then (N N (Reg1 U Regs)) C a. Similarly, given a fized point (z,7) € Regy for F, is completely
isolated if there exists some neighborhood N s.t. if « is the component of Regy for which (x,7) € «, then
(NN (Regr URegs)) C . We define:

e Per ={(s,7) € Regi|s lies on a completely isolated periodic orbit for the vector field F.}.
o Fix = {(s,7) € Rega|s is a completely isolated fized point for the vector field F;}.

In other words, the sets Per and Fix correspond to the ”distinguishable” periodic orbits as 7 is varied in I.
For example, Per includes all the subsets of Reg; corresponding to attractors and repellers - and similarly, Fix
includes all the fixed points that are sinks or sources (that being said, not all periodic orbits in Per need be
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attractors or repellers, and not all fixed points in Fiz need be sinks and sources). Intuitively, the components
of Fixz U Per are glued to one another at bifurcation periodic orbits and/or bifurcation fixed points. As such,
recalling the previous discussion, it makes sense to define the functions P and V' described above as directions
on the components of Per U Fiz pointing towards (or away) from bifurcations. With that idea in mind, we are
now finally ready to start defining the Entropy flow, which we will do in three stages - see Subsections 2.1, 2.2
and 2.3. Recall that given a C* family § = F,(s) defined on a manifold M, wherer variesI, our goal is to find
sufficiently smooth functions P and V s.t. the following system:

{s' = F.(s)+V(s,7)
7= P(s,71)

is well-defined, pushes in the direction of more dynamical ”complexity” and keeps the invariant sets invariant
”as best as possible”. As explained above, we will do so by perturbing Equations 2.2 around the components
of Per and Fiz. To begin, from now on unless said otherwise, let § = F,(s) denote a C'* one-parameter family
of vector fields, where 7 varies in an open interval, (—1, 1) - we will define the generalization to the case where
I=S'(-1,1],[-1,1) later on in this Section. We first prove the following Proposition:

Proposition 2.4. Let $ = F,(s) be a C' one—parameter family, where T varies in I = (—1,1). Let « be a
component in Per, and let N, be a neighborhood of o in M x I s.t. N, N (Reg1 U Regs) = « (where Regy and
Regs are as in Definition 2.0.1). Then, there exist C1-functions Py : M x I — R, Vo : M x I — T(M x I) s.t.
the vector field Eo(s,7) = (Fr(s) + Va(s,7), Pa(s, 7)) satisfies the following in M x I:

o I, is tangent to «.

e P, and V, both vanish outside N,.

o The sign of P,(s,T) in Ny is non-zero throughout a, and can be chosen to be either positive or negative.

Consequently, E, has no fized points in Ny .

Proof. We begin by proving that given some connected, metrizable, locally compact, and separable smooth
manifold A and some connected open subset O in A/, there exists a smooth function g : A/ — R whose support
is exactly O - and that when O is compact, its C'-norm can be chosen to be arbitrarily small. To this end,
recall we assume N is metrizable, separable, smooth, and locally compact. Let {B,,(z;)};>1 be a countable
collection of balls with radii r; s.t. both U; B, (z;) = O and Ba,,(z;) € O. Now, let ¥ be a partition of unity
for M and let {1;};>1 be a subset of ¥ defined by the following:

o supp(;) C By, (x;) (where supp denotes the support).
e ;(s) >0 for all s € B, (x;).

e ¢;(z) €[0,1) for all z € By, ().
e The collection is locally finite, i.e., for all ¢ there is a finite collection of j’s s.t. supp(1;) Nsupp(v;) # 0.

Such a collection exists by the proof of Theorem 2.23 of [113]. Now, choose some € > 0 and define g.(z) =

€ o1 1/)2(1) By definition, g is smooth and the set where g does not vanish is precisely O, therefore when O
is precompact in A/ by decreasing ¢ > 0 we can ensure that the C'-norm of g is arbitrarily small in O. We
now choose N' = M x I and O as N,, where we set P"(s,7) as either g.(s,7) or —g.(s,7) for some € - by
definition, P” has constant sign on a. Note that given some (s,7) € N, the vectors v; = (0, P”(s,7)) and
vy = (F;(s),0) are linearly independent since P” is non-zero in N,. To continue, let P(s,7) denote the plane
tangent to the surface o at (s,7) - since « is a smooth surface per Definition 2.0.1 and Definition 2.0.2, P(s, 7)
changes smoothly as (s, 7) is varied. We now consider a O vector field I : M x I — T(M x I), satisfying the
following three properties:

e When (s,7) € a, II(s,7) = 7(s,7) - where w(s,7) denotes the projection of the vector (Fy(s), P"(s,))

to the plane P(s, 7).

o II"Y(Ta)N N, = a, where T« is the bundle of tangent planes to «, i.e., Ta = Ues,myeaP(s,7) x {(s,7)}.

e Il(s,7) = (F:(s),0) outside of N,.

We now claim that for all (s,7) € a we have II(s,7) - (0, P”(s,7)) > 0. To see why, note that (F,(s),0) is
tangent to M x {7} and lies on P(s,7), hence (F(s), P"(s,7)) points into M x (7,1) when P”(s,7) > 0 and
into M x (—1,7) when P”(s,7) < 0. As « is transverse to M x {7} at any (s,7) € «, it follows the plane
P(s,T) is transverse to M x {7} at (s, 7). Hence, as 7(s,7) = Il(s, 7) for all (s,7) € «a, we conclude that for all
initial conditions (s,7) € « we have II(s,7) - (0, P”(s,7)) > 0. All in all, setting E,(s,7) = II(s, ) it follows
that for all (s,7) € a the vector field E, (s, 7) = II(s,7) is tangent to «, and has no fixed points near «. This
implies we can choose it s.t. E,(s,7) - (0,1) has constant sign throughout N, - i.e., E, has no fixed points in
N, . Finally, it is also easy to see we can write F,(s,7) = (Fy(s) + Va(s,7), Pa(s, 7)) for some C'-functions P,
and some correction term V,,, which ensures the tangency of E, to a. O
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Having shown we can construct functions P, and V,, around a cylinder of periodic orbits o C Per, we now
prove we can do the same for components a C Fix:

Proposition 2.5. Let § = F,(s) be a C' one—parameter family, where T varies in I = (—1,1). Let « be a
component of Fix and let N, denote a neighborhood of o in M x I s.t. No,N(Reg1URegs) = o, and I = (—1,1).
Similarly to Proposition 2.4, there exist C*-functions Py : M X I — R and Vo, : M x I — T(M x I) s.t. the
vector field Eqo(s,7) = (Fr(s) + Va(s,7), Pa(s, 7)) satisfies the following:

o I, is tangent to a.

e P, and V, both vanish outside N,.

e The sign of P,(s,T) in non-zero and doesn’t change as we vary (s,7) on . It can be chosen to be either

positive or negative.
e E, has no fixed points in N,.

Proof. We replicate the argument of Proposition 2.4 to N,. The function P” is defined in the same way, but
for N, instead of N, - i.e., using a partition of unity whose support lies strictly inside N,. Similarly, as « is a
curve transverse to M x {7} at any (s,T) € «, there exists a C! vector field I1 : M x I — T'(M x I), satisfying
the following:

e When (s,7) € o, II(s, 7) is just the projection of the vector (F-(s), P"(s,7)) = (0, P"(s,7)) to Ta, the

bundle of lines tangent to .

o II satisfies [I"1(Ta) = a.

e II(s,7) = (F-(s),0) outside of N,.

e The component of II in the 7 direction is non-zero throughout N,.
Similarly, the vector field I can be rewritten as II(s,7) = Eq(s,7) = (Fr(s) + Va(s,7), Pa(s,7)) inside Ny,
where the functions P,, V,, are at least C'' and vanish outside of N,. Moreover, we can again ensure E, is such
that the sign of P, is constant throughout N, - which implies there are no fixed points for E, in N,. O

Remark. At first sight, Vi, are just correction terms ensuring the tangency of E,, to o C (PerUFix). Towards
the end of this Section we will give these functions a more concrete physical interpretation.

The arguments above can be iterated and modified, and in fact, we will also need several simple modifications
of them in order to construct the Entropy flow. For example, a similar argument to the one used in Propositions
2.4, 2.5 implies the following useful Corollary, which we will be heavily applying throughout the definition of
the Entropy flow:

Corollary 2.6. Let § = F,.(s) be a C' one-parameter family, where T varies in I = (—1,1). Let a be a
component of Per, let T € I be a parameter s.t. a\ M x {7} has exactly two non-empty components, and let
N, be an isolating set as in Proposition 2./. Then, there exist C-functions P, and V,, satisfying the following:

e Let NI and N2 denote the components of No N M x (—1,7) and No, N M x (7,1) (respectively). Then,
we can choose P, and V,, s.t. P, has opposing signs in N} and N2, and the vector field E,(s,7) =
(Fr(8) + Va(s,7), Pa(s,7)) is tangent to a.

o The flow of En(s,T) has exactly one periodic orbit on «, given by the intersection R = M x {r} N a,
and no fized points in Ny,. In particular, R =T X {7} where T is a periodic orbit for F. (see the upper
image in Figure 1).

Similarly, let « be a component in Fix s.t. a\ M x {7} has two components, where Ny, is an isolating sets
as in Proposition 2.5. Then, there exist C-functions P, and V,, satisfying the following:

e Let N}, N2 denote the components of No N M X (—1,7), No N M x (1,1) (respectively). Then, Py is
negative in N1, positive in N2, and the vector field Eo(s,7) = (Fr(8) + Va(s,T), Pa(s,T)) tangent to a.

e The vector field E, will have exactly one fized point interior to N, given by (x,,7) € a. In particular,
F,(x;) =0 (see the lower image in Figure 1).

Proof. We prove the assertion for components of periodic orbits a C Per. The assertion for components of fixed
points o € Flix is proven using similar arguments to those below, with Proposition 2.5 instead of Proposition
2.4. Choose a parameter 7 s.t. a\ M x {7} has two components, a; and ag, and let N2, N2 and T'x {7} be as
above, defined by a; € N2, i = 1,2. We now use a similar argument to the one used to prove Proposition 2.4
to define functions P;,V; on N, i =1,2s.t. for all (s,7) € N{ the vector (Fy(s)+ Vi(s,7), Pi(s,T)), is tangent
to a; - where P; and P, have opposing signs in N1 and N2. To continue, define the following functions:

Po(s.7) P;(s,7) when (s,7) € N&,i=1,2
alS, T) = .
0 otherwise
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Vi (s,7) Vi(s,7) when (s,7) € Ni,i=1,2
als, T) =
0 otherwise

Since both P;, Vi, i = 1,2 are at least C!, so are P, and V,. By their definitions, both P, and V, vanish on
T x {7}, which implies that for all (s,7) € T' x {7} we have E,(s,7) = (F-(s),0). Since F; is tangent to T
(as it is a periodic orbit for F;) and since for all (s,7) € T x {7} we have E,(s,7) = (Fr(s),0) we conclude
T x {r} is a periodic orbit for E,(s,7) in N,. O

> 0 ——<—<—

T

FIGURE 1. On the upper image - a diagram showing the motion of E, on a cylinder of periodic
orbits, a C Per, where P, has opposite signs at each end of co. The red loop corresponds to
the set M x {7} N «, where both P, and V,, vanish (hence the said loop is periodic for F;).
On the lower image there is an analogous situation for the curve o C Fix. Since P, points in
opposite signs at the end of a, there exists some fized point (x,,T) for E, on « (the green dot).

Having proven Propositions 2.4-2.5 and Corollary 2.6 we now sketch how we will construct the Entropy flow.
The idea is as follows: let {G}o denote the components of Fiz U Per, or more precisely, the components of
FizUPer and a collection of all isolated invariant sets that are "maximal” in some sense. As stated earlier, the
components of {G }, should be intuitively understood to be glued to one another at bifurcation parameters.
Moreover, intuitively, this collection of sets comes together with a collection of open neighborhoods {N }
satisfying G, C N, for all a, and N, N Ng = () for all & # 3 (we will prove the existence of this collection later
on, in Subsection 2.3). Our idea would be as follows: as the elements of {G,}, are connected to one another
at bifurcation orbits and fixed points, we will prescribe some required local behavior of P, and V,, around the
bifurcation orbits or fixed points connecting G, to other components Gg. Following that, we use Propositions
2.4, 2.5 and Corollary 2.6 (case depending) to extend this local behavior to all of G, and N, (see the illus-
tration in Figure 8). We will refer to functions P, and V, whose behavior around the bifurcations on 0G,
coincides with our requirements admissible - see Definitions 2.1.5 and 2.2.5. Finally, after proving that sets
N, and Ng as described above exist, we we will sew together all these admissible functions P, and V,, defined
locally around each N, thus defining the functions P and V needed for the global definition of the Entropy flow.

That being said, due to the length and technical complexity of our arguments (mostly due to the many
bifurcation scenarios considered), we will divide this definition to three consecutive stages. As such, the rest of
this section is organized as follows: we first describe in Subsection 2.1 the required admissible behavior of P,,, V,
around the bifurcation fixed points connecting components G, C Fiz to other components of Gg C (PerUFix)
(see Definition 2.1.5). Following that, in Subsection 2.2 we lay down the analogous definition for admissible
behavior on components of periodic orbits in Per (see Definition 2.2.5). Finally, in Subsection 2.3 we prove the
existence of { N}, describe the extension of P, and V,, to N, extend the above to some invariant sets (and
to parameter spaces other than (—1,1), and tie everything together to give a global definition for the Entropy
flow (see Definition 2.3.2).

Despite the long technicalities ahead, the thread passing through all our definitions is that we want admissible
functions P, and V,, to always push initial conditions in M x I towards a state of greater complexity along
the C! curve of vector fields $ = F,(s) - which we will broadly interpret as F, having more fixed points and
periodic orbits for F.. This motivates us to conclude this Section by describing the admissible behavior around
components of Per U Fiz in the absence of bifurcations. To do so, recall we consider a C! one-parameter
family § = F;(s), where 7 € (—1,1). Consider a component G, C Per U Fiz s.t. G, corresponds to either
a periodic orbit or a fixed point that does not bifurcate as we vary 7 € I. When this is the case, intuitively,
there is no difference in the local dynamical complexity between F;, around G, N M x {71} compared to that
of F., around G, N M X {72}, for all 7, # 72. As such, if N, is some neighborhood of G, in M x (—1,1) s.t.
N, N (Per U Fiz) = a, we are motivated to prescribe the admissible behavior P, and V,, in N, as follows:
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Definition 2.0.3. Let § = F,(s) be a C' one—parameter family defined over M, where T varies in (—1,1).
Assume G, is a component of Per U Fix corresponding to either a component of periodic orbits or fixed points
that do not bifurcate as T is varied in (—1,1) (in particular, for all T € (=1,1) anNM x {7} # 0). Then, with
previous notations and assumptions, V, and P, are admissible if they vanish identically in Ny .

2.1. Stage I - the behavior on components of Fiz. In this Subsection we describe the admissible behavior
we require the functions P, and V,, to have on components G, C Fizxz. We will do so on a case-by-case basis,
depending on the bifurcations the fixed points in G, undergo at the boundary of G,. To this end, we first recast
several common bifurcation scenarios involving fixed points in a topological setting. Again, assume $ = F,(s)
is a C'! one—parameter family of vector fields, where 7 varies in (—1,1). For simplicity, we describe the scenario
when the bifurcation occurs as 7 crosses from (—1,0) to (0,1) - the symmetric case is described similarly:

e Creation - two fixed points for F,, 7 < 0, denoted by z1, 22 and varying continuously with 7, collide
and disappear at some fixed point at xg for Fj. One example of such a bifurcation is the saddle node
bifurcation (see the illustration in Figure 2).

e Splitting - a fixed point x., for F. persists as a fixed point for 7 < 0, and when 7 enters (0, 1), the
fixed point z splits into finitely (or countably) many fixed points. For example, a pitchfork bifurcation
corresponds to this kind of bifurcation, where a fixed point splits into three different fixed point (see
the illustration in Figure 2).

e Expansion - a fixed point z, for F, persists in 7 < 0, and when 7 crosses into (0,1), one (or more)
periodic orbits are born from it while the fixed point x, persists for 7 > 0. For example, a Hopf
bifurcation is an example of such a bifurcation (see the illustration in Figure 4). In this case, we
assume there are no zero eigenvalues for the Jacobian of Fy at the bifurcation fixed point xy.

e Mixed - any other type of bifurcation not falling into the classification above. For example, a Fold-Hopf
bifurcation, which can have characteristics of both Hopf and saddle node bifurcation [37].

-
FIGURE 2. On the lower left - a saddle node bifurcation, where two components in Fix (or
Regs - see Definition 2.0.1) collide. On the lower right - a component in Fix which undergoes a
pitchfork bifurcation where it splits into three distinct components. In each diagram, a different
color represents different components in Fix (or Regs), while the black dot represents the

bifurcation point. On the upper left and upper right we see the direction of the admissible
behavior (in this illustration, all fized points are assumed to be in Fix).

T

In each of the bifurcation types above one could describe the bifurcation as a topological property of curves,
which may (or may not) lie in Regs, i.e., the set of regular fixed points, that meet at some bifurcation point z
(see Definition 2.0.1). Moreover, in the case of expansion type bifurcation, i.e., the third type, the topological
scenario can be described as a curve of fixed points which is transverse to one (or more) surfaces in M x (—1,1)
corresponding to the families of periodic orbits bifurcating from the fixed point xo. With this geometric image
in mind, consider a component G, C Fix corresponding to fixed points which eventually bifurcate as 7 is
varied. We now prescribe the admissible behavior of the functions P, and V, around the bifurcation fixed
points on the boundary of G, (i.e., where it connects with components Gg C Per U Fiiz, where  # «). For
brevity, throughout this Subsection we will always implicitly assume the existence of open sets N, and Ng,
N, N Ng = 0 for all components Gg C Fix U Per connecting with G, at the bifurcation fixed point (x¢,0) -
as stated previously, we will deal with the question of existence for these sets later on in Subsection 2.3. Also,
to avoid repetition, the notation V,, would always denote some C! correction term s.t. for all (s,7) € G, the
vector (Fr(s)+Va(s,7), Pa(s, 7)) is tangent to G, (such correction terms exist by Proposition 2.5 and Corollary
2.6). We first deal with creation type bifurcations of fixed points:

Definition 2.1.1. Without any loss of generality, let G, C M x (—1,0) be a component of fized points in
Fix. Assume (x9,0) is a creation type bifurcation point which connects to some finite or countable collection
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of components {Gs,}¥_; C Rega, where 1 <i < k < oo - by the above definition of creation type bifurcation, we
have G5, C M x (—1,0). Then, for P,, V,, Ps, and Vs, to be admissible they must satisfy the following on G,
around (x9,0):
o P, always points in the direction of creation, i.e., Py(s,T) is negative for (s,7) € a sufficiently close
to (x0,0) (see the illustration in Figure 2).
e Foralll <i<k st Gs, is also completely isolated, we similarly require Ps,(s,T) to be negative on all
(s,7) € § sufficiently close to (xq,0) (see the illustration in Figure 2).
e Moreover, P,, Ps, and V,, Vs, and their differentials are all required vanish at (xg,0), i.e., (Fo(xo) +
Vi (20,0), Pr(20,0)) = (Fo(zo),0) = (0,0), for allr = o, 0;, 1 <1i <k < o0.
The symmetric case where Go,{Gs,}5_, € M x (0,1) is given by reflecting the definition above as illustrated

in Figure 3.
D .
S

F1GURE 3. On the left - a diagram for the behavior of P, and V, around two saddle node
bifurcations (i.e., creation type) for fized points (both point in the direction of creation). On
the right - diagrams with the same motion for a pitchfork bifurcation (i.e., splitting type), where
the motion is in the direction of splitting. The black dots represent bifurcation points.

T

In other words, at creation types bifurcation, we want the local behavior of P, and V, on G, around the
bifurcation to point in the direction in the parameter space of existence of more fixed points. Specifically, we
want to push the trajectory of initial conditions (s,7) € M x (—1,1) close to (x,0) towards a state F, where
the motion has a larger non-wandering set. We now replicate the same idea for splitting type bifurcations:

Definition 2.1.2. Again, let G, C M x (=1,0) be a curve of fized points in Fixz. Assume G, is a component
in Fix that connects to some bifurcation fized point (z¢,0) of the splitting type, where G, connects at (¢, 0)
with a collection of components of Rega, {Gs, }r_,, 1 < k < 0o - by definition, G5, C M x (0,1) for all i. Then,
P, Vo, Ps, and Vs, are admissible if they satisfy the following around (xq,0):
o Forall (s,7) € a sufficiently close to (xg,0) we require P, (s, T) to be positive, i.e., P, will point towards
(20,0), the direction of splitting (see the illustrations in Figure 2 and Figure 3).
o Similarly, for all i s.t. §; C Fix, we require Ps,(s,7) to be positive on all (s,7) € 0; sufficiently close
to (xo,0) (see the illustration in Figure 2).
Moreover, in all these cases, Py, Ps, and V., Vs, and their respective differentials are all required to vanish
at (20,0). In particular,, (Fo(xo) + Vi(20,0), Pr(x0,0)) = (Fo(zo),0) = (0,0), where r € {a,d;}, 1 < i < k.
Again, the symmetric case where G, C M x (0,1) is given by reflection (see the illustration in Figure 3).

In other words, at splitting type bifurcation we again require P, and Pj, to push towards a parameter 7 for
which F; has more fixed points. Having dealt with creation and splitting type fixed points, we now move on
to the case of expansion type bifurcations. In this case, we prescribe the admissible behavior of P, and V,, as
described in the definition below:

Definition 2.1.3. Let G, € M x(—1,0) be a curve of fixed points in Fix that connects to some expansion-type
bifurcation fixed point (xo,0) on its boundary. Specifically, at (x¢,0) the G, connects to another component
Gs C Rego of fized points, and surfaces S1,...,Sx € M x (0,1) of periodic orbits in Regr where 1 < k < o0
(the surfaces Si,...Sk may or may not be in Per). In this case, consider the determinant |Jo|, where Jy is the
Jacobian determinant of the vector field Fy at xg (per our definition of expansion bifurcations, |Jo| # 0). Then,
depending on the sign of |Jo|, Pa, Vu, Ps, Vs, Ps, and Vs, are admissible if they satisfy the following around
(20,0) (see the illustration in Figure 4):

(1) If |Jo| < 0O, then for all (s,7) € G sufficiently close to (x0,0) we require P,(s,T) to be positive.
Similarly, whenever G5 C Fix, we require P,(s,T) to be negative for all (s,7) € Gs sufficiently close
to (z9,0). Moreover, given any 1 < i <k s.t. S; is in Per, we require Ps, to be positive on all initial
conditions in S; sufficiently close to (xo,0) (see the left image in Figure /).



WHEN ENTROPY FLOWS: DRIFTING ALONG THE ROUTE TO CHAOS 11

(2) If |Jo| > 0, then, for all (s,7) € G4 sufficiently close to (x9,0) we require Py(s,T) to be negative.
Similarly, when Gs C Per, we require Ps(s,T) to be negative whenever (s,7) € Gs is sufficiently close
to (20,0). Analogously, given any 1 < i < k s.t. S; is in Per, we require Ps, to be negative on all
ingtial conditions in S; sufficiently close to (x0,0) (see the right image in Figure 4).

Again, in all these cases, Py, Ps, Ps,, Vo, Vs, Vs, and their differentials are required to vanish at (zo,0).
Similarly to previous definitions, the symmetric case where Go C M x (0,1) is given by reflecting the above.

> 7 > T

FIGURE 4. On the left - the local behavior of the vector field E around fized point that undergoes
Hopf bifurcation when |Jo| < 0. On the right - the local behavior when |Jo| > 0. In each
diagram, the black dot denotes (x¢,0) and the blue and red curves denotes different components
in Fix. The orange flow lines are in both cases a flow line on the surface of periodic orbit created
at the bifurcation (in this illustration we assume this surface is completely isolated, i.e., that it
is in Per).

In other words, locally around an expansion type bifurcation we require a ”saddle-like” behavior around
(20,0). Our motivation is that saddles are often associated with complex behavior, therefore, we would like
the fixed points for our new flow on M x I to have saddle-like behavior which on the one hand pushes towards
complexity from one direction, yet also sees the difference between different Poincare Indices of xg w.r.t. Fp.
We now introduce the final definition of admissibility w.r.t. mixed type bifurcation:

Definition 2.1.4. Let G, C M x (—1,0) be a component of Fix that connects to some mized-type bifurcation
fized point (x¢,0) on its boundary. In particular, at (zo,0) the arc G, connects to other sets {8;}F_, of fived
points (which may or may not be in Fix), and surfaces {S; };1:1 of periodic orbits, where 1 < d, k < oo (which,
again, may or may not be in Per). For admissibility, we require the functions P, Vy, Ps,, Vs,, Ps, and Vs,
where 1 < i <k, 1<j <d to satisfy the following around (x9,0) (see the illustration in Figure 5):
o [For all (s,7) € G, sufficiently close to (x¢,0), P, is negative.
e Foralli s.t. Gs, C Fix, if G5, C M x(—1,0) we require Pj, to be negative on all (s,7) € G, sufficiently
close to (z9,0). Conversely, when Gs, € M x (0,1), we require Ps, to be positive on all (s,7) € G,
sufficiently close to (xg,0).
e Foralli s.t. S; C Per, if §; € M x (—1,0) we require Ps; to be negative on all (s,7) € S; sufficiently
close to (x0,0). Conversely, when S; C M x (0,1), we require Ps, to be positive on all (s,7) € S;
sufficiently close to (xo,0).
o Again, Vo, Po, Vs,, Ps;, Vs;, Ps; and their differentials are all required to vanish at (20,0).

S )

T

FIGURE 5. On the left - a diagram showing the admissible behavior around a mixed type bi-
furcation. On the right - diagrams showing the global admissible motion on a collection of
components in Fix, glued at bifurcation points (the black dot). In this diagram, the orange dot
represents an equilibrium fized point, which exists due to the saddle node bifurcation (creation
type) that connects to a pitchfork bifurcation (splitting type).

It is easy to see that Definitions 2.1.1-2.1.4 all extend to the case where the bifurcation does not occur
at (zp,0) but rather at some other parameters in I = (—1,1). Therefore, having described the prescribed
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admissible behavior we require around the bifurcations, we now define explicitly what behavior we require
globally of P, and V, on a component G, of Fiz. We do so in the following definition:

Definition 2.1.5. Let § = F.(s) be a C' one-parameter family, where the parameter T varies in (—1,1). Let
G, be a component of Fix, let m : M x (—=1,1) — (=1,1) denote the projection w(s,7) = 7. Set n(G,) =
J = (11,72), and parameterize G, = {(x,,7)|T € J}. Assume there exists a neighborhood N, of G, s.t.
N, N (Per U Fiz) = Go. Two C'-functions P, and V,, defined in M x (—1,1), whose support lies in N, are
said to be admissible w.r.t. N, (or just admissible when N, is clear by context) if they satisfy the following
conditions (see the illustrations in Figures 1 and 5):

e Ast — 71, i=1,2, both P,(s,7) = 0 and V,(s,7) — 0. The same also true for their differentials, as
giwen in Definitions 2.1.1-2.1.4.

o The function V,, is a correction term s.t. for all (s,7) € Go the vector (Fr(s) + Va(s,T), Pa(s,T)) is
tangent to G .

In addition, exactly one of the four conditions below also has to be satisfied, depending on J:

o If G, intersects all M x {1}, i.e., J = (—=1,1) and the fized points on G, do not bifurcate as T is varied,
then P, and V, are admissible precisely when both of them vanish throughout M x (—=1,1) (i.e., Py, V,
are defined as in Definition 2.0.5).

o Assume J # (—1,1) and that, say, (x,,,71) is a bifurcation fived point for the family $ = F.(s) of one
of the types considered above, while (x,,T2) either does not belong to such a bifurcation type or doesn’t
exist (for example, when x, has no limit in M as 7 — 1). In this scenario, P,,V, are admissible
provided the following holds:

(1) The behavior of functions P, and V, on initial conditions on G, near (x,,,71) is admissible with
respect to Definitions 2.1.1-2.1.4.

(2) P, never changes its sign on N, - i.e., the local behavior of P, around (x1,71) determines the
global behavior in N,.

The symmetric case where (x,,,T2) is a bifurcation fized points of one of the types above and (z,,,71)

18 mot or does not exist is obtained by reflecting the definition above.

o Assume J # (—1,1) and both (x1,71), (x2,T2) are bifurcation points corresponding to types above. Then,
the functions P,,V, are admissible provided:

(1) On initial conditions (s,7) € G4 close to both (x;,7;), i = 1,2, the behavior of P, and V,, is
admissible with respect to Definitions 2.1.1-2.1.4.

(2) If the values of of P, near (x1,71) have opposing sign to its values near (x2,72) we also require
that as we increase T from Ty to T, then Py 1(0)N Gy = (x,79), for some 19 € (11,T2) - otherwise,
if the signs at the two ends of G, are not opposed the sign of P, on G4 is required to be constant
throughout N,. We further require (x, 1), the equilibrium point, to be the unique fixed point for
the vector field (s,7) — (Fr(s) + Va(s,7), Pa(s, 7)) defined in Ny,.

o In all other possible configurations not covered by the above, we say P, and V,, are admissible if they
vanish identically throughout N .

R
<

FIGURE 6. A diagram representing the local admissible behavior around creation (left), mul-
tiplying (middle) and splitting (right) bifurcations for periodic orbits. In all panels, the black
dots denotes the bifurcation orbit Ty x {0}, the lower diagram corresponds to the bifurcation
diagram, while the upper one showcases the admissible behavior on the periodic orbits bordering
the bifurcation. The different colors represent the components in Per along which the period
changes continuously as we vary 7. Here, all components of periodic orbits are in Per.

» T
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It is immediate by Proposition 2.4, Corollary 2.6 and Definition 2.0.3 that given G, C PerU Fix for which a
neighborhood N, as above exists, there also exist admissible functions P, and V,, w.r.t. it. It is also immediate
from our definition that when P, is non-zero in N,, there is at most one initial condition (s,7) € N, for which
we have (Fr(s) + V(s,7), P(s,7)) = (0,0) - namely, the equilibrium point (zq, 79) (if it exists - i.e., only when
P, has opposing signs on the ends of G,). That being said, before we prove the existence of such N, for
all components G, C Fix, we will first define admissibility for the analogous case for components of periodic
orbits G, in Per.

2.2. Stage II - the behavior on components of Per. Having defined the behavior of P, and V, around
fixed points, we now turn to do the same around components of periodic orbits G, C Per. To begin, recall
Per is defined as the collection of completely isolated periodic orbits (see Definition 2.0.2) for some C* family
$ = F,(s), where 7 varies in (—1,1). Let T, be a periodic orbit for F, that varies continuously as 7 is varied in,
say, (—1,0), and let Tj) denote a periodic orbit for Fy where the said orbit undergoes a bifurcation (in particular,
we assume the period of T varies continuously with 7 € (—1,0]). Similarly as we did for fixed point, we now
classify the type of bifurcations occurring as 7 crosses into (0,1). Similarly to previous Subsection, we will only
describe the scenario when the bifurcation occurs as 7 crosses from (—1,0) to (0,1) - the symmetric case is
described analogously:

e Creation - T} is a collision points for (at least) two distinct periodic orbits that collide and disappear
as 7 crosses into (0, 1), i.e., the orbit Ty is born at Fy, it splits into (at least) two periodic orbits Tr,
R, as T enters (—1,0). For example, this occurs if Tp is a saddle node bifurcation (see Figure 6).

e Multiplying - there exists some natural m > 1 s.t. when 7 crosses into (0, 1) the orbit T splits into
(at least) two distinct orbits, R, and D, s.t. the following holds (see Figure 6):

(1) The period changes continuously at T, as varied to R, via Tp.
(2) Let pg denoted the period of Ty w.r.t. Fy. Then, the period of periodic orbits D, for 7 close to 0
is approximately mpq - for example, when m = 2, Tj is a period doubling bifurcation orbit.

e Splitting - when 7 crosses into (0,1), To x {0} splits into a finite (or infinite) collection of periodic
orbits, T, ...7T7’f7 where 7 varies continuously in (0,1), & < co. For all 1 < ¢ < k the period varies
continuously as we vary periodic orbits T, 7 € (—=1,0) to T¢, 7 € (0,1) via Ty x {0} (see Figure 6).

e Expansion - when 7 crosses into (0, 1), at least one invariant two-dimensional torus is born, which
persists in M x (0, ¢) for some 1 > € > 0, while the orbit Tg is deformed continuously to T, a periodic
orbit for F,, for 7 > 0. Moreover, the periods of T, vary continuously with 7 € (—1,1). For example,
this occurs at Neimark-Sacker bifurcation (see Figure 7).

e Mixed - any other type of bifurcation of periodic orbit that does not fall completely into one of the
descriptions above. For example, in a type m bifurcations, originally introduced in [16] and [18] and
studied in [74], two multipliers cross S, which causes both the creation of an invariant torus and an
m-multiplying bifurcation.

Now, let G, be a component of periodic orbits in Per and let N, be some neighborhood of G, s.t. N, N
(Per U Fix) = N,. Similarly to what we did with curves of fixed points in Fiz, we first describe what local
behavior we require from the functions P, and V,, around the bifurcation orbits in 0G,, gluing G, to components
G of Per (note that by Definition 2.1.3 and Definition 2.1.4 we already know the behavior around components
G, C Per which connect to components of Fix at bifurcation fixed points). After we do that we will similarly
define the notion of admissibility of P, and V,, w.r.t. N, (see Definition 2.2.5). Again, for brevity, throughout
this Subsection we will always implicitly assume the existence of open sets N, and Ng, N, N Ng = () for all
components Gg C Fiz U Per connecting with G, at Ty x {0}. And again, to avoid repetition, throughout this
Subsection, when we consider the functions V, we will always implicitly assume they are correction terms s.t.
for all (s,7) € G4 the vector (F(s) + Vu(s,7), Pa(s,7)) is tangent to G, - similarly to previous section, such
correction terms exist by Proposition 2.4 and Corollary 2.6. As before, we begin with creation type bifurcations:

Definition 2.2.1. Let $ = F,(s) be a one-parameter C* family, and let G, € M x (—1,0) be a component
of Per which connects at a creation bifurcation orbit Ty x {0} with some other surfaces of periodic orbits
{Gp, | C M x (=1,0), 1 <k < co. Then, we say the functions Py, Vo, Ps, and Vs, are admissible if satisfy
the following conditions around Ty x {0} (see the illustration in Figure 6):

o P,(s,7) is negative around all initial conditions (s,7) € G, sufficiently close to Ty x {0}.

o Similarly, whenever Gg C Per, Pg,(s,T) is negative for all (s,7) € Gg sufficiently close to Ty x {0}.

o Similarly to Definition 2.1.1, Py, Pg,, Vo and Vg, and their respective differentials are further required

to vanish at Ty x {0}.

In the symmetric case where Go,{Gg,}*_y C M x (0,1), we just reflect the above, exactly as we did in
Definition 2.1.1.
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>—0—= > T
0
FIGURE 7. A diagram representing the admissible behavior around an expansion bifurcation.
Left to T = 0, there exists a periodic orbit which undergoes a supercritical Neimark-Sacker
bifurcation, hence the behavior is as dictated by Definition 2.2.1.

Having prescribed the local behavior of P, and V, on G, when G, is connected to a creation type bifur-
cation orbit Ty x {0}, we note that similarly to Definition 2.1.1, the prescribed behavior can be described as
”pushing towards the direction of creation”. We now replicate the same idea for multiplying and splitting type
bifurcations, using logic similar to Definition 2.1.2:

Definition 2.2.2. Let G, C M x (—1,0) be a component of Per which connects to a bifurcation periodic
orbit Ty x {0} whose bifurcation type is either multiplying or splitting. Assume G4 is glued at Ty x {0} with a
collection of families of periodic orbits {Gpg, }i=1 € M x (0,1), where 1 < k < co. Then, the functions Py, Vy,
Pg, and Vg,, 1 <1i < k are admissible provided they satisfy the following around Ty x {0} (see Figure 6):

o If Ty x {0} is a multiplying bifurcations, denote by Gg,, ..., Ga, the surfaces of periodic orbits along
which the period does not change, and by Gg, ., ...,Gg, the surfaces of periodic orbits along which the
period is multiplied by some positive integer m. We require the following for admissibility:

(1) On dnitial conditions (s,7) € G4 sufficiently close to Ty x {0}, we require P, to be positive (i.e.,
so that the vector (Fr(s) + Va(s,T), Pa(s,7)) points towards Ty x {0}).

(2) Foralll <i<r st Gg, C Per, on (s,7) € Gg, sufficiently close to Ty x {0} we require Pa, to be
negative (i.e., for such (s,7) the vector (Fr(s)+ Vo (s,7), Pa(s, 7)) should point towards Ty x {0}).

(3) Whenever i is such that Gg, C Per, r +1 < i < k, for all (s,7) € Gp, sufficiently close to
Ty x {0} we require Pg, to be positive so that the vector (F.(s) + Pg,(s,T),Vs,(s,T) points away
from Ty x {0}. In other words, on such (s,T) we point in the direction of increased oscillation.

o In splitting bifurcations, G, connect at Ty x {0} with k families of periodic orbits, Gg,, 1 < i <
k < oo, the period changes continuously as we move from G, to Gg, through Ty x {0} (for all ). In
this case, we require P, to be positive on all (s,7) € G4 sufficiently close to Ty x {0} (i.e., vector
(Fr(s) + Va(s,7), Pa(s,T)) points towards the splitting at Ty x {0}). Similarly, for all i s.t. Gg, C
Per, on all (s,7) € Gp, sufficiently close to Ty x {0} we require Pg, to be positive - i.e., the vector
(Fr(8) + Va(s,7), Pa(s, 7)) points in the direction of more periodic orbits.

In both cases, the functions Pu,Va, Ps, and Vs, and all their respective differentials are further required to
vanish as (s,7) — Ty x {0}. Again, in the symmetric case where Go C M x (0,1) and {Gg,}F_; € M x (—1,0)
we reflect the above, exactly as in Definition 2.1.2.

We now turn to define the analogue of Definition 2.1.3. We will define admissibility in this case in a similar
way, only that this time, as we are dealing with Neimark-Sacker bifurcations we will be considering families of
two-dimensional invariant tori. We will need to introduce a few definitions to deal with such scenarios - to this
end, given a C! curve § = F,(s) we say a two-dimensional invariant torus T2 for F, on which the motion is
aperiodic is isolated if T? x {7} cannot be approximated by points in M x (—1,1) that lie on periodic orbits
or fixed points for all vector fields in the said family. Similarly, given a connected subset 7 C M x (—1,1), we
say it is a family of isolated tori if the following holds:

e For all 7, we have either T2 x {7} =T N (M x {7}) or ) = T N (M x {7}). Moreover, T? is an isolated
two-dimensional invariant torus for F,, on which the motion is aperiodic, and T2 varies continuously.

e 7 is maximal - i.e., we cannot extend it in M x (—1,1) s.t. T remains connected and the two properties
above still hold.

With these new definitions in mind, we now turn to define the admissible local behavior around expansion
type bifurcations of periodic orbits:

Definition 2.2.3. Let § = F,(s) be a one-parameter C* family, and let G, € M x (—1,0) be a component of
Per which connects to an expansion type bifurcation periodic orbit Ty x {0}. Specifically, assume G, connects
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at Ty x {0} with a family of periodic orbits Gg C M x (0,1), and several families of two-dimensional invariant
tori, T1,....Tn C M x (0,1), where n < co. Then, the functions Py,V,, Ps, Vs, 1 < i < n, are admissible
provided they satisfy the following behavior around Ty x {0} (see the illustrations in Figures 15 and 16):

o Assume Ty is an expansion bifurcation orbit s.t. G, corresponds to a family of attractors which become
repellers as the orbits on G, are varied to orbits on Gg via Ty. Then, the following is required for
admissibility:

(1) for initial conditions (s,7) € G, sufficiently close to Ty x {0}, we require P,(s,T) to be positive,
i.e., the vector (Fr(s)+ Vo(s,7), Pa(s,T)) is required to point towards the bifurcation at Ty x {0}.

(2) Similarly, we require Pg to be negative on all (s,7) € Gg sufficiently close to Ty x {0} - i.e., again
the vector (Fr(s) 4+ Va(s,7), Pa(s,T)) is required to point towards the bifurcation at Ty x {0} (note
that as Gg is made of repellers it is automatically in Per).

o Assume Ty is an expansion bifurcation orbit where a repelling orbits on G,, become attractors on Gg as
T crosses from (—1,0) to (0,1). Then, the following is required for admissibility:

(1) On all initial conditions (s,7) € C sufficiently close to Ty x {0} we require P, (s,T) to be negative,
i.e., this time the vector (Fr(s) 4+ Va(s,7), Pa(s,T)) is required to point away from the bifurcation.

(2) Similarly, we require Pg to be positive on all (s,7) € Gg sufficiently close to Ty x {0}, i.e., the
vector (Fr(s) + Vu(s,7), Pa(s,7)) is required to point away from the bifurcation (symmetrically,
Gp C Per as it corresponds to o family of attractors).

o In any other case, we require P, to be negative on (s,7) € Go near Ty x {0} and positive on (s,7) € G
near To x {0} - i.e., the vector (Fr(s)+ Vu(s,T), Pu(s, T)) is required to repel away from the bifurcation.

In all three possibilities, the functions Py, Vo, Pg and Vg and their differentials are further required to vanish
as (s,7) — Ty x {0}. Similarly to previous definitions, in the symmetric case when G, C M x (0,1), and
Tiy ooy Tns Gg € M x (—=1,0) we reflect the definition exactly as we did in all previous cases.

Remark. Note that unlike expansion bifurcations for fized points, here we did not ascribe any admissible motion
on the families of isolated invariant tori Ty, ..., Tn - we will do so in the next Subsection.

We now proceed to deal with the final case - the basket case referred to earlier as the "mixed” scenario.
In this case, we have a component of periodic orbits G, C M x (—1,0) that meets a collection of families
of periodic orbits Gy,...,Gq4 € M x (—1,1) and a collection of families of invariant tori (or more generally,
invariant sets) T1,..., T € M x (—1,1) at To x {0}, where 1 < d,k < oo (note one of these collections can be
empty). Following Definition 2.1.4, we describe the admissible behavior as follows:

Definition 2.2.4. With the notations above, the following is required for admissibility of the functions Py, Vy,,
Pl, ceey Pd, Vl, veey Vd.'

e The function P, is negative on all initial conditions (s,7) € G4 sufficiently close to Ty x {0}. In
addition, for all1 <i <d s.t. G; C PerNM x(—1,0), P; is negative on all initial conditions (s,7) € G;
sufficiently close to To x {0} (in other words, on such (s,T) the vector (Fr(s) 4+ Va(s,T), Pa(s,7)) is
required to repel away from the bifurcation).

e Forall1 < i <d st G; C PernM x (0,1), P; is positive on all initial conditions (s,7) € G;
sufficiently close to Ty x {0} (again, the vector (F.(s) 4+ Va(s,T), Py(s,7)) is required to point away
from the bifurcation).

o Similarly to the above, we again require Py, Vo, Py, V; (for all relevant 1 < j < d), and all their respective
differentials to vanish at Ty x {0}.

Remark. Similarly to previous definition, we again ”ignore” the invariant tori and other persistent invariant
sets Tiy .., Te € M x (—1,1) glued to Ty x {0}. We will consider them in the next Subsection.

Having described the local behavior required around the bifurcation orbits gluing different components in
Per to one another (and possibly to invariant tori), we now sew them together. In other words, similarly to
Definition 2.1.5 we now define the admissible functions on components of Per:

Definition 2.2.5. Let § = F,.(s) be a C' one—parameter family defined over a manifold M and parameterized
by 7 € (—1,1). Let G4 be a component of Per and again let m : M x (=1,1) — (—=1,1) denote the projection
w(s,7) =T, where 7(Gy) = J = (11, 72). Consider a neighborhood N, of Gy in M x (=1,1) s.t. Ny N (Per U
Fiz) = G, - two C-functions P, and V,, defined throughout M x (—1,1) and supported in N, are admissible
w.r.t. N, (or just admissible when N, is clear from context) if they satisfy the following conditions in N,
(see the illustration in Figure 8):

o As (s,7) = ONg, both Py(s,7) = 0 and V,(s,7) — 0. Similarly to Definition 2.1.5, the same is also
required from their differentials as (s,7) = ON,.
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o The function Vo, is a correction term s.t. for all (s,7) € G, the vector (F(s) + Va(s,7), Py(s,7)) is
tangent to G, and never vanishes on N,.

In addition, exactly one of the following four conditions also has to be satisfied:

e If there are no bifurcation orbits on 0G, w.r.t. § = F(s), J = (—1,1), then P,, N, are admissible
only if both vanish throughout M x (—1,1) (i.e., Py, Vi, are admissible in the sense of Definition 2.0.3).

o Assume J # I, and write T; x {1;} = 0Go, N M x {7}, i = 1,2 (these sets may or may not be empty).
Further assume that Ty x {71} is a bifurcation periodic orbit of one of the types described above, and
that the set Ty x {12} is either empty or Ty is a bifurcation set that does not correspond to any of the
bifurcation types described (Ta may or may not be a periodic orbit for F.,). Then, we say P, and V,
are admissible provided the following is satisfied:

(1) P, never changes its sign on G,

(2) The behavior of Py and Vy on (s,7) € Gy, sufficiently close to Ty, x{1} is admissible per Definitions
2.1.1-2.2.4. In other words, the bifurcation type of Ty determines the global behavior on N,.

The symmetric scenario where J # (=1,1) and Ty x {72} is a bifurcation periodic orbit of one of the

types above, and the set Ty x {1} is either empty or corresponds to some bifurcation set that does not

fall into any of the prescribed bifurcation types is obtained by reflecting the definition above.

o Assume J # (—1,1) and that with previous notation, both Ty x {1}, To x {12} are bifurcation points
belonging to one of the bifurcation types described above. In this case, we say P, and V,, are admissible
provided the following holds:

(1) The behavior of P, and V, on initial conditions (s, ) € G, around both Ty, x {71} and Tr, x {72}
is admissible per Definitions 2.1.1-2.2./ .

(2) If the sign of Py on (s,7) € Gy, close to Ty x {11} is opposed to its sign on (s,7) € G4 close
Ty x {72} we require P;1(0) NGy to be given by T x {70}, where 7o € (11, 72) and T is periodic
orbit for the vector field Fr, (we will also require that Vi, vanishes on T x {0}) - if the said signs
are not opposed, P, is required to have constant sign No,. This condition makes T x {0} (whenever
it exists) into a periodic orbit for the vector field defined by (s,7) — (Fr(s) + Va(s,7), Pa(s, T)).
We will often refer to this orbit as an equilibrium periodic orbit.

e In all other possible configurations different from the three above, for admissibility we require P, and

V. to vanish identically in Ng,.

o [ ]
o S5

51\.
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52

FI1GURE 8. A diagram representing the behavior of the Entropy flow on a collection of compo-
nents in Per connected to one another at bifurcation orbits. A dot between two arrows implies
that there exists a component in Per connecting them, where green and orange denotes com-
pletely isolated saddles, blue denotes attracting periodic orbits. In this scenario, the blue dots
at s1, 82 denote saddle node bifurcations, the red dots ss, s4 correspond to period doubling bi-
furcations and the black dot s5 corresponds to a periodic orbit that is an equilibrium state.

Again, it is immediate by Proposition 2.4, Corollary 2.6 and Definition 2.0.3 that given G, C Per for which
a neighborhood N, as above exists, there also exist admissible functions P, and V,, w.r.t. it. Similarly to the
case of admissible fixed points in Definition 2.1.5, it is also immediate from our definition that when P, is a
non-zero function in N,, there is at most one closed curve in N, which is periodic for the vector field (s,7) —
(Fr(8) + Val(s,7), Py(s,7)) - namely, the equilibrium periodic orbit 7' x {7p}. Having defined admissibility
conditions for functions P, and V, defined around components of Per, we now proceed to extend the definition
of admissibility to neighborhoods of certain invariant sets, and then tie all these different definitions together
to define the Entropy flow.

2.3. Stage III - the final definition. Having considered the local bifurcations involving periodic orbits and
fixed points, in this Subsection we finally tie everything together and define the Entropy flow. We first do
so when the parameter space is (—1, 1), after which we quickly generalize it to more complicated connected
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one-dimensional parameter spaces. We begin by extending the admissibility definitions from isolated periodic
orbits and fixed points to isolated invariant sets, after which we proceed to define P and V', thus completing
the definition of the Entropy flow. The reason we do so is because while the definitions in the previous two
Subsections are tailor made for persistent local behavior (i.e., fixed points and periodic orbits), we would also
like to account for global phenomena - namely, for the appearance of robust invariant sets which persist without
bifurcating when the parameter 7 varies in some sub-interval J C (—1,1). Before we begin, we remark that
even though it may not be completely clear from context, our inspiration for this extension arose from Fenichel’s
Theorem (see [31]), as intuitively one would expect such invariant to be normally hyperbolic w.r.t. the flow
given by Equations 2.2.

To begin, given a C'! one—parameter family § = F,(s), 7 € (—1,1), assume there exists some connected open
set N, C M, varying continuously in 7 € (71, 72) s.t. the following is satisfied:
e (71,72) is a proper subinterval of (=1, 1), and, setting No = U, ¢(r, r,) N7 X {7}, then both NyNPer = {)
and N4 N Fiz = (.
e For all 7 € (71, 72) there exists a connected, maximal invariant set A, in N, w.r.t. F, which varies
with 7 (for example, a hyperbolic attractor). Moreover, for all 7, 7" € (71, 72) the dynamics of F; on N,
are orbitally equivalent to those of F» on N, - in particular, the dynamics of F- on A, are orbitally
equivalent to those of F,» on A,/.
e The interval (11, 72) is maximal w.r.t. the properties above, i.e., we cannot extend (71, 72) in (—1,1) s.t.
the two requirements above are both satisfied (see the illustration in Figure 9 with a Smale Horseshoe).

We refer to the set A = U ¢c(7, r,)Ar ¥ {7} as a completely isolated invariant set - it is easy to see that
hyperbolic invariant sets are an example of the above, and so are families of isolated tori (as defined in the
previous Section). We would now like to define the notion of admissible behavior on the set N4 in a way that
pushes (s,7) € Ny away from ONs N M x {7;}, i = 1,2. We do so as follows:

Definition 2.3.1. Let § = F,(s) be a C' one—parameter family defined over a manifold M of dimension n > 1,
and parameterized by T € (—1,1). Let A be a completely isolated invariant set with N4 as defined above. A
Cl-function Py : M x I — R with a support in N4 is admissible if the following holds (see Figure 9):
o If -1 <1 < 7o <1, we choose Py s.t. Pa(s,T) is positive when (s,7) € Ny is sufficiently close to
M x {m}, and negative when (s,T) is sufficiently close to M x {m2}. Moreover, with previous notations,
we require there is precisely one 7o € (T1,72) s.t. Ny x {70} = Py (0) N N4 - the equilibrium state
for A, which must always includes A, x {1}
o If —1 < 11,79 =1, we require Py to be positive throughout the interior of Na. Symmetrically, when
71 = —1 and 12 < 1, we require P4 to be negative throughout the interior of N 4.
o When (11,72) = (—1,1), similarly to Definition 2.0.3, we require Pa to be 0 throughout M x (—1,1).
Note that by the same arguments used to prove Proposition 2./ and Corollary 2.6, whenever A and N, exist
there also exist infinitely many admissible functions. Moreover, we can even choose these admissible functions
to be arbitrarily C'-small.

Remark. Note that in this definition we do not choose a correction term Va. The reason is because there is
no reason to assume A has any submanifold structure in M x (—1,1), therefore it is far from clear that for all
(s,7) € A we can find some correction term Va(s, ) for which the vector (Fr(s) + Va(s,T), Pa(s)) is tangent
to A. We will give a more physical interpretation of this observation towards the end of this Subsection.

To justify our reasoning behind Corollary 2.3.1, since we can choose P4 to be arbitrarily C'-small, when
every A, is a hyperbolic invariant set for F., 7 € (71,7 — 2), by Fenichel’s Theorem the flow of (F.(s), Pa(s))
will behave ”closely” to that of the flow generated by Equations 2.2. In other words, Corollary 2.3.1 allows us to
both define directions on complex invariant sets, and in many cases also preserve at least some of their complex
behavior. In particular, this allows us to think of the dynamics of the vector field (s,7) = (F;(s), Pa(s,7)) in
N4 as essentially a ”stretched out” version of the dynamics of F, on A,.

We are now almost ready to give a global definition for the Entropy flow, when the parameter space is the
interval I = (—1,1). To this end, given a C'! one—parameter family § = F,(s) parameterized by 7 € (—1,1), let
{G4}a denote the collection of all the components of Per, Fiz, Inv - where Inv corresponds to the collection
of completely isolated invariant sets. We now claim there exist open sets {N4}q s.t. Go C N, and when
a # B, No N Ng = 0. To see why, note that since we assume complete isolation, we can just construct the sets
N, recursively. In detail, let G, be as above - by definition, we can find some open neighborhood N, of G, s.t.
NoN(PerUFizUInv) = G,. Since the closure of components in Per U Fiz U Inv intersects at most with ON,,
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O) ‘(0 > T

T1 T2

FIGURE 9. A diagram representing the behavior of E on an isolated invariant set. In this
scenario, there exists a suspended Smale Horseshoe for all parameters inside (11,72). As the
said hyperbolic invariant set is isolated inside a suspended rectangle R, the admissible behavior
for (s,7) € R x (11,72) always points inside R X (11, T2), represented by the orange arrows.
By Definition 2.3.1 we know that in this scenario there must exist some equilibrium state in
R x {m}, for some 19 € (11, 72).

given any other component Gg C Per UC, 8 # « define a similar isolating neighborhood Ng s.t. N, N Ng = 0.
Given another component G, C Per U Fiz s.t. G, # G, Gg, we again choose an isolating neighborhood N,
s.t. both N, N Ng = and N, N N, = (. Repeating this argument ad infinitum (possibly uncountably many
times), the collection { N, }, is obtained. We will refer to this collection of open sets as an isolating collection.

By the discussions immediately after Definitions 2.1.5, 2.2.5 and 2.3.1 we know that every NN, includes the
support of some admissible C'-functions P, : M x (-1,1) = R and V,, : M x (-1,1) — TM. We now
refer to the collection {(Ny, P, Va)}o as admissible behavior subordinate to {N,},. We will adopt two
conventions w.r.t. admissible behaviors:

e 1, is identically 0 whenever N, isolates a completely isolated invariant set in Inv.
e For all o, whenever P;(0) # 0 then P;*(0) = N, N M x {7}, for some 79 € (—1,1). Moreover, all
the first derivatives of P, and the differential of V,, both tend to 0 when (s,7) — P;*(0).

By Proposition 2.4, Proposition 2.5 and Corollary 2.6 we know that given an isolating collection {Ny}q,
admissible behaviors subordinate to { N, }, and satisfying the above exist. Given such an admissible behavior
subordinate to {Ng }a, let us define the following functions:

P(s,7) P,(s,7) when (s,7) € N,
b) T
0 otherwise

V(s ) Vo(s,7) when (s,7) € N,
77—
0 otherwise

By definition, the functions P and V are C! throughout M x (—1,1), as P, and V,, are supported in N,.
Moreover, both P and V' vanish outside of U, N,, and their differentials tend to 0 as (s, 7) tends to either ON,
or P;1(0) (the latter only when P;1(0) # ).

Having defined the functions V' and P we now prove the same definitions also extend to the case where
§ = F,(s) is a C! one—parameter family parameterized by 7 € S!. That, however, is immediate - to see why,
note Proposition 2.4, Corollary 2.6 and Definition 2.0.3 trivially generalize to the case when 7 varies in S*,
which implies Definitions 2.1.5, 2.2.5 and 2.3.1 also trivially generalize to the same case. Similarly, consider
a O! one-parameter family § = F,(s) where 7 varies in a parameter space I diffeomorphic to either [—1,1],
(—=1,1] or [-1,1). By imposing the (trivial) restriction that both lim, 55 P,(s,7) = 0, lim, 57 Vo(s,7) = 0
for all «, all our definitions and constructions above immediately extend to the case where 7 varies in either a
closed or a half closed interval. We may summarize this discussion as follows:

Corollary 2.7. Let § = F,(s) be a C' one—parameter family of vector fields over M, parameterized by T € I
- where I is diffeomorphic to either (—1,1),[—1,1],[-=1,1),(=1,1] or St. Then, the sets Per, Fixz and Inv are
all well-defined, and there exists at least one isolating collection {Ny}o s.t. if {Ga}a are the components of
PerUFizUInv then for all «, NoN(PerUFizUInv) = Gy, and whenever § # a, NoNNg = (. Consequently,
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there exists at least one admissible behavior {(Ny, Py, Va)}a subordinate to {Ny}o, hence the functions

P(s.7) P,(s,7) when (s,7) € N4
$,T) = i
0 otherwise

Vis7) Va(s,7) when (s,7) € N,
§,T) = .
0 otherwise

are C' throughout the interior of M x I and satisfy the following:

e P has constant sign on N, for all a.
e Both P and V wanish outside of UyNy, and and their differentials tend to 0 as (s,T) tends to either
ON, or P;1(0) (the latter whenever P;1(0) # ().

Moreover, when I is not open and includes some of its boundary points (i.e., when it is either closed or a half
closed interval), both P and V' tend continuously to 0 as 7 — OI.

Therefore, all in all, for every connected one-dimensional parameter spaces I and any C' family of vector
fields $ = F,(s) defined on M and parameterized by 7 € I, the functions P and V are well-defined and are at
least C! at the interior of M x I. Having shown that, we finally arrive at the definition of the Entropy flow:

Definition 2.3.2. Consider a C' one-parameter of vector vector fields $ = F.(s) defined on (s,7) € M x I -
where M is a connected, smooth, locally compact, metrizable manifold of finite dimension, and the parameter
space I is diffeomorphic to either (—1,1),[—1,1),(=1,1] or S*. Given any isolating collection {Ny}o and a
corresponding {(Na, Pa, Vo) }ta subordinate to {Ny}a, the corresponding Entropy flow is the flow generated
by the vector field E: M x I — T(M x I), defined by the following equations:

B(s,7) = {(FT(S) +V(s,7),P(s,7)) when (s,7) € Uy Ny,

(F7(5),0) otherwise, (2.8)

where T(M x I) is the tangent bundle, and both P, V are as in Corollary 2.7 - we will occasionally refer to P
as the drift function in the parameter space and to the function V as the energy transition function.
In particular, the vector field E is tangent to Per U Fixm, and its dynamics in every N, are admissible per
either Definition 2.1.5, Definition 2.2.5, or Definition 2.3.1.

Remark. As there are uncountably many isolating collections { Ny} o, there also exist infinitely many Entropy
flows - i.e., the Entropy flow is by no means unique. In the next Section and in Appendix 7 we will explore this
theme further.

At this point we make several remarks. The first is that our use of terms like ”equilibrium state” or ” Entropy
flow” is not random or accidental. As stated at the Introduction, the Entropy flow as a concept is to a large
extent inspired by the Second Law of Thermodynamics, i.e., that in a closed system the complexity (e.g. the
Entropy) always increases. To see this heuristic connection, note that intuitively, one could interpret the vector
field F,, 7 € I as the law of motion guiding the trajectory of an initial condition s € M. In addition, further
note that by our construction above, the Entropy flow can be interpreted as a force gradually pushing the
trajectory of (s,7) towards M x {7'}, where the motion induced by F, is intuitively more complex - at least
when compared to F;. As such, one could heuristically describe the Entropy flow as ”the laws of motion change
while in motion and become increasingly more complex as time goes” - or, put simply, the complexity can only
increase. We will explore this further in Sections 3 and 5, where we will study how the Entropy flow behaves
around routes to chaos and the Shilnikov homoclinic bifurcation scenario.

The second remark is that continuing on the above, the function V' can be thought of, in some sense, as the
function ”transferring” energy as the Entropy flow transitions between the different states of the system - where
by the ”states of the system” we mean the different laws of motion, F-, present in the one-parameter family. It
is for this reason we refer to it as the energy transition function. To illustrate, assume there is some energy
function £ : M — R defined on M (for example: a Hamiltonian, a function describing the potential energy,
etc). Such a function should be defined via points s € M alone and must be independent of the parameter 7.
As such, for all fixed 7 € I, if s,(t),t € R denotes the trajectory of s in M w.r.t. F,, by the preservation of
energy we must have 0 = W = V:&(s:(t)) L= = V,E- F,(s), since this is independent of 7, w =0.
If, however, we follow the definition of the Entropy flow and consider the additional terms V (s, 1), P(s,7), the
result changes as follows:

d&(s-(t), 7(t))
dt

O (s-(1),7(t))

= V& (Froy(52(8)) + V(s (0),7(0) + 02

- P(s:(1),7(t)) = V&€ - V(s(t), 7(1)-
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In other words, V' controls the transition of energy. This further justifies our decision to make V' vanish identi-
cally on certain isolated invariant sets on which the dynamics are ”fully formed” as in Definition 2.3.1 - as these
sets are "complete” in some sense, no energy is needed to push them towards a greater state of complexity.
That being said, at this point we emphasize the calculation above is true under the assumption such a function
exists - in general, it is far from obvious it exists in a meaningful way for a general C'* family § = F,(s) defined
over the product space M x I.

A third remark is that one could also interpret the Entropy flow as a very specific type of a Slow-Fast system.
To illustrate, let § = F,(s) denote a C! one-parameter family of vector fields where the paramer 7 varies in I,
and let us write the corresponding Entropy flow as follows:

{s' = F (s)+V(s,7)
7= P(s,71)

Let us rewrite the equation above as follows for some C'-functions V', P and some € > 0:

{é = FL(S) +€V(s,7) = F(s,7,¢€)
T =¢€P(s,T)

Making a change of variables, we get, again, for some C!-function Q:

{eé = F(s,T,€)
T=Q(s,7)

The above is the normal form for Slow-Fast systems. In particular, $ would be the fast variable and 7 would be
the slow one. Even though we will not use tools from the theory of Slow-Fast systems to analyze the Entropy
flow, one should often think of the drift function in the parameter space, P, as forcing a slow transition between
the different states of the system, i.e., the different vector fields $ = F,(s), 7 € I.

Before we conclude this Subsection we would like to state that in what follows next in this paper, we will
only analyze the Entropy flow using qualitative tools. That being said, in the spirit of [114], we believe the
Entropy flow can also be analyzed using a more quantitative approach. We go back to this idea in Appendix
7, where we attempt to indicate an approach to develop such a theory. That being said, before we begin the
qualitative analysis of the Entropy flow in earnest in the next Section, we study two examples illustrating how
the dynamics of the Entropy flow behave. The reason we do so is in order to show that despite its extremely
technical definition, in practice describing the behavior of Entropy flows for one-parameter families § = F,(s)
is not as complicated as it may appear. The first example we will analyze is the van der Pol oscillator, after
which we will analyze a more artificial example of a pitchfork bifurcation cascade. That being said, in addition
to these examples, over the next sections we will also analyze the Entropy flows for other ”real life” families of
vector fields - including the Lorenz and the Rossler systems (among others).

2.3.1. An example - the van der Pol oscillator. In this Subsection we study the behavior of the Entropy
flow via a simple example that showcases how its dynamics can be analyzed. Specifically, in this Subsection
we will analyze the Entropy flow derived from the van der Pol oscillator. To begin, consider the following
two-dimensional system originally introduced in [1] and studied in [6], often referred to as the van der Pol
oscillator with a parameter r varying in R:

{56 —Y (2.9)

y=r(l—a2?)y—x

For simplicity, we will restrict r to the interval (—2,00) for reasons which will be soon clear. By direct com-
putation, for all values of r € (—2,00) the corresponding flow has a single fixed point at the origin. Setting J,.
as the Jacobian matrix at the origin of the r-dependent vector field, it is easy to prove J,. has two eigenvalues
given by @. Thus, when r > 0, the fixed point at the origin is a source and when —2 < r < 0, it is a sink.
Moreover, when r = 0, the origin is a center which undergoes Hopf bifurcation at which the sink is opened up
to a stable orbit (see the illustration in Figure 10).

Now, extend the van der Pol oscillator into an Entropy flow on R? x (—2,00), whose defining system of
equations we denote as follows:
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—2<r<0 0<r<oo

FI1GURE 10. On the left - the situation when r < 0, where the origin is a sink. On the right -
the situation when r > 0, after Hopf bifurcation creates T, (the blue color).

T = Yy —|—’U1(.’E,y,’f')
y':’l"(l—.’I}Q)y—LI}—‘r’UQ(J},y,T) (210)
i =P(z,y,r)

We remark that in the previous notation, V(z,y,r) = (vi(x,y,r),v2(x,y,7),0). Denote by F, the planar vector
field Fy.(z,y) = (y,r(1 — 2?)y — x). When 7 > 0, by Lienard’s Theorem we know that F, generates precisely
one limit cycle, T, (see, for example, Theorem 3.8.1 in [79]). Moreover, as T, was created at supercritical Hopf
bifurcation, we also know T, is an attracting cycle.

We will now proceed by quickly analyzing the dynamics of the van der Pol oscillator for r > 0, which we
will then use to analyze the Entropy flow. To this end, fix some r > 0 - we claim that every initial condition in
R%\ {0} is attracted to T;.. To see why, note that there are no periodic orbits or fixed points in the unbounded
component of R? \ T,., which we denote by C,. By Poincare-Bendixon Theorem (and Lienard’s Theorem
mentioned above) we conclude that since 7. is attracting for the dynamics of F;., the trajectory of every initial
condition in C, w.r.t. —F, tends to co. Therefore, the trajectory of every initial condition in C, w.r.t. F.,
tends to T. Setting Cj as the bounded component of R? \ T}, since T, is stable and generated by an Hopf
bifurcation, we already know that every initial condition in Cj \ {0} is attracted to T, under the flow of F,.. All
in all, when r > 0 the orbit T} attracts all initial conditions in R? \ {0}.

FIGURE 11. A scheme of the behavior of the Entropy flow for the van der Pol oscillator. On
T the flow pushes towards (0,0) x {0} (the red dot), while on I_, I, it pushes away.

We now use the above analysis to describe the behavior of the Entropy flow in R2?. By definition, the set
of completely isolated fixed points in R? x (—2,00) is given by Fix = {(0,0,7)] -2 < r < 0,0 < r < oo}.
Similarly, set T = U,>oT} x {r} - recalling T, is the only periodic orbit for F,., r > 0, as T, is an attractor for
all r > 0 it is easy to see T forms a surface lying in R? x (0,00) and that 7 = Per N R? x (0,00). In other
words, 7 is the collection of completely isolated periodic orbits for the flow in R? x (0,00). By the definition
of the Entropy flow, we also know (0,0) x {0}, the bifurcation point, is a fixed point for the Entropy flow. We
now note the Jacobian matrix Jy of Fy has precisely two eigenvalues +4, which implies |Jo| = 1. As T and
Fix \ (0,0) x {0} are both isolated from all other periodic orbits and fixed points, by Definition 2.1.5 (and in
particular, by Definition 2.1.1) and the definition of the Entropy flow, the following holds:

e As(0,0)x {0} is the only bifurcation point, it is the only fixed point for the Entropy flow in R? x (—2, 00).

e If I_, I, are the two components of Fiz\ {(0,0) x {0}} lying in R? x (—2,0), R? x (0, 00) (respectively)
- by the above we know fixed points on I_ are sinks while those on I are sources. Since both are
composed of completely isolated fixed points, by |Jo| > 0 we know that given any initial condition
(s,r) € I, the Entropy flow pushes (s,r) away (0,0) x {0} while keeping its trajectory tangent to
either Iy or I_ (see Figure 11).
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e Similarly, as det|Jy| > 0 and because T is a surface of completely isolated periodic orbits, the trajec-
tories of initial conditions on 7T spirals toward (0,0) x {0} while remaining tangent to T (see Figure 11).

The above holds for all possible choices of Entropy flows for the van der Pol oscillator, as all Entropy flows
must obey Definitions 2.0.3-2.3.1. As such, Figure 11 gives a general scheme for how the Entropy flow for the
van der Pol oscillator behaves around I_, I and 7.

2.3.2. An example - a pitchfork cascade. The dynamics of the Entropy flow for the van der Pol oscillator
in the previous Subsection may appear to suggest the Entropy flow always has simple dynamics. In practice,
this is not the case for most C! families of vector fields - in fact, we will see many examples throughout this
paper for Entropy flows whose dynamics are anything but simple. That being said, intuitively, the reason the
Entropy flow for the van der Pol oscillator is not too complicated is due to the corresponding sets Per and
Fix having a relatively simple structure. In this Subsection we will give another example, where the sets Per
and Fix have a more complex topology - as we will show, this would force the existence of a more complicated
Entropy flow. Before we begin, we remark that despite the artificial nature of our example, it is motivated
by the numerical analysis performed in [120] on the Lorenz-96 model, originally introduced in [102], where
several consecutive pitchfork bifurcations were observed. To begin, a C' one-parameter family of vector fields
$=F(s),s € R", n>2, 71 €0,00) satisfying the following (see the illustration in Figure 12):

e For 7 = 0, the origin is a sink.
e There exists an increasing sequence {7, }nen of parameters, 7,, — 00, defined as follows:

(1) The origin persists as a sink throughout [0, 7). At 71, the origin splits in a pitchfork bifurcation
into one saddle, x; 1, and two sinks, x5 1, £52. All of these fixed points persists, without bifurcating
when 7 varies in (11, 72).

(2) At 72, the sinks zs,,xs, both split in a pitchfork bifurcation to two sinks and one saddle each,
while the saddle x,.; splits into two saddles and one sink. All of these new fixed points persists
without bifurcating when 7 varies in (72, 73).

(3) At each 7, n > 2, the scenario repeats - i.e., all sinks split into two sinks and one saddle, and all
sources split into two saddles and one sink. Again, at every consecutive stage, all these new fixed
points persists without bifurcating at (7,,, Tp+1)-
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FIGURE 12. A partial bifurcation diagram for $ = F,(s) and the pitchfork cascade. The arrows
represent the directions P is pointing on along the cascade (in this scenario we assume the
saddles are all in Fixz). Red denotes sinks, blue denotes sources. The dots denote the successive
points, where the bifurcations occur.

We refer to the scenario above as a pitchfork cascade. As all the fixed points created in this process are
sinks and saddles, at least all the sinks created in the pitchfork cascade correspond to completely isolated fixed
points in Fiz. This implies that if we denote by C the subset of R™ x [0, 00) corresponding to the cascade above,
then CNR™ X (7p,, Trt1) is composed of curves in Fiz of sinks (and possibly also saddles). By Definition 2.1.5
(and in particular, Definition 2.1.1) it follows that on each such curve of sinks the function P is always positive
- i.e., it always points towards R™ x {7,,41}, the direction of creation of more fixed points. It is easy to see the
resulting Entropy flow has complex dynamics, correlated with the complex structure of C.
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3. BASIC QUALITATIVE ANALYSIS

Having defined the Entropy flow for a C' one-parameter family of vector fields § = F,(s), in this Section
we perform basic qualitative analysis of the Entropy flow. In particular, we will study how the Entropy flow
behaves in the three major routes to chaos - the period doubling route to chaos (see [32] and [27]), the Ruelle-
Takens-Newhouse route to chaos (see [19] and [29]), and the Intermittency route to chaos (see [35]). This
Section is organized as follows: we begin by discussing the general properties of the Entropy flow, and the
behavior of its first return map around its periodic orbits. Following that, we study the Entropy flows behavior
in the period doubling route to chaos (see Subsection 3.1), the Ruelle-Takens-Newhouse route to chaos (see
Subsection 3.7), and finally, the Intermittency route to chaos (see Subsection 3.3). As we will prove, in all
of these routes to chaos the Entropy flow would have complex behavior which mirrors the original complex
bifurcation structure of § = F(s).

To begin, let M be a smooth, orientable, locally compact, metrizable manifold and let § = F,(s) be a
one-parameter C! family of vector fields, where 7 varies in I (recall that we always assume I is either an
open interval, a closed interval, a half closed interval, or St) . The vector field E would always denote some
corresponding Entropy flow, given by the formula E(s,7) = (F-(s) + V (s, 1), P(s,7)), s € M,7 € I. We begin
by proving the following Lemma, which connects the attracting and repelling invariant sets for § = F,(s) with
those of the Entropy flow:

Lemma 3.1. Assume there exists some open, connected subsets J C I and B C M, satisfying the following:

e OB is smooth.
e For all T € J, F. is transverse to 0B.

Then, we can choose the Entropy flow s.t. it is transverse to (B x J). In particular, for such an Entropy
flow B x J would include either an attractor or a repeller, depending (respectively) on whether F.,T € J points
inside or outside of B on 0B.

Proof. For all s € 0B, let N(s) denote the normal vector for s in M. By definition, the normal vector to 9(B x J)
is (N(s),0). By our assumption of the transversality of F, to 0B, we know the dot product F,(s) - N(s) is
either positive or negative throughout (s,7) € 9B x J - which implies there can be no periodic orbits or fixed
points for F. in 9B. Thus, by the construction of the Entropy flow in the previous section we can construct F
s.t. the subset on M x I in which V| P do not vanish lies away from (B x J). For such a choice of an Entropy
flow we will have E(s,7) - (N(s),0) = F;(s) - N(s). Hence, E is transverse to 9(B x J) and its behavior there
depends on whether F., 7 € J points on s € 9B inside or outside of B. (I

As technical as it may appear, Lemma 3.1 shows us that in some sense, in many cases we can always find
one that is ”correlated” with the original dynamics. More precisely, let us assume B is a basin of attraction for
some attractor and that J = I = [—1, 1], i.e., that the attractor persists throughout the parameter space. Then,
Lemma 3.1 implies 0B x [ is a trapping region for the Entropy flow - i.e., that B x I includes an attracting
invariant set for the Entropy flow. This idea will be useful later on, when we will study the Entropy flow around
several bifurcation scenarios in Section 5, and also in Subsection 4.3, where we will study the Entropy flow
of the Lorenz system. Expanding on this theme, Lemma 3.1 raises another question - how different are the
dynamics of the Entropy flow in M x I are from those of the original system?

This question is somewhat ill posed, as the Entropy flow is defined on M x I, while the vector fields F. are
defined on M. To make this question precise, we first recall that the Entropy flow is given as a solution to the
following system of Ordinary Differential Equations in M x I:

7= P(s, 1)

Let us now also consider the flow on M x I given by the following system of equations:

{‘é = fr(s) (3.2)

{s’ =F.(s)+V(s,71)

F=0

From now on, we will refer to the flow on M x I given by Equations 3.2 as the Laminar flow - with the name
derived from the fact that the laminar flow keeps the layers M x {7}, 7 € I, invariant. The previous question
can now be formally and rigorously stated: how different are the dynamics of the Entropy flow from those of
the Laminar flow?
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This question probably cannot be answered in full generality. The reason is because the collection of pairs
(P, V) that define an Entropy flow probably forms a very complex Banach Manifold, and in general, one has
to add restrictions on both P and V to study it (we will discuss this approach in more detail at Appendix 7).
That being said, one can find some global restrictions depending on the bifurcation structure - for example, in
the next Subsection we will prove that given a O family § = F,(s) undergoing a period doubling cascade of
attractors, the corresponding Entropy flow would always have a certain invariant set, depending only on the
bifurcation structure (see Theorem 3.5). Before we do so however, we study the local dynamics of the first
return map of the Entropy flow around some of its periodic orbits. To begin, recall that given $ = F.(s) as
above, the corresponding Entropy flow should be expected to have periodic orbits of the type T x {70}, (20, 70),
where T is a periodic orbit for F,, and z¢ is a fixed point for F,,. In detail, in the previous Section we saw
such periodic orbits and fixed points can arise either as equilibrium states, or as bifurcation orbits and fixed
points connecting the components of Per U Fiiz - In either case, we know that if the Entropy flow is given by
(s,7) = (Fr(s) + V(s,7), P(s,7)), then P and V would both vanish on T x {75} and z (for the details, see
Definition 2.3.2, as well as Definitions 2.1.5 and 2.2.5). We now study the local dynamics of such objects under
the Entropy flow:

Proposition 3.3. Consider a C' one—parameter family $ = F,(s) parameterized by 7 € 1. Then, given any
interior point 79 € I and any choice of Entropy flow, we have the following:

o Assume T is a periodic orbit for the vector field Fr,, s.t. T x {19} is either connecting two different
components of Per, or an equilibrium periodic orbit (see Definition 2.2.5). Then, the following holds:
(1) If T has a ki-dimensional stable manifold and a ka-dimensional unstable manifold w.r.t. Fy,, then
T x {19} has a stable manifold of dimension ki and an unstable manifold of dimension ko w.r.t.
the Entropy flow.

(2) If T has a center manifold of dimension ks w.r.t. F. , then T x {70} has a center manifold of
dimension ks + 1.

o Similarly, let xo be a fized point for Fy, s.t. © = (xo, 7o) s either connecting two components of Fix or
(zo,70) is an equilibrium point. Denote by Jg the Jacobian matriz of the Entropy flow at z, and by Jy
is the Jacobian matriz of Fr, at xo. Then, Jg includes Jy as a minor, and consequently the following
holds:

— If x¢ has a k1-dimensional stable manifold and a ko-dimensional unstable manifold, so does x.
— If xg has a center manifold of dimension ks, x has center manifold of dimension ks + 1.

Proof. We prove the assertion under the assumption M = R"™ - as this is a local assertion, this would be enough
to imply the general case. We will first prove the assertion for periodic orbits. Let Sy C M denote a cross
section transverse to 7" w.r.t. the vector field F’, at some point sg. Let f-, : So — So denote the corresponding
first-return map, and write f,,(s) = (g1(s,0), ..., gn—1(s,0)), where s = (s1, ..., Sp—1) is a coordinate in Sy and
n is the dimension of M. We will denote the differential of f., in sg by D., expanded in matrix form as follows:

2] 0,
%(30) asfil (s0)
D, =
™ Ogn—1 Ogn_1
7851 (So) 7(95"71 (80)

Now, set S = Sy X (10 —€,70 +€). As T x {79} is periodic for the Entropy flow, we know that when ¢ > 0 is
sufficiently small, E is transverse to S. When P and V vanish identically in some neighborhood of T x {79},
the first-return map f : S — S coincides with that of the Laminar flow given by Equations 3.2, which would
imply its differential Dy at (so,70) given by:

2—2(80) affil (s0) O
D _ -
! Yot (sy) .. G=l(se) 0 (3-4)

0 0 1

That is, D, would be a minor of D;. This proves that when P and V both vanish around T x {7y}, there
is nothing to prove. We will therefore assume P and V do not vanish in a neighborhood of T' x {m9}. We
first prove that if D, has a k; — 1-dimensional stable eigenspace and ko — 1-dimensional unstable eigenspace,
then Dy has a stable eigenspace of dimension at least k; — 1 and an unstable eigenspace of dimension at
least ko — 1. This would be enough to imply T' x {7y} has a stable manifold of dimension at least k; and an
unstable manifold of dimension at least k2. To do so, denote by Py = {(s,7)|V(s,7) = P(s,7) = 0} - per our
assumption that both P and V vanish on T x {r9} we know T X {79} C Py. Write the first return map f as
(s,7) = (f1(s,7), ., fu=1(s,7), p(s, 7)), which implies the differential Dy can be expanded as follows:
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0f1

831

O0fn-1

851

3;9511 (50,70) %(5077'0)

Ofn_ ' Ofn_ '
2t (50,70)  25=L(s0,70)

op

25

T (s0,70) o 52—(s0,70)  Z=(s0,70)

As P,V do not vanish around T x {7y}, we must have T x {70} C Per. Therefore, there are exactly two
possibilities - that T' x {79} lies on the boundary of some open set O C Py, or that it does not. In the first
possibility, we know that inside O the Entropy flow coincides with the Laminar flow, where the differential for
the first return map w.r.t. the Laminar flow is given by Equation 3.4. Therefore, by the continuity of all partial
derivatives of f; and p, ¢ =1,...,n — 1, and because in O the Entropy flow coincides with the Laminar flow, in
the first case the differential Dy is given by Equation 3.4 - hence it includes D, as a minor. Consequently, the
spectrum of Dy includes that of D,,, therefore, if T" has a k;-dimensional stable manifold and a ko unstable
manifold w.r.t. Fy,, T x {70} has stable and unstable manifolds of respective dimensions k; and ko w.r.t. the
Entropy flow.

We now study the second case, i.e., that T'x {70} does not lie on the boundary of any open set in Py. To study
this case we first recall that as the Entropy flow is given by the vector field (s,7) — (Fr(s) + V(s,7), P(s,7))
where (s,7) € M x I. We further recall that the functions P and V are given per Corollary 2.7, i.e., there
exists some isolating collection {N, }, of mutually disjoint open sets s.t. the support of P and V is contained in
UaNe, and the derivatives %, %, x = s,7 tend to 0 as (s,7) — ON,. Moreover, for all «, P vanishes
on N, and P;1(0) (see Corollary 2.7 and the discussion preceding it). This implies that as by assumption P
on T x {0} then T' x {r0} C P;1(0)UON,, for some a. By the requirements imposed on P and V in Definition
2.3.2 and Corollary 2.7 it follows the differentials of both V' and P vanish on T x {7p}. This again implies that
Dy is given by Equation 3.4, hence its includes the spectrum of D,,. This proves that if T" has a k;-dimensional
stable manifold and a ko-dimensional unstable manifold then the same is true for 7' x {79} w.r.t. the Entropy
flow. The above also teaches us that in whatever case, Dy is given by Equation 3.4. This immediately implies
that if T has a k3-dimensional center manifold w.r.t. F, then T x {7y} has a k3+ 1-dimensional center manifold
w.r.t. the Entropy flow.

We now prove the analogous assertion fixed points. Let us denote by J as the Jacobian matrix of the Laminar
flow at © = (2o, 70), by Jo as the Jacobian matrix of F;, at xo, and by Jg the Jacobian matrix of the vector
field E giving the Entropy flow at . By direct computation we get:

_(Jo O
7=(5 9
In other words, Jy is a matrix of J. Using again the fact that P,V and their differentials both vanish when
(s,7) € M x I tend to either N, and P, '(0) (for some «), the exact same arguments above when applied to

JE,Jo and J in place of f, f;, and the first return map for the Laminar flow imply that J = Jg. This proves
that whatever the case, Jg includes Jy as a minor, and the assertion follows. [l

Remark. We remark that by Theorem 1 in [25] one can further prove that if two (or more) components G,
and Gg of Per are connected to each other at some periodic orbit T x {1o}, then these two components would
form invariant manifolds for T x {To} w.r.t. the Entropy flow. Similarly, if two (or more) components G, and
Gp connect at x, both would form invariant manifolds for x w.r.t. the Entropy flow.

Proposition 3.3 may appear at first somewhat technical and unmotivated, but in fact it encodes the topology
of bifurcations. To explain, recall that the functions P and V are allowed to to be non-zero where ”interesting
and distinguishable dynamics happen” - i.e., in and around the sets Per U F'ixz, and on the completely isolated
invariant sets in Inv. In other words, the different ways in which we can define P and V' correspond to the
topology of the sets Per and Fix, and their configuration in M x I. In particular, the configuration of the
center Manifolds of the invariant sets of the Entropy flow must be correlated with the topology of Per and
Fiz, as well as the bifurcation orbits and fixed points gluing them together - consequently, one should think
of the collection of possible Entropy flow as some invariant of the topology of Per and Fiz. We will return to
this approach in Subsections 4.2, 4.3, where we will study this aspect using the Conley index Theory.

That being said, as far as general qualitative analysis of the Entropy flow goes, this is as far as we go - if
only because to give more global results, we need to have more structure on the sets Per and Fiz. To clarify,
by ”structure” we mean information on how the bifurcation orbits and fixed points glue the components of
PerUFiz to one another. Therefore, in the next Subsections we will analyze the global behavior of the Entropy
flow on period doubling cascades, the Ruelle-Takens route to chaos and the Intermittency phenomena around
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saddle node bifurcations. As we will prove, in each one of these the dynamics of any Entropy flow would be
very complex.

3.1. The Period Doubling route to chaos. In this Subsection we study the behavior of the Entropy flow
around a period doubling cascade of attractors or repellers. As we will prove, in such cascades the qualitative
behavior around the cascade itself are to a large degree independent of the functions P and V chosen. In detail,
we will prove that around such cascades for all possible choices of Entropy flows both P and V' do not vanish,
and that their behavior can be roughly described as ”a drift towards complexity” (see Theorem 3.5 for the
precise details). Such cascades of attractors and repellers appear in many examples of smooth one-parameter
families that undergo transition from order into chaos - for example, such bifurcations often appear when a
Smale Horseshoe is formed (see [48]), or alternatively, around the Shilnikov bifurcation scenario (see [47]). The
results of this Subsection should be interpreted as follows - that for a large class of ”real life” flows the global
dynamics of the Entropy flow would deviate from those of the Laminar flow. To illustrate, at the end of this
Subsection we will use these ideas to describe the Entropy flow for the Rossler system.

To begin, let M denote a smooth orientable manifold of dimension at least 3, and let § = F(s) be a one-
parameter C' family defined on it, where the parameter 7 varies in I. We now define the notion of a period
doubling cascade - for simplicity, we will do so under the assumption I = (—1,1) (the generalization to the case
where I = S, or when it is either a closed or a half closed interval is trivial). To begin, let 79 be some interior
point to (—1,1). Let Ty be a periodic orbit for Fi,. Recall that To undergoes a period doubling cascade if
there is some bounded, increasing sequence {7, }n>0 C (—1,1) s.t. the periodic orbit T undergoes successive
period doubling bifurcations at every 7, (see the illustration in Figure 13). To continue, let {G),}n>0 denote
the subsets of M x I corresponding to the said cascade - in other words, the sets {G,, },, satisfy the following:

e Foralln >0, G,NM x{r} # 0, when 7 € (7, Tn+1), n > 0. Moreover, writing T x {7} = G,,NM x {7},
the set T forms a periodic orbit for F;, that persists without bifurcating as 7 is varied in (7, Tn+1)-

e (3, is connected to G141 at P41 X {741}, where P, 41 is the period doubling orbit for Fo..,n>1

e Similarly to the above, let T denote the periodic orbit for F, 7 € (75, Tn+1) given by T, x {7} =
M x {r} N G,, n > 1. Letting p,, denote the period of P, w.r.t. F. and p, denote the period of T
w.r.t. Fr, then lim, ., pr = 2p,.

e Moreover, for each n > 1, P, x {7,} is the meeting point between G,, G,+1 and D, - where
D, € M X (7p,1) corresponds to a family of periodic orbits thar preserve the period of P,. More
precisely, for all 7 > 7, sufficiently close to 7, S x {r} = D, N M x {7} corresponds to a periodic
orbit S; for F; with a period m, satisfying lim, . m, = p, (where p, is as above).

T

FIGURE 13. The bifurcation diagram of a period doubling cascade. The successive black dots
represent the period doubling orbits (i.e., P, x {m,}), while the blue arcs represent the sets Gy,
and the green arcs — the sets D,,. The period doubling occurs on the blue arcs, along which the
period is doubled successively.

With this notation in mind, we say the cascade is a period doubling cascade of attractors if for every
n and all 7 € (7, Tn41), the corresponding orbit T for F; on G,, is an attractor. Similarly, we say the cascade
is a period doubling cascade of repellers if the same orbits T are all repellers for F,.. We now note that
whenever T is either an attracting or repelling orbit for F, there exists some fixed-point free neighborhood
O, C M of T that varies continuously with 7 € (7,,, Tn+1), s.t. Tr is the only periodic orbit in O,. In other
words, for all n the set O = U¢(r, .., Or X {7} forms an open neighborhood of G,, which isolates G, from all
other components of Per \ G, Fiz \ O and Inv \ O. Since this is true for all n, by the definition of the set
Per in Definition 2.0.2 we conclude that when the period doubling cascade is that of attractors or repellers, we
have {G,}, C Per. We now prove the following universal properties of Entropy flows around period doubling
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cascades. To keep with the formalism above, we do so only for the case where the parameter 7 varies in
I =(—1,1) and the sequence {7,}, is increasing. That being said, this result trivially generalizes to the case
when [ is either S', a closed interval, or a half closed interval, and the sequence {7, }, is decreasing.

Theorem 3.5. Let $ = F,(s) be a C' one-parameter family where (s,7) € M x (—1,1) and the dimension of
M s at least 3. With previous notations, assume there exists a period doubling cascade of either attractors or
repellers, corresponding to components {Gy,}n>0 C Per, where for alln >0, G,, is glued to Gn41 at the period
doubling bifurcation orbit Pny1 X {Tny1}. Then, for all possible Entropy flows, the following holds:
e Both G,, and Gp41 lie in some invariant manifolds for P11 X {Tp+1}.
o The trajectories of initial conditions on Gy, are attracted to Ppi1 X {Th41} under the Entropy flow,
while those on Gy,11 are attracted under the Entropy flow to Pnio X {Tni2}.

Consequently, for any choice of vector field E(s,7) = (Fr(s) + V(s,7), P(s,7)) giving an Entropy flow, the
function P does not vanish identically in M x (—1,1) - i.e., there is a drift in the parameter space. Moreover,
we can choose the Entropy flow s.t. for all n > 0 the orbit Pyy11 X {Th41} is a Milnor attractor for the flow on
M x I in the sense that it attracts an open set O, C M X I 8.t. Ppy1 X {Tnt1} C 00,,.

Proof. Consider some Entropy flow for the C! family § = F,(s) given by some vector field E. We first note
that for all n > 1, G,, \ G, is composed of two components - P, x {7,} and P, 1 x {7,41}. By Definition
2.3.2, Definition 2.1.5 and Definition 2.1.1 we already know that for all n, P, x {7,} is a periodic orbit for the
Entropy flow generated by E. We now recall that P, x {7,,} and P, 1 X {741} are period doubling bifurcation
orbits, hence both are multiplying type bifurcations (see the discussion at the very beginning of Subsection 2.2).
Moreover, recall that as discussed above, for all n, G,, C Per. Therefore, by Definition 2.3.2 and Definition 2.1.1
we conclude that because the period is doubled as 7 crosses from (7, Tn41) into (741, Tnt2), the trajectories
of initial conditions on G,, sufficiently close to P,y1 X {7,+1} must be attracted by the Entropy flow directed
by E towards P,4+1 X {Th+1}. Symmetrically, the same also implies that initial conditions on G,, sufficiently
close to P, x {7,} are repelled away from P,, x {7,} w.r.t. the same flow.

This implies that if we write E(s,7) = (F-(s)+V (s, 7), P(s,7)), then the function P is positive on all initial
conditions on G,, sufficiently close to both P, x {r,,} and P,,11 X {7,141} - as such, by Definition 2.3.2 we know
P is positive on all (s,7) € G,, hence E defines a drift in the parameter space. As G,, is invariant under
the Entropy flow (as all Entropy flows are tangent to Per) it follows the Entropy flow generated by E pushes
all initial conditions on G,, in forward time to P,y1 X {741}, and in backwards time to P, x {7} (see the
illustration in Figure 14). All in all, we have proved the trajectory of every (s,7) € G, under the Entropy
flow tends to Pp41 X {7h41} in forward time, and to P, X {7,} in backwards time. By the characterization of
center Manifolds in [25] we conclude that G,, is an invariant manifold w.r.t. the Entropy flow directed by E
for both periodic orbits P41 X {7Tn+1} and P, x {7,}. The same arguments applied to Gp+1, Poy1 X {Tnt1}
and P,y2 X {Th4+2} implies G, 41 also lies on some invariant manifold for P, 1 X {741} w.r.t. the vector field
E. As FE is an arbitrary vector field generating an Entropy flow, the first part of the Theorem is proven.

FIGURE 14. A diagram showing the general behavior of an Entropy flow, sketched on the
bifurcation diagram of a period doubling cascade. The arrows represent the motion along the
component of orbits G, from P, x {1} to Ppt1 X {Tn+1}, where each black dot represents
P, x{m}, n>1.

We now prove that we can choose the Entropy flow s.t. every G,,, n > 1 defines an invariant set which attracts
or repels an open set in M x I (in the Milnor sense, see [50]) - depending on whether the cascade is that of
attractors or repellers. We prove this under the assumption the one—parameter family $ = F,(s) generates a
cascade of attractors - the proof for a cascade of repellers is symmetric. To this end, given 7 € (7,,, Tht1), let
us surround each periodic orbit T s.t. T, x {r} C G,, by a tubular neighborhood T, C M homeomorphic to
S1 x D, where D is a d — 1-dimensional ball. We also assume T, to satisfies the following:
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e [ is transverse to OT, and points inside T, throughout 0T, .
e Every initial condition in T is attracted to T, w.r.t. F,.
e T, varies continuously with 7, and the volume of T, shrinks to 0 whenever 7 — 7, or 7 — T, 41.

Note that as we assume T is an attractor for F. all 7 € (7, Tht1), such neighborhoods exist. Note that
T = Ure(rp,mni1)Tr x {7} forms an open neighborhood of G,, in M x I. Per our construction, it is easy to
see Fiz N Per lie away from T, x {7} for all 7 € (7,,,7,11), which implies we can choose an Entropy flow
given by a vector field E s.t. for all (s,7) € 9T, x {7} we have E(s,7) = (Fr(s),0). By its construction we
know JT is given by three sets: the first is 7 = Ur¢(r, r,,,)0T+ x {7}, while the other two are P,, x {7,} and
Py i1 X {7n+1}. The same argument used to prove Lemma 3.1 now implies that F is transverse to 7 and points
inside T on it. As both P, x {7,} and P,41 X {741} are periodic orbits for E, it is tangent to them. This
proves every initial condition in M x I whose trajectory enters T under the Entropy flow directed by E cannot
escape it. As such, there exists some invariant set for the Entropy flo in T - which, by definition, includes the
set G, U P, X {1} U Ppy1 X {Tn+1}. Moreover, this set attracts an open set O,, in M X I, i.e., all the initial
conditions sufficiently close to T .

We finish the proof by showing that we can choose the Entropy flow above s.t. every initial condition in T
is attracted to P41 X {7h+1}. We already know this is true for initial conditions on G,,, so it remains to prove
this for initial conditions in T\ G,,. We now note that whenever P is positive throughout the interior of T, the 7
velocity is also positive. As such, given an Entropy flow E as above which is transverse to 7 for which P is some
smooth function positive throughout T and tangent to G, the trajectory of (s,7) € T would always increase
in its 7 coordinate. As F is transverse to 7, the trajectories of such initial conditionds w.r.t. E cannot escape
the interior of T. Therefore, by T C M X (74, Th+1) we conclude the vector field E forces these trajectories to
accumulate on TN M x {7,141} Since TN M X {711} = Pni1 X {Tns1} we conclude P, 11 x {7, 41} attracts
all initial conditions interior to T. As T is an open set in M x I which includes P, 41 X {741} on its boundary
it follows P41 X {7n+1} is a Milnor attractor, which concludes the proof. O

Remark. [t is well-known that period doubling cascades often appear together with universal scaling properties
(see, for example, [27], [32], [75], and the references therein). FEven though similar results are known for some
two parameter families of flows (see [/7]), we avoid this question for the time being - we will return to it at the
end of Section 5, where we will discuss it in the context of the Shilnikov bifurcation scenario (see [1]]).

Before we move on, we would like to note that one could ask what is the contribution of the families of
periodic orbits {D,,},, defined above to the Entropy flow around period doubling cascades. Recall that if G, 11
corresponds to the family of periodic orbits whose period is doubled as the parameter 7 crosses from (7., Tr41)
to (Tn+1, Tnt2), then D, corresponds to a family of periodic orbits in M x (7,41,1) s.t. when we vary the
periodic orbits from G,, to D,, via P11 X {7,+1} the period changes continuously. Unfortunately, we do not
have a good answer to this question. The reason for that is because D,, may well correspond to a family
of saddle periodic orbits, and such families need not correspond to components of Per. To the best of our
knowledge, there is no general way to tell when D,, C Per for some n and when it does not. That being said, in
Appendix 8 we study the Conley index of the Entropy flow around period doubling cascades under the idealized
assumption that {D,}, C Per.

We would now like to illustrate these ideas via a concrete example. To do so, recall that given any a, b, c > 0,
the Rossler system, originally introduced in [22], is defined by the following three-dimensional vector field:

T=—y—2z
y=x+ay (3.6)
Z=b+z(x—2c)

As shown numerically in [22] and later proven in both [72] and [93], for (a, b, ¢) = (0.2,0.2,5.7) the flow generates
a chaotic attractor. As observed in many numerical studies, the Rossler system undergoes the period doubling
route to chaos of attractors (see, for example, [98], [L08], [122], [128] and the references therein). Based on these
numerical studies, if one takes a smooth curve through the parameter space {(a,b,c)|a,b,c > 0} transverse to
these period doubling cascades, every Entropy flow for the said curve would have complex behavior. Later in
Section 5 we will return to this example as we give a global description for the dynamics of the Entropy flow
associated with the Shilnikov homoclinic bifurcation scenario.

3.2. The Ruelle-Takens-Newhouse route to chaos. In this Subsection, we discuss the Entropy flow of
the Ruelle-Takens-Newhouse route to chaos, originally introduced in [19] and [29] (see also Chapter 6.3 of
[86] for a survey of the topic). To introduce the Ruelle-Takens-Newhouse route to chaos, let $ = F(s) be a
C' one-parameter family of vector fields defined on some n-dimensional manifold M, where n > 3. Without
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any loss of generality, throughout this Subsection we will assume the parameter 7 varies smoothly in R. We
will also assume that for all 7 € R, F-(0) = 0, and that for 7 € (—o00,0) the origin 0 is a a sink. The
Ruelle-Takens-Newhouse route to chaos is defined as follows (see the illustration in Figure 15):
e At 7 = 0 the origin undergoes Hopf bifurcation and becomes an attracting periodic orbit, T, that
persists without bifurcating until 7 = 1. For simplicity, assume the origin persists as a source for 7 > 0.
e At 7 = 1, T undergoes Neimark-Sacker bifurcation, which turns it into a two-dimensional attracting
torus T? on which the motion is a-periodic. The said attracting torus persists for all 7 € (1,2).
e As 7 crosses into (2,00) the said two-dimensional torus T? eventually disintegrates at some 19 € (2, 00)
and becomes some bounded complex motion.

._.g_.‘

» T

FI1GURE 15. The Ruelle- Takens-Newhouse scenario - a sink which bifurcates in Hopf bifurcation
into a stable orbit, which then undergoes Neimark-Sacker bifurcation and becomes an attracting
torus on which the motion is aperiodic.

We now analyze the Entropy flow for this route to chaos. Let E be some Entropy flow, let v; = {(0, 7)|7 < 0}
and v2 = {(0,7)|7 € (0,00)} - as 0 is a sink for 7 < 0 and a source for 7 > 0, it is easy to see that both vy, and v,
are components of Fiz. Similarly, let S; be the surface corresponding to the family of attracting periodic orbits
created at Hopf bifurcation at 7 = 0. As those periodic orbits undergo Neimark-Sacker bifurcation at 7 = 1,
it follows S; € M x (0,1). Moreover, as the periodic orbits T; given by T, x {1} =S N M x {r}, 7 € (0,1)
are all attractors, S; is a component of Per. The curves 1,7, and the surface S; are glued to one another
at (0,0), which is an Hopf bifurcation point (see the illustration in Figure 16). Let 7 denote the subset of
M x (1,2) corresponding to the attracting invariant torus T? - it is a three manifold isolated from Per and Fix,
as it corresponds to a family of attracting tori, which form completely isolated invariant sets. Therefore, from
Definition 2.1.1, Definition 2.2.1, Definition 2.3.1, and Definition 2.3.2 we immediately conclude the following;:

Corollary 3.7. Consider a C' one—parameter family § = F.(s) where s € M, 7 € R, n > 3 undergoing a
Ruelle-Takens-Newhouse route to chaos. Then, any Entropy flow for the family above has the following behavior
(see the illustration in Figure 16):

o Gliven any initial condition (s,7) € v;, i = 1,2, its trajectory w.r.t. the Entropy flow tends to the Hopf
bifurcation point (0,0).

e For all initial conditions (s,7) € Sy, their trajectory w.r.t. the Entropy flow is repelled away from (0, 0)
and towards the Neimark-Sacker bifurcation orbit on 0S;.

e On initial conditions (s,7) € T for which 7 is sufficiently close to 1, the function P is positive - i.e.,
on T the Entropy flow pushes away from Neimark-Sacker bifurcation.

> T

FIGURE 16. A (partial) scheme describing the behavior of the Entropy flow on the Ruelle-
Takens-Newhouse route to chaos, where the green dot denotes Hopf bifurcation (0,0), the blue
arc (and flowline) denotes 1 while the red one denotes 2. The purple flow line is tangent to
S1 and tends to T, which is glued to Sy at Neimark-Sacker bifurcation orbit.

We now briefly discuss the dynamical meaning of Corollary 3.7. We firstly recall the basic motivation behind
7

the Ruelle-Takens-Newhouse route to chaos. As originally envisioned in [7], one would expect that in an infinite
dimensional dynamical system T? would bifurcate again into an aperiodic motion on a 3-torus T3, which would



30 ERAN IGRAY2, VALERII SOPIN*?, YANGHONG YU?

then bifurcate into an aperiodic motion on a 4-torus, T* and so on. In practice, as proven in [19], in a finite
dimensional manifold an aperiodic motion on T, k > 3 is extremely unstable and can be C*-approximated
by flows that are not Morse-Smale - and when k > 4, by flows that are Axiom A (see Propositions 9.1, 9.2 in
[19], and [29]). In other words, one would not expect a cascade of Hopf bifurcations to progress much beyond
the Neimark-Sacker bifurcation. More precisely, one would expect a collapse of the attracting two-dimensional
torus into a complex motion either before or shortly after the bifurcation expanding T2 to T3.

In this context, Corollary 3.7 should be interpreted as follows - the motion of the Entropy flow on Sy propels
initial conditions near it towards Neimark-Sacker bifurcation, i.e., the place where T? is formed. Similarly, on
T, the three manifold corresponding to the invariant torus, the Entropy flow also pushes away from Neimark-
Sacker bifurcation, as illustrated in Figures 15 and 16. In light of the above, we may summarize our analysis by
the heuristic that the Entropy flow pushes the Ruelle-Takens-Newhouse scenario towards the complex motion.
At this point we remark one could probably continue this analysis and ask how exactly is the torus destroyed.
In general, the mechanisms for the destruction of an invariant torus are given by the Afraimovich-Shilnikov
Theorem (see either [11], Chapter 11.7 of [80], Chapter 2.1.6 of [63]). To the best of our knowledge, this result is
not directly related to the Ruelle-Takens-Newhouse route to chaos - hence, as observed numerically in [136], the
Ruelle-Takens-Newhouse route to chaos could possibly be connected with the Afraimovich-Shilnikov Theorem.

3.3. The Intermittency route to chaos. We now study behavior around another bifurcation phenomenon
- the Intermittency route to chaos, originally discovered in [35]. To begin, we first recall the ideas of [35] and
the description and the classification of Intermittency types, following [38] and Chapter 6.2 in [86]. To this
end, let § = F,(s) denote a C! one-parameter family of vector fields on a manifold M of dimension n > 3.
Without any loss of generality, in this Subsection we will always implicitly assume the parameter 7 € R - as
our analysis is local in nature, it would apply in other scenarios as well. We say there is an Intermittency
route to chaos if the following conditions are satisfied (see the illustration in Figure 17):

e There exists a periodic orbit Ty for Fy bifurcating at 7 = 0 in one of the three following ways (which
we take as definitions for the Intermittency type):

(1) Type I Intermittency - Tj is a saddle node bifurcation, i.e., when 7 crosses into (0, 00), the orbit
T splits into two periodic orbits 77 and T (generically, an attractor and a saddle). Similarly,
when 7 crosses into (—o0,0), Ty disappears.

(2) Type II - Tj is a Neimark-Sacker bifurcation orbit, s.t. an invariant Torus is created when 7
crosses into (0,00). Ty persists as 7 crosses into (—oo, 0).

(3) Type III - Ty is a "reverse” period doubling bifurcation. In other words, there exists a periodic
orbit T, for F, which persists for 7 € (0,¢) (for some ¢ > 0) and undergoes a period halving
bifurcation as 7 crosses into (—oo,0).

e Let N be any small neighborhood of Ty in M. In either one of the three cases above, when one considers
the dynamics of F, 7 € (—¢,0) in N (for some small € > 0), there are no periodic orbit in N, the
trajectory of any initial condition s € N w.r.t. F, would forever alternate between the following phases:

(1) Laminar phases, where the motion of s w.r.t. F. is trapped in N, until leaving it and entering:

(2) Bursts of a-periodicity, where the motion of the trajectory of s w.r.t. F; moves aperiodically
and erratically in M \ N only to eventually return to N and again reenter a laminar phase.

Remark. Similarly to the period doubling route to chaos, scaling laws also appear around the Intermittency
route to chaos. Such results were studied both analytically (see [88], [119]) and numerically (see [/4], [58]).

‘.o -

T>0 T<0

FIGURE 17. An illustration representing Type I intermittency - a periodic orbit (on the left)
vanishes and leaves behind it a "hole” (on the right). The dynamics of initial conditions inside
the “hole” are relatively ordered when they remain in the hole (the laminar phase) only to
become erratic and disordered as they enter the purple region (a burst of aperiodicity).
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Note the description above is not a mathematical definition per se, but rather a description of a numerical
phenomenon - as such, there are several explanations to why disorder suddenly appears at saddle node bifurca-
tions. Inspired by the results of [28], [61], [112] and [129], we will take the topological approach. In detail, we
will study the Entropy flow at the bifurcation scenario described in [28] and [61] which, as we will discuss, can
be used to explain how some Type I Intermittencies arise. Before moving on, we remark that even though we
will not address Type II and Type III Intermittencies, provided they are generated by similar mechanisms an
analogous results could potentially exist for them as well. We refer to Section 5 in [61] for the complete details,
where the generalization of similar mechanisms to pitchfork and period doubling bifurcations are considered.

=%

T7=0 T<0
FIGURE 18. On the left - a homoclinic intersection between W€ and W? for the vector field
Fy, represented on the cross-section Sy, where the dot represents {so} = To N Sy (by Theorem
1.7 in [61], Theorem 1 in [28] and [129], this implies the existence of shift dynamics). On the
right we see the remains of the invariant set after the periodic orbit Ty disappears at T < 0.

We begin by recalling the results of [25]. Let § = F,(s) be a C* one-parameter family of vector fields on
some smooth manifold M, where 7 varies in R, £ > 2, and the dimension of M is at least 3. Let us further
assume there exists a saddle node bifurcation orbit Ty for the vector field Fy s.t. the following occurs:

e As 7 crosses into (0,00) the orbit Ty splits into an attracting orbit T4 and a saddle orbit Tg for F;.
Conversely, Ty vanishes as 7 crosses into (—oo,0).

e Ty has two invariant manifolds: a stable manifold W* and a center manifold W€ which intersect
transversely (see the illustration in Figure 18).

As proven by L. Shilnikov and V. Lukjanov in Theorem 1 and Theorem 2 of [28], under these assumptions
there exists some fixed neighborhood U of Ty in M s.t. the dynamics of F., 7 € (—00,0) satisfy the following:

e There is € > 0 s.t. for 7 € (—¢, 0] the invariant set of F; in U, denoted by 2, is topologically conjugate
to a suspended subshift of finite type.
o There exist two increasing sequence of negative parameters {7;}°,, {7/}52, s.t. the following holds:
(1) 7 10.
(2) 7710, 7> 7> Tit1.
(3) The set 2, persists without bifurcating when 7 varies in [, 7/]. Moreover, for such 7 € [r;, 7/] the
set ) is conjugate to some suspended subshift on k; symbols, denoted by ¥;.
(4) For all 7 € (7, 7541], the dynamics of 2, includes some invariant set, a strict subset of 2, conjugate
to the suspension of ¥; - i.e., the dynamics of ). are conjugate to the suspension of the subshift
¥, precisely when 7 € [1;, 7/].
(5) We have ¥; C X;11, i.e., the complexity of Q, only increases as 7 — 0. In particular, the dynamics
of Fy in g are conjugate to some suspended subshift denoted by ¥, s.t. for all ¢ > 0 we have
Y C Yoo. Moreover, the set g persists as 7 is varied in [0, €] (for some € > 0).

From now on we will refer to such saddle node bifurcation scenarios as homoclinic saddle nodes. It is easy
to see why Intermittency-like phenomena exist around homoclinic saddle node bifurcations: namely, as T4 and
its basin of attraction are destroyed at the saddle node bifurcation they are replaced with a suspended subshift
of finite type. As proven in [61], under certain genericity conditions the set Q., 7 < 0, will be composed of a
finite number of rectangles stretched on one another as illustrated in Figure 18 (for a proof, see Theorem 1.7 in
[61]) - in contrast, the set Qy would be generated by infinitely many rectangles stretched on one another and
accumulating on the homoclinic intersection (and hence, also on Tp). In other words, as 7 crosses into (—oo, 0)
only finitely many of these rectangles remain, which implies initial conditions s € U must have intermittent
behavior as they flow close to €. and then away from it, where T used to be, i.e., the burst of aperiodicity
and the laminar phase, respectively. With that image in mind, we now study how this behavior is seen by the
Entropy flow:
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Theorem 3.8. Let § = F,(s), 7 € (—00,00), be a C* one—parameter family where (s,7) € M x R and k > 2.
Assume there exists a homoclinic saddle node orbit Ty for the vector field Fy. Then, given any neighborhood N
of To x {0} in M xR and given any Entropy flow defined by the vector field E(s,7) = (Fr(s)+V (s,7), P(s, 7)),
the following holds:
o There exists a countable collection of open sets in M x R, {O;};, accumulating on Ty x {0}, s.t. for all
1 the drift function P takes both positive and negative values on O;. In particular, the drift function P
is non-zero at every neighborhood of Ty x {0} in M x I.
o Ty x {0} is the accumulation set of countably many mutually disjoint invariant sets for the Entropy
flow, {Z;};, such that on each Z; the dynamics of the Entropy flow are conjugate to a suspended subshift.
Moreover, for all i Z; C O;, and the closer I; is Ty x {0} the more complicated are the dynamics on it.

Proof. Consider the sets €2 described above, where T € [1;, 7/

/]. These sets persist without bifurcating precisely
in the parameter interval [7;,7/], and, moreover, at such parameters they form the invariant set of F, in U.
We now claim the sets Q. x {7}, 7 € (7, 7]) are completely isolated from the sets Per and Fiz. As they do
not include fixed points, the sets €2, cannot be approximated by fixed points in Fiz. To prove the analogue
for Per, we first recall that Theorem 2 in [28] was originally proven for some first return map w.r.t. f; of a
cross-section S C U, where the invariant set was created by rectangles in S being stretched over one another
as in the illustration in Figure 18. By possibly replacing these rectangles by slightly smaller subrectangles
inside the original ones (if necessary) we can ensure the first return map f; : S — S has no periodic orbits
accumulating on the boundary of the rectangles, all without changing the invariant set (see the illustration in
Figure 19). As €, is trapped inside the suspension of these rectangles, all the periodic orbits intersecting S for
F. are in Q., hence for 7 € (7;,7/) the set Q, x {7} is isolated from Per - all in all, it is isolated from both
Per and Fiz in M x I. It follows that for > 1 the set Q; = Ur¢(r, 712 X {7} is a continuum of completely

isolated invariant sets for $ = F;(s) (see the discussion before Definition 2.3.1).

FIGURE 19. Removing periodic orbits from the boundary - on the left we have a map of two
rectangles stretched over one another, that has certain symbolic dynamics. On the right we
have the same map restricted to subrectangles (the dashed lines on the right represent the
original rectangles and their image). It is easy to see, the two maps have the same invariant
set inside the rectangles, and if the left one has periodic orbits accumulating on the boundary
of its rectangles, the one on the right does not.

To continue, choose some Entropy flow for § = F.(s) in M x R directed by the vector field (s,7) —
(F-(s) + V(s,7),P(s,7)). By the definition of the Entropy flow (see Definition 2.3.2) and the definition of
admissible behavior around completely isolated invariant sets (see Definition 2.3.1) we know there exist open
sets in M x I, Oy, s.t. ©Q; C O; and the drift function P does not vanish identically in O; - conversely,
by Definition 2.3.1 we also know the energy transition map, V', does vanish identically in O;. Moreover, as
(1:,7}) is a bounded interval on the real line we know that for (s,7) € O; close to M x {7/} the function P is
negative, while on (s,7) € O; close to M x {r;} it is positive. By the definition of the Entropy flow we now
conclude there exists some 7 € (7;,7/) s.t. P~1(0)NO; is non-empty, and forms an n-dimensional set inside the
n + 1-dimensional set O;.

As the sets Q;, i > 0 accumulate on Ty x {0} so do their neighborhoods O;. Moreover, since the vanishing
set of P in O; is n-dimensional, it follows that on every neighborhood of Ty x {0} in M x R the drift function
P is not identically 0. This proves the first assertion of the Theorem - to conclude the proof it remains to show
Ty x {0} is the accumulation set of countably many invariant sets Z; for the Entropy flow, on which its dynamics
are conjugate to a suspended subshift. That, however, is immediate: consider Z; = Q, x {7} = P71(0) N Q;,
for some appropriate 7 € (r,7/) (by the above it exists). Since V vanishes identically in O; and because P
vanishes on M x {7} N O;, the set Z; is an invariant set for the Entropy flow, on which its dynamics coincide
with the Laminar flow given by Equations 3.2. As such, since the dynamics of F, on ), are conjugate to a
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suspended subshift ¥; w.r.t. to the flow of F, on M, the dynamics of the Entropy flow on Z; are also conjugate
to the suspension of ¥;. Consequently, because the sets §2; accumulate on Ty x {0} (by their definitions) we
conclude that the invariant sets {Z;}; for the Entropy flow also accumulate on Ty x {0}.

Finally, as described above, the flow of F; on Q,, 7 € [1;,7/] is conjugate to the suspension of the subshift
3; and X; is a strict subset of ¥; ;1. This yields that the dynamics on €2, is conjugate to some strict subset
of Qr, 7" € [7i41,7{,1]. Extending this reasoning to the Entropy flow, we conclude that the dynamics of the
Entropy flow Z; is conjugate to its dynamics on some strict subset of Z; 1, which implies that the dynamical
complexity of Z; increases as i — co. In other words, Ty x {0} is the accumulation point of invariant sets for the
Entropy flow of increasing dynamical complexity. As we have chosen the Entropy flow for § = F;(s) arbitrarily,
the Theorem now follows. (]

Before we conclude this Subsection, we remark that Theorem 3.8 also establishes a hierarchy of complexity
for the invariant sets {Z;}; based on how close they are to Ty x {0}, i.e., to the saddle node bifurcation orbit.
We will return to the idea of hierarchies of complexity of invariant sets for the Entropy flow in Section 5, where
we will see it arising naturally in the Shilnikov homoclinic scenario (see Corollary 5.5). Heuristically, it is easy
to see why such hierarchies arise, at least in the context of homoclinic saddle nodes: namely, because certain
dynamics become persistent in some parameter sub-interval (i.e., [1;,7/]), until bifurcating and becoming more
complex when 7 leaves the said interval. We further remark that by the results of [412] and Theorem 3 in [28],
one should generically expect the periodic orbits added as 7 is varied in (7/,7;41) to arise via period doubling
and saddle node bifurcations. As such, based on the above, we would expect P to take non-zero values also in
U =T x (7/,7i+1). That being said, this would also very much depend on how the set Per intersects U, as the
bifurcations there can unfold more than one way - for details, see Theorems 3, 4 and 5 in [28].

4. DESCRIBING THE DYNAMICS OF BIFURCATIONS

Having studied the behavior of the Entropy flow in the three canonical routes to chaos, in this Section we
study the topological connections between bifurcations and the dynamics of the Entropy flow. Our motivation
for doing so is to study how the topology, dimension of a given manifold M and the parameter space constrain
the behavior of the Entropy flow. To motivate why this question is interesting, let § = F,(s) denote a C*
one-parameter family of vector fields defined on, say, S?, where 7 varies in S*. For discussion’s sake, let us
further assume that for all 7 € S* the vector field F, has repelling orbits T7 and Ty that persist without
bifurcating as we vary 7 in S'. Let C; and C; denote the components of Per corresponding to these orbits
- as we will show later on, these sets act as repellers for any Entropy flow on S? x S! (see Proposition 4.3).
Note that S2 x S is a closed three-manifold and that C; and C5 are homeomorphic to two-dimensional tori
embedded in S? x S'. This heuristically implies that the dynamics of the Entropy flow on each component C
of (8% x 81)\ (C1 U Cy) is constrained by the topology of C' and the behavior of the Entropy flow around Cy
and Cy. In other words, the behavior of the Entropy flow on C; and C5 affects the possible bifurcations the
family $ = F,(s) can undergo inside C. In Subsection 4.2 we will make this heuristic precise using the Conley
index Theory (see Proposition 4.3 and Theorem 4.7).

This Section is organized as follows. We begin in Subsection 4.1, where, for completeness, we study the
Entropy flow for C! families of first-order ordinary differential equations on the real line (see Proposition 4.2).
Following that, in Subsection 4.2 we study in depth how topology forcing bifurcations - which we do by applying
the Conley index Theory to describe the dynamics of the Entropy flow (see Proposition 4.3 and Theorem 4.7).
We conclude with Subsection 4.3, where the Conley index is used for the Entropy flow of the Lorenz system.

4.1. The curious case of dimension 1. In this Subsection, for completeness, we study the Entropy flow in
the case when M is a connected one-dimensional smooth manifold - i.e., M is either R or S'. Our goals here
are to show the interplay between the topology of M x I to the dynamics of the Entropy flow - as such, we will
restrict ourselves to the specific case when the product space M x I is R?, i.e., M = I = R. In addition, we
will consider the Entropy flow only for a very specific collection of C! families. To introduce it, let F denote
the collection of C'!' one-parameter families § = F, (s) defined for (s,7) € R? where the following is satisfied:

e Every component G, C Fix can be parameterized by {(x,,7)|7 € J} for some open connected set

J C I. In addition, we also require dFTdi(:T) # 0, i.e., x, is either a sink or a source.

e Whenever the set {(z,,7)|F;(z;) = 0} \ Fiz is non-empty, it is composed only of saddle node and
pitchfork bifurcations of attractors and repellers. In other words, all the fixed points for § = F;(s) are

sinks and sources that are created and/or destroyed at either saddle node or pitchfork bifurcations.
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To (partially) heuristically justify our motivation in restricting our attention to such one—parameter families,
we first recall a particular case of Thom’s Theorem (see [23] for a proof), which we state here in a way that is
suitable for our needs:

Theorem 4.1. Let F : R? 5 R, F(s,7) = F.(s) be C*®. Then generically the set M; = {(z,7)|VF =0} is a
manifold. Moreover, setting m: My — R as the projection w(x,T) = T, every singularity of m in My would be
a fold (see the illustration in Figure 20).

T T

T

FIGURE 20. On the left - a saddle node bifurcation and the direction of the Entropy flow on
it. On the right - the projection of this set to the T line. The black dot on the left denotes the
bifurcation point, and the black dot on the right denotes the singularity.

When instead of F' : R? — R we write § = F,(s), a fold catastrophe would correspond to a saddle node
bifurcation where two fixed points collide and vanish (see Figure 20). In addition, the condition that there
exists an arc 7y parameterized by {(z,,7)|T € J} s.t. for all 7 € J we have both F.(z,) = 0 and dF’;li(:*) =0
is unstable, i.e., can be removed by arbitrarily small smooth perturbations. These two facts imply that the
family of C°° families in F are C*°-dense in C*°(R? R). As such, because we allow C! families in F to have
both pitchfork and fold singularities (and because C>° maps are dense in C' maps), we conclude by Thom’s
Theorem that any C* one-parameter family § = F,(s) where (s,7) € R? can be Cl-approximated by sequences
in F (we will not address the question whether the set F is also C* generic in C*(R?,R)). We now prove the
main result of this Subsection:

Proposition 4.2. Consider a C' one-parameter family $ = F,(s) where (s,7) € R? and the map F(s,7) =
F,(s) is in F. Then, we can choose an Entropy flow which has no periodic orbits in R?. Let us denote the
vector field generating the said Entropy flow by E - then, given any initial condition (s,T) its trajectory w.r.t.
E either tends to some fized point for E or to oo (see the illustration in Figure 21).

Proof. Assume first that we can find an Entropy flow on R? corresponding to § = F,(s) s.t. it has no periodic
orbits. Let us now denote the vector field generating the said Entropy flow by E. By the Poincare-Bendixon
Theorem we know every bounded trajectory for E would either tend to a fixed point, a homoclinic or a
heteroclinic cycle, or to a periodic orbit. As E has no periodic orbits per our assumption, every orbit must
tend to either some fixed point (xg,79) for F, a homoclinic or a heteroclinic cycle, or to co. This shows that
to prove the assertion there are two things to do: first, prove that we can always find some Entropy flow that
has no periodic orbits, and second, prove that for this specific Entropy flow nothing can be attracted to either
a homoclinic or a heteroclinic cycle.

We begin by using a topological argument. Given a component G, C Fliz, let us parameterize it by
{(zr,7)|Fr(2(7)) = 0,7 € (a,b)} (for some (a,b) C R). Per our assumption, for all 7 € (a,b), all x, are either
sinks or sources, and as we vary T € (a,b), no fixed point in x, changes its type, i.e., no sink becomes a source
or vice versa. Without any loss of generality, assume all fixed points on G, are sinks, and for any 7 € (a,b)
let I, = (x; — 7,2, + €;) denote some interval s.t. initial conditions s € I, are attracted to z, w.r.t. the
ODE § = F;(s). Conversely, when all the z, are sources we define I, 7 € (a,b) analogously s.t. all initial
conditions s € I, \{z(7)} escape I. under the ODE $ = F,(s). In both cases, if, say, a is finite, we choose €, s.t.
lim, ,, €, = 0. Similarly, whenever b is finite, we also require lim_,, €, = 0. We define N = Urc(q,5) I~ U {7}
- in particular, we construct N, s.t. Fix N N, = G,.

We now write Flix = {G, }, and let us consider the isolating collection { N, }o constructed as described above
(note that since $ = F-(s) is a one-dimensional ODE for all 7, the sets Per and Inv are empty by definition).
We now define an Entropy flow directed by a vector field E for which the support of P and V is in Uy N,
and on IN, we have E(s,7) = (F;(z),0). By Lemma 3.1 and the construction of N, above, we know that
when G, is an arc of sinks, the trajectory of every initial condition (s,7) € R? that enters N, cannot escape
it. In contrast, when G, is an arc of sources, the trajectory of any initial condition (s,7) € R2, (s,7) & G4
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is repelled away from N,. This already proves that there can be no periodic orbits for F intersecting the sets
{(z,7)|V(z,7) # 0} and {(z,7)|P(z,7T) # 0}.

Consequently, if E has a periodic orbit in R?, it must be trapped in the sets {(s,7)|E(s,7) = (F(s),0)}.
By Theorem 1 in [71] we know that if T is a periodic orbit for F, the velocity {$ = 0} must switch signs on it -
or, in other words, T intersects transversely with the set {(s,7)|F-(s) + V(s,7) = 0}. As by the above T" must
be trapped inside the set {(s,7)|V(s,7) = 0} we conclude that if T exists, it must intersect transversely with
the set {(s,7)|F;(s) = 0,V (s,7) = 0, P(s,7) = 0}, i.e., it must intersect a fixed point for the vector field E.
This is a contradiction, hence we conclude the Entropy flow directed by E has no periodic orbits. Therefore,
to complete the proof we need to show no trajectory can accumulate on a homoclinic or a heteroclinic cycle.

T T

A A

> S > T

FIGURE 21. Diagrams of one-dimensional Entropy flows with a pitchfork bifurcation on the
left and saddle node on the right.

To do so, consider some initial condition (s,7) € R? that is not a fixed point for E, which remains bounded
under E. By the Poincare-Bendixon Theorem and the above we know its trajectory must pass arbitrarily close
to some fixed point for E, (zq, 79), as it either tends to a fixed point or accumulates on a homoclinic/heteroclinic
cycle - we now prove the trajectory of such an (s,7) must actually tend to (zg,79). To begin, note that by
the above, if the trajectory of (s,7) enters some N, corresponding to some G, that is an arc of sinks, by our
construction of N, we know that it cannot escape it - in which case its trajectory would tend to a fixed point.
Similarly, it can only escape (and never enter) N, constructed around G, that are arcs of sources. Therefore,
if there exists a homoclinic or a heteroclinic trajectory I' s.t. the trajectory of (s,7) can accumulate on T', it
must be located inside the set O = {(s,7)|E(s,7) = (F-(s),0), (s,7) € UsoONg4}. By definition, the velocity 7
vanishes on this set - moreover, it includes all the fixed points of E. Since homoclinic trajectories in R? cannot
be confined to subsets of the type R x {7}, F cannot have any homoclinic trajectories.

As such, if T exists, it can only be a heteroclinic trajectory connecting (at least) two fixed points for E. This
implies I' can be parameterized by {(f(t),7)|t € [0, 1]} for some fixed 75 and some monotone function f(t). It
also implies that in order for the trajectory of (s,7) to accumulate on T', the 7 velocity must change - i.e., if
(s,7) €T, in order for its trajectory to accumulate on I' it must intersect the set {(s, )| P(s,7) # 0} infinitely
many times. As the support of P is contained in Uy N, by the argument above this cannot occur. Therefore,
there does not exist a heteroclinic trajectory I' on which the trajectory of (s,7) w.r.t. F can accumulate. All
in all, it follows that if the trajectory of (s,7) is bounded, it must tend to some fixed point for E, i.e., some
saddle node or pitchfork bifurcation orbit for the original family $ = F,(s). O

4.2. When topology forces bifurcations. The main takeaway from the proof of Proposition 4.2 is that
topology can and will constrain the dynamics of the Entropy flow. In this Section we will study the same idea,
but in higher dimensions. As we will see this will lead us to conclude that topology can force bifurcations.
More precisely, we will show that the topological constrains imposed on the Entropy flow for $ = F,(s) can and
will constrain its dynamics - this, in turn, constrains the bifurcations the family § = F;(s) can undergo in M
as T is varied. Even though our main motivation to study this problem arose from C' one-parameter families
of two-dimensional vector fields on a closed surface M, our arguments also hold when M is a closed manifold
of higher dimension. This Subsection is organized as follows: we begin by making some general topological
observations. Following that, we discuss how (and when) one can decompose Entropy flows by their Conley
indices (see Theorem 4.3), and use these Conley indices to describe the bifurcations the family undergoes as 7
is varied (see Theorem 4.7).

We will go with a motivating example. Consider the scenario illustrated in Figure 22, where M is a sphere
with three handles. In this setting there exist four different loops that wind differently around the handles,
making them non-isotopic in M. Given any C! family of vector fields § = F,(s), 7 € [—1, 1] that realizes these
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FIGURE 22. Different periodic orbits on a sphere with three handles. No pair of these periodic
orbits can be isotoped one to another - consequently, they cannot be destroyed by a bifurcation
which collides them with one another.

four loops as periodic orbits, as we vary 7, these periodic orbits cannot be destroyed by colliding with one
another. One could, of course, replace the language of ambient isotopies with that of the Entropy flow. By the
Kupka-Smale and Peixoto’s Theorems (see [8], [12] and [67]) and one should generically expect these periodic
orbits to be attractors and repellers - or, in other words, to correspond to components in Per, G1,Gs, G3, G4.

Now, let C' be a component of M x [—1,1] \ (U}{_;G;) - the Entropy flow on C' would be a solution to
differential equation with boundary condition, imposed by the behavior of the Entropy flow on G1, G2, G3, G4.
Boundary values can (and often will) constrain the behavior of solutions to ordinary differential equations, and
dynamical systems in general. That being said, due to the definition of the Entropy flow, one should expect
these constrains to force the bifurcations of § = F.(s) to behave in a certain way. We will now make this idea
precise. To do so, we first recall the definition of the Conley index, following [26], [51], [77], [89]:

Definition 4.2.1. Let S be an isolated invariant set for a flow ¢ : M xR — M. A pair of compact sets (N, L)
with L C N are called an index pair for S if the following conditions hold:

(1) N\ L is a neighborhood of S and S =1Inv, (N \ L), where Inv,, is the invariant set for ¢ in N \ L.
(2) L is positively invariant relative to N: if x € L and ¢(z,[0,t]) C N, then ¢(x,t) € L.
(3) Ewery trajectory that exits N in positive time first meets L. The set L is called the exit set.

The homotopy Conley index of S is h(S) := [N/L], i.e., the pointed homotopy type of the quotient space
N/L. The homological Conley index is CH,(S;F) := H.(N,L;F) & fI*(N/L;IF), where by H.(N, L;TF)
we will always mean the sequence of homology groups {Hn(N, L;F)}. Moreover, when the coefficient field F is
fized and clear from context, we write simply CH,(S).

Our idea in this Subsection would be as follows: by construction, the Entropy flow for the one—parameter
family § = F’-(s) is a dynamical system whose invariant sets are designed to be the bifurcations of $ = F,(s).
Therefore, provided we can isolate these invariant sets and compute their Conley index, we can infer the
bifurcation structure of $ = F,(s). We begin by proving the following;:

Proposition 4.3. Let M be a closed manifold of dimensionn > 2 and let $ = F,(s) denote a C' one—parameter
family of vector fields on M, where T varies in S'. Assume there is some finite collection of periodic orbits and
fixed points, 1, ...,V satisfying the following:
® Y1,....,7 do not bifurcate as T is varied in S*.
o For all i, when ~y; is a fixed point it is either source or a sink. Conversely, when it is a periodic orbit
it is either an attractor or a repeller.

Then, there exists some r s.t. given any Entropy flow, its dynamics can be encoded using a finite number of
homotopy Conley indices hy, ..., h,. and homological Conley indices cy, ...,c,.. Moreover, hy,...,h,. and cy, ..., c,
are independent of the choice of Entropy flow.

Proof. Recall, Per denote the collection of points in M x I which lie on periodic orbits for some F., 7 € I.
Similarly, let Fiz denote the collection of fixed points for the vector fields on the curve. Since all the periodic
orbits and fixed points 71, ..., v, are either attractors, repellers, sources, or sinks, each ; corresponds to its own
component S; in Per U Fiz. As 7 varies in S, it follows that for all 1 <4 < n, when ~; is a periodic orbit, the
component S; is a closed surface embedded in the n + 1-dimensional manifold M x I. To see why, first note
that M x I is a closed manifold, being the product of two closed manifolds. Therefore, given {(s,,7n)}n € S;
a Cauchy sequence in M x I, we know (s,,7,) tends to some (s,7) € M x I. As ~; does not bifurcate, it is
immediate that (s,7) € S; N M x I, which proves S; is closed. A similar argument proves that for i s.t. 7; is a
fixed point, S; is an embedding of S* in M x I.
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To continue, consider M = M x I\ (U S;) (note, M is a compact manifold with boundary) - it is immediate
that there are only finitely many components in M. Since all the sets S; are compact manifolds of dimension 1
or 2, by our assumption that all the ~1, ..., 7y, are either sinks, sources, attractors or repellers, the same argument
used to prove Lemma 3.1 shows we can thicken S; to open sets, O;, 1 < ¢ < n, satisfying the following:

e For all 7, F is transverse to (M x {7} N O;).
e The number of components in M is the same as that in M x I\ (U,0;).

Given any Entropy flow directed by a vector field E, as 71, ...,7, do not bifurcate, we also know that the
functions P and V both vanish around Si,...,S, (see Section 2). This proves we can always find some O,
i=1,...,n s.t. E is transverse to 00; - namely, by choosing the sets O; to be arbitrarily small thickenings of
the corresponding S;. It is easy to see that when we replace E by a vector field E’ directing another Entropy
flow with corresponding sets O}, the sets O; and O} are ambient isotopic in M x I, and if N(p) and N'(p’)
are the respective normal vector to 00; and 00, at some p,p’, then E(p) - N(p) and E’(p’) - N'(p’) have the
same sign for all choices of p € O, and p’ € JO;. Therefore, assuming M is some component of M bounded
by Si,...,8k, 1 < k < n, there exists a closed manifold with boundary, By such that By = M; \ (UX_;0;).
Moreover, for any other choice of Entropy flow, E’, there exist an analogous set B} given by M \ (UF_,0})
and satisfying the following:

e B; and Bj are isotopic in M x I, and both are isotopic to M.
e F and E’ point the exact same way throughout 0B; and dB] (respectively).

Let us number these sets By, ..., B, created by M x I\ (U-;S;). For each B;, 1 < j < r, define the next
sets L; = {(s,7) € 0B; : E(s,7) points out of B;}. By construction, E is transverse to 0B;, so B; is an
isolating block for the set .S, the invariant set of ' in B;. As such, the pair (B, L;) satisfies the index-pair
axioms, which implies the Conley indices h(S;) = [B;/L;] and CH,(S;; R) = H.(Bj, L;; R) are well-defined
(see Definition 4.2.1). Since by the above different sufficiently small choices of O; are ambient isotopic and the
entrance and exit signs on their boundaries are unchanged, the quotient pairs (B;, L;) are independent of our
choice of O; and have the same homotopy type (as long as we define them as above). Moreover, given another
Entropy flow £’ with corresponding quotient pairs (B}, L) defined analogously, by the above it is clear that
the homotopy type is unchanged - which implies Conley indices are independent of the choice of an Entropy

flow for § = F,(s). -
[ ]
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FIcURE 23. Two periodic orbits - an attractor v4 near the North pole n and a repeller vr
near the South pole s.

The above Propositions can be interpreted as saying the dynamics of the Entropy flow is a finite collection of
Conley indices, ”glued together” at the stable periodic orbits and fixed points. In addition, it shows us the role
of stable non-bifurcating dynamics. Similarly to how the braid type can force the dynamics of a homeomorphism
of a punctured disc to behave in a certain way (see [65] and [85] for a survey), so do the persistent attracting
and repelling sets constrain the bifurcations of § = F,(s). We now give a simple example illustrating how this
plays out. To this end, consider a C*° one-parameter family of vector fields § = F,(s),s € S?,7 € S'. Assume
there exist two periodic orbits corresponding to two disjoint simple closed curves y4,vr C S?, where v4 is an
attracting cycle and vr a repelling cycle s.t. both persist without bifurcating for all parameters 7 € S (see
Figure 23). Setting F = (y4 x S') U (yg x S'), we now consider components of M = (5% x S')\ F. After
deleting the two latitude lines 74 and g from S2, three connected components remain (see Figure 23):

(1) A disk region Dy near the North Pole n, bounded by 4.
(2) The annular region A between the two latitudes.
(3) A disk region Dg near the South Pole s, bounded by ~g.
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With a slight abuse of notation, after replacing the closed surfaces y4 x S' and yg x S by sufficiently
small thickened neighborhoods transverse to the Entropy flow we denote the three complementary blocks by
Ml =DN><Sl,M2=A><Sl and./\/l3 :szSl. Thus, M1 2D2X51,M2 ETQX[O,” aHdM;}ﬁDZXSl
where T2 = S! x S! denotes the two dimensional torus. We now compute their Conley indices - by Proposition
4.3 we know the results would apply to all possible choices of Entropy flows defined by $ = F;(s). To begin,
since v4 is attracting the boundary component corresponding to 4 x S, it is an exit boundary for the
adjacent complementary blocks w.r.t. all possible Entropy flow. Similarly, since vr is repelling the boundary
component corresponding to yg x S', it is an entrance boundary w.r.t any choice of Entropy flow. Therefore,
because M; = Dy x S! ~ D? x S! and since OM; ~ S* x S! corresponds to the attracting cycle v4, OM;
is an exit set. Hence, by Proposition 4.3, its homological Conley index w.r.t. every Entropy flow is given by
CH.(M;) = H,(Dyx x S, S8 x S1), and in more detail:

Z7 q = 27 3’
0, otherwise.

Note this can also be rewritten as H,(Dy x St, St x S1) = H, (82VvS$3), where V denotes the wedge sum. We now
compute the same Conley index for My. Recall, My = A x S1 ~ T? x [0, 1], hence the exit set is the boundary
component corresponding to the attracting cycle y4, say Lo = T2 x{1}. Since the inclusion T?x {1} < T?x[0, 1]
is a homotopy equivalence, the pair (T? x [0,1],T? x {1}) has trivial relative homology. Therefore, the Conley
index of My w.r.t. every Entropy flow is given by CH,(Mz) = H.(T? x [0,1],T? x {1}) = 0. Finally, for
Ms, recall M3 = Dg x S' ~ D? x S'. Since the boundary component corresponds to the repelling cycle
YR, it is entrance boundary for Mg w.r.t. any choice of Entropy flow. Thus, the exit set is empty and
CH.(M3) = H.(Ds x S'), and in detail:

Z, q=0,1,

0, otherwise.

CHq(MB) = {

By the Wazewski principle (see [4]), we conclude the existence of invariant sets for the Entropy flow in both
My and M3. Moreover, the fact CH,(M3z) = 0 has the following implications for the bifurcations the dynamics
of the C* family $ = F;(s) can undergo in A. Intuitively, by Sotomayor’s Theorem (see [20]) we would expect
all periodic orbits and fixed points in A to be added (or destroyed) when 7 is varied by saddle node bifurcations
of either periodic orbits or fixed points, where an attractor-repeller pair or a source-sink pair would be created
(or annihilated). The fact CH,(Ma3) = 0 makes this intuition precise, as it says the invariant set of the Entropy
flow in M5 is expected to be symmetric - that is, for every attractor we would expect a repeller, and vice versa.
As such, CH,(M3) = 0 essentially encodes how anything created in My w.r.t. § = F;(s) must be created ”in
pairs”, which annihilate one another as 7 is varied.

1

FIGURE 24. The red curve corresponds to the sinks, the blue — to the sources, the surface —
to the periodic orbits generated at Hopf bifurcation, where the arrows denote the motion of the
Entropy flow on them.

The idea behind Proposition 4.3 is that stable phenomena w.r.t. a C! family § = F,(s) constrains the
dynamics (and hence the bifurcations) of the Entropy flow. This leads us to ask the following - does something
similar occurs when bifurcations are allowed? Specifically, does the existence of some bifurcation, for example,
an Hopf bifurcation at some parameter 7 € I force another bifurcation, say, a saddle node, to appear at some
7/ € I? And also, can we remove the requirement in Proposition 4.3 that the parameter space I is S' and
replace it with something more natural, like an interval? As we will see below, using the properties of the
Entropy flow one can, to a certain extent, encode some bifurcations using the Entropy flow. Before stating



WHEN ENTROPY FLOWS: DRIFTING ALONG THE ROUTE TO CHAOS 39

these precisely, we begin with another motivating example. Let § = F,(s) denote a C' one—parameter family
of vector fields on S?, where, say, 7 € [0,2]. We further assume the following:

e For 7 € ]0,1) there exists a stable sink at the origin which varies with 7 (see Figure 24). At 7 = 0 the
origin is asymptotically stable.

e At 7 = 1 the origin undergoes an Hopf bifurcation, where it becomes a source, and an attracting
periodic orbit bifurcates from it, as illustrated in Figure 24. For simplicity, we assume the said orbit
persists as an attractor for all 7 € (1, 2].

e For all 7 € [1,2] the periodic orbit is trapped inside some disc D C R? of bounded radius.

b3

FIGURE 25. The derived Entropy flow on S? x S, with the directions on W = W1 U Wy and
W] UWS. The orange flow lines denote flow lines on S, tending to the orbit T. The blue-green
surface corresponds to S.

To continue, let C' denote the collection of components in Per U F'ix which includes the surface of periodic
orbits bifurcating from the origin together with the arcs of sinks and sources - by definition, the said surface is
in Per while the curves are in Fiz. Ideally, we would like to compute the Conley indices associated with these
three components of C for the Entropy flow. Unfortunately, this naive approach cannot work, if only because
the parameter space I = [0, 2], an interval, makes it hard (if not impossible) to isolate C. This shows that in
order to describe the Entropy flow in this setting using the Conley index, we must first somehow compactify
everything. To this end, set I; ~ [0, 1], I ~ [0, 2] correspond to arcs on S', and let us reparameterize $ = F,(s)
s.t. 7 now varies in Ir. We now smoothly extend the C' family § = F,(s) to the parameter space S' \ I
and create a one-parameter family on S? x S'. We do so in a way that everything is symmetric - i.e., for
6 € S\ I, there exists a unique parameter 7 € [0,2] s.t. F, and Fj have orbitally equivalent dynamics on S2.
This "reflection” makes C' into a subset of C, where C is the set illustrated in Figure 25. By its definition, the
set C' is composed of the following subsets:

e Points p; = 0x {1}, po = 0 x {#;}, corresponding to Hopf bifurcations, and a curve W in §2 x (S'\ I5)
connecting them. The curve W is a curve of sinks in Fix w.r.t. the described reflection.

e Choose some p3 € W to serve as an equilibrium fixed point for the Entropy flow as in Definition 2.1.5,
and let W7, W5 denote the components of W'\ p3 connecting p3 to p; and ps (respectively).

e Let W’ denote the line of fixed points connecting pi, p2, i.e., W’ is the curve of sources in Fiz w.r.t.
this reflection. Again, choose some py € W’ to serve as an equilibrium fixed point for the Entropy flow,
and let W7, WJ denote the subarcs of W'\ {p4} connecting p,s to p1,ps (respectively).

e Let S denote a surface homeomorphic to S? punctured at p; and po, i.e., S is the surface corresponding
to the periodic orbit created at the Hopf bifurcation at p; which is closed back to a fixed point at ps.
S is glued to W at p; and po, while the arc W’ lies strictly inside the topological ball bounded by S.
Again, choose some closed loop T x {r} C S s.t. T is periodic for F,., r € S!, to serve as an equilibrium
periodic orbit for the Entropy flow (see Definition 2.2.5).

By the definition of the Entropy flow we have a large degree freedom in the choice of the points p3 on W,
pa on W', and the loop T x {r} on S that serve as equilibrium states for the Entropy flow. That being said,
this is where the freedom ends: per the definition of the Entropy flow, regardless of which points in W, W' we
choose as equilibrium fixed points or which loop we choose on S to serve as an equilibrium orbit, any Entropy
flow would behave on C to be as follows (see the illustration in Figures 25 and 26):

e The point p3 repels initial conditions on Wy, Wy towards p1, pa (respectively). As ps is originally a
sink for some Fy, by Lemma 3.1 we conclude that there exists a three-dimensional set, C; € M x S!,
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homeomorphic to a ball, s.t. the Entropy flow points out of C'; on two caps on dC; corresponding to
the intersection with Wi, W5. Similarly, there exists a band separating the two caps on JC7 where the
Entropy flow points into Cf.

e The point p4 is a source that repels initial conditions on W{, W} asymptotically towards p;, pa (respec-
tively) - by Lemma 3.1 we can choose some ball A around it, s.t. A lies strictly inside the region enclosed
by S and E points out of A. Similarly, as every orbit on S is attracting, by Lemma 3.1 we can find a
three-dimensional neighborhood N of S in S? x S with pi, po on ON s.t. E points inside N throughout
ON \ {p1,p2}. Finally, since we assumed our original Hopf bifurcation points are asymptotically stable
so are p; and py. As such, we can enclose the set B = Wy UWo U S U {p1,p2,p3} in some isolating
block, Oy, s.t. the Entropy flow points inside Cy throughout dCs (note that B is homotopic to S? U+,
where 7 is a curve in S® \ S? connecting the North and South poles on S?).

The above is true for all choices of an Entropy flow in S? x S! chosen in this way, i.e., by using Lemma
3.1 as described above. As such, we conclude the Conley indices of the invariant sets within the isolating
blocks C7,Cy are well-defined. Moreover, similarly to the proof of Proposition 4.3, these Conley indices are
independent of the choice of Entropy flow - again, provided it is chosen using Lemma 3.1 as above. Let us
denote the respective Conley indices by C1,Cs. We note that C; can be "embedded” into Cs, i.e., as a topological
space: this embedding should be interpreted as encoding the change in the dynamics of the Entropy flow when
the parameter 7 varies from [0,1) to [1,2]. More precisely, C; and Cy should be interpreted as constraints the
Hopf bifurcation induces on the dynamics of Entropy flows chosen as above. We are now going to discuss this
example in more detail, after which we will generalize it to a wider setting.

FIGURE 26. On the upper left, C - the red caps denote regions on OC1, where the Entropy flow
points outwards, while the cyan-green regions correspond to where it points inwards. On the
downer left, there is a cross-section showing how the flow points on the boundary. Similarly, on
the upper right, we see Cy, where the red ball in the middle centered at py is not a part of Cs.
And, on the downer right, there is a cross-section, showing the flow points inwards throughout
the boundary.

To begin, consider the topological sphere ¥ = S U {p1} U {p2} and recall W = W; U Wy U {ps}, W' =
Wl/ u Wz, U{ps}. Let H denote the three-dimensional ball bounded by ¥. By definition, ps € H, W' c H and
T C X. Similarly, let B =W US U {p1,p2,p3}, then B = S? U+, where v is a curve connecting the North pole
and the South pole of the S2, i.e., B = S§2 Vv S!. To continue, let Ny be the neighborhood isolating the periodic
orbit T', let N7 be the neighborhood isolating B and let and N5 be the neighborhood isolating B U H. By the
above, py € Inv(NVs), Wl/ C Ns, Wzl C N> where the invariant set is w.r.t. the Entropy flow chosen as above
(in previous notation, Ny = Cy and No = Ny U H). By our choice of Entropy flow, if it is given by a vector
field F then F always points inside N; throughout ON;, where i = 0,1, 2.

We now compute the respective Conley indices of N7 and N, and study their relation to one another. We
note the neighborhood Ny may be chosen to be a small solid-torus neighborhood of the periodic orbit 7', hence
it deformation retracts onto the phase circle T, i.e., Ny can be collapsed homotopically to T, and hence to S!
The neighborhood N; deformation retracts onto B, and therefore Ny ~ B ~ S? v S!, where by ~ we mean
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”homotopic”. Here the two-dimensional homology class of 52 is represented by the Hopf sphere X, while the
one-dimensional homology class of S* is represented by the loop obtained from the branch W together with a
path on ¥. Finally, passing from N to No, by No = Ny U H the ball H fills the sphere %, it follows all the
loop classes on N, persist as we map N7 by the inclusion to Ns. It is trivial to see that since N5 is obtained by
"filling up” the sphere ¥ then Ny ~ S*.

We now recall the Conley index is computed from an index pair (N, L) by collapsing the exit set L w.r.t. the
flow, or, equivalently, by computing the relative homology groups H, (N, L) (see Definition 4.2.1). In the present
example, since we chose the Entropy flow s.t. its generating vector field E points strictly into each IV; throughout
its boundary, i = 0,1,2, there is no exit set. Hence, writing the index pair Py = (Ny, ), P, = (Ny,0) and
Py = (N3,0) we get CH.(P;) = H.(Ni;Z), i = 0,1,2. As stated above, there are well-defined inclusion maps
tij + (Ni,0) = (N;,0), 0 <4 < j <2, which therefore induce homomorphisms @, : CH.(P;) — CH.(P;) for
all «. Moreover, by the by functoriality of singular homology for all i < j < k these maps satisfy &7, = ®7, o ®7,.
Using the homotopy types above, we now obtain:

CH,(Py)) = H.(S"), CH,(P,) = H,(S*Vv S'), CH,.(P,) = H,(S").

And more explicitly (where 2 in the diagram below represents an isomorphism):

CHy(Po) =Z CH:(Po) = Z(t) CHy(Py) =0
BY @5, =0

CHy(P) =7 CH,(P)) = Z{w) CHy(Py) = Z{q)
o oo 2,0

CHy(P2) =7 CH,(P,) = Z(ws) CHy(P,) =0,

where Z(n) = {nn : n € Z} denotes the free abelian group generated by some class 7. In our case, the class ¢
represents the oriented phase circle of the periodic orbit 7T, i.e., S'. The class ¢ is represents the Hopf sphere
Y, while the class w represents the loop obtained by following the curve W and closing it by a path on X. The
loop represented by w is not the phase circle of a single periodic orbit, but rather it is a global product-space
loop created by the way the fixed-point curve W and the Hopf sphere are glued together in M x I - its image
in Hy(N3) is denoted by wy. We now justify our assertions about the maps in the diagram above:

e The degree-zero maps are isomorphisms because all three neighborhoods are connected, and for any
connected space X one has Hy(X;Z) = Z. The inclusion of one connected neighborhood into another
maps the generator (represented by any point) to the generator of the larger connected space.

e The map @}, : Hi(Nog) — Hi(Ny) is zero because the circle T bounds a two-chain in the Hopf caps
contained in N; in the chain group Co(N7;Z), or equivalently its image is null-homologous in Nj.

e The class w, on the other hand, is not inherited from Ny, rather, it is the new one-dimensional class of
Ny =~ S? v St As such the map ®}, : Hy(Ny) — Hi(Ns) is an isomorphism, since adjoining the ball
H fills only the sphere 3 and does not fill the loop represented by w. Thus it follows ®1,(w) = Fws,
where the sign depends on the orientation convention.

e Finally, ®%, : Ho(Ny) — Ha(Ns) is zero since ¢ = [¥] becomes the boundary of the ball H in Ns.

The kernel and cokernel of these transport maps have the following interpretation. For a given map
@, : CHy(P;) — CHy(Pj) the kernel consists of old degree ¢ Conley classes that become trivial after the
neighborhood is enlarged from N; to IN;. The cokernel is the quotient of CH,(P;) by the classes inherited from
CH,(P;), so it records degree ¢ Conley classes in the larger block that were not inherited from the smaller one.
In our example, this can be explicitly interpreted as follows:

ker ®}, = Z(t) : the periodic phase class dies;
coker &3, = Z{w) : the global product-space loop is born;
coker @2, = Z{q) : the Hopf sphere is born;

ker ®2, = Z(q) : the ball H fills the Hopf sphere;

®1,(w) = +wsy : the global loop survives.
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These maps between the nested pairs don’t only record the appearance or disappearance of individual orbits,
they also record the topology of the Hopf mechanism in the product space. We can conclude the following
topological signature as follows: ¢ dies, ¢ is born and dies, w is born and survives. This signature
expresses the collapse of the periodic orbit phase, the formation of a mirrored Hopf sphere, its filling by the
interior source, and the survival of a global parameter-loop class.

The example above shows us that in some cases one can weaken the assumptions of Proposition 4.3 and
analyze the dynamics of the Entropy flow forced by the topology of bifurcation (although that being said,
unlike Proposition 4.3 this analysis does depend to some extent on the choice of the Entropy flow). We now
generalize this discussion. Recall that the Entropy flow for a C'! one-parameter family $ = F,(s), s € M,7 € I
is a dynamical system defined on M x I. Let us denote by E the vector field generating the said Entropy
flow, and by ¢!, the corresponding flow function at time ¢. Given a compact set N C M x I, recall we write
Invg(N) ={z € N : p(z) € N for all t € R} for the maximal invariant set of E in N. We now define:

Definition 4.2.2. Let § = F,(s) be a C' one parameter family on M parameterized by T € I, and let E be
some corresponding Entropy flow on M x I. An entropy-adapted index filtration is a finite sequence of
Conley index pairs P = {P; = (N;, L;)}*y s.t. the following conditions hold:

(1) N;y L; CM x I forall0 <1i<m.

(2) N; C Nyyq forall0 <i<m.
(3) L; =L;x1 N N; for all 0 < i < m.
(4) Fach P; = (N;, L;) is an index pair for the isolated invariant set S; = Invg (Ni \Li), where Invg s as

above.

We write CHy(P;; R) := Hy(N;, Li; R) for the degree q¢ Conley index of index pair P; with coefficients in a
commutative ring R.

Remark. The terminology above is meant in the classical Conley sense. The adjective “entropy-adapted” refers
to the way the filtration is selected by the Entropy flow in the product space M X I, not to a new object beyond
index filtrations (see Definition 3.4 of [52]). The existence of an index filtration for a Morse decomposition is
proven in Theorem 3.8 of [52].

The condition L; = L;11 N N; would be called exit-set compatibility. It ensures that, for every ¢ < j,
L; = L; N N;, and hence the inclusion of pairs (N;, L;) < (I}, L;) identifies the complex C,(N;, L;; R) with
a subcomplex of C.(Nj, L;; R). When each N; is a trapping set for the flow (as in the example above), by
definition L; = () for all 4, so the exit-set compatibility condition is automatic. In this case an entropy-adapted
index filtration is simply a nested sequence Ny C Ny C --- C N,, of nested trapping sets (which are also by
definition isolating neighborhoods). From now on, E would always denote the vector field for some Entropy flow
on M x I, defined w.r.t. some C! one parameter family $ = F,(s) defined over some manifold M of dimension
at least 2 and parameterized by 7 € I. To simplify, we will often refer to F as an Entropy vector field. We
begin by proving how a Morse decomposition can be obtained from entropy-adapted index filtrations:

Lemma 4.4. Let P = {P, = (N;, L;)}*, be an entropy-adapted index filtration and set S; = Invg (Ni \ Li),
where E is a vector field for some Entropy flow. Then, the following holds:
e S, C S for every i < j, and S; is an attractor in S;. Consequently, D = S_1 C Sy C S1 C -+ C Sy, s
an attractor filtration.
o If My = S;n(Si—1)s, ={r € Si:wp(x) NSy =0}, i =0,...,m, where (S;_1)§, denotes the dual
repeller of S;_1 in S; and wg denotes the w limit set w.r.t. E, then, after deleting empty terms, the
sets M; form a Morse decomposition of S,, with admissible order My, > My,—1 > --- > M.

In particular, the difference S; \ S;—1 should not be identified with the Morse set M; defined above, as it could
contain connecting orbits from M; to S;_1.

Proof. The exit-set compatibility condition implies, for every ¢ < j, that L; = L; N N,. This yields N; \ L; =
N\ (L " N;) C N; \ Lj, hence every complete orbit contained in N; \ L; is contained in N; \ L;, and so
S; C S;. We now show that S; is an attractor in S;. Since (IV;, L;) is an index pair, we have S; C int(N; \ L;).
Choose an open neighborhood U of S; s.t. S; CU C N; \ L;. Let x € UNS;. Since x € S, both its forward
and backwards trajectories w.r.t. E are trapped inside N; \ L;. If the forward trajectory of x left N;\ L;, then
either it would hit L;, or it would exit NN;. In the second case, the exit-set property of (N;, L;) implies it must
hit L; before leaving N;. In either case the orbit hits L; C Lj, contradicting the fact that it is contained in
N;\ L;. All in all, the trajectory of x w.r.t. E is trapped in N; \ L,.

It follows that wg(z) C S;. Since S; C UNS; is invariant, this proves S; attracts UN.S; inside S;, hence S; is
an attractor in S, hence ) = S_; C Sy C --- C Sy, is an attractor filtration. For each 4, the attractor-repeller
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decomposition of S; associated to the attractor S;_; gives the dual repeller M; = (Si,l)*si. Each nonempty
M; is compact, invariant and isolated, therefore the standard construction of a Morse decomposition from an
attractor filtration gives the family {M;} with order M,, > --- > M. In particular, any point not in one of the
M; belongs to a connecting region whose alpha-limit lies in a higher layer and whose omega-limit lies in a lower
layer. By applying the Lyapunov functions of the attractor-repeller pairs (S;_1, M;) inside S; we conclude no
recurrent orbit remains outside the union of the M;, i.e., the repeller pushes towards the attractor. Thus after
omitting those indices ¢ for which M; = @) (if necessary), the sets M; form a Morse decomposition of S,,. O

Motivated by the example of the Hopf bifurcation above, we now introduce the following definition:

Definition 4.2.3. Given an entropy-adapted index filtration P = {P;}*, w.r.t. to an Entropy vector field E,
the inclusion of pairs P, = (N;, L;) — P; = (N;,L;), i < j induces a homomorphism @?j : CHy(P;R) —
CHy(P;; R) for every homological degree q. We refer to @fj as the degree q Entropy—Conley transport
map. The collection

ECH,(E, P; R) := (CH,(P;R), ®Y.)

1<
will be defined as the degree q Entropy—Conley transport module.

Exactly like in the case of the Hopf bifurcation above, for a fixed degree ¢, the transport module records
how degree g Conley classes behave as the Entropy flow block is enlarged along the filtration. Recalling how in
our example above and recalling the kernels, images and cokernels encode the bifurcations themselves, we also
introduce the following definition:

Definition 4.2.4. Let E be some Entropy vector field with an associated degree q Entropy—Conley transport
module ECHy(E,P; R) as above. For a transport map ®f; : CHy(P;; R) — CHy(Pj; R) we define:

Death, (4, j) := ker &},
Inherity (7, j) := im @gj,
Birth, (4, j) := coker @gj.

Thus Deathy (4, j) consists of old degree q classes that become zero in the larger block, Inherit, (i, j) consists
of classes that persist into the larger block, and Birthy (i, j) consists of new degree q classes in P; modulo those
inherited from P;.

Having generalized the ideas introduced in the example of the Hopf bifurcation, we now prove the following
Lemma:

Lemma 4.5. Let P = {P;}7*, be an entropy-adapted indez filtration w.r.t. some Entropy vector field E. Then,
for every q, the assignment

i— CHy(PiR),  (i<j)r— @

defines a functor from the ordered set {0 < 1 < --- < m} to R-modules. In particular, we have ® = id and
P 0@l = foralli <j<k.

Proof. We first note the inclusion of pairs (N;, L;) < (N;, L;) induce an inclusion of relative singular chain
complexes C,(N;, L;; R) — C4(Nj;, L;; R). This chain map induces the homomorphism @fj on homology. By
definition, the identity inclusion induces the identity chain map and the composition of inclusions induces the
composition of the corresponding chain maps. Passing to homology now gives @7, = id, @?k o @fj = ! - to
see why, this is just the usual functoriality of singular homology for pairs (see Section 2.1 in [87]). O

We continue by introducing the relative groups which record the bifurcation topology added between two
levels of the filtration:

Definition 4.2.5. Let P; = (N;, L;) C P; = (Nj, L;) be two levels of an entropy-adapted index filtration defined
w.r.t. some Entropy vector field E. Define the transition group by

TRy(i, j; R) := Hy(C.(Nj, Lj; R)/C.(N;, Li; R)),

where the Cy(Nj, L;; R)/Cy(N;, L;; R) refers to the full graded quotient chain complex. Equivalently, this is the
relative homology of the inclusion of pairs (N;, L;) C (N, L;).

Remark. Notice that when L; = L; = 0, the transition group reduces to the usual relative homology group
TR,(i,j; R) = Hy(N;j, Ni; R).
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The transition group records the relative Conley homology added as we move between two nested index pairs
P; C Pj. Algebraically, it is the homology of the quotient chain complex C.(P;; R)/C.(P;; R). Dynamically, it
represents the homological contribution of the part of the Entropy flow block which appears when passing from
the smaller isolating block to the larger one. It records both the newly appearing classes in P;, and how these
new classes are attached to the classes already present in P;. In particular, the transition group measures the
relative change in the isolated dynamics as the Entropy flow passes through the bifurcation region. It follows,
the connecting homomorphism in the transition exact sequence, given by

i3 oL
.- = CHy(P;; R) —% CH,(P;; R) — TRy (i, j; R) — CH,_1(P5;R) — -+ ,

is a boundary operator, as it identifies which relative transition classes kill old Conley classes. We now prove
the following Lemma:

Lemma 4.6. For every inclusion P; C P; in an entropy-adapted index filtration w.r.t. some Entropy vector
field E, there is a long exact sequence:
&9 8%, @It
-+ —= CHy(P;; R) — CH,(P;; R) — TRy(i,j; R) — CH,_1(P;; R) —— CHy_1(Pj;R) — -+,
where im qu = ker <I>?j_1. That is, if a class a« € CHy(P;; R) is mapped to zero by the transport map ‘ng_l,
then there exists a class B € TR,(i,j; R) s.t. 3%([3) = «. In other words, the transition class 3 records the
homological mechanism by which the old class « is canceled when it moves from P; to P;.

Proof. The inclusion of relative chain complexes and exit-set compatibility defines a short exact sequence:

Every short exact sequence of chain complexes induces a long exact sequence in homology. Recall the definitions
CHq(Pi; R) = I‘Iq(]\fi7 L'L; ]%)7 CHq(PJ, R) = Hq(Nj, Lj; R), TRq(Z,j, R) = Hq (C*(NJ7 Lj; R)/C*(N7, Lz, R))
By plugging them in the above we obtain the stated sequence. To conclude, note the equality im agj = ker <I>§j_1
follows immediately from the exactness of this sequence at CHy_1(F;; R). (this is the standard long exact
sequence associated to a short exact sequence of chain complexes - see [37]). (]

Remark. Put simply, Lemma 4.0 states that whenever a Conley class becomes zero under the transport map the
transition exact sequence detects this disappearance by exhibiting a relative transition class whose boundary is the
old class. We further remark the short exact sequence above is not derived automatically from N; C N;, L; C L;.
To see why, note the relative chain complex is defined by Cy(N;, Li; R) = Co(N;; R)/Cy(Li; R). If a chain is
supported in Ny N L; but not in L;, it could potentially define a nonzero class in C,(N;, L;; R) while becoming
zero in Cy(Nj, L;; R), which would make the induced map C,(N;, L;; R) — C.(Nj, Lj; R) non-injective. The
condition L; = L; N N; rules out this possibility, as it guarantees the inclusion of pairs identifies C(N;, L;; R)
with a subcomplex of C..(N;, L;; R), which makes the quotient complex Ci(Nj, L;; R)/C«(N;, L;; R) well-defined.

Lemma 4.6 gives a criterion for detecting homologically visible bifurcations - namely, a change of Conley
homology between two nested Entropy flow blocks is detected by the failure of q)gj to be an isomorphism.
Note this was seen in the Hopf example earlier this Section - for example, in the map ®2, which send the
class ¢ = [X] € CHy(Py) to zero in CHo(P2). As the transition class represented by the ball H has boundary
0[H] = [X] = ¢, so the boundary map records how the Hopf sphere is killed. Moreover, similarly to the said
example, a nonzero kernel implies an old class becomes null-homologous in the larger block, while a nonzero
cokernel means that the larger block contains a class that is not inherited from the smaller block. Consequently,
the boundary map agj : TRy(4,j; R) = CHy_1(P;; R) records how a relative transition class attaches to the
older block. If the boundary of such a relative class is an old Conley class, then that old class becomes
null-homologous after the transition. Summarizing our ideas, we now introduce the following definition:

Definition 4.2.6. Let E be an Entropy vector field on M x I for some C' one parameter family § = F,(s)
parameterized by T € I. Let Y C M x I be a compact set satisfying the following:

e Y is an isolated invariant w.r.t. E.
e Y C PerU Fix, i.e., Y is composed of components of Per and Fiz glued together at bifurcation orbits
and fized points.
A bifurcation code for' Y over a coefficient ring R (typically, Z) is an entropy-adapted index filtration
Py = {Py,; = (Ny,i, Ly} adapted to'Y (i.e., for all i, Ny, NY # 0 and Y = Invg(Ny,my\Ly,my),
together with its induced transport maps and transition groups

By (E; R) = (Py, {CH.(Pyi; R)}i, {®;}i<js {TR.(, 45 R), 855 }i<j) »
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where ®f; : CHy(Py,; R) — CHy(Py,j; R) are the maps induced by the inclusion of index pairs Py; — Py,;.
The ordered list Py, C Py,1 C -+ C Py,m, will be called the bifurcation sequence associated to'Y .

Intuitively, one could think of a bifurcation code as a Conley-level resolution of the Entropy flow near Y
(needless to say, the code depends on both the choice Entropy flow, and on the chosen index filtration). Thus
it should not be interpreted as an intrinsic classification of all bifurcations in the original parameter family
$ = F:(s), but rather, it is a tool for studying how a given Entropy flow organizes the isolated bifurcation
structure near Y. We now prove the following analogue of Proposition 4.3 for bifurcation codes:

Theorem 4.7. Let E be an Entropy vector field on M x I, let Y1,...,Y C Per U Fix be finitely many compact
subsets, and let R be a coefficient ring. Assume that each Yy, o = 1,... k, admits a bifurcation code given by

%Q(E;R) = (Paa {CH*(Pa,i;R)}ia {(I)Zyij}igja {TRQ,*(ivj;R)aaa,ij}i<j)a

where Po = {Pa; = (Na,i;Las)}in% is an entropy-adapted index filtration adapted to Y,. Further, assume

that the last isolating blocks in each filtration, Ny, = 1,...,k, are patrwise disjoint, and that their union

isolates the part of the Entropy flow generated by Y1 U ---UYy. Then the collection B(E; R) = {B.(E; R)}E_,

encodes the Conley-level behavior of E on this isolated region in the following sense:

o For every a, every degree q, and every ¢ < j, the transport map @iﬂj :CHy(Py:; R) — CHy(Paj; R)
records the degree g Conley classes inherited from the smaller block P, ; to the larger block P, ;.

o The kernel ker @g’ij records the degree q Conley classes in P, ; which become zero after transport to
P, ;. Equivalently, these are the degree q classes which disappear when the index filtration is enlarged
from Py ; to Py j.

e The cokernel coker ®, ;. records the degree ¢ Conley classes in Py, j which are not inherited from Py ;.
These are the new degree q classes created by the transition from Py ; to P, ;.

e The connecting homomorphism 03, ;: : TRa 4(i, j; R) — CHy—1(Pa,; R) identifies how relative transi-
tion classes attach to the older block. More precisely, by exactness of the transition sequence, we have

im 3‘0{’“ = ker <I>i_z; Thus the image of Bg,ij consists precisely of the older degree g — 1 Conley classes

which become null-homologous as we move from Py ; to Py ;.

In particular, the filtration detects a Conley-level transition in degree q whenever the transport map @iﬂ-j
fails to be an isomorphism. The transition boundary maps further record which older classes become boundaries

of relative transition classes in the enlarged block.

Proof. Fix an isolated set Y, - by assumption, Y, has an entropy-adapted index filtration which we denote by
Po = {Pa;i = (Nay, La,i) ?;‘6. Note that for every ¢ < j, the inclusion of index pairs P, ; < P, ; induces a
map on relative homology, given by

q)q : Hq(Na,i;La,i;R) — Hq(NaJ',Lo“j;R).

a,tj
Or equivalently:
(I)Zé,ij :CHy(P,,i; R) — CHy(Pa j; R).
By the functoriality of singular homology, these maps satisfy both @7 ;; = id and @7 ;, 0 @} .. = @7 ;, for all
i < j < L. Thus, for each fixed degree ¢, the assignments i +— C'Hy(Pa,;; R) and (i < j) = @7, is a functor
from the finite ordered category {0 < 1 < --- < mg} to the category of R-modules.
To continue, consider a transition from P, ; to P, ;, where P, ; C P, ;. The long exact sequence of the triple
of chain complexes, equivalently of the quotient complex Cy(Py ;; R)/Cx«(Pa,i; R) yields the exact sequence:
LS 8% . P11
i . o4 g
e — CHq(Pa’i; R) — CHQ(PQJ; R) — TRa’q(Z,_]; R) — Cqul(POc,i; R) — Cqul(Paﬁj; R) — e
While the exactness implies
im ] ;; = ker @gfé
Therefore, whenever an old Conley class dies under the transport map in degree ¢ — 1, it appears as the
boundary of a relative transition class in degree ¢q. This proves that the boundary map identifies the transition
layer that attaches to, or kills, older Conley classes. The interpretations of kernels, images, and cokernels as
death, inheritance, and birth are then precisely the algebraic meanings of the transport maps. The final claim
follows immediately. O

Remark. Note Theorem 4.7 is graded, i.e., a bifurcation code may be trivial in one degree q and nontrivial
in another degree q'. Thus, if all degree q transport maps are isomorphisms, this means the chosen filtration
detects no Conley-level transition in degree q. It does not rule out births, deaths, or transition attachments in a
different degree ¢'. Therefore, we say a bifurcation is detected by the bifurcation code if such a nontrivial event
occurs in at least one degree.
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Put simply, Theorem 4.7 establishes the connection between the topology of certain bifurcations and how
the Entropy flow sees them. In addition to giving concrete description how bifurcations are seen by the Entropy
flow, this Theorem (much like Proposition 4.3) should be thought of as a Sharkovskii-like result for bifurca-
tions. To illustrate, recall the Sharkovskii Theorem (see [13]) and the Li-Yorke Theorem (see [21]) force the
existence of certain periodic dynamics for interval maps provided certain topological conditions are met. As
Theorem 4.7 and Proposition 4.3 allow us to associate Conley indices with some bifurcations and analyze their
structure, they induce topological constrains on the Entropy flow - and in doing so, they impose constrains on
the bifurcations of periodic orbits in Per and fixed points in Fiz.

That being said, we would like to stress Theorem 4.7 does not claim every bifurcation is detected, nor
that the underlying invariant set for an Entropy flow is uniquely determined by its Conley index. Rather,
once an isolated Entropy flow block and an adapted index filtration have been chosen, the code records how
Conley classes are inherited, born, killed, or attached along the bifurcation sequence. This is the sense in which
bifurcation codes provide a criterion for detecting bifurcation structure through the Entropy flow - in particular,
the bifurcation code depends on the choice of the Entropy flow. This Theorem is best seen as a bifurcation
analogue to the way braid types force prescribed dynamics to appear for planar homeomorphisms, in the sense
that once a braid type is detected we can study what dynamics are forced by it (see [35]). Similarly, provided
we can verify a certain component in Per U Fliz exists and can be isolated, we can associate a bifurcation code
with it w.r.t. some Entropy flow and study how it constrains its dynamics. This discussion leads us to:

Definition 4.2.7. Let P, = (N, Ls),a = 1,...,k, be terminal index pairs as in Theorem /.7, and set
So = Invg (Na \ La), where E is an Entropy vector field. We now define the following notions:
e Let Namp be an ambient isolating neighborhood containing all sets S,,. A complete E-orbit in Ny
is a solution curve for E given by v : R — Namp s.t. v(t) = ¢ (t,v(0)) for allt € R, and v(t) € Namp
for allt € R (where o denotes the corresponding flow function).

e Forx € Invg(Namp), we write ap(x) = Npagieet,z) 1t < =T} andwp(x) = Npooleet,z) : 1 > T}
for the alpha- and omega-limit sets of the complete orbit through x. For two isolated invariant sets
Sey Sg C Invg(Namb), define the set of connecting points from S, to Sg inside Naymp by

CE(Sa,S8; Namb) = {2 € Invg(Namb) \ (Sa U Sp) : ap(z) C Sa,we(x) C Sz}.

We say the terminal blocks Py, ..., Py are dynamically independent in Ny, if for all indices a # 3
we have Cg(Sa, S3; Namb) = 0.

e [If, in addition, Invg(Namp) = [_|Z:1 So (where | | denotes disjoint union), then the terminal blocks are
said to give a complete independent decomposition of the isolated Entropy flow dynamics in Namp.

We conclude our discussion of bifurcation codes for Entropy flows with the following criterion, describing
when component bifurcation codes can be assembled by direct sum:

Corollary 4.8. Let B,(E; A), a =1,...,k, be bifurcation codes associated to entropy-adapted indez filtrations
Po = {Pai}ity w.r.t. some Entropy vector field E. Write the terminal pair of the a-th filtration as Py, =
(Na, Lo) and set S, = Invg (NQ\L(X). Assume the terminal sets Si,..., Sy give a complete independent
decomposition inside an ambient isolating neighborhood Namy, that is, Cg(Sa, Sg; Namb) = 0 for all o # B3, and
Invg(Namb) = |_|Z=1 S«. Then, the Conley homology of the global isolated invariant set decomposes as follows:

k
CHy(Inv(Namn); R) = @) CHy(Sa; R).
a=1
Equivalently, the terminal part of the global bifurcation code is the direct sum of the terminal component codes.
Consequently, if there exists a connecting orbit from some S, to some Sg inside Nampb, the component codes
alone do not encode the full isolated Entropy flow dynamics and must be enlarged to a transition block containing
the connecting orbit and include the corresponding transition group and boundary map.

Proof. Since Invg(Namp) = |_]I;:1 S, and as there are no connecting orbits between distinct S, ’s in Ny, the
isolated invariant set decomposes as a disjoint union of independent isolated invariant sets. Therefore, choose
pairwise disjoint isolating neighborhoods U, C Nump for S,, with index pairs Q, = (Us, K, ), and define
U= UZ:I Uas, K = |_|Z:1 K,. It follows Q = (U, K) is an index pair for the disjoint union |_|Z:1 Sa. Now, the
relative singular chain complex splits as

C.(U,K; R) = @ C.(Ua, Ka; R).

a=1
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While passing to homology yields:

k k
CH, <|_| Sa;R> =~ D CH,(Sq; R),
a=1 a=1
which proves the direct sum decomposition. Consequently, if E/ generates a connecting orbit from S, to S,
then Inv g (Namb) is not the disjoint union of the terminal sets. As the connecting orbit belongs to a transition
region in the ambient isolated dynamics, the global code contains additional transition data encoded by an
enlarged index filtration and its transition groups and boundary maps. Thus, whenever such a connecting orbit
exists the component codes alone do not encode the full Entropy flow dynamics. ([

Before concluding this Subsection, we remark the entropy-adapted index filtration is very much in lines
with the classical Conley index Theory. To see why, recall that in classical Conley index Theory one starts
with a Morse decomposition of an isolated invariant set, chooses an admissible ordering, and obtains an in-
dex filtration. The associated homology index and the connection matrix then encode the homology indices
of the Morse sets and the connecting orbits between them (see [57]). Moreover, nested index filtrations also
appear in the continuation theory of connection matrices (see [94]), while related persistence-based approaches
to changing Conley data and combinatorial bifurcations have also appeared in recent works [121], [135]. That
being said, the point of the entropy-adapted index filtration is different, as the objects in the filtration are
compatible index pairs Py C P; C --+ C P, chosen from the geometry of the route through bifurcations, hence
it differs in the interpretation of its maps as topological records of bifurcation transitions. In other words, the
connection-matrix formalism is not replaced by our construction, but on the contrary, applied to study the
bifurcation structure via the Entropy flow.

Finally, we remark that even though our results hold for all dimensions, in practice, our motivating examples
in this Subsection arose from C! one-parameter families § = F,(s) defined on closed surfaces M. The reason
these examples work so well is because due to the Kupka-Smale Theorem, Peixoto’s Theorem and Sotomayor’s
Theorem, for such families the structure of the set Per U Fiz is generically ”well behaved” (see [8], [10], [12]
and [20]). This leads the following question: are these ideas also well behaved in higher dimensions? Say, for
flows that are not Morse-Smale? Unfortunately, the answer is likely to be extremely case dependent. That
being said, for the sake of completeness, in the next Subsection we study the Entropy flow for the Lorenz system
using the Conley index Theory. Moreover, in Appendix 8 we discuss specifically how, under certain idealized
assumptions, one can apply the Conley index method to describe the behavior of the Entropy flow near period
doubling bifurcations. As such, the analysis in Appendix 3.1 proves that even though our theory is likely to
take a different shape in each dimension, it can be meaningful also for higher dimensional flows.

4.3. Case study: the Lorenz system. In this Subsection we will study the Entropy flow for the Lorenz
system using the Conley index. We will not use the theory we developed in the previous Subsection for reasons
which will become apparent later on - that being said, our results will illustrate how one can study Entropy
flows in the absence of concrete information. To begin, recall the Lorenz system (see [11]) is given by the
following equations, where o, p, 8 are positive parameters:

i=oly-a)
j=alp—2)—y (4.9)
Z=uxy— Pz

Now, let $ = F,.(s), s € R®, 7 € I, denote a C* family of Lorenz systems, where 7 varies in I, some C'-curve
in the parameter space. It is well-known that for all such parameters there exists an attracting ellipsoid A, for
F,, which attracts every initial condition and includes all the fixed points and periodic orbits for the flow [11].
We first prove the following Lemma:

Lemma 4.10. Let § = F,(s) be a C' one—parameter family of Lorenz systems as above and let E be an
Entropy vector field generating some Entropy flow corresponding to it. Then, whenever I is compact, there
exists a trapping set A C R3 x I for E, which attracts every initial conditions in M x I. Moreover, the set A
includes all the periodic orbits and fized points for E, and we can decompose A = U;er A x {7}.

Proof. Let us write E(s,7) = (F,(s) + V(s,7), P(s,7)) for all (s,7) € R® x I. We first recall that for every
T, its periodic orbits are trapped in A,. By the definition of the Entropy flow, this implies that provided A
is sufficiently large, both P and V vanish in R® x {7} \ A, x {7}. By the compactness of I it follows we can
choose A, to vary smoothly with 7 s.t. P and V both vanish on X = (R? x I) \ A, where A = U,¢;A, x {7}.
This yields that for all (s,7) € X we have E(s,7) = (F-(s),0), i.e., on X the Entropy flow coincides with the
Laminar flow (see Equations 3.2). Consequently, as F; is transverse to A, and points inside it, by Lemma
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3.1 we conclude E is transverse to OA and points inside it. Moreover, since every initial condition s € R3
is attracted into A by F, we conclude that for every initial condition (s,7) € X its trajectory eventually
enters A and cannot escape it. Finally, since for any 7 € I all the periodic orbits of F.. are in A, it follows
Per U Fixz C A, and the conclusion follows. O

From Lemma 4.10 it follows that in order to analyze the behavior of the Entropy flow for the Lorenz system,
it is enough to analyze its behavior strictly inside A. Unfortunately, as the bifurcation structure of Per U Fix
inside A is likely to be extremely complicated (see, for example, [60], [109], and the references therein), a direct
analytic approach as we did in 2.9 is unlikely to work. Instead, we will take an alternative approach and give
a global description of the dynamics of the Entropy flow in A using the Conley index.

To begin, from now on we will always assume I = S, i.e., that the family of Lorenz systems § = F,(s) is
parameterized by some closed loop in the parameter space of the Lorenz system. Fix some Entropy flow for
$ = Fr(s), and as before, let E denote the vector field directing it. As oo is a repeller for the Lorenz system,
without any loss of generality we can extend each vector field F, to S® by setting a repelling fixed point at co.
This allows us to trivially extend the vector field E to S% xS, In addition, to comply with the numerical studies
of the Lorenz system, from now on we will assume that we choose our parameter space s.t. for all 7 € S! the
fixed point at the origin is a real saddle with a two-dimensional stable manifold and a one-dimensional unstable
manifold (see Figure 27). We proceed by introducing the following notations:

o (93 x SH\ A = S,. It is easy to see we can decompose So, = By x S, where By, is a small
neighborhood of oo in S? defined s.t. for all parameters 7 € S*, F, points on 0B, into A = S\ B.

e Similarly, let By be a neighborhood of the saddle at the origin, s.t. on 9By the vector field F,, 7 € I has
the following behavior: there exist two caps, By, Ba C 9By on which F, points into S?\ By, separated
by an annulus Bz on which F, points inside By (see Figure 27). Writing Sp = By x S, it is immediate
0Sp can be decomposed into 9Sy = Ty U Ty U T3, where T; = B; x S!, i € {1,2,3}.

FIGURE 27. The ball By surrounding the saddle at the origin. Flow lines (including the sepa-
ratrices) escape it via the caps By and Bo, while flow lines enter By via the strip Bs (the blue
ring on Bs denotes the intersection with the two-dimensional stable manifold of the origin).

We now compute the Conley index of the set B = 53 x S\ (Sy U Sy) - by decreasing the volume of the
ball By (thus decreasing the volume of Sp), we can ensure the invariant set of the Entropy flow in B includes
an arbitrarily large subset of the dynamics in A. By its definition, the space B is just S% x S! from which we
delete two four-dimensional tubes defined by S, = B, x S and Sy = By x S'. Consequently, S®\ (Bs U Bo)
is homeomorphic to S? x [0, 1], which implies B is homeomorphic to S? x [0,1] x S'. Before we move on,
we add an underlying assumption, inspired by the numerical studies of the Lorenz system: for all 7 € S*, the
periodic orbits for F; are dense around the origin. We will refer to this assumption as the saddle assumption.

To justify this assumption, recall that as proven in [78], there exists an open range of parameters, denoted
by O, where the dynamics of the Lorenz attractor are orbitally equivalent to those of the Geometric Lorenz
Model (see [24]). Moreover, recall that as proven in [134] there exists an open set of parameters where the
dynamics of the first-return map for Lorenz system in A, can be semiconjugated to Lorenz maps. Both of
these conditions imply that one should expect the periodic orbits of F. to be dense around the saddle at the
origin. It now follows by the definition of the Entropy flow in Section 2 that under the saddle assumption, for
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any Entropy vector field both P and V vanish around {(0,7)|r € S L} In particular, with previous notations,
provided we choose By sufficiently small, P and V would vanish on S3. We now prove the following;:

Theorem 4.11. Consider a one-parameter family $ = F.(s) of Lorenz systems s.t. T € S'. Then, under
the saddle assumption, for any Entropy flow there will be an attractor for the Entropy flow in R3 x S whose
homological Conley index is

7z, q=2,
CHQ(Ssz) = Z27 q:3a
0, otherwise.

Consequently, every such Entropy flow has a non-trivial invariant set.

Proof. We begin by determining the exit set £ for the Entropy flow on 0B, where B is as defined above. By
Lemma 4.10 we know that on 0S,, the Entropy flow pushes trajectories in S, inside B, as it pushes them
inside A via its boundary 0A = 0S,. Similarly, since P and V vanish on 05, per the saddle assumption, on
T; and Ty the Entropy flow pushes initial conditions inside B. Finally, it follows that on Tz = B x S' the
Entropy flow pushes initial conditions outside of B and into Sy. Summarizing our discussion, we conclude that
L =Ty = By x S*, which implies the pair (B, £) = (5% x S*\ (So U Sw), T3) is an index pair for the isolated
invariant set Sp = Invg(B\ £). Therefore, by the definition of the homological Conley index we have:

CHy(Sp;Z) = Hy(B, L; Z).
For brevity, from now on we denote this group by CH,(B;Z) - we now continue by computing its relative
homology. Since B = 5% x [0,1] x S' and £ = B3 x S', the interval factor is contractible, which yields
H,(B,L;7Z) = H,(S? x S*, Bz x S%;Z). This is the relative homology of the product pair (52, Bs) x S!,
therefore, by the relative Kiinneth theorem for product pairs over Z (see, for instance, Chapter 17.2 in [70]),
we obtain:
Hy(B,£;Z)= @ Hi(S* Bs;Z) @ H;(S"; Z)
i+j=q
with no Tor contribution, since the homology groups involved are free abelian. It therefore remains to compute
H.(S?, Bs;Z). Since Bz is an annulus, we have Hq(Bs;Z) = Z, Hy(Bs3;Z) = Z and H;(B3;Z) = 0 for all i > 2.
Hence, the long exact sequence of the pair (52, Bs) gives:
0 — Ho(S?7Z) — Hy(S? Bs;Z) — Hy(B3;Z) — H1(S*Z) — 0.

Thus, since Ho(S?%Z) = Z, H1(Bs;Z) = Z and H1(S%*7Z) = 0 we get Hy(S?, B3;Z) = Z?. Moreover, the
same long exact sequence proves both H1(S?, Bs3;Z) = 0 and Hy(S?, Bs;Z) = 0. This gives:
72, i=2,
0, i#2.
Finally, from Ho(S';Z) 2 Z, H,(S';Z) = Z and H;(S*;Z) = 0 for all j > 2, the Kiinneth formula yields:

Z27 q= 23
H(I(Ba‘cvz)g Z27 q:37

0, otherwise.

H;(S% By;Z) = {

And consequently:

72, q=2,
CH,y(Sp;Z) = (Z*, q=3,
0, otherwise.

All in all, since the Conley index of B is nontrivial, the Wazewski principle (see [1]) implies that there exists a
non-empty maximal invariant set for the Entropy flow inside B. O

At this point we note that heuristically, the two generators in the relative group Hy(S?, Bs;Z) = Z? should
be viewed as the two local exit directions from the saddle neighborhood, corresponding to the two caps By and
B5. Under the usual geometric picture of the Lorenz system, these two directions are compatible with the left
and right lobes of the Lorenz butterfly attractor. As such, the degree-three classes are obtained by crossing
these two degree-two relative classes with the generator [S'] € Hy(S';Z) represented by one full turn around
the parameter circle. That being said, we stress this interpretation is purely heuristic: while the computation
above detects the relative topology of the exit geometry, it is not a canonical dynamical decomposition into the
left and right lobes suspended with S*.
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FIGURE 28. The cyan lines denotes p = 30.1 and p = 99. The dotted lines denote the ac-
cumulation points of the cascades on the p line (all terminate before p = 99). Blue denotes
attracting orbits, while red and green arcs denote saddles with differing Mallet-Yorke Indices.
The arrows on the blue arcs denote the direction P points to w.r.t. p, while the gray vertical
lines denote termination points for the cascades.

As a final remark, we note that given a C! one-parameter family of Lorenz systems § = F,(s) and an
associated Entropy flow directed by E(s,7) = (F(s) + V(s,7),P(s,7)), the calculations above give clear
answer on the question whether P and V vanish identically or not in R3 x S'. Hence, let us first recall
that as observed numerically, when the p parameter varies in (99.5,00) the Lorenz system exhibits period
doubling cascades of attractors (see Chapters 4, 5 in [40] and the illustration in Figure 28). In detail, period
doubling cascades of attractors appear as p | 99, while the saddles created in such bifurcations are destroyed by
homoclinic bifurcations occurring in the range p € (30.1,99.5) - for an illustration, see Figure 5.12 in [40] and
Figure 28 (for a theoretical study on the breakup of the Lorenz attractor due to these bifurcations, see [60]).
Recalling Theorem 3.5, we conclude (from the numerical evidence too) that there exists a C! family § = F,(s)
of Lorenz systems s.t. for every choice of Entropy flow for this family the functions P and V' do not vanish.
In particular, as these period doubling cascades of attractors terminate as 7 — {p = 99.5}, it follows that
the Entropy flow pushes (s,7) € R3 x S! towards the set R® x {p = 99.5} around those cascades. Of course,
proving such ”attractors of complexity” actually occur in Entropy flows for the Lorenz system requires more
information than we currently have on the bifurcation structure. That being said, in the next Section we will
show that not only such attractors of complexity can occur for Entropy flows, but they actually arise naturally
in the Shilnikov homoclinic bifurcation scenario too.

5. TURBULENT ENTROPY FLOWS

In the previous two Sections we considered mostly abstract theory of Entropy flows. Most of that discussion
was local in nature, as we were interested in describing the local dynamics of Entropy flows around certain
bifurcation scenarios. In this Section, inspired by [59] and [132], we prove just how complex the global dynamics
of the Entropy flow can be. Specifically, we do so by studying the behavior of the Entropy flow around the
Shilnikov bifurcation scenario. As we will prove, the complexity of the bifurcations leading up to the Shilnikov
homoclinic scenario is seen by the Entropy flow qualitatively, and surprisingly, possibly also statistically. As
such, this Section is organized as follows: we begin by recalling the Shilnikov homoclinic scenario, after which
we discuss the bifurcation structure it induces on the periodic orbits around it (see Proposition 5.2). Following
that we prove Theorem 5.4 and Corollary 5.5, which together give a global description of the Entropy flow
around the Shilnikov bifurcation. These two results would lead us to conclude the dynamics of the Entropy
flow around the Shilnikov homoclinic bifurcation always include a certain hierarchy of invariant sets. Strangely
enough, this hierarchy bears similarities (even if superficial) to complex motion in fluids, i.e., turbulence. There-
fore, we conclude this Section with a brief and informal discussion of these similarities.

We begin by recalling the Shilnikov homoclinic scenario, originally introduced in [14] - for simplicity, we will
consider the case M = R™ (the generalization to manifolds will be trivial). Assume F is a C? vector field of
R™ n > 3, with a fixed point at the origin. Let Jy denote the Jacobian matrix of F' at the origin, and further
assume the following holds:

e Jy has only one positive eigenvalue, v > 0, corresponding to one-dimensional unstable manifold W*.

e There exist n — 1 eigenvalues with negative real part spanning the n — 1 dimensional stable manifold
WS, A17 ceey )\n—h s.t.:
(1) A1 = X2 and A1,2 = —p £ iw, both have strictly negative real part and non-zero imaginary part.
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FIGURE 29. The Shilnikov homoclinic scenario on the left and the cross-section S (and its
image under the first-return map) on the right (in this illustration, n = 3). The blue rectangles
denote R; and the orange arcs denote the horizontal sides mapped by the first-return map to
SNWs3. The cyan Horseshoes are the images of the rectangles.

(2) For j=3,...,n—1, Re(\;) < —p < 0.

e The Shilnikov condition: we have v = 2 < 1, i.e., the repelling force is stronger than the attracting
force. v will be referred to as the saddle index.

e There exists a homoclinic loop ' in W* that tends to the fixed point at the origin via the invariant
manifold corresponding to the complex-conjugate pair —p + iw.

As proven by L. Shilnikov, we have the following result (see Theorem 13.8 in [80] or [14] and [17]):

Theorem 5.1. Under the assumptions above, there exists a countable collection of hyperbolic invariant sets for
the flow, {H;}2,, accumulating on T' (see Figure 29). For all i, H; includes countably many saddle periodic
orbits. Moreover, for any n there exists some € s.t. if ||F — F'||c1 < e, the sets Hy,..., H,, survive as we
C?-perturb F to F'.

Remark. For completeness, we remark the assumption that W* is one-dimensional can be relaxed to some
extent - see [17], [62] and Chapter 13.5 in [80] for the details.

. i
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FIGURE 30. A (partial) bifurcation diagram around the Shilnikov parameter 0. The black dots
represent bifurcation orbits, while the red and green arcs represent saddles. The blue arcs
represent periodic orbits undergoing a period doubling cascade.

We now recall several facts from the proof of Shilnikov’s Theorem. Specifically, we recall there exist a cross-
section S, transverse to I, a collection of n — 1-dimensional topological cubes {R;}; C S and a first-return map
f:U;R; — S such that:

e There exists a boundary region W C 95 that lies on W*, the stable manifold for O (see Figure 29).
For all j,k,i > 0, R;;; is separated from R;_j; in S by R;.

For each ¢, OR; includes two n — 2-dimensional connected regions, the horizontal sides, [; ,,, ; 4 that
are mapped to W under f. Moreover, R; is a component of S\ (I;, Ul; 4) (see Figure 29).

f(R;) N R; is composed of two components, that the set H; is interior to. In particular, f : H; — S is
a topological Horseshoe in the sense of [81].

Assume T is a periodic orbit for f lying in H; for some i. Then, for all sufficiently large i we have:
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(1) There exists some ¢; € (0,1) s.t. the differential of f at 7'N.S has one real eigenvalue with absolute
value in (1,00) of order O(c?™ '), and all other eigenvalues have absolute value of order O(cY).

(2) The sequence {c;}; can be chosen to be monotonically decreasing, i.e., for all ¢ > j we have ¢; > ¢;
and lim; o ¢; = 0.

For the proof, see either [14] or Theorem 13.8 in [30]. To continue, let us consider some C? family of vector
fields § = F.(s), s € R}, 7 € (—1,1) s.t. at 7 = 0 there exists a saddle focus O undergoing a Shilnikov
bifurcation. As proven in [47], under these assumptions, as 7 — 0 from either (—1,0) or (0, 1), the periodic
orbits in {H;}; emerge via saddle node bifurcations and period doubling cascades, as illustrated in Figure 30.
We will need a higher dimensional version of this fact, which we now prove. Before doing so, we remark that
this fact is probably well-known - but as we could not find a proof of it in the known literature, for completeness
we provide an argument generalizing the results of [47] to higher dimensions. However, our argument uses the
Mallet-Yorke Index instead of the Shilnikov map used in [47].

Proposition 5.2. Let $ = F,, 4,(s), a1,a2 € R. Denote a C? two-parameter family of vector fields on R™,
n >3, with a fived point at the origin. Assume v : (0,1) — R? is an arc s.t. v(t) is a parameter at which Fy)
generates a homoclinic trajectory to the origin s.t. for allt € (0,1) the assumptions of Shilnikov Theorem are
verified for some saddle index v(t), varying continuously in t - in particular, for all t, v(t) € (0,1). Then, the
following is true:
e 7 is the accumulation set of one-dimensional sets in the parameter space R? corresponding to both period
doubling and saddle node bifurcations.
o When % < v(t) <1, these period doubling cascades are period doubling cascades of attractors, and when
0<v(t) < %, these are period doubling cascades of repellers.

Proof. Consider a C? one-parameter family § = F,(s), 7 € (—1,1) with a saddle focus at 0, s.t. at 7 = 0
there exists a Shilnikov homoclinic bifurcation - i.e., the vector field Fy generates a homoclinic trajectory I"
to 0 s.t. the assumptions of Theorem 5.1 are satisfied (in particular, T' is destroyed as 7 is varied into (—1,0)
or (0,1)). It would suffice to prove the existence of an increasing sequence {7}, C (—1,0) and a decreasing
sequence {7, }n C (0,1), 7,7, — 0, s.t. these sequences include countably many period doubling and saddle
node bifurcation parameters. As period doubling and saddle node bifurcation orbits form a codimension one
bifurcation sets in a two-dimensional parameter space, this will imply Proposition 5.2. Moreover, we will only
prove the existence of {7,}, C (—1,0) - the proof of existence for {7/}, C (0,1) is symmetric. We will also
consider only when % < v < 1, where v denotes the saddle index at the origin, and prove it forces the existence
of period doubling cascades of attractors. The case for period doubling cascades of repellers is proven (almost)
symmetrically by considering the C? family of the inverse flows, i.e., § = —F,(s).

9o(S)

S
g1

Lo\

AN

5 51

FIGURE 31. On the left - a depiction of the local and global maps, go and g1 (respectively), in
the three-dimensional case. On the Tight - the cross-section S1. The red curve corresponds to
the intersection of W* with Sy, the black dot is the intersection of the homoclinic loop I' with
Sy and the shaded spiral is the image of go(S). The map g1 is defined only on the components
of the spiral above the red curve.

To begin, let I" denote the homoclinic trajectory to 0 and let H;, ¢ € N, denote some hyperbolic set suspended
around I'; as given by Theorem 5.1. Let T denote some periodic orbit inside H; and with the same notations
above, let f : R; — S denote the first-return map. To begin, for all 7 € (—1,0] write f, : R; — S, as the
first-return map for R; w.r.t. the vector field F,. (for 7 where it is defined) and fy corresponds to f, the
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first-return map for Fy. By Theorem 5.1, we know there exist some 7; € (—1,0) s.t. for all 7 € (,0) the map
fr. + Ri = S is a topological Horseshoe map in the sense of [81], and that all the components of the hyperbolic
invariant set H; (i.e., its periodic and aperiodic orbits) are created before T approaches 7; from below (note
that by definition, there exists some 7; < 7/ < 0 s.t. for all 7 € (7/,0) H; persists as a hyperbolic invariant set
for ). Our idea is the following: we first prove there exists some 70 < 7; s.t. f; : By — S, 7 € [12,0] is an
isotopy. By a standard approximation argument from the Mallet-Yorke Orbit Index Theory, this would imply
the existence of period doubling cascades. Following that, by verifying sufficient conditions from [48] we will
conclude these period doubling cascades are period doubling cascades of attractors.

To begin, we first prove that for 70 sufficiently close to —7;, the first-return map f, : R; — S, 7 € (77,0]
is an isotopy of C'-maps. We first recall that per the proof of Shilnikov’s Theorem the map fy : U;R; — S,
i.e., the first-return map at the Shilnikov parameter, can be written as the composition of two maps g1 o gg -
where gg : S — 57, the local map, is defined throughout S, and g; : S; — 5, the global map, is defined only
on some subsets go(S) in S1 (where S; is the cross-section transverse to the homoclinic curve I sketched in
Figure 31). Recalling S is a cross-section whose side lies on the invariant manifold corresponding to —p =+ iw,
we know it persists as long as 0 remains a saddle focus. Moreover, for all 7 sufficiently close to 0, gj : § — S,
the corresponding map for F, is well-defined (where go = gJ - see Figure 31).

9o(S)
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FIGURE 32. On the left - the image of go(S) in Si. On the right - the image of gf(S) in S.
The black dot represents pg, the intersection of the separatriz of W™ with Sy, while the red
curve corresponds to the transverse intersection W* N Sy. The black dot always represents py.

We now recall that gy : S — S7; maps S to an n — 1-dimensional logarithmic spiral inside S7, centered at
some pg € S7 corresponding to the intersection of the homoclinic trajectory I' with S;. In addition, for the
vector field Fy, the point pg lies at the transverse intersection between the n — 1 dimension stable manifold W*
with S, denoted by 7 (see Figure 31). As such, when Fj is perturbed to F, 7 < 0, 7 persists (at least for 7
sufficiently close to 0) while pg persists as a point on W* and disconnects from ~ (for a possible scenario, see
Figure 32). That being said, as the origin is a saddle focus, py remains the center of the logarithmic spiral g (.5).
As only finitely many of the Horseshoes survive (say, all H;, i < i), we know g (.5) intersects ~y transversely in
finitely many arcs, as illustrated in Figure 32. This implies that as 7 = 0, fr = g7 ogj : R; — S is well-defined
and maps the horizontal sides of R; to S N W*, while pushing f,(R;) upwards, which eventually creates the
intersection with the rectangle R; (see the illustration in Figure 33). This proves the suspended Horseshoe
corresponding to H; is created gradually, by an isotopy f, : R; — S, where 7 varies in (7¢,0), for some 7§ < 7.
As we began with a C? one—parameter family, it follows that this isotopy is also C? (and in particular, C1).

We now C3-approximate § = F(s) by a families § = G, (s) that lies in the family K C C3(R" x (—1,1),R"),
characterized by the following property: all the periodic orbits for § = G, (s) that are created away from the
fixed points are created only by period doubling and saddle node bifurcations (we can do so by the C3-density
of K - see the Appendix in [42]). In detail, recall that given a C? family in K, § = G,(s), 7 € (0,1) and some
bounded region C' C R™ s.t. G.(s) # 0 for all 7 € (0, 1), all the periodic orbits of § = G, (s) in C can be created
and/or destroyed only by saddle node and period doubling bifurcations. Therefore, let h, : R; — S, 7 € (77, 0]
be a C3-isotopy which C%-approximates f, : R; — S - that is, h, are the first-return maps for some family
$ = G,(s) approximating § = F.(s). As R; lies uniformly away from the fixed point at 0 for all 7 € [r2,0],
all the periodic orbits that appear in it w.r.t. the isotopy h, : R; — S are created in a bounded region - as
such, they can only be created by saddle node bifurcations and period doubling cascades. We now conclude
the exact same argument used to prove Theorem 4.A in [48] proves the periodic orbits for the original isotopy
fr:R; = S, 7€ [r?,0] are also created by period doubling cascades.

We now prove these cascades are all cascades of attractors - we do so by verifying a sufficient condition used
to prove the same in Theorem 4.A in [48]. To this end, recall we assume % < v <1, and that fy: R; — S,
foly,z,u) = (f1(y, z,u), f2(y, z,u), f3(y, z,u)), u € R"~2 can be written in the following form (see the proof of
Theorem 13.8 in [15]):
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FIGURE 33. On the left - the image of gj(S) in Si1, where the red curve corresponds to the
transverse intersection W* N Sy. On the right - the image under f, causing the formation of a
Horseshoe as 7 — 0.

1
fily,z,u) = Azy” cos(w 10%(;) +61) +o(y"),
1
fQ(ya z, u) = 02 + Bwyu COS(O‘) log(g) + 92) + O(yy)a

1
fs(y, z,u) = C3u+ Cay” cos(w log(g) +0s) +o(y"),
where A, B, C,C5,C3,0;, j = 1,2,3 are constants dependent on the fixed point at the origin and H;, and @ is a
vector of dimension n—2 that is independent of the variables x, y - where |y| — 0 as ¢ increases. Moreover, recall
that as shown in the course of proof of Shilnikov’s Theorem, the differential of the first-return map fy : R; — S
at (z,y,u) is given by the following matrix around periodic orbits, at least when ¢ is sufficiently large:

ay’ ' (1+0(1)) o(y”) o(y")
o(y"™1) o(y”) oly”) (5.3)
oy 1) o(y”) oly”)

Where a = a(z,y) is some continuous function, s.t. |a(z,y)| is independent of i on all sufficiently large ¢. For
the details, see the proof of Theorem 13.8 in [80]. Thus, when y is sufficiently small (i.e., when i is sufficiently
large), there exists just one eigenvalue of absolute value strictly larger than 1, denoted by A\ ~ ay”~*(1+0(1)),
while all other eigenvalues A, ..., A,—1 have eigenvalues with absolute values in (0,1) (in particular, it follows
A1 = o(y*1)). As such, if T is a periodic orbit for F, intersecting R; at a periodic orbit of minimal period
r, the eigenvalues of its differential are Ay = o(y"™ ") and A; = o(y""), j = 2,...,n — 1. As a consequence,
AAj = o(y?v=") for all j = 2,...,n — 1. The same is true for AjAy trivially when j, &k # 1. Now, consider the
inequality 2rv —r > 0, that is satisfied precisely when v > &= = %, which is satisfied by % < v < 1. This implies
that for all j # k, and |y| < 1, we have A\jA, = o(y*™ ") = o(y?**~!). As such, since as i — oo the coordinate
y — 0, there exists some 6; € (0,1) s.t. for all 1 <j <k <n—1, we have |\; ;] < 6; < 1.

Iterating this argument, we see it remains true for the differential Dy~ around all periodic orbits in R; of
minimal period r - for all r. Finally, since |y| and |a(z,y)| are both uniformly bounded on R; independently
of i (at least for sufficiently large i), we can choose 6 = 6; uniformly for all sufficiently large i. Moreover, note
that for sufficiently large 4, this inequality persists as fy is perturbed to f,. More precisely, by the formula for
the Shilnikov map and its differential above we conclude there exists some € > 0 s.t. whenever 7 € (—¢,0) the
isotopy f, : R; — S satisfies that if p is a periodic point of minimal period r for f,, 7 € [r?,0) with eigenvalues
ATy AL 1, then [ATAT| < 0. In other words, we have a strong contraction condition in the Horseshoe map
fo: R; = S for all sufficiently large i (if we were to use the terminology of [48]), with the constant 6 being
independent of the R;. The exact same argument used to prove Theorem 4.A in [18] now implies that all the
periodic orbits along the said isotopy arise via a period doubling cascade of attractors.

In more detail (and using previous notation), as proven in Theorem 4.A in [48] the uniform contraction
condition implies all the periodic orbits for the isotopy h, : R; — S, 7 € (72,0) that undergo the period
doubling cascade are attractors, with eigenvalues uniformly bounded (in absolute value) by V0 - at least when
the C3-isotopy h, : R; — 5; is sufficiently C?-close to the isotopy f, : Ry — S. The exact same limiting
argument used at Theorem 4.A now yields that the eigenvalues for the periodic orbits undergoing the cascades
for C2-isotopy fr : R; — S are also bounded (in absolute value) by V0. As 0 < 1 this proves these periodic
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orbits are attractors. In other words, we have proven that for all sufficiently large 7, the dynamics of Fy on H;
are created by period doubling cascades of attractors. (I

Remark. In [55] it was proven that the perturbation of the Shilnikov scenario when v € (0, %) in general leads
to the creation of repelling orbits. Conversely, when v € (%, 1) the same perturbation in general leads to the
creation of attracting orbits (for the precise statement - [55]).

Having proven Proposition 5.2, we see that period doubling cascades of either attractors or repellers are a
common phenomenon around Shilnikov bifurcations - in all dimensions. We now recall that given a homeomor-
phism f : X — X on some topological space X, we say an invariant set I C X is a Milnor attractor if it
attracts all initial conditions z € O, where O has positive measure w.r.t. the Lebesgue measure (see [50]). O
is a Milnor repeller if it is a Milnor attractor w.r.t. f~!. Combining this definition with Proposition 5.2 and
the results of Subsection 3.1, we now prove:

Theorem 5.4. Let § = Fy(s), t € (—1,1) be a C? one-parameter family of vector fields on R™, n > 3, s.t.
Fy has a fized point O with a Shilnikov homoclinic trajectory I' and a saddle index v # % Then, writing
E(s,7) = (Fr(s) + V(s,7),P(s,7)) as the corresponding Entropy vector field on R™ x (—1,1), the following
holds:
e P takes both positive and negative values in M x (—1,1) arbitrarily close to T’ x {0}.
o Whenv e (%, 1), we can choose the Entropy flow s.t. the set T x {0} is the accumulation of countably
many periodic orbits for the Entropy flow given by {T= x {r}}; satisfying the following:
(1) {7} € (0,—1) and {r; }; C (—1,0).
(2) lim;_ o0 7':' =lim; oo 7, =0.
(3) TijE is a periodic orbit for the vector field F +, i € N.
(4) Bvery T x {r%} defines some Milnor attractor for E.
e When v € (0, %) the same holds, with the only difference being that the periodic orbits above become
Milnor repellers.
e Let {H;}; denote the hyperbolic invariant sets given by Theorem 29. Then, we can choose the Entropy
flow s.t. for all i, all € > 0 and all (sg,0) € H;, there exist initial conditions (s,7) € M x (—1,0) and
(s',7") € M x (0,1) whose trajectory under the Entropy flow travels arbitrarily close to (sg,0).

Proof. We begin with the first assertion. By Proposition 5.2 we already know that when v # % and 7 — 0, the
periodic orbits for the Horseshoes suspended around I' are created by period doubling bifurcations of either
attractors and repellers - depending on whether v € (0,1) or v € (3,1) (see Figure 30). Moreover, the same
Proposition also tells us that there are two periodic sequences {Tii}i, {r*}; € (0,1) and {7, }; C (~1,0),
satisfying the following:
o lim; Tf =lim; 7, =0.
o At Ti+ the vector field FT1+ has a period doubling bifurcation orbit Tj‘. Similarly, FT; has a period
doubling bifurcation orbit 7, . These period doubling bifurcations are where the period of either
attractors or repellers is doubled, depending on the size of v.

We assume these periodic orbits correspond to all period doubling bifurcations leading to the creation of
the Shilnikov sets {H;}; for Fy - we can do so by Proposition 5.2. By definition of Entropy flow, the sets
TijE X {Ti:t} C M x {Tii} are all periodic orbits for any Entropy flow we choose. As these orbits correspond
to period doubling bifurcations of either attractors or repellers, for each 7;" there is some T;', for some j, s.t.
> T; and T, x {7;"} is connected to T]-Jr X {T;} by a cylinder of periodic orbits C;" ; € Per. In particular,
Cj’ 5 C M x (T;r ,7;7) and by the definition of the Entropy flow, we know P is negative on C:rj (see Figure 34).
Similarly, for each 7, there is some 7, for some j, s.t. 7,7 <7, and T, x {7} is connected to T;” x {7} by a

cylinder of periodic orbits C;; C Per. Moreover, C;; C M X (ri,7 as illustrated

J
in Figure 34. As the cascades are arbitrarily close to I' x {0}, the first assertion now follows.

We now prove the second assertion. To this end, assume v € (%, 1) and choose some C7 ;, where 7 € {+, —}.
By Proposition 5.2, we know that whenever C7 ; N"R™ x {7} # 0, the intersection is of the form 7" x {r}, where

) and P is positive on C;_

4,37

T is an attracting orbit for F.. By Lemma 3.1, we know we can choose F s.t. @ includes some attracting
invariant set, that includes 77 x {77} - and by Theorem 3.5, we can choose E s.t. for all 4, j the orbit T x {7]}
attracts an open neighborhood O; ; of C; ; satisfying T} x {7]} C 00; ;. This implies 7] x {7]} is a Milnor
attractor for all j € N, r € {+, —} as it lies on the boundary of O. Similarly, when v € (0, 1) a similar argument
applied to the C? family § = —F,(s) implies T} x {7]} is a Milnor repeller, and the third assertion follows.
We conclude the proof by verifying the fourth assertion, i.e., by proving we can choose the Entropy flow
such that there exist initial conditions in R™ x (—1,1) arbitrarily close to H; x {0} that flow arbitrarily close
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FIGURE 34. The directions of the Entropy flow imposed on the (partial) bifurcation diagram
of period doubling cascades around the Shilnikov bifurcation, where v # %

to H; x {0}. To this end, choose some Entropy flow for $ = F,(s) and recall H; is a hyperbolic invariant set
on which the dynamics are orbitally equivalent for all F, with 7 € (—¢;,¢€;) (for some ¢; > 0, depending only
on H;). By the definition of the Entropy flow (see Definition 2.8 and Definition 2.3.1), there exist two open
neighborhoods N, , N;m C R™ x (—1, 1) satisfying the following:

e N, C M x (—¢;,0) and N;" C M x (0,¢;).

e H; x (—¢,0) C N; and H; x (0,¢;) C N;.

It is easy to see that the set H; x (—¢;, €;) is completely isolated in the sense of Subsection 2.3, which implies
we can choose N/, r € {4+, —} s.t. P does not vanish on both. In detail, P will be strictly positive on Nj', and
negative on N; , while it would also vanish on ON;", N, . This immediately implies some initial conditions in
N;" and N; flow arbitrarily close to H; x {0} under the Entropy flow and for each (sg,0) we can find initial
conditions in both N;™ and N; flowing arbitrarily close to it. O

Remark. Note the final assertion of Theorem 5.4 is independent of the assumption v # %, as it only needs the
existence of sets {H;};, i.e., it holds for all v € (0,1).

To illustrate our ideas, before moving on we consider two examples of dynamical systems where the Shilnikov
scenario occurs. We begin with the following example, derived from [64]. As shown in [64], PDEs governing the
motion of water in pipes can be reduced to the following system of second order equations, where G, u,r > 0:

B4 + 3% cos(d — 0) = 3(49)? sin(@ — 0) + Bu? sin(6 — 0) + Bl +
+6u%cos(¢ —0) +6G sin(0) + 180 — 26 +2r +80% — (¢ — 0 —r)? =0,
2
3 cos(6 — 0) + 2% +3(5;) sin(0 — 0) + Buy + 2G sin(9)+
20 —0-r)+(¢p—0-1)>=0
It is easy to see these two equations can be recast as a dynamical system on R*. As observed numerically in

[64], there exists a unique fixed point for the flow and for G = 0,7 = 0.6, u ~ 5.6607 there exists a homoclinic
trajectory to it, associated with period doubling cascades of attractors (see Section 4.1 in [64]).

We now consider the second example, which illustrates that Theorem 5.4 remains partially true also when
the saddle index v is %, is the Michelson system, originally introduced in [53] as a traveling wave solution to
the Kuramoto-Sivashinsky PDE. Specifically, recall that given any ¢ € R, the Michelson system is defined by
the following equations:

T=y
y==z
2 2 2
= —-y—%

It is direct to show that for all parameters c the flow is divergence free - i.e., the flow is volume-preserving. Now,
recall that as proven in [98], there are countably many parameters ¢ at which the Michelson system undergoes
a Shilnikov homoclinic bifurcations. As the Michelson system cannot have either attractors or repellers, by
Proposition 5.2 it follows that at each such Shilnikov parameter we have v = % Because of the absence of
attractors and repellers we cannot apply Theorem 5.4, or, in other words, we cannot conclude the existence
of either Milnor attractors or repellers for its Entropy flow. In fact, by Theorem 6.7 in [116] we already know

there are intervals of parameters where elliptic periodic orbits surrounded by KAM tori exist, which further
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complicates matters (i.e., the set Per is likely to be empty due to the Birkhoff Fixed Point Theorem holding
around said elliptic orbits). That being said, whenever the Michelson system undergoes a Shilnikov homoclinic
bifurcation all the suspended Horseshoes {H;}; exist. This implies the last implication of Theorem 5.4 (and
consequently, also the first) still holds. In other words, consider an Entropy flow for the Michelson system
with an associated drift function P. Then, if T" is a Shilnikov homoclinic trajectory for the Michelson system
at some ¢y € R, we can choose the Entropy flow so P would take both positive and negative values in every
neighborhood of T x {¢p}. In other words, the Michelson system proves that dissipativeness is not a necessary
condition for the Entropy flow to have complex behavior.

We continue our study of the Entropy flow around the Shilnikov scenario. We first expand the definition
of the Shilnikov scenario in order to include the case of the inverse flow. In detail, let § = F;(s) denote a
C? family of vector fields on R™ x (—1,1), and assume O € R" is a saddle-focus fixed point for Fy with a
Shilnikov homoclinic loop I'. When Fj satisfies the Shilnikov condition, by Shilnikov’s Theorem, its dynamics
are complex - but the same is true when —Fj, satisfies it. This motivates us to say Fy satisfies the Shilnikov
condition provided |v| € (0,1), where v is the saddle index for Fj at 0. It is easy to see that if —1 < v < 0, then
—Fy satisfies the Shilnikov scenario - thus Theorem 5.4 immediately generalizes to the case where v € (—1,0),

1

v # —5, with the Milnor attractors becoming Milnor repellers, and vice versa. We now differentiate between

these two cases as follows (see the illustration in Figure 35):
(1) If Fy satisfies the Shilnikov condition as described in Theorem 5.1, we say its Index is 1.
(2) In contrast, if —Fp satisfies the Shilnikov condition, we say its Index is —1.

With these ideas in mind, we now prove the following Corollary of Theorem 5.4:

Corollary 5.5. With the above notations, let {H;}; denote the hyperbolic invariant sets suspended around T
w.r.t. Fy, given by Theorem 5.1. Assume each H; persists as a hyperbolic invariant set in some mazimal
interval (—e;, —¢;), and that |v| # % - where v is the saddle index. Then, there exists a countable collection of
open sets N; C M x (=1,1) and a choice of Entropy flow on R™ x (=1,1), directed by an Entropy vector field
E (see Equations 2.8), satisfying the following:

o H; x (—¢;,¢;) C N;, and moreover, the associated drift function P is positive in N; N M x (—¢;,0) and

negative on N; N M x (0,¢;).

e For all sufficiently large i, Milnor attractors (or repellers) accumulate on ON; N (R™ x {+e€;}).

e Moreover, depending on the Indez, the following holds:

(1) When the Index of Fyy is 1 then for all j > i and every (s;,0) € H; x{0}, there are initial conditions
in N; whose trajectory w.r.t. E flows arbitrarily close to (s;,0). In addition, for any choice of
integers i < i1 < ... <ip < j we can choose these initial conditions in N; so their trajectory flows
arbitrarily close to H;, x {0}, ..., H;, x {0} as it progresses towards (s;,0).

(2) When the Index of Fy is —1, then for all j > i and every (s;,0) € H; x {0} there exist initial
conditions in N; whose trajectory w.r.t. E flows arbitrarily close to (s;,0). Conversely, for any
choice of integers i < i1 < ... < i < j, we can choose these initial conditions in N; so their
trajectory flows arbitrarily close to H;, x {0}, ..., H;, x {0} as it progresses towards (s;,0).

Proof. The first assertion is an immediate consequence of the definition of the Entropy flow (see Section 2.3),
where {N;}; are just some completely isolating neighborhoods (see Definition 2.3.1). Thus we first prove the
second assertion, after which we specify the set IV; precisely. We begin with the case where the Index is —1. In
this case, I' is a component of the one-dimensional manifold W*, which connects to the n — 1-dimensional W*
via the two-dimensional submanifold corresponding to the complex-conjugate eigenvalues. We now recall the
cross-section S for Fy and the n — 1-dimensional cubes {R;}; on it, whose invariant set w.r.t. the first-return
map f: R; — S for Fy corresponds to the intersection of H; with S (see Figure 29). By definition, f: R; — S
is an n — 1 dimensional Smale Horseshoe map, whose vertical sides are mapped to the side of 0.5 intersecting
the n — 1-dimensional stable manifold W*. It now follows that f(R;) also intersects all R;, j > i (see Figure
29), which implies that if T C H; is a periodic orbit, the stable manifold of T' w.r.t. Fj intersects R;. In fact,
as f(R;) stretches across all of the R;, j > i, the same argument also proves that given any periodic orbit T;
intersecting R; and any periodic orbit T; intersecting R;, ¢ > j, there exists a heteroclinic trajectory for Fj
connecting them. Moreover, we can choose this trajectory to pass through arbitrarily many of R, ¢ <t < j.
We now choose an open set Ny = Ure(—e, ;) N7 X {7}, s.t. foralli,7, N7 NS = R;. Let us choose an Entropy
flow defined s.t. the drift function P satisfies the following in U; N;:
e P is positive on N x {7} if 7 € (—¢;,€;) and negative if 7 € (0,¢;) - we can do so by Definition 2.3.1.
e The C'-norm of P in U;N; can be chosen to be arbitrarily small, and moreover, we choose it so that P
decays uniformly together with its first derivatives as (s, 7) — U;N?.
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FIGURE 35. Index 1 homoclinic trajectory is on the left, Index —1 is on the right.

We now consider the N-dimensional cubes Q; = R; X (—¢;,¢;) and let S denote S x (—1,1) - by definition,
Q; = N; N'S. Provided P is sufficiently C'-small, the first-return map F : Q; — S is well-defined. Moreover,
by the above we also know that F(Q;) intersects Q; for all j > i. By the uniform decay as (s,7) — N? x {0},
(s,7) € Q, it follows, the closer initial conditions (s,7) € U;Q; are to U;H; x {0}, the more their trajectory
resembles that of the Laminar flow, i.e., the flow on R™ x (—1,1) given by Equations 3.2. Combined with the
existence of an invariant manifold for all periodic orbits in H; (in N?), given any j > i and any (s;,0) € H; x{0},
there exist initial conditions in @; that are mapped by F arbitrarily close to every point in H; x {0} NS x {0}.
This implies we can find points in Q; flowing arbitrarily close to (s;,0) w.r.t. the Entropy flow - and moreover,
given any finite sequence i < i1 < .. < i < j, we can choose (s;,0) s.t. its trajectory passes arbitrarily close to
H;, x{0},..., H;, x {0} as it as the Entropy flow directs it towards @), .

Finally, by definition (and Theorem 5.4), as (—e¢;, ¢;) is the maximal interval of persistence of H;, we know
that ON; N M x {+e;} is the accumulation point for period doubling cascades. Moreover, as the sets N, are
isolated from the said cascades (by their definitions), we can apply the arguments of Theorem 5.4 s.t. when
v € (0, 1), Milnor attractors accumulate on dN; N (R™ x {ef}) - and when v € (1,1), Milnor repellers accumulate
there instead. Hence, we have proven the Corollary for the case when the Index of Fy is —1.

We now study the case of the Index 1. In this case, the sets N;, ); and the function F are defined in the
same way. That being said, this time the heteroclinic trajectories connecting any two periodic orbits T; in H;
and T; in H; w.r.t. Fp, imply the opposite. Namely, given any initial condition (s;,0) € H; x {0} and given
j > 1, by the density of periodic orbits for Fy inside both H;, H; we can always find initial conditions in @);
sufficiently close to H; x {0} that are eventually iterated by F arbitrarily close to H; x {0} N N; x {0} - and
hence, flow arbitrarily close to (s;,0). Again, the same arguments prove that if we choose some finite sequence
1 <1 <..<i <, then we can choose those initial conditions s.t. their trajectory w.r.t. F flows arbitrarily
close to H;, x {0}, ..., H;, x {ir} as it progresses towards @;. The existence of Milnor attractors and repellers
accumulating on JN; when i is sufficiently large follows in a similar way. O

Remark. Homoclinic Shilnikov parameters in (—1,1) in general accumulate on one another - for the precise
statement, see Theorem 3 in [36] and Theorems 1 and 2 in [70]. As such, despite the simplicity of Figure 3/,
in practice it is likely that the Entropy flow around Shilnikov homoclinic parameters can be made significantly
more complicated.

From now on we refer to an Entropy flow behaving as dictated by both Theorem 5.4 and Corollary 5.5 as a
turbulent Entropy flow. Before we motivate why we chose this name, we remark that such flows can arise
in "real life” systems. To exemplify, recall the Rossler system whose Entropy flow we discussed in the end of
Subsection 3.1 (where a,b, ¢ > 0):

T=—-y—2z

y=z+ay

Z=bx+ z(x —¢)
As mentioned there, this system is well-known numerically to have a period doubling cascade of attractors in
its three-dimensional parameter space, which accumulate on surfaces of Shilnikov homoclinic trajectories to the
origin (see, for example, [105], [108], [122] and the references therein). By [122] we know that for vector fields
on the said homoclinic surface in the parameter space the Index is 1 and v € (—%, 0). By Proposition 5.2, this
implies the inverse flows for such parameters has a cascade of repellers - which implies the Rossler system has
a cascade of attractors. Moreover, by the numerical evidence, all of these complex dynamics occur inside an
attracting invariant set: namely, the Rossler attractor, which is centered around the fixed point at the origin.
As such, by Corollary 5.5 we can choose a one-parameter family of Rossler systems, $ = F,(s), 7 € (—1,1) that
admits a turbulent Entropy flow. For simplicity, let us assume the homoclinic bifurcation occurs at 7 = 0.



WHEN ENTROPY FLOWS: DRIFTING ALONG THE ROUTE TO CHAOS 59

Let us now consider a turbulent Entropy flow for the Réssler system on R® x (—1,1). Let the mapping
op: (R®x(=1,1)) xR — R3 x (=1, 1) denote the flow map, and let 7 : R3 x (—1,1) — R3 denote the projection
to R3. With the notations above, choose initial conditions (s1,71), (s2,72) where s1, 52,71, T2 are ”close” to 0,
and s1,s2 in R?® are "close” to the Shilnikov homoclinic loop I' at Fy. Denote by vi(t) = m(¢r((si,7:),1),
i=1,2,t>0, ie., the projection of the trajectories of these two initial conditions to R?. By Corollary 5.5 we
can choose (s;,7;), i = 1,2 s.t. as t increases, 1 (t),v2(t) spiral jointly for a long in some neighborhood of T,
until being ejected out and getting pulled away towards different invariant sets I, I3, the projections under m
of, say, H; x {0} and Hy, x {0}. Moreover, the same is true for initial conditions near I1 and I - in other words,
we can choose, say, (s2,72) s.t. its trajectory is first drawn towards I5 for an arbitrarily long time, until it gets
ejected towards I7, while the trajectory of (s1,71) is sucked directly towards I; without first flowing close to Is.
Finally, since by both Theorem 5.4 and Corollary 5.5 we can find Milnor attractors accumulating arbitrarily
close to the origin, it follows the behavior of ¢ can be heuristically described as follows:

o As there exists an attractor for all 7 (since we assume § = F,(s) to be a family of Réssler systems), by
Lemma 3.1 we can choose the Entropy flow s.t. it also have an attracting invariant set A. Every slice
A = AxR3 x {7}, 7 € (—1,1) is a Réssler attractor for F;.

e There exist initial conditions (s1,71) and (s2,72) arbitrarily close to the origin (0, 0) that are attracted
to different invariant sets inside .4 - namely, the projection of the Milnor attractors corresponding to
the period doubling orbits.

e In addition, there also exist initial conditions (s,7) arbitrarily close to (0,0) whose trajectory flows
arbitrarily close to any H;, x {0},..., H;, x {0}, where i; < ... < i;. Moreover, before drawing close to
H;; x {0} the trajectory of (s, 7) first flows "close” to H;_ x {0}, k > > j.

.. ‘<
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FIGURE 36. How the flow lines for the Entropy flow for the Rdéssler system around Shilnikov
bifurcation possibly look like under the projection to R? .

Summarizing the above, as we project to R3, the trajectories of initial conditions vy, vs € R3 x (—=1,1)\ A
flow towards A under the Entropy flow, their motion at first looks ordered, until they draw sufficiently close
to the attractor. As the motion of the Entropy flow on A is erratic and as A includes different subsets that
push initial conditions from one to the other in a certain hierarchy - namely, the sets {H; x {0}}; - the notion
of turbulent fluids comes to mind: that is, a fluid motion that becomes increasingly disordered with time (i.e.,
the increase in the Reynolds number), coupled with transition of energy between the invariant sets (i.e., the
eddies). To be precise, in this analogy the ”eddies” for the Entropy flow are the sets H; x {0}, whose hierarchy
is defined based on how close they are to the homoclinic loop I x {0}. Moreover, similarly to how larger eddies
dissipate energy to smaller ones, by Corollary 5.5 we know initial conditions near H; x {0} are propelled by
the Entropy flow towards H; x {0}, where ¢ < j. This comparison, of course, could also apply in much higher
dimensional flows which undergo the Shilnikov bifurcation with Index —1 and v € (—3,0).

At present, we do not have an explanation for why this analogy arose. Therefore, inspired by the Arnold-
Khesin Scheme (see [123]) and the ideas of [59], [69], [73], [104], [132], we conclude this Section by heuristically
discussing why we believe this similarity is no mere coincidence. The first argument we make is that at least
superficially, turbulent Entropy flows look physically similar to the Taylor—Proudman Theorem (see [106]). The
Theorem states that in a rapidly rotating fluid with slow motion and negligible viscosity, the velocity of the
fluid does not change along the axis of rotation. This means that the flow becomes nearly two-dimensional, even
though it exists in three-dimensional space, leading to the formation of coherent columnar structures aligned
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with the rotation axis. The Theorem itself is PDE-based, but since it suppresses 3D variability the flow behaves
more coherently and it creates the geometric simplification that often makes ODE descriptions possible. Intu-
itively, the Shilnikov homoclinic loop does something analogous in phase space: it funnels trajectories towards
the saddle-focus equilibrium into a spiral geometrical shape before escaping again - i.e., both involve dynamics
dominated by rotational operators, hence this might make their dynamics look similar.

Another argument is more philosophical and statistical in nature. To explain it, we first recall Richardson’s
notion of turbulence (see [2]), according to which a turbulent flow is composed from eddies of different sizes.
These different sizes define a characteristic length scale for the eddies, which are further characterized by flow
velocity scales and time scales (turnover time), which is dependent on the length scale. The large eddies are
unstable and eventually break up into smaller eddies, with the kinetic energy of the initial large eddy being
divided into the smaller eddies that stemmed from it. These smaller eddies undergo the same process, giving
rise to even smaller eddies that inherit the energy of their predecessor eddy, and so on. In this way, the energy
is passed down from the large scales of the motion to smaller scales until reaching a sufficiently small length
scale s.t. the viscosity of the fluid can effectively dissipate the kinetic energy into internal energy (see [2] for the
precise details). The eddies of size [ have some velocity difference (i.e., the magnitude over the length scale),
thus the kinetic energy of eddies at scale [ and below is proportional to the square of the velocity difference.
Theis energy cascade can be described in terms of wavenumbers, k ~ % Let E(k)dk represent the kinetic
energy per unit mass contained in eddies with wavenumbers between k and k + dk - as calculated in [131], using
this framework we arrive to the Kolmogorov's 3 law: E(k) ~ k=%/3.

Even though we do not have a good interpretation for wavenumbers and kinetic energy in the setting of tur-
bulent Entropy flows, one cannot rule out that such an interpretation exists (at least for some one-parameter
families of flows). Therefore, at least in principle, the suspended Horseshoes given by Shilnikov’s Theorem
could be scaled in a way that, w.r.t. this conjectured interpretation, their suspension satisfies the Kolmogorov’s
g law. If that were the case, the resemblance between turbulent behavior and Shilnikov’s Theorem can be ex-
plained as follows: stretching — formation of elongated vortices; folding due to spiraling around the Shilnikov
trajectory — vortices loop back, interact and create smaller structures; iteration of the first-return map —
fractal-like hierarchy of eddies (see the illustration in Figure 36). In this sense, the equilibrium system of the
turbulent Entropy flow is a spiral of suspended Horseshoes that force the dynamics of nearby initial conditions
in R™ x (—1,1) to behave similarly. Namely, initial conditions passing close to it would appear to behave for
a while as dictated by the collection of suspended Horseshoes, until (possibly) drifting away from R™ x {0}.
As such, if all the suspended Horseshoes in this model are "to scale” in some sense, by a C*-approximation
argument we would expect that the same is true for open sets in R® x (—1,1) transported near them by the
Entropy flow (and Corollary 5.5).

At present, we do not know if (or how) the above heuristic can be made into a rigorous argument. That
being said, as the Shilnikov scenario was proven to exist in the Lorenz-84 model (see [84], [117]), as well as
observed numerically in pipe flows (see [(4]) and in some ocean circulation models (see [32]), we suspect there
should be some underlying mathematical explanation. In fact, we believe a potential solution to this problem
should be similar to the ideas presented in the GOY shell model (the Gledzer-Ohkitani-Yamada model - see
[91]), originally designed to mimic the energy cascade in Fourier space. In detail, we believe something similar
could be done to analyze the interaction between different Horseshoes (via stretching factors), which would
make the analogue of energy transported between the eddies precise.

We will conclude this Section with the words of the horror manga artist Junji Ito, known for works like
Uzumaki and Tomie, who once reflected on the unsettling power of spirals: “The spiral is not just a shape.
It’s an idea that infects people. Once you see it, you can’t stop thinking about it. And the more you think,
the more it twists your mind.” In Uzumaki, this concept becomes the central motif, where spirals literally and
metaphorically consume the townspeople, embodying obsession, madness, and the inescapable pull of fate. This
idea forms the core of his spiral-themed horror, where fascination itself becomes a trap, consuming those who
cannot look away.

6. DiscussioN

Having studied the Entropy flow and its behavior in several scenarios, before we conclude this paper we
would like to address several possible extensions and continuations of our work. The reason we do so is because
we believe that despite its complexity, the Entropy flow could prove useful as a tool in more than one place.
In fact, many of the ideas of this paper originated in our attempts to explore several problems, including the
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extension of Forcing Theory to bifurcations, studying the bifurcations of the Hopf flow, the Chaotic Hypothesis
and the homoclinic spirals observed around the Shilnikov bifurcation. Therefore, in this Section we give a brief
review of these problems, explaining their (possible) connection to the Entropy flow, and how we believe it
could be used to solve them.

To begin, recall that as stated in the Introduction, we designed the Entropy flow in order to study two
problems. The first major problem we considered was to describe the connection between topology and bifur-
cations, which we examined in Section 4. In the spirit of Subsection 4.2, we think that the main application of
the Entropy flow is to inspect how does topology forces certain bifurcations of periodic orbits and fixed points.
In other words, we believe the Entropy flow could help study the connection between the topology of a given
manifold M and the possible bifurcations of C' one-parameter families § = F,(s) defined one it. That being
said, based on the results of the first two authors (see [130]), we believe such theories are dependent at least
on the dimension of M, and probably also on its topology. In other words, we believe that each manifold M
supports a Thurston-Nielsen-like result (see [30]), giving sufficient conditions for certain bifurcation to occur.
Thus we conjecture the following Sharkovskii type result for bifurcations:

Conjecture. Let M be a smooth, orientable, metrizable manifold of dimension at least 2. Then, there exists
a class of bifurcations {Ba}o and a partial dynamical ordering on {By }«, both depending on M, satisfying the
following: assume a C* one-parameter family $ = F.(s), 7 € I which undergoes the bifurcation B, at some
interior 7, € I. Then, if Bg < B, w.r.t. the dynamical ordering, there exists at least one parameter Tg interior
to I s.t. § = F,(s) undergoes the bifurcation Bg at 4.

We note that similar results already exist: for example, from [417] (and Proposition 5.2) we know Shilnikov
bifurcations are preceded by period doubling cascades. Similarly, our results in Section 4 could also be inter-
preted as a step towards proving this conjecture. In fact, we suspect the class of bifurcations {B,}, must at
least include those that can be made into isolated invariant sets for the Entropy flow (in the sense of Subsection
4.2) - and that the partial order on {By,}, has to be related to the Entropy flow in some way.

The second problem which underlies this paper is the following: given a C! one-parameter family § = F,(s)
which transitions from order into chaos (where (s,7) € M x I), construct a flow on M X I that realizes the
said transition in its dynamics - i.e., make the ”laws of motion” change while in motion, by pushing them
continuously towards higher dynamical complexity. As the Entropy flow is a construction solving some aspects
of this problem, we believe it can be applied to several questions related to such transitions. To illustrate one
such example, consider the transition between the Hopf flow and the Kuperberg flow on S (or any aperiodic
flow on S3 - see [67] and [125]). To be precise, let § = F,(s), (s,7) € 5% x [0,1] be a C! family satisfying:

e Fj directs the Hopf flow on S3: the flow whose trajectories are all periodic orbits of minimal period 27.
e The vector field F; has no periodic orbits in S3.

As proven in Proposition 5.1 in [39], when 7 is varied from 0 to 1 either there exists a fixed point undergoing
a Hopf bifurcation or the periods of periodic orbits become unbounded. To the best of our knowledge, there
are no other results studying how the Hopf flow bifurcates as it changes into an aperiodic state. We believe the
Entropy flow could be useful to study this problem, if only because we would expect (at least intuitively) that
the dynamics of F3 should include invariant sets acting either as Milnor attractors or repellers for the Entropy
flow (with previous terminology, we would expect these invariant sets of Fy to be equilibrium states for the
Entropy flow). If this is the case, we believe, it should follow that the function P is non-zero in some region
where the transition occurs, i.e., the bifurcations belong to a certain type.

Another more complicated problem where we think the Entropy flow approach could be useful is the Chaotic
Hypothesis, originally introduced in [96]. According to the Chaotic Hypothesis, given a chaotic attractor in,
say, R", n > 3, its dynamics are ”practically hyperbolic”. More precisely, according to the Chaotic Hypothesis,
one should expect the existence of an SRB measure on A with time averages w.r.t. observables that converge
a.e. (for the precise formulation, see [96]). Heuristically, we believe that the Entropy flow could provide a proof
or at least a heuristic justification for the Chaotic Hypothesis. To begin, assume we have a smooth vector field
$ = F(s) defined on some smooth manifold M that admits a chaotic attractor, A, which lies away from the
fixed points of the flow. Let us further assume we can smoothly deform F' to a vector field G in some fixed-point
free neighborhood of A, O, as follows:

e No new fixed points appear (or disappear) in O as F' is smoothly deformed to G.
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e A is transformed to A’, an attractor for G, ”with no loss of information”, i.e., the dynamics of A are
semiconjugate to those of A’, i.e., A’ forms a ”topological lower bound” for the complexity of A.

Let us now write $ = F,(s), 7 € [0,1], where Fy = F, F; = G, and let E(s,7) denote an Entropy vector
field for this transition. The associated drift function P and the energy transition function V for this family
would intuitively be non-zero only on the periodic orbits on A that bifurcate and disappear as 7 — 1. In other
words, we would expect the dynamics of —E, the inverse flow on M X [0, 1], to push towards the dynamics of
Fy -i.e., much like E pushes the dynamics towards a greater state of complexity, —F would push them towards
decreased complexity. When A’ can be chosen to be a hyperbolic attractor, the flow of —F can be interpreted
as a mechanism to remove the ”extra” information from the attractor. As such, the flow of E (or —FE) could
possibly be used to determine just how much of the dynamics of A are practically hyperbolic. In particular,
since hyperbolic attractors support an SRB measure (see [90] for a survey), we believe the Entropy flow could
be useful to study how much of this SRB measure survives as A’ is deformed back to A.

In addition to the above, there are also good reasons to consider the generalization of the Entropy flow -
namely, to study the analogous construction for C! families of vector fields § = F,(s), where w varies inside
some smooth, connected, k-dimensional manifold (typically R¥), where k& > 1. To motivate why this is an
interesting question, let us recall the spiral structures observed in the parameter space of the Rossler system
(see [105], [108], [122] and the references therein). Such structures often appear composed from two countable
collections of regions in the parameter space - where one collection of regions corresponds to the existence of
stable attracting orbits, while another corresponds to the existence of a chaotic attractor. Moreover, all regions
in these two collections appear to spiral towards some specific point, often called a periodicity hub, that
corresponds to some point on the Shilnikov homoclinic bifurcation set. We believe the Entropy flow could be
the key to explain why these structures arise. The reason for that is because the dynamics at the periodicity
hub are extremely unstable, in the sense that every small perturbation of them could throw the system off
balance and launch it into either a chaotic state or stable state. This effect can even be amplified, as different
periodicity hubs in the parameter space appear to accumulate on one another (see [122]).

Spiral structures are not unique to the Rossler system and had been observed in other systems as well (see,
for example, [100]) - as such, it appears likely that there exists some general mechanism underlying them. This
mechanism, we believe, is related to the Entropy flow. In detail, assuming a generalization of the Entropy
flow exists for higher dimensional parameter spaces, we conjecture that these spiral structures are actually the
projection of flow lines for the Entropy flow to the parameter space. This conjecture is motivated by Remark
5, where we mentioned that due to homoclinic parameters accumulating on one another, stable states should
be dense around one another. When the parameter space is two-dimensional, homoclinic parameters are curves
that can have fold singularities. As proven in [47], one can match parameters around these curves with periodic
orbits undergoing saddle node and period doubling cascades, by drawing spiral curves transverse to the period
doubling and saddle node bifurcations. Because periodicity hubs often appear to lie on the fold singularities of
the homoclinic curves, we believe these homoclinic fold parameters must somehow be (Milnor) attractors for
the generalized of the Entropy flow, which spirals towards them.

Another motivation to generalize the Entropy flow to higher dimensional parameter spaces arises from Hamil-
tonian dynamics. From our construction of the Entropy flow (and from the examples we analyzed) it is clear
that when designing it we had dissipative systems in mind, i.e., flows with attractors and repellers. It is hence
natural to ask if Entropy flows can, in general, be meaningfully defined for smooth one-parameter families
of Hamiltonian flows. In that particular case, the answer depends on higher dimensional Entropy flows. To
illustrate, let $ = dH.(s) by a smooth, one-parameter families of vector fields on, say, M x (0,1), where
H, : M — R is a Hamiltonian function for all 7 € (0,1). Let us further assume that, say, 0 is a regular value for
all 7 - this implies that if dH, o is the restriction of dH, to H-'(0), one can discuss the smooth family of vector
fields § = dH, o(s) for (s,7) € H7'(0) x {r}. This, of course, applies to any regular value, which intuitively
says that smooth one-parameter families of Hamiltonians on a manifold of degree 2n can be ”foliated” by
smooth families of one-parameter vector fields on 2n — 1-dimensional manifolds: namely, their level sets. Or,
put simply, every one—parameter family of Hamiltonian flows defines a two-parameter family of flows, at least
around regular level sets. This shows that in order to study the Entropy flows of such families meaningfully,
one has to develop a theory for Entropy flows with a higher dimensional parameter space. That being said,
any extension of our results to C* families of Hamiltonians would probably require extension of the definitions
in Section 2 to bifurcations of quasiperiodic motions (see [68] for a survey).
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In addition to the above, one cannot ignore the conceptual similarity between the construction of the Entropy
flow and Floer cohomology. We recall Floer cohomology (see [56]) studies the topology of a symplectic manifold
M by analyzing the action functional on its loop space - i.e., the space LM = {v : S — M | v is smooth}.
Critical points of this functional correspond to periodic orbits of a Hamiltonian system and the Floer chain
complex is generated by these orbits (see [56]). The differential for this chain complex counts solutions to a
version of the Cauchy—Riemann equation connecting orbits, which can be viewed as “flow lines” in the loop
space. The resulting cohomology is invariant under Hamiltonian isotopies, capturing subtle intersection and
dynamical information (see [111]). Floer cohomology thus generalizes Morse Theory from finite-dimensional
manifolds to the infinite-dimensional loop space. Therefore, in a sense our construction of Entropy flow is dual
to Floer cohomology, since P(s,7) in the Entropy flow is defined as a smooth map from M x S! to R (when
I = S'), and we have the exponential law: Map(M x S',R) ~ Map(M, Map(S*,R)). To see why, note that
a function on M x S is the same thing as assigning to each point x € M a loop in R - which compares
with LM that appoints to each point of the circle a point in M (observe that the roles are reversed). This is
especially interesting because of two reasons: the first is because Floer Homology was originally inspired by
Conley index Theory. The second is that Floer cohomology has both symplectic and algebraic descriptions,
and understanding the interplay between them is central to homological mirror symmetry (it often focuses on
Axo-algebras; for details, see [66], [101], [111], [124]). Therefore, we expect a repackaging of our theory in a
form that’s more suitable for algebraic and categorical manipulations.

To conclude, it is impossible not to bring up the name: Evald Vasilievich Ilyenkov (9Basubs BacuibeBuu
Uabenkos), a Soviet philosopher, who connects Entropy with the purpose of Life (see, especially, ” The Dialectics
of the Ideal” and ” Cosmology of the Spirit”). Ilyenkov proposes: ”the goal of intelligent life is the active struggle
against the Universe’s entropic tendency — the preservation and development of structured, meaningful forms
of Being”, i.e., Life exists only as a process that continuously works against Entropy, and consciousness is the
Universe’s way of resisting its own decay.

7. APPENDIX - QUANTIFYING THE BEHAVIOR OF THE ENTROPY FLOW

Throughout this paper we studied the Entropy flow using purely qualitative means - namely, topological
tools. Inspired by the end of Section 5, by [114] and by the theory of the Koopman Operator (see [3] and
[103]), in this Appendix we attempt to approach the Entropy flow quantitatively. That being said, as we will
see, this approach also has several limitations which we will discuss below. Our main result in this Appendix
is Theorem 7.2, which, in a nutshell, proves one can minimize a (compact) collection of Entropy flows, w.r.t.
to several constrains.

To begin, consider a C! family § = F,(s) defined over some smooth manifold M and parameterized by some
one-dimensional manifold I. Let us consider the family as a C! curve v : I — Z(M), where Z(M) denotes
the Banach manifold of all C! vector fields on M. We denote by £(v) the collection of all vector fields on
M x I corresponding to Entropy flows that can be defined on . Ideally, one way to study a given Entropy flow
E € &(v) is to study it via the Koopman Operator (see [3]) - namely, to convert F to an infinite dimensional
system and study the L!'-functions defined on it. This approach is known to work well for measure preserving
flows. That being said, as shown throughout this paper, in general one should expect an Entropy flow to have
interesting dynamics when it is dissipative - i.e., when it has attractors and repellers, which would imply the
assumption F is measure-preserving (not to mention ergodic) is in many interesting cases unrealistic. This
motivates us to study the set £() with an alternative approach.

To motivate, recall the notation E(s,7) = (F-(s)+ V(s,7), P(s,7)) and let us denote the Lie bracket of two
vector field F' and G by [F, G]. Moreover, given an open domain A C M x I, let us denote by ||  ||1,4 the
Cl-norm in A. Now, given E € £(v) and a domain A C M x I define g : £(y) — [0, +o0] via

9(E) = |[[E(s,7), £(s,7)]]

1,A,

where L(s,7) = (F-(s),1). In the spirit of Section 5, one could interpret g as measuring how far away are the
dynamics of F from inducing a trivial drift on the parameter space throughout A. The function g is easily seen
to be continuous - as such, if it can be minimized in £(7), there is a certain lower bound for the complexity
of all Entropy flows in £(7y). Specifically, if there exists some ¢ > 0 s.t. for all E € £(y) we have g(E) > ¢, it
implies that the complexity of the Entropy flow (when measured via g) is intrinsic to the bifurcation structure
of $ = F(s). To generalize this idea, we begin with the next definition, inspired by the ideas of [114]:
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Definition 7.0.1. A non-constant continuous function f : E(y) — C is called an aspect. An aspect is said
to be independent of E(vy) (or just independent when the context is clear) if 0 = inf{|f(E)|,E € E(v)}.
Otherwise, we say f is dependent on v, or in short, dependent.

The definition above has the following meaning - every aspect is some quantifiable notion of the complexity
of the Entropy flow. If it is independent, then that aspect is meaningless, i.e., this aspect is independent of the
dynamical complexity of £(vy) and is unrelated to whatever complex dynamics arises by the Entropy flow of ~.
In this context, it is easy to see that g is a type of aspect which measures how close is the drift function P is
to a constant sign and how much the energy transition map V is close to 0. Definition 7.0.1 naturally leads us
to ask the following two questions:

(1) Do dependent aspects even exist? In other words, is the above definition not redundant?
(2) Can we somehow optimize and find which Entropy flow jointly minimizes (or maximizes) a certain
collection of aspects?

We are going to consider both of these questions. We first show, by an example, that there exists a curve
of vector fields v, a constant ¢ > 0 and an aspect g s.t. for all E € £(v), |g(E)| > ¢. In other words, we will
prove g is a dependent aspect w.r.t. -y, thus showing the definition is not redundant. To this end, consider
a bifurcation scenario as depicted in Figure 37, where two attracting periodic orbits, T1,T5, are created by a
saddle node bifurcation in opposing directions in the parameter space. One easily sees by the definition that
for all choices of E € £(v), E = (F; +V, P), the sign of P along the orbits of T} is opposite to that of the orbits
of Ty. Hence, [(F; + V, P), (Fr,1)] is not the 0 vector field as the flows of these vector fields do not commute.
Let us define g(E) = ||[E(s,T), (Fr(s), D)]||1,px1, i-e., the C'-norm of the Lie bracket throughout M x I. We
now prove the following:

Lemma 7.1. Let g be the aspect defined above. Then, every manifold M of dimension 3 and up supports a C*
one-parameter family $ = F.(s), 7 € [0,1], for which g is a dependent on .

Proof. First, note that every manifold M as above admits some C'! family having periodic orbits with a
bifurcation diagram as in Figure 37. Namely, there exists a C'' family which has two saddle node bifurcation
orbits, 71 and T; for F;, and F,,, s.t. the following holds:

e There exist two 0 < 71 < 72 < 1 s.t. as 7 enters (71, 1], 71 splits into two periodic orbits: an attractor
and a repeller, T} and T}, which persist as attractors and repellers for F,, 7 € (71, 1].

e Similarly, as 7 crosses into [0, 73), T5 splits into two orbits: an attractor, T3, and a repeller, T1%7 which
persist without bifurcating as periodic orbits for all F,., 7 € [0, 72).

Let C}, i = 1,2, j = A, R denote the components of Per that include the attractors and repellers T7. By
definition, each Entropy flow E(s,7) = (Fy(s) + V(s,7), P(s,7)) € £(7) satisfies that P is negative on C? and
positive on Cj. Now, choose some sequence {E,}, € £(y) and assume by contradiction g(E,) — 0. As g is
continuous, it follows that the motion induced by the vector field L(s,7) = (F-(s),1) comes closer and closer
to commuting with the flow of F,, as n — oo. In other words, writing E,,(s,7) = (F(8) + Vn(s,7), Pu(s, 7)),
the motion induced by P, on the parameter space I must commute with the motion induced by the constant
velocity 1. As for all n the function P, is strictly positive on C'}, C}, and strictly negative on C%, C'%, this cannot
happen. This is a contradiction, which implies g is dependent on v, i.e., that dependent aspects exist. ([l

Remark. Intuitively, given an aspect one should not expect to find an upper bound on complexity. More
precisely, taking again g as an example, one can always perform a perturbation of P while keeping it admissible,
and ensure the C distance between [E, L] and 0 increases.

FIGURE 37. A bifurcation with two different saddle node bifurcations pusing at opposing direc-
tions. The blue curves correspond to the attracting orbits T1 and Ty created at the bifurcation.
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Having proven the notion of independence is not a purely abstract notion, we now proceed to show that
dependent aspects w.r.t. to 7 can be optimized to some extent. To make this statement precise, given n
aspects f1,..., fn : £(7) — C and some compact C C £(v), we say an Entropy flow F € C minimizes f1,..., f,
in relation to one another if given some E’' € C s.t. if |f;(E")] < |fi(E)| for some i € {1,...,n}, there
exists some j # ¢ s.t. |f;(E)| < |f;(E")]. In this case, |fi(E)],...,|fn(E)| would be referred to as the relative
minimal values. To visualize, let us perturb E a little inside C s.t. the value of f; would decrease - then,
by the definition we would have to increase the value of, say, fo. This definition aims to capture the following
idea: if £ € C minimizes fi, ..., f, in relation to one another, it is the "minimal” Entropy flow, for which all
the properties measured by fi,..., f,, are small as they can be, i.e., E is essentially a saddle point on C w.r.t.
fi,-., fn. With that idea in mind, we now prove:

Theorem 7.2. Let fi,..., fn be aspects, let ci,...,c, > 0 be scalars s.t. {f; > ¢;} is not empty in P, and let
C C E(y) be compact, connected and non-empty. Then, if for alli =1,...,n the sets T; = {|f;| > c;} NC # 0,
the following holds:

o There exists some E € C which minimizes f1, ..., fn in relation to one another in U}, T; - and when
fi, -, fn are all dependent on vy, we can minimize f1,..., f, in relation to one another on C.

o Let us denote by C, = C N (Ur_y{c; < |fil <7r}). Then, the relative minimal values of f1,..., fn in Cy
vary continuously with r.

Proof. We prove Theorem 7.2 using the Berge Maximum Theorem. To this end, recall that given two topological
spaces X,Y and a multivalued map G : Y — 2%, the map G is said to be hemicontinuous if it satisfies the
following two properties:

(1) Upper hemicontinuity - if O C X is open and G(y) C O, there exists some neighborhood O’ C'Y of
ys.t. forally € O, G(y') C V.
(2) Lower hemicontinuity - if O C X is open and G(y) N O # (0, there exists a neighborhood O’ of y s.t.
for all y' € O, G(y') N O # 0.
It is easy to see that any continuous single-valued function g : ¥ — X defines a hemicontinuous map by
setting G : Y — 2% G(y) = {g(y)}. Under these definitions, we have the following result (for a proof, see [9],
Chapter VI, ” A Maximum Theorem”):

Theorem. Assume X,Y are topological spaces, let f : X x Y — R be continuous, and let F :' Y — 2% be a
hemicontinuous map s.t. for all y the set F(y) € 2% is compact and non-empty. Set v(y) = sup{f(z)|z € F(y)}
and Arg(y) = {z € F(y)|f(z,y) = v(y)}. Then

(1) v is well-defined and continuous in y.

(2) Arg(y) is non-empty, compact and upper-hemicontinuous - i.e., v has a proper mazimum in every F(y).

We apply the the Berge Theorem as follows. Choose some compact C C £(v) and set © = (¢,00)", where
¢ > 01is chosen s.t. T; = {c¢ > |fi| > ¢;} N C is non-empty for all i. For every Entropy flow E € E(v), set
f(B) = m, where Y1 | A; = 1. We first claim it would suffice to maximize f - to see why, assume f
is maximized at some E € £(v), and let B’ € £() be s.t. |fi(E")| < |f:(E)| for all i, where at least some of the
inequalities are sharp. This would immediately imply f(E’) > f(E), which contradicts E being the maximum
of f. As such, it would suffice to maximize f. Therefore, we now define the following functions:

e Write 0 = (01, ...,0,). We define F : C x © — R* by setting F(E,0) = f(E) - it is easy to see F is
continuous by its definition.

e Set D: 0O — 25 by D(0y,...,0,) = (U, | fi|~*([ci, 6:])) N C. This function is trivially hemicontinuous
and per our assumption on ¢;, D(6) is always compact and non-empty.

Consequently, writing f*(0) = sup{F(z,0)|x € D(6)}, by Berge’s Maximum Theorem, we know the set
M(0) = {x € D(O)|F(z,0) = f*(0)} is compact and non-empty. Moreover, f*(0) is continuous in §. In other
words, we have proven that for all r; > ¢, i = 1,...,n, we can maximize f in U, |fi|~*([c;,r:]) NC - thus jointly
minimizing fi, ..., f, with relation to one another in the same set. Recalling that C is compact and the aspects
f1, .-, fn are continuous, it follows that there exist some constants Ry, ..., R, for which T; = |fi|=*([c;, R;])NC =
{¢; < |fi]} NC - thus we can minimize f1, ..., f,, in relation to one another in U?_,T;. Moreover, when fi,..., fp
are dependent, we can choose ¢;, i = 1,...,n, s.t. C = U, T;. Finally, writing C, = CN (U {c; < |fi| < r}), by
the discussion above we know that as we vary r, the maximum of f varies continuously - as such, the relative
minima of fi,..., f,, also varies continuously. O

Remark. Theorem 7.2 is particularly inspired by the ideas of [11/], according to which chaos is the same in
all systems, only observed in different ways. Moreover, recalling notion of Information Entropy introduced in
[5], recall it is uniquely determined (up to some positive multiplicative constant) by three azioms: Continuity
(small changes in probabilities should only lead to small changes in uncertainty), Mazimality (uncertainty
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is greatest when you are completely unsure which outcome will happen), and Recursivity (uncertainty can be
calculated step by step without changing the overall measure). It is easy to see that the aspects f1,..., fn lack
only the Recursivity Property.

In the spirit of Theorem 7.2, we conclude this Appendix by providing a list of possible aspects - together with
their possible interpretation w.r.t. the Entropy flow. Needless to say, our list is far from being complete and it is
likely many more aspects could easily be conceived. To this end, let M be a smooth manifold, let § = F;(s) be
a C' one—parameter family of vector fields parameterized by 7 € I, and let E(s,7) = (F;(s) + V(s,7), P(s,7))
denote some corresponding Entropy flow. With these notations, we list the following collection of possible
aspects:

e The standard C'-norm for the function P, V, or both is an aspect measuring how ”fast” is the drift
on the parameter space induced by P, or alternatively, how strong is the energy transition along the
bifurcations induced by V.

o |[[E(s,T), (Fr(s),1)]||]1,4, where A is a domain in M x I. This aspect measures how much a given
Entropy flow deviates from having a ”simple” drift with constant velocity in the parameter space and
no energy transition (the constant 1, of course, can be replaced by any other non-zero constant).

o ||[[E(s,7),(Fr(s),0)]||1,4, where again A is a domain in M x I. This aspect measures how much a given
Entropy flow deviates from being the Laminar flow given by Equations 3.2.

o ||P(s,7) + [div(F; + V(s,7))d7||1,0, where div is the divergence form on M and O is an open set in
M x I. This aspect quantifies how much the Entropy flow deviates from being volume-preserving. To
see why, note that when M = R", F is divergence free in O precisely when > ", 8(FT(S)3;‘/(S’T)) + 8P{§i77)
vanishes identically in O (where s = (51, ..., 8,)).

e The distance from hyperbolicity (see [54]), which is measured by the smallest § s.t. for any geodesic
triangle in the space, each side of the triangle is within a §-neighborhood of the union of the other two
sides. This notion could possibly help measure how curved are the projections to M of any three flow
lines for the Entropy flow in M x I.

e The Gromov-Hausdorff distance (see [95], [97]) or the Wasserstein distance (see [83]) applied to E all
quantify how much the flow of E deviates from being symplectic.

8. APPENDIX - CONLEY INDICES FOR PERIOD DOUBLING BIFURCATIONS

Recall that in Subsection 4.2 we proved the Conley index can be used to derive constrains on the dynamics
of the Entropy flow - and consequently, on the bifurcations of the one-parameter family it corresponds to. In
this Appendix, we discuss the Conley index for the Entropy flow around a finite number of period doubling
bifurcations (under certain idealized assumptions, explained below). In detail, we will prove that under these
idealized assumptions the Entropy flow admits isolating blocks for a sequence of three consecutive period dou-
bling bifurcations, and that the corresponding entropy-adapted index filtration has dyadic degree-one transport
- where by dyadic we mean that the degree-one Conley groups are Z/2, Z/4, and Z/8. In particular, we will
prove the inclusion-induced transport maps given by Definition 4.2.3 between these groups are multiplication
by powers of two.

To begin, let $ = F,(s) be a C® one-parameter family defined on some three-manifold M and parameterized
by 7 € I. Keeping up with the notations of Subsection 3.1, we will denote the vector field generating an Entropy
flow for the family by E - i.e., the Entropy vector field, in the terminology of Section 4. Recall a surface S
embedded in M x I is a cylinder of periodic orbits if for all 7 € I s.t. SN M x {7} # ), all components of
the said intersection are periodic orbits for F;. Let us assume that as we vary 7, the system undergoes three
consecutive period doubling bifurcations at parameters 71 < 79 < 73. This implies there exist three cylinders
of periodic orbits in M x I, denoted by C,, C M x I, n = 1,2,3. For i = 1,2,3, C; denotes the regular
period doubled continuation sheet between its two indicated boundary circles. Thus the interior of C; contains
no bifurcation orbit. Each C,, is glued to one another at sets of the type P, x {7,} - where P, are periodic
orbits for the vector fields F;, corresponding to the period doubling bifurcation. Throughout this Appendix,
we write P, for P, x {7,} when this causes no confusion. The geometric picture is therefore as follows: C
connects Py to Py, Cy connects Py to P3, and Cj is the next branch born at Ps (see the illustration in Figure 38).

In particular, as we vary periodic orbits on C), via P41 to Cj,41, the period w.r.t. the flow is doubled. Let
74 > 73 denote the next period doubling parameter after 73. Choose 7, € (73,74),and let L =T, x {7.} C Cs
be the corresponding periodic orbit. The circle L will serve as the terminal exit set of the index pairs con-
structed below. We will always assume that P;, P», P3 are nondegenerate flip orbits, at each P, there exists a
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cylinder of periodic orbits, D,,, glued to C,, and C,, 41 at P,, corresponding to periodic orbits for § = F,(s)
along with the preserved period (i.e., the Mobius orbits in the terminology of [42]). Specifically, the geometric
picture is as follows: Py glues Cy and Dy, Py glues C1,Cy and Dy, while P; glues Cy, C3 and D3 (see the illus-
tration in Figure 38). To further clarify our notation, note we let P,, ¢ D,,, P, C C,, but P,ND,, = P,NC,, = (.

We now recall the standard Conley index notation (see Definition 4.2.1). For a compact set A C M x I we
denote the invariant set w.r.t. the vector field E by Invg(A) = {x € A | pr(t,x) € A for all t € R}, where ¢
is the flow of E. If P = (N, L) is an index pair, then CHy(P;Z) := Hy(N, L;Z). Moreover, in this Appendix
the notation Py, = (N, L) always denotes an Entropy flow index pair in M x I. For the homology calculation
we use the following periodic-orbit skeleta:

61 =P UCLUDP,,
62 =P, UCyU Ps,
Cs = P3U (C3n (M x [13,7.])) ULL

We will use these two-dimensional sets to construct index pairs for F, under idealized assumptions which will
be stated later on. To this end, define the sets:

Xo=1L,
X, = Cs,
X, =0Ch Up, Cs,
X5 = Cy Up, Cy Up, Cs.

Here Up, denotes gluing along the circle P;. In this Appendix, the word skeleton will refer only to these explic-
itly defined sets Xy, k = 0,1, 2,3 - see the illustration in Figure 38.

M Ol 02 03
A [ 2 L L4 @

D3

D,

D,

=

!

T2 T3 Tk

Ficure 38. A diagram of three consecutive period doubling bifurcations, as described above.

We shall use the word flip in the following sense: with previous notations, assume 7' is a period doubling
orbit for some vector field F; in the C® family § = F,(s). We say T is a nondegenerate flip orbit if, given a cross
section S, transverse to T' at some s, the differential for the first-return map f : S, — S; at s; has exactly
one eigenvalue that is a root of unity, —1 (as proven in the Appendix of [42], such period doubling bifurcations
are C3-generic). In our setting, we will always assume Py, P», P; are nondegenerate flip orbits for F;,, F,, and
F,, respectively. The next Lemma records the only local dynamical input needed for the dyadic calculation.

Lemma 8.1. Let P;, i = 1,2,3, be a nondegenerate flip bifurcation orbit of the C' family $ = F.(s), and
choose a regular parameter T on the period-doubled side of P;, and set Ty = C; N (M x {7}). Then, there is
a projection from ' to P; whose degree is 2. Moreover, @ admits a deformation retraction r; : 6’1 — P,
whose restriction to I'; is homotopic to the phase projection above and the restriction of r; to the outgoing circle
has degree £2 too.
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Proof. Choose a point on P;, a local cross-section S transverse to P; at that point, and let f, : § — S
denote the corresponding first return map for F, for all 7 close to 7;. At a flip bifurcation, the doubled orbit,
appearing for 7 > 7;, intersects the cross-section in two points, x4 (7) and z_(7), where f.(xo (7)) = z_(7)
and fr(x_(7)) = x4 (7). Thus, one full circuit of " consists of two first-return passages near P;. In a tubular
neighborhood of P;, choose coordinates (8,y) € S' x D? so that P, = {y = 0} and 6 is the phase coordinate
along P;. Now, let 7 : S' x D? — P; be the projection 7(8,y) = (6,0). A first-return passage near P; follows
one full turn of the phase coordinate 6. Since the period-doubled orbit I'; closes only after two first returns, the
map 7|, : 'y — P; winds twice around P;. Thus deg(w|r,) = %2, i.e., the induced map Hq(I'7;Z) — H1(P;;Z)
is multiplication by +£2.

Since C; contains no bifurcation orbit between I'; and the boundary circle of @-, the slice periodic orbits
in C; give an isotopy from I'; to the outgoing boundary circle of @. Composing this isotopy with r; gives
a homotopy between r;|r. and the restriction of r; to the outgoing boundary circle of @ As the degree is
invariant under homotopy and as 7;|r. is homotopic to the local phase projection, the outgoing circle also maps
to P; with degree +2. With compatible orientations, the degree is +2. Il

Having proven Lemma 8.1, we now introduce the following standing assumption we would make throughout
this Appendix:

Assumption. For k =0,1,2,3, there are compact neighborhoods Uy, C M x I with a terminal exit collar over
L, as illustrated in Figure 39. Let Ey, C Uy denote this terminal exit collar, and set UY := Uy \ Ey. We assume
the following:

o Invp(UP) = 8), Cint(U7), k= 0,1,2,3, where Sy = 0, Sy = P3, Sy = Cy and S3 = Cy Up, Cs.

o FEach @ satisfies the conclusion of Lemma 8.1 with positive degree (w.r.t. some fized orientations).

e If a same-period continuation branch D, meets the chosen neighborhood, we assume that the corre-
sponding part of D, is a component in Per, and has no further bifurcation before leaving Uy. By the
definition of the Entropy flow on such a branch, E points along D,, towards the limiting bifurcation
orbit P, (see Definition 2.2.2). Consequently, the D,-side contributes neither an additional exit set
nor an additional isolated invariant set to the chosen block.

We will refer to these three assumptions as the clean isolated period doubling sheet block.

Before moving on, we remark the equality Invg(Uy) = Sy, is the isolation hypothesis. The second assumption
is a genericity assumption, as it assumes the flip condition which is C3-generic (again, we refer to the Appendix
of [42] for the complete details). The third assumption is the idealized one, as it assumes the orbits on D,
which are saddles, are isolated. We stress that this final assumption cannot be relaxed - if D,, is not in Per
(which could occur, for example, when the invariant manifolds for orbits on D,, intersect transversely) the
calculation below does not apply. We now prove:

Lemma 8.2. Under Assumption 8, assume the surfaces C,, are composed of attracting orbits in the fized slices
M x {r}. Then we can choose the Entropy flow s.t. there exist index pairs Py = (Ng, Ly), k = 0,1,2,3 which
form an entropy-adapted index filtration (see Definition 39), given by:

Ny C N1 C Ny C Ng, Lz:L]ﬂN1 for i < j.
Moreover, for every k, there is a homotopy equivalence of pairs (N, Ly) ~ (X, L).

Proof. For each k, choose Nj to be a sufficiently small neighborhood of X in M x I. Away from the period
doubling bifurcation orbits Py, P5, P, this neighborhood is locally a product of the corresponding periodic-orbit
sheet with a small transverse disk. Thus, locally, N, ~ X}, x D2. To continue, for a fixed regular parameter
value 7 # 11, T2, T3, as Ny is four-dimensional, the slice N, N (M x {7}) can be assumed to be a small tubular
neighborhood encasing the corresponding periodic orbit in M x {7} - in particular, because dim M = 3, this
slice-wise neighborhood is a solid torus (which may or may not be knotted in M).

Near a bifurcation circle P;, the neighborhood is chosen in M x I, not only inside the slice M x {;}. We choose
it to be small enough and compatible with the adjacent neighborhoods on the selected period-doubled sheets
C, so that there is a projection 7y, : N — X}, which collapses each transverse disk fiber ny, = N N (M x {7})
to its base point in Xy - using Lemma 3.1, we can choose the Entropy vector field E s.t. it is transverse to
Ong x {71}, i.e., on Ur¢ (s, ,r,)0nk X {7} the Entropy flow enters Nj. We now recall that the cylinders D,, are not
included in the branch skeleton Xj. If the neighborhood N meets D,, near the bifurcation orbit P,, this does
not create an exit set - specifically, by Assumption 8, such a D,,-side piece is an entrance piece for the Entropy
flow into Ng. Hence, the motion of E on D,, contributes neither to the exit set nor to the isolated invariant set.

It follows the only exit part is the terminal exit collar over L. Choose one terminal exit collar Wy, over L,
contained in the terminal collars of the Uy, and define Ly = Ny N Wy, After shrinking Ny (if necessary), we



WHEN ENTROPY FLOWS: DRIFTING ALONG THE ROUTE TO CHAOS 69

can ensure Ny C Uy, Ny \ Ly C UP, and Sy, C int(Ny \ L) for all k = 1,2,3. Then, by Assumption 8 we have:
Inve (Ny, \ Li) = Si C int(Ny, \ Ly).

Since every boundary piece except the terminal collar is an entrance set w.r.t E, every positive-time orbit that
leaves Ny, exits through L. Hence (Ng, L) is an Entropy flow index pair. It remains to identify the pair
homotopy type. To this end, recall the projection 7y : Ny — X} collapses the transverse disk fibers. In local
coordinates this can be written (z,v) € Xj x D? where the homotopy Q(¢, (z,v)) = (x, (1 — t)v) deforms
Ni, onto Xj. The neighborhoods near the bifurcation orbits were chosen compatibly with the same projection,
so this collapse extends over them. Since Ly is the part of Ny lying over the terminal collar W, the same
homotopy restricts to a deformation retraction of Ly onto L. Therefore, (Ny, L) ~ (Xj, L).

To complete the proof, we choose the neighborhoods recursively. First choose N3, then choose Na, N1, Ny
small enough so that we have the chain of inclusions Ng C Ny C Ny C N3 (see the illustration in Figure 39).
Since all exit sets are defined using the same terminal collar Wy, for ¢ < j we have:

LjﬂNi = (NjﬂWL)ﬁNi =N;,NWr =1L,
Thus the pairs Py = (Ng, Lg), k = 0,1, 2,3, illustrated in Figure 39, form an entropy-adapted index filtration.
O
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FIGURE 39. A diagram of three consecutive period doubling bifurcations with index filtration P;.

By Lemma 8.2, we have CHy(Py; Z) =2 Hy(Xk, L; Z). We now come to:

Proposition 8.3. Under the assumptions of Lemma 8.2, for all ¢ we have CHy(Py;Z) = 0. In contrast, for
k=1,2,3 we have:

7)2%7, q=1,

0, q# 1.

Proof. Tt is enough to compute Hy (X}, L;Z). Fix compatible orientations on the period doubling bifurcation
orbits Py, Py, P3, and L. Furthermore, let u; € Hy(P;;Z) = Z be the generator determined by the orientation of
P;, and let A € Hy(L;Z) = 7 be the generator determined by the orientation of L We note that for X; = C3,
the deformation retraction 73 : Cg — P3 implies Hy(X1;Z) = Z. Similarly, let 03 ) be the image of ugz under
the inclusion P; < X;. By Lemma 8.1, the image of A under the inclusion L — X is 2c ) ¢ Hy(X1;Z). This
proves both classes are being viewed after applying the homomorphlsms mduced by thelr inclusions into Xj.
For X, = C’g Up, Cg, the space X5 deformation retracts onto P». Let 02 ) be the i image of uy under P, — Xs.
The two degree two attachments give both 0(2) (2) and () = (2) = 40&2) in Hy(X2;Z). Conversely, for

Cl Up, 02 Up, C3, the space X3 deformation retracts onto P Let cg ) be the image of u; under P, — X3.

CHq(Pk;Z) &~ {

Sm[ularly7 the three degree-two attachments imply both ¢, (3 — 205 and c; & = 2c§3) = 4053),therefore we have
03 = 201(33) = 80%3) in H1(Xs;Z). All in all, for k = 1,2, 3, the inclusion L < X} induces the map:

H(L:Z) =7 22 Hy (X Z) = 7.
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The long exact sequence of the pair (Xj, L) now implies the needed. To see why, note X} has the ho-
motopy type of a circle, so Hy(Xj;;Z) = 0. Both L and X} are connected, so Ho(L;Z) — Ho(Xy;Z)
is an isomorphism. Moreover, since multiplication by 2* is injective on Z, we get Ho(Xy,L;Z) = 0 and

f
Hy(Xy,L;Z) = coker | Z X2, Z) =~ 7/2*7, while all other relative homology groups vanish. The case k = 0
is (Xo, L) = (L, L), so again, all relative groups vanish. O

Recalling the transition groups and transition maps (see Definitions 4.2.5 and 4.2.3, respectively) and that
they encode the topological change in sequences of bifurcations, we now prove:

Proposition 8.4. Under the assumptions of Lemma 8.2, for k = 1,2,3, let q : H1(Xy;Z) — H1(Xy, L; Z)
be the quotient map in the long exact sequence of the pair (Xg, L), let g1 = cgl), g = cgz), gs = ch) be the
generators of Hy(Xy;Z) used in the proof of Proposition 8.3, and choose ay, = qi(gx) € CH1(Py;Z). Then the
following holds:

L] CHl(Pk;Z) = <Oék | 2k04k = 0>

o Forl <i< j <3, the inclusion-induced maps @}j : CH\(Py; Z) — CH1(Pj; Z) satisfy the relations

(I)}J(Olz) = 2J’1aj,
Equivalently, setting Oy : 7./2"7 — CHy(Py;Z) , Or(a + 28Z) = aay, then <I>}j corresponds under 6;,0; to

the homomorphism my; : Z/27 —s Z./27 7, m;;(a + 2'Z) = 20~ ta + 29 Z.

Proof. Let g : H1(Xk;Z) — Hi(Xy,L;Z) denote the homomorphism induced by the inclusion of pairs
(X, 9) < (Xk,L). Thus g is the quotient map appearing in the long exact sequence of the pair (X, L).
Recall from the proof of Proposition 8.3 that we have the identities Hy(X1;Z) = Z<c§1)>, H(X5;Z) = Z(cg))

and Hy(X3;2Z) = Z(c@). To continue, set g; = cél), go = cg2), and g3 = cgg) - by definition, we have:

ar = qr(gx) € Hy( Xy, L;Z) = CH1(Py; Z).

Let ¢;; : X; < X denote the inclusion. Since L C X; C Xj, this is an inclusion of pairs (X;,L) — (X, L),
and the induced map on relative homology is the model for ‘Iﬁj : CH1(P;;Z) — CH:1(Pj; Z) under the pair
homotopy equivalences (N, Ly) ~ (X, L). By the naturality of the long exact sequence of a pair, we have the
equality <I>21j 0g; = ¢; 0 (tij)+. In particular, for ¢ = 1 and j = 2 the inclusion X; — X, maps the class g1 = cgl),
represented by the circle Ps, to the class of P5 inside X5 - where by the degree-two attachment along 52, we have
(t12)+01 = c:(f) = 2c§2) = 2g9. Therefore, we arrive at ®1,(a) = ®1,(q1(91)) = q2((t12)+91) = ¢2(292) = 2as.
Similarly, the inclusion X5 — X3 maps g, = céz) , represented by the circle Ps, to the class of P, inside X3.
By the degree-two attachment along @1, we similarly get (t23)«g2 = ng) = 2053) = 2g3. Hence, ®1;(az) = 2as.
In addition, for ¢ = 1 and j = 3, by either composing the two previous maps or by using the inclusion X; — X3,
it immediately follows that (¢13).g1 = c§3) = 2c§3) = 4(:53) = 4g3 and ®{;(c1) = 4az. These are exactly the
formulas required, i.e., @}j(ai) = 2j_iaj, 1 <i < j < 3. Finally, from the identification ), : Z/2"7Z —

CH\(Py;Z), 0i(a + 2FZ) = aay,, the previous formula becomes 0;1 o @}j o0; (a + 2iZ) =21"q 4+ 297. O

Remark. To dispel any doubts, note the expression Gj_l o <I>Z-1j 00, (a + ZiZ) = 207q + 297 is well defined: if
a' =a+ 2% and 27"'a’ = 207a + 27b, then 297 a’, 29'a determine the same element of 7./277.

Propositions 8.3 and 8.4 mean that the degree-one transport module of this entropy-adapted index filtration
can be written as follows:

2 l—)2a3

<OZ2 | 4oy = 0> EEE— <Ck3 | 80[3 = 0>

Qg ’—)20(2

0—><a1|2a1:0>

The two displayed maps above are injective and not surjective, i.e., in the terminology of Subsection 4.2 (and
in particular, Definition 4.2.4), there is no degree-one Death between adjacent nonzero levels. The adjacent
degree-one Birth groups are:

Birth;(1,2) = coker ®1, = 7Z/27Z,

Birth; (2, 3) = coker &3, = 7Z/27
and

Birthy(0,3) = CH(Ps;Z) 2 Z/8Z,

where the last group denotes the Birth group for the transition from the empty initial level to the full three-

step block. Moreover, using the transition groups of Section 4.2, the long exact sequence of the triple gives
TR (i, j; Z) = coker ®}; which yields:

TR(1,27) = 7/2Z, TR\(2,37)~7/27
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and
TR1(1,3;Z) 2 Z/AZ, TR1(0,3;Z) 2 Z/8Z,
where all other transition groups vanish.

At this point, we would like to elaborate on the dynamical meaning of the dyadic transition groups. The
generator «y represents the phase class of the k-step period doubling block after the terminal exit circle L
has been collapsed. In contrast, the relation 2¥aj = 0 records that the terminal orbit L projects through the
successive flip attachments as a 2F-fold phase cover of the bifurcation periodic orbit circle. Since L is a part of
the exit set, this 2*-fold phase relation becomes a torsion in the relative Conley group. Similarly, the transport
map <I>llj (a;) =27 _iaj can be interpreted as follows: when the isolated block is enlarged from level i to level j,
the phase class already present at level 4 is not destroyed, but rather it is re-expressed as a 27 ~*-fold phase class
inside the deeper period doubling branch. Hence, the adjacent maps are injective - that is, no degree-one phase
class dies in this clean attracting model. That being said, these maps are not surjective, as each period doubling
adds one new binary phase layer which is not detected at the previous level. Consequently, the adjacent groups
TR:(1,2,Z) = Z/2Z, TRy(2,3;Z) = Z/27 measure the new parity information created at each single flip. In
particular, the group TR (1, 3;Z) = Z/4Z records the two-step dyadic refinement, while TR;(0,3;Z) = Z/8Z
records the full three-step phase refinement of the block. Thus, under Assumption 8, the transition groups are
a Conley index signature of the successive twofold phase attachments along the period doubling route. The
vanishing of the other transition groups reflects the absence of additional dynamical phenomena inside chosen
isolated block, i.e., by D,, C Per, n = 1,2,3. We further highlight that the dyadic torsion is an invariant of
the entire finite transition block, not of an individual attracting periodic orbit. It arises because the terminal
circle L maps into Xj with degree 2%, while the relevant Conley group is the relative group Hy(Xy, L; Z).

Before concluding the Appendix, we remark that the above calculations assume the normal fibers to the
skeleton are entrance fibers, which forces (N, Lg) ~ (Xk, L) (this holds due to our choice of Entropy flow in
Lemma 8.2). If the isolated block has an additional unstable normal bundle E* — X}, of rank u, the standard
Thom space model for the Conley index replaces (X, L) by the corresponding Thom pair. If in addition E“
is orientable, the Thom isomorphism would give CH,(Py;Z) = H, (X, L; Z). Thus, the group Z/2*Z would
appear in degree u + 1 rather than degree 1. In other words, in both cases the Conley index records both the
dyadic attachment along the skeleton and the transverse unstable directions.
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