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TWISTED JACQUET MODULES ASSOCIATED TO MAXIMAL
PARABOLIC SUBGROUPS AND CUSPIDAL
REPRESENTATIONS OF GL(n,q)

KUMAR BALASUBRAMANIAN, KRISHNA KAIPA, AND HIMANSHI KHURANA

ABSTRACT. Let 7 be a cuspidal representation GL(n, F') over a finite field F.
Let P = MN be the Levi decomposition of a maximal parabolic subgroup
corresponding to the partition (k,n — k) of n. Given a rank r character i,
of the unipotent radical IV, the twisted Jacquet module 7 4. is a represen-
tation of the subgroup M, of M which stabilizes 1. The main problem we
solve in this work is to determine the structure of 7y y,. as a M;-module.
This problem was first studied by D. Prasad, who solved the problem for the
case r = k = n/2. This and subsequent works on the problem for special
cases of (r,k,n), identify the structure of 7y, by calculating its character
and matching it to a known representation of M,. In this work we solve the
problem for all values of (r, k,n) directly without calculating the character of
TN 4y~ Our solution depends on two other key conceptual advances: (i) We
show that the twisted Jacquet functor which takes a complex representation
of P to its twisted Jacquet modules (one for each rank), gives an equiva-
lence of categories between Rep(P) and the direct sum @,Rep(M;) of the
categories Rep(M;). (ii) We use this equivalence to construct a recursively
defined representation Ilj, , of P, which generalizes to P, the representation of
the Mirabolic subgroup obtained from the trivial representation by iterating
the Bernstein-Zelevinsky ®1 functor. Like the representation (®+)?~1(1) of
the Mirabolic subgroup, the representation I, , (after composing with the
inverse transpose isomorphism) satisfies a universal property with respect to
restrictions to P of cuspidal representations of G,. Our solution of the main
problem is a simple consequence of this universal property.

1. INTRODUCTION

Let F be the finite field with ¢ elements and let GL(n, F) be the general linear
group. Let P be a parabolic subgroup of GL(n, F') with Levi decomposition P =
M N, where N is the unipotent radical of P. Let (m, V) be an irreducible complex
representation of GL(n, F') and v be a character of N. For m € M and a character
¥ of N, let 1)™ be the character of N defined by ¥™(n) = ¥ (m~1nm). Let

VN ={v € V:m(n)v=1(n)v,¥n € N},
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be the -isotypic component of the restriction of m to N. It is easy to see that Vi 4,
is invariant under the subgroup M, of M given by

My ={me M: ¢™(n) =¢(n),Yn € N}.

The representation (my .y, V) of My is known as the twisted Jacquet module of
7 with respect to (IV, ). It is an interesting question to determine for which irre-
ducible representations m of GL(n, F') and characters ¢ of N, the twisted Jacquet
module 7y, is non-zero and to understand its structure as a representation of M.

Before we continue, we set up some more notation and state the problem we
study in this paper. We denote GL(n, F') as G,,. Let 7 be a cuspidal representation
of G,, and let P be a maximal parabolic subgroup of G,, corresponding to the
partition (k,n — k) of n. We have M = Gy, x Gp—j, and N = My, (F). Tt is
easy to see that the characters of N are of the form ¢4 (X) = ¢o(Tr(AT X)), where
Yo : F — C* is a non-trivial additive character of F and A € Myy,_r(F). The
character 14 is said to be of rank r if the matrix A has rank r. It is said to be
non-degenerate if A has full rank min{k,n — k}, and degenerate otherwise.

The main result of this paper (see Theorem is the solution of the following
problem:

Problem (Proby ). Let m be an irreducible cuspidal representation of G, and
let P be a mazimal parabolic subgroup of G,, associated with the partition (k,n — k)
ofn. Let P= MN be the Levi decomposition of P, and let v be a rank r character
of N. Determine the structure of the twisted Jacquet module mn 4 as a My-module.

The study of this problem was initiated by D. Prasad in [Pra00], and it is the
main inspiration for this work. In [Pra00], Probyox k.~ was solved for the case
n = 2k and a non-degenerate character i of rank k, by first computing the charac-
ter of Ty, and showing that it equals the character of a known representation of
M. The subsequent works [BK22a], [BK23], [BK24],[BDK25], solve the problem
Probg nr~ for r € {1,2} and some small values of k,n. The above problem has
a natural generalization Probjry, n.»» to the case when we replace the maximal
parabolic subgroup P of G,, with a standard parabolic subgroup for an arbitrary
partition A F n of n, and for an appropriate notion of rank of a character of N.
The special case when the parts of A have equal size, and the character of NV is non-
degenerate was solved by O. Gorodetsky and Z. Hazan in [GHI19|, again by first
carrying out the elaborate calculation of the character of m 4, and then matching it
to the character of a known representation of M. In another direction, an analogue
of the problem Probs 42, with the finite field F' replaced by a finite principal ideal
local ring of length 2 was studied in [PP25]. The structure of the twisted Jacquet
module for representations of many finite classical groups is still unknown. In a
recent work [Coh26], the dimension of the module for any irreducible representation
of GSp(4, ¢) with respect to a non-degenerate character of the unipotent radical of
the Siegel parabolic subgroup was determined. However, not much is known about
the structure of the module for cuspidal representations even for GL(n, F') where
F' is a p-adic field.



In our solution of the general problem Probg ., (see Theorem , we obtain
the structure of my y directly, bypassing the need to carry out the elaborate cal-
culation of the character of 7y . In order to explain the key idea of proof, let us
assume here the condition that k& < n (which can be relaxed). Assuming this, we
construct a fundamental representation IIj , of Py, which has the property that
for any cuspidal representation m = my of G,,, there is a cuspidal representation 7
of G}, such that my|p, , = 75 ® i, where we think of Py, = (G"' G:—k)’ and
by 7, we mean its inflation from Gy, to Py,,. We show that the problem reduces
to determining the twisted Jacquet module of Il ,,. We are immediately able to
determine 7y 4 because, the very construction of Il , (see Definition is by
prescribing its twisted Jacquet modules in a way that ensures the desired property
mo|py,.,, = T @ Ik n, see Theorem 4.9 and part (1) of Theorem : this in turn
depends on our Theorem 4.1, which proves that a representation of Py, can be
synthesized from its twisted Jacquet modules (of all ranks). More generally, we
show in Section 4.1, that the functor § : Rep(Py.) — ®F_ Rep(M,) that takes
a representation of Py, to its twisted Jacquet modules (one for each rank), is an
equivalence of categories. The recursive definition of the representation IIj, ,, should
be seen as generalizing the representation of the Mirabolic group Mir,, obtained
from the trivial representation by iterating (recursively) the Bernstein-Zelevinsky
®*-functor.

In the case when F' is a p-adic field, our work raises the following natural ques-
tions which we pose to the community:

(1) Is there an analogous construction of the representation IIj ,, of Definition
13r
(2) If so, is there a generalization of the universal property in part (1) of The-
orem for the distribution character of a cuspidal representation of
GL(n, F)?
We hope that understanding these questions can shed light on the structure of the
module 7y 4 for p-adic groups.

This paper is organized as follows. In we set up the notation and record
some preliminary representation theoretic results needed for the sequel. In we
record some combinatorial results that we will need. In we show (see Theorem
that the twisted Jacquet functor gives an equivalence between the categories
Rep(P) and &,Rep(M,) where M, = My, for a rank r-character ¢, of N. We
then construct in a representation Il , of P = Py, (see Definition [4.3]) that
satisfies a universal property with respect to restriction of cuspidal representations
of Gy, to Py (see Theorem [4.13). In we use the representation Il ,, to obtain
our solution of Proby ,, .~ (see Theorem [5.1).

2. PRELIMINARIES

We begin with a list of some symbols and notations that we frequently use.

F: A finite field of order ¢. The symbol F,, denotes the finite field of order ¢™.
The symbol F¢ denotes the multiplicative group of F,,.
¢(x) = z9: is the Frobenius automorphism of F,. The Galois group Gal(F,,/F) is
the cyclic group of order m generated by ¢.
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Npg,, jp(x) = xd(z) - - ¢"™ (x): is the norm of x € F, over F.

Trp, jp(z) =2+ ¢(x) + - -+ + ¢™ *(x): is the trace of z € F,, over F.

G: refers to the set of isomorphism classes of irreducible representations of a finite
group G. By a representation, we always mean a finite dimensional complex
representation.

Rep(G): denotes the category whose objects are finite dimensional C-representations
of the finite group G, and whose morphisms are the intertwining operators
between the representations.

Xp: denotes the character of a representation p of a finite group G. We implicitly
use the fact that two representations of G are isomorphic if and only if their
characters are equal.

(X, x")g: denotes the inner product (3_ g x(9)x'(9))/|G| of characters x, x’ of G.

pla: is the restriction of a representation p of a group G to its subgroup H. More
generally, given a subset Y C X and a function f on X, we denote the
restriction of f to Y by f|y.

Ind%: denotes the induced representation/character. We implicitly use Frobenius
veciprocity: (', Ind% x)g = (x|, )

p: a fixed non-trivial additive character of F'.

Mpxe(F): the additive group (or F-vector space) of k x £ matrices over F.

Tr(X): the trace of a square matrix X.

X T: the transpose of a matrix X.

G, is the general linear group GL(n, F).

I,,: is the identity matrix in G,,.

Pon=:{("%):91 €Gr,92 € Gh_r, g3 € Myypn_(F)} is the parabolic subgroup
of G,, for the partition (r,n —r) of n.

Py, =: {(95 92) 91 € Gr 92 € Gy, g3 € My (F)} is the image of P, ,, under
the inverse transpose isomorphism of G,,.

2.1. Regular characters of I, and cuspidal representations of G,,.
Let «y be a generator of the cyclic group F*, and let F},' be the group of characters
of FX. Let 1,,: F.X — F;* be the group isomorphism

W) =05, 0(°) = exp(FSE).

Let F,, C F,, be the elements of F* which are not contained in any proper subfield
of F,,. Alternatively, 7, C F consists of elements whose Gal(F,,/F)-orbit has
size n, where the Galois group Gal(F,,/F) is the cyclic group of order n generated

by the automorphism ¢(z) = z9. The regular characters of F.*, denoted (Fy)yeg,
consist of 4, (Fy,). If Fy is a subfield of F,, then § = Ng, /g, () = y(@"=D/(a"=1) g
a generator of the cyclic group F). Again, we have an isomorphism

Ff S FFL (B =g, 0i(8°) = exp(2Y=1),

Lemma 2.1.



(1) Any character of E) can be obtained by restricting a character of F* to
FJ. Moreover, we have a commutative square:

. —
L
NF'n,/Fd ResF(;<
X X
Fd 1d Fd

(2) If d is a proper divisor of n, then any character of F; can be obtained by
restricting a reqular character of F* to F:

—

in X
]:n - (FTL )reg
Y
an/pd RESFJ
X X
Fd 1d Fd

Proof. (1) The element ¢; = (a0 N, /r,)(77) of EE&S defined above, is clearly the

- . FX ;
restriction of §; to FJ', i.e., (RESF:X 01,) (V7).

(2) Here d is a proper divisor of n. In order to show that any character of F
can be obtained by restricting a regular character of F* to F, it suffices to show
the map Np, /g, : Fn = F; is surjective. Let e be a proper divisor of n such that
dle. It suffices to show Np, /p, (Fn) = F, because Np, /p,(F) = F;. Choosing
a maximal such e, and replacing d with e, we may now assume that dimg, (F},)
is a prime number ¢. In this case F,, = F,, \ Fy. For each ¢ € Fd>< there are
1+q+---+¢° ! solutions in F}, to the equation N, /F,(x) = c of which there are
at most £ in F, therefore there are (¢ — 1)+ (¢ — 1) +---+ (¢ 1 =1) >¢—1>0
solutions in F,. O

We recall that the cuspidal representations of G,, arising from regular characters
0 =1,(x),0 =1,(2") of F,* are isomorphic if and only if z, 2" € F;, are in the same
Gal(F,/F) orbit. The Gal(F,/F)-orbits on F,, correspond (via the minimal poly-
nomial) to the set of roots of monic irreducible polynomials of degree n in F'[X]. It
is well known that the number of such polynomials (and hence, also the number of
isomorphism classes of cuspidal representations of G) is (=01, +>_y,, w(d)g™ ) /n,
where p1(n) is the Mobius function, and d;; is the Kronecker delta.

For a € F,, let m, be the F-linear endomorphism of F, given by = — ax.
Clearly a — m, is a monomorphism from F — G,, (once a basis for F,/F is
chosen). In this way, we view F* as a subgroup of G,,. An element g € G, is
said to come from F)¢ if there exists a € F,, and a basis of F,,/F such that g is
the matrix of m, with respect to this basis. Equivalently, g € G,, comes from F*
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if and only if its minimal polynomial p(X) € F[X] is an irreducible polynomial of
degree m|n.

Definition 2.2. For a character 6 of F*, let ©y be the class function on G,
defined as follows. Let g € G,, with ¢ = s - u being the Jordan decomposition of
g into its semisimple part s and unipotent part u. In case s comes from F,*, let
X € F,, be a root of the irreducible minimal polynomial p(X) € F[X] of s, and let
t(g) = dimp, ker(g — Al,,). We define:

0 if s does not come from F*
©9(g) =

(1)t (S0 0 ) TIG (1~ ™) if s comes from Fy
(2.1)

We recall the character of the cuspidal representation my of G, associated with
the regular character 6 of F.* (see [Gel70, [Pra00]):

Theorem 2.1 (J.A. Green). Let 0 be a regular character of F. Let m = mg be the
cuspidal representation of G,, associated to 0. The character of mg equals the class
function ©g given in Definition [2.9 above.

2.2. Characters of N and the associated twisted Jacquet modules.
We elaborate some definitions from Section Let P = Py, be the parabolic
subgroup of G, with respect to the partition (k,n — k) of n:

P=Pun={("2):91€Gr g2 € Gpp, Y € Mpsn—i(F)}.

2

Let P = M N be the Levi decomposition of P, where the unipotent radical N and
the Levi subgroup M are:

N={geP:gi=1Irgo=1I1}, M={geP:Y =0}>GpxGp_p.
Since N ~ My, —r(F), the group N of characters of N is

N ={ta: A € Mpxn_(F)}, where a(g) = 1o(Tr(ATY)).

We define the rank of the character 14 to be the rank of A. We say 14 is non-
degenerate if A has full rank, and we say 14 is a degenerate character if A does
not have full rank.

Let (7,V) be a representation of P C G, and let ¢ be a character of N. For
m € M, let %™ be the character of N defined by ¥™(n) = ¢¥(m~tnm). Let

Vg ={veV:1(n)v=1v(n)v,¥n € N},

be the v-isotypic component of 7|y. It is easy to see that the linear map Pry :
V' — V defined by

1 _
Pry = Y 7(n)i(n),
|N| neN
is a projection of V' onto Vi . Therefore, V = Vi @ V(N,9) where V(N,¢) =
ker(Pry) = Spanc{r(n)v — ¥ (n)v: n € N,v € V}. Clearly, 7(m)(Vn,y) = Vi 4 for
m in the subgroup My, of M defined by:
My ={me M: ¢™(n) =¢(n),Yn € N}.
The map 7n,y : My — GL(Vy,y) defined by
TN (m)(v) = 7(m)v, m € My
6



yields a representation of My, called the twisted Jacquet module of T with respect
to (N,v), and is denoted by (7n,y, Vn,e). Let Xy, denote the character of 7 .
The character x,, , can be calculated in terms of the character x, by the following
well known result (see for example [BK22b]). We include a proof here, for the sake
of completeness:

Proposition 2.3. Let (1,V) be a representation of a parabolic subgroup P C Gy,
and let x, be the character of T. For m € My, we have

Ko () = T 5 )]
neN

Proof. The character X, ,(m) is the trace of the restriction of 7(m) to Vi 4, which
is also equal to the trace of 7(m)Pry. The latter quantity equals

2 5] -y Tt

neN nEN
O

For g = (9 4,) € M, the action of g on N ~ Myy,_,(F) is given by g- X =
g1 Xg5 ' The dual action of M on N is given by:

9-Ya(X) =valg™ - X) = ¢o(Tr(g2A" 97" X)) = 07 4,7 (X)),

ie, g vy = wg;TAg;. Clearly, the M-orbits on N are represented by ¥, = 14,
where

A, = [{)T 8} € Mixn—r(F), 0<r<min{k,n—k}.

For 1, the subgroup M, = Mq/,r of M consists of those (7' 4,) € M such that
_TArng = A,. Writing 91_ 913 o1s ;| = (921 922) as block matrices

(913 914) and p) 923 924
corresponding to the partition (r,k —r) of k, and (r,n — k — r) of n — k, we need
I

b)
(420)=(n o (50) =(50) (I e = (% %)

This is equivalent to g13 = 0, g22 = 0, and g11 = go1. Therefore,

hi 0 0 O

hs ha 0 O

M, = { ( 05 04 h1 h3> thy € Grah4 € karah2 € ankf'r‘»
0 0 0 hg

h5 € Mkfrxr(F% h& € ernkr(F)}~ (22)

2.3. The twisted Jacquet module 7y 4, in the case n = 2k.
We first record some facts that we need about the characters of the Steinberg
representation of Gy, ([Car85]) and the representation Ind » 6 where 6 is a character

of F*. The following result is from O. Gorodetsky and Z Hazan [GH19].

Lemma 2.4. [GH19 eq 6.2] Let Stg, denote the Steinberg representation of Gy,.
We use the same symbol Stq, for the character of Sta, . If g is non-semisimple,
then Ste, (9) = 0. If g is semisimple and comes from F;* with minimal polynomial
p(X) € F[X] of degree m|n, we have
o
Ster,(9) = (1) ¢ (2, where n’ = n/m, ¢ = ¢
7



The following result is from [Pra00]:

Lemma 2.5. [Pra00, Lemma 1] For a character 0 of F\*, the character X1,q€% o OfF
B
the induced representation Indg’; 0 equals 0 unless g is semisimple and comes from
k

F. In case g comes from F,* and F[\ = F,, for an eigenvalue X of g, we have

kN [m—1 _ E—-1
Xh‘dili 9(9) = q/<2) (Z 9(¢Z(>\))> H (¢7 —1)  where k' =k/m, ¢ = q™.

% i=0 j=1

Lemma 2.6. Let 6 be a character of F,*, and let X, c. , denote the character of
FY

the representation Indgl 0. Let Stg, be the Steinberg representation of G,,. Let Og
be the class function as in Definition[2.3

(1) Xtnaoy o(9) = Ste.(9) - Oo(g)-

2) If 0 is a regular character of F* and g, the associated cuspidal represen-
n
tation of Gy, then

Indfjg 6 ~ Sta, ®my.
Proof. Part (2) clearly follows from part (1). It suffices to prove x; 4en 4(9) =
FX

Sta, (g9) - Og(g). We can assume g is semisimple and comes from F,*, for otherwise
both ©y(g) Stg,, (9) and x;,4¢- (g) are zero. In the case when g comes from F*, it
FX

follows from Lemma and Lemma that ©¢(g) Stg,, (9) equals the expression
for X1nd%n (g9) given in Lemma [2.5 O

In the case when n = 2k and P = M N is the maximal parabolic subgroup of
G,, corresponding to the partition (k, k) of n = 2k, the group M ~ Gj, x G, and
N is isomorphic to the additive group Mgxx(F). In the case when the character
Y, = 14 of N is non-degenerate (that is Rank(A) = k), it follows from that
the group

ka = {(hl h1) :hy € Gk} ~ G}.

The twisted Jacquet module 7y 4, was determined by D. Prasad:

Theorem 2.7. [Pra00] For a cuspidal representation m = mg of G associated to
a regular character 0 of F;., we have

G
TN g, ™ IndFk’; (9|Fk><)
as My, ~ Gi-modules.

In the work [GHI9], O. Gorodetsky and Z. Hazan studied the following gener-
alization of Theorem [2.7] to Gj,. Let P = MN be the Levi decomposition of the
standard parabolic subgroup P of G corresponding to the partition of kn into k
parts each of size n. The Levi subgroup M is isomorphic to G,, X - - - X G,,, and the
unipotent radical N consists of block upper triangular matrices where each block
has size n x n and the diagonal blocks are all I,,. The non-degenerate characters
of N form a single orbit under the action of M on the characters of N. For a
cuspidal representation 7y of Gy, associated to a regular character 6 of F; , and a
non-degenerate character ¢ of NV, the structure of the module 7y 4 is:

8



Theorem 2.8. [GHI19, Theorem 1] For k > 2, let mp be a cuspidal representation

of Gyn associated to a reqular character 6 of Fxn and a non-degenerate character

¥ of the unipotent radical N of P as above. In this case My ~ G,, and
T =~ St ®IndG” (0] )
as an My-module.

The version of Theorem 1 as it appears in [GH19] is that

®(k 1)

71N¢,28t ®7T9| X0

which assumes the condition that the restriction 6| Fx I8 regular, so that the cuspidal

representation 0] of GG,, is defined. The version we stated above is implicit in

the results of [GH19] (Theorem 3, Equation 6.2, and Lemma 2.3), and has been

confirmed to be correct in private communication with O. Gorodetsky and Z. Hazan.
We note that in the special case when 0| Fx Is regular, both the versions agree, as
can be seen from Lemma [2.61

3. SOME COMBINATORIAL RESULTS
We first record some results that we will need from [BKK25]. Let
Myscn (7, F) = {X € Myyxn(F): Rank(X) =7},

and let a(m x n,r,q) denote the cardinality of M,,«,(r, F'). It is not hard to see
that

alm x m,r,) = [7], [7], G,
where [T’]q is the Gaussian binomial coefficient (see (3.3)). For a € F, let

Faxnrai(@) = #{X € Mypscn (r, F) s Xug + -+ + Xpp = a. (3.1)

Theorem 3.1. [BKK25| Theorem 4.2] Let ¢y be a non-trivial additive character
of F, and let A € My, xn(k, F). The sum

Z Po(Tr(AT X)),

XEMpxn(r,F)

as a function of A, only depends on k = Rank(A) and equals the difference

ngn,T,k(q) = ’S’LXTL,’I",k(q) - fr%lxn,r,k(Q)'
We have:

T

gonnre(@) = S [ gO D (k) x (= k) r — i) (32)

i=0
We recall the definitions of the g-binomial coefficient, the g-Pochhammer symbol,
and the g-binomial theorem.
Definition 3.2. Let n be a non-negative integer. Let (T’; q),, be the polynomial in
Z[T)] of degree n defined by
n—1
(T;q)n = [[(1=Tq"), n>o0.
i=0
9



We take (T; q)o = 1. The Gaussian or g-binomial coefficient [7] , counts the number
of r dimensional vector subspaces of F™* and is given by the formula

" B (qn—r-&-l;q)r
e = (Ga)r (3:3)

The following polynomial identity in Z[T'] is known as the g-binomial theorem:
(Tiq)n =3 1], (~1)7qB) T, (3.4)
r=0
Consider the Q-vector space consisting of polynomials in Q[T] of degree at most
n. The polynomials (1,7,7T2,...,T") and ((T;q)o,--.,(T;q),) are two bases for
this vector space. The expansion of the second basis vectors in terms of the first
basis is given by the g-binomial theorem (3.4). The next result gives the expansion
of the first basis vectors in terms of the second basis:

Lemma 3.3.

¢ =3 (~1)ig(") 1], (T3 9); (3.5)
i=0
Proof. The RHS of (3.5)) can be written using the g-binomial theorem mentioned

above as
n

PEIERIE N SPCIRNE L
k=0

1=0

n—i

Interchanging the order of summation, and using mq []i]q =7 . [”7’“](1, we get

(1" > gB =), (0 ).
k=0 i>k
The expression ;(—1)"_iq(n2i> [Zi]ﬂq equals (1;¢)n—k = Okn. Thus, the above

expression is just q(g)T”. O
Lemma 3.4. The following polynomial identity holds in the polynomial ring Q[S]:
> alm xn,r,q)(S;0)n—r = ™" (ST ™5 @)

T

Proof. For £ > n, the size of the set M, «¢(n, F') of all full rank n x ¢ matrices is

n—1

a(n x £,n,q) = [[(¢" = ).

i=0
For such a matrix X € M,,x,(n, F), and form < ¢, let X = [Xl Xz} where X; has
size n x m and X3 has size n x (¢ —m). For X; of rank r, let U denote the column
span of X1. The number of matrices X, such that [X; X5] has rank n, is same
as the number of maps F*~™ — F™ such that the associated map F*~™ — F"/U
has rank (n — r). In other words, the number of choices for X is

n—r—1
¢ an —r x £ —myn —r,q) = ¢*Tm™". H ("™ —¢').
i=0
10



Therefore, we get the identity

n—1 n—r—1
H(qﬁ _ qi) — Za(m X n, T, q)q(E—m)r H (qE—m _ qi).
i=0 r 1=0

Multiplying by ¢™™ we can rewrite this as

n—1 n—r—1
" [ =) => atmxnr9q ] (" —a™.
1=0 T 1=0

This implies the polynomial identity in Q[T:

n-l n—r—1
¢ H(T —-q') = Za(m xn,r,q)T" H (T — g+,
1=0 r =0

because the difference between the RHS and LHS is a polynomial of degree at most
n in Q[T] with infinitely many roots T = ¢* for £ > n, and hence it is the zero
polynomial. Dividing by 7™, we get the identity in Q[T~!]:

n—1 n—r—1
¢ [[a=d'T ") =D amxn,rq [[ C-¢"T").
=0 T 1=0

In terms of S = ¢™T~! we can rewrite this as the identity in Q[S] given by:
¢"M(SqT ) = Y alm x n,7,q) (S;q)n—r-

T

4. A FUNDAMENTAL REPRESENTATION OF P .

For a representation 7 of P = P ,,, we recall from that the twisted Jacquet
module 7. of 7 is a representation of the group M, C Py % Pr i given by

h hy h
M, = {(gl 92) 1= (h; ho4) eP:k, 92 = ( 0 hi) € Phn—k}v
(we note that the same matrix h; € G, occurs in both blocks g; and g2). The
group M, is trivial if » > p := min{k,n — k}.

4.1. Equivalence between the Categories Rep(P) and @©!_ Rep(M,.).

Let P = Py, and let My, ..., M, be the groups mentioned above. Let &!_ Rep(M,)
be the direct sum of the (Abelian)-categories Rep(My), . ..,Rep(M,,). Consider the
twisted Jacquet functor

5 : Rep(P) — GaRep(Mr)7 §(7) = (10, Tp)-
r=0

Let P, = NxM,. The character 1, of N extends to a well-defined character of P,
by ¥,.(mn) = 1,.(n) (which we denote by the same symbol ,.). Any representation
pr of M, inflates to a representation of P. = N x M,., which we continue to denote
by p,. We also consider the functor

o
& : @O Rep(M,) = Rep(P),  &(po, ..., pu) = BH_yIndp, (1 ® py),
r=0
defined in terms of the induction functors Indgr : Rep(P,) — Rep(P) and the in-

flation functors Rep(M,.) — Rep(P,). We claim that the functors § and & yield an
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equivalence between the categories Rep(P) and @!_,Rep(M, ). In other words, we
must show that the compositions & o § and § o & are naturally isomorphic to the
identity functors of Rep(P) and @®!_,Rep(M,.) respectively.

The assertion that ®oF is naturally isomorphic to the identity functor of Rep(P),
is to say that 7 is isomorphic to the representation @®!_, Ind;(wr ® 7r), which is
proved in the next theorem.

Theorem 4.1. Let P be a mazimal parabolic subgroup of G, associated to the
partition (k,n — k) of n. Let p = min{k,n — k}. For a representation T of P as
above, we have

I
T @Indﬁ (Y @ 717).

r=0

Proof. We recall that by the little group method for representations of a group with
an abelian normal subgroup (for example [CSST09, Theorem 5.2]), any irreducible
representation of P is of the form Indgr (¢r ® ) for some 0 < r < g and some
irreducible representation i of M,.. Therefore, we may write

m
T~ P aryIndp (¢ @ 1), (4.1)

r=0 TIEM\T

for some non-negative integers a,.,. In order to show that 7 ~ ®¥_ Ind; (Vr ®T7),
it is enough to show that 7. ~ S TR equivalently (xr, , Xn)M, = Gr,y. For

any n € Z\Z, it follows from Proposition that
X Xn) M, = (Xrlp, > UrXn) P, = (Xrs XIndE, (@) P-

Since Indgy.(l/)r ® n) is irreducible for each irreducible representation 7 of M,., it
follows that

1 ifr=r"andn=17

<X1nd§r(w,.®n), XIndgr/ (wr,®,,f)>P = {0 otherwise,

Therefore, substituting (4.1) for 7 in <XT7XInd£ (6r@m)) P» We just get a,. This
establishes that (xr,., X»n)nm, = ary. O

)

The assertion that § o & is naturally isomorphic to the identity functor of
®h_Rep(M,), is to say that if we start with (po,...,pu) € ®L_oRep(M,), then
the r-th twisted Jacquet module 7, of 7 := @®!_, Indg (Y ® py) is isomorphic
to pr. The proof of this assertion is similar: expanding p, =~ @nembnnn and
T, = Z?’]EM\ arnn, we must show that a,, = b, ,. By the above theorem, we know

T~oh Indg (¢ ® 7) and hence

m

m
@ @ Ar Indﬁ (Wr®@n)=71= @ @ by Indg (- ® 7).

=0 neM, r=0 neh,

Since Indgr (¥ ® ) is irreducible, Indllzr (Y @ 1) ~ Indg, (Y @ 1) if and only if
r=r"and n =n'. It follows that a,, = b,, for all » and 7.
12



Corollary 4.2. A representation T of the mazimal parabolic subgroup P = Py, , of
G, is irreducible if and only if all but one of the twisted Jacquet modules Tg, ..., T,
are zero, and the non-zero one is irreducible.

Proof. This is clear from the equivalence between the categories @/ Rep(M,) and
Rep(P). O

We illustrate the theorem with the case kK = n — 1. Here the parabolic subgroup
P,_1n = F* x Mir,, where F'* is the subgroup of scalar matrices, and

Mir, = {("¥): h € Gp_1,v € My_1x1(F)}, (4.2)

is the Mirabolic subgroup of G,,. Any representation of P,_; , is of the form § X«
where 6 is a character of F'*, and 7 is a representation of Mir,,, and hence it suffices
to study representations 7 = 1Xm. The Jacquet modules 79 = 1Xmy and 71 = 1Xmy
are representations of My = F* x G,,_1 and My = F* x Mir,,_; respectively, where
Gy —1 and Mir,_; are subgroups of Mir,, given by

Gno1={(",)eMir,: he Gp,—1}, Mir,—y ={(",) € Mir,: h € Mir,,_1}.
(4.3)
We recall the Bernstein-Zelevinsky functors U=, ¥+ &~ &+ (see [BZ76, Section
5.11]). The assignment m — my and 7 +— m are the functors ¥~ and @~ re-
spectively. The induction Ind}]‘g0 (70) equals 1 X 7y where 7 is the inflation of 7
from G,_1 to Mir,, and the assignment my — 7 is the functor U+. The in-
duction Indg1 (1 ® 71) equals 1 X Ind}ir (11 ® m1), and the assignment

Mir,, 1 X F7—1

T > Indl\l\g:_1 w Fri—1 (11 @ 1) is the ®T functor. Theorem H asserts that
T U (1) @ &t o (1),

which corresponds to the exact sequence in part d) of [BZ76l Proposition 5.12].
We also illustrate Corollary for P,_1,. The corollary asserts that any irre-
ducible representation of P,,_;, is of the form § X 7, where 6 is a character of
F*, and the representation 7 of Mir,, is either of the form W*(my) for an irre-
ducible representation my of G,,_1, or it is ®T (1) for an irreducible representation
w1 of Mir,,_;. In the latter case, again applying the corollary to the representation
1Xm of P,_2n—1, and repeating if necessary, we conclude that m must be of the
form (®+)"~"~1W* () where . is an irreducible representation of G, for some
0 <r<n-1(BZ76, Corollary 5.13]).

4.2. Construction of Il ,. In this section, we construct a representation Il ,,
of the parabolic group Py, for 1 < k < n, which will satisfy a universal property
with respect to restrictions to Py, of cuspidal representations of G,, (see Theorem
. We take the representation II,, ,, of P, ,, = G, to be the trivial representation.
By Theorem a representation 7 of Py, is uniquely determined by its twisted
Jacquet modules 7. for 0 < r < min{k,n — k}. For g = (gl 0) € M, with

0 g2
_(h1 O _ [ hy h
g1 = (hf—, h4) and go = (g h:)’ let
Mr P_z) Pr,n—ka Mr P_3> Gr:
be the epimorphisms defined by

p2(9) = g2, p3(9) = h1.
13



Any representation of P, ,_j can be inflated to a representation of M, via ps. Let
Stg, be the representation of P, ,_j obtained by inflating the Steinberg represen-
tation of G, via p3. We define Il ,, recursively for 1 < k < n — 1 by requiring that
its twisted Jacquet module (I ), is zero for » = 0, and it equals Stg, 1L, ,—k
(inflated to M, as above) for 1 < r < min{k,n — k}:

Definition 4.3. The representation Il , of P, for 1 < k < n is the trivial
representation of P, ,, in case k =n, and in case 1 < k <n — 1, it is defined by

min{k,n—k}
M=y Indp” (¥ @ [Sta, @, )
r=1

where Pkyn(r) = MT X Nk,ny Nk,n ~ Man,k(F).

The recursion terminates in exactly (n — k) steps. To see this, we induct on the
‘length’ len(Ily ) := n — k. If len(Ilg ,) = 0 i.e. n =k, we have II,, ,, = 1p, , and
we do not use the recursion. For Iy, , with (n—k) = ¢, we assume inductively that
that the recursion for II; ; terminates in (j — ¢) steps if (j —4) < €. It follows that
the representations II,. ,,_ appearing in the first recursion for Ilj ,,, in turn require
(n — k — r) steps, because r > 1 and hence n — k —r = £ — r < {. In particular,
the recursion for II; ,,_j requires { — 1 = (n — k — 1) steps. Therefore, we conclude
that the recursion for Il ,, terminates in (n — k) steps.

The simplest example of Il ,, after II,, ,, is II,,_1,,. We use the notation from
the discussion after Theorem (.11

Lemma 4.4. The representation Il,,_1, of P,_1, = F* x Mir,, has dimension
(¢t —1) and equals 1px MO 1y, ).

Proof. By definition @ we have Il,,_1 ,, = Indg:'z(l)(% ® [Stg, ®I1; 1]). Since
Stg, = lg, and IT; ; = 1p, , are trivial representations, it follows that [Ste, ®II; 1],
viewed as a representation of P,,_1 (1), is the trivial representation. We recall that
P14 = F*xMir, and P,_1 (1) = F* x (Mir,_; x F"~1), where F'* is the group
of scalar matrices in G,,, and

Mir, = {("V) € Py1n: h € Gpoq,v € F"71Y,
Mir,,—y x "1 = {("?) € Mir,,: h € Mir,,_1}.

Therefore,
Hn—l,n = 1F>< |Z IHdMirn ('l/)l ® 1Mirn_1).

Mir, 1 x Fn—1

In particular,
dim(Hn—l,n) = |ern ‘/| Mirn_l |><an1| = (qnfl _ 1)

For a representation 7 of Mir,_1, we recall that ®*(7) is the representation of
Mir,, given by IndMi» (1 ® 7). Thus, we conclude that II,,_1 , = 1px X

Mir,, 1 X Fn—1

T (Inir,_, )- (]

The representation II; ,, of P; ,, can also be described in terms of the ®* functor.
We start with a definition:
14



Definition 4.5. Let 7: G,, = G,, be the involutive automorphism given by

)

For a subgroup H of G,,, we denote t(H) by H', and for a representation 7 of
H, the representation m ot of H' will be denoted 7t. We note that P,I,n =P_kn
for 1 <k<n-1. FO{ a cuspidal representation my of G,,, we claim that 71'}; is
isomorphic to 7z where 6 is the complex conjugate of the regular character 6 of F*,
ie.,

W; ~ Tg. (4.4)
To see this, we note that the character X (9) = Xnp (g7 ") = Op(g~ ") because g is
conjugate to g~ ' by definition. Since g is conjugate to g for all g € GL(n, K) (for
an arbitrary field K), it follows that X (9) = ©p(g71). It follows from Theorem
that ©g(g~1) = Op(g), because the eigenvalues of g~! are the reciprocals of
the eigenvalues of g, and 8(¢*(A™1)) = 0(¢*(N\)). Therefore, 77; is isomorphic to 7g.

Since P,_1,, = F* x Mir,, we get P, ,, = P;{flm = F*x Mirlt, where '~ is the
group of scalar matrices in G,,, and

Mirl, = {(*¥): v € Mixn_1(F),h € Gp_1}.

Similarly,
P ,(1) = F* x (Mir,_; x F*~ )T,

Lemma 4.6. The representations Iy , of Py, = F* x MirIL, and H]Ln of Pooin =
F* x Mir,, have dimension (¢ —1)(¢*> —1)---(¢"~! — 1) and are isomorphic to:
(1) T}, = 1px B (25)" " (Lysir,)-
irt . . .
(2) My, = 1px K Indll\]/[n (1), where U, is the unipotent subgroup of Mir!
consisting of upper triangular matrices with ones on the diagonal, and
9(g) = Yo(gr2 + -+ + Gn-1.n) with Yo a non-trivial additive character of
F.

Proof. (1) We prove this by induction on n starting with the base case n = 2. By
Lemma [£.4] we have

Mo = 1px RIndyir? o (1 @ Iniiey ) = Indj S(02 o (Lo B9).

We note that the subgroup of G5 given by

F*x Miry xF)={(2t):a€ F*,be F},
is preserved by the } involution. Also, F'* x Mirg = P; 2 and hence (F'* x Miry)f =
Pﬂ2 = P 2. Therefore,

P12

T 5 = Ind 22, (ygie, vy (Lo K1) = Lo RIndyii? o (v1) = 1px RO (Lagir,).

We assume inductively that HJ{’nf1 = lpx X (®7)"2(1py,, ). By definition, we

have T1; ,, = Indﬁi’:(l)(d)l ® Ty ,_1). Using P, = F* x Mirl, and P, (1) =
15



F* x (Mir,—1 x F"71), we get:

mj,, =In dixil(\ﬁrl?n ey (Lex B (41 @ (@) (1uiry )
= Ipx RIndym s (81 © (@) (1ngiry )
~ 1F>< X ((I)+)n 1(1Mir1)-

(2) It is well known (for example [BZ76), Corollary 5.13a]) that the representation
(@)~ (1ygr, ) of Mir, is isomorphic to Indl\U/I:” () where 9(g) = ¢o(g12+ -+

gn—1.n), and ¥ is any non-trivial additive character of F. We take 1y = 1.
Therefore, we have

I}, = 1px B Indy"™ (9).
Since U} = U, we get
My, = 1p« B Indpr ™ (§),
where (79)(9) = wo(gl,z + -+ gn—1,n)- O
The next result gives the dimension of IIj ,,:
Lemma 4.7. diml, = (¢* ~ 1)(¢" — 1) ("~ 1) = T[S (¢ — 1).

Proof. If k = n we take the above product to be trivial, so that dim(Ilj ,) = 1.
We prove the formula by induction on n. For the base case n = 1, we must have
k =1 and hence dim(Il; ;) = 1. For n > 1, the dimension of the right-side of the
recursive formula for (Il ) is

‘ 57 dim (Stg,) dim(IL, p—k).

It is easily seen that

|Penl  _ |GuXGn—kl _ |GuXGnoil |PruXPrn—kl _ k] n—k o .
Pl = i = o ot = Lol |Gl = alkxn—k.r,q)

where, in the first equality we have used the fact that Py ,(r) = M, x Nj, and

Pin = (G X Gp—i) X Ni p, and in the third equality we have used the fact that
|Gx|/|P})| equals the number [kfr]q = [k]q of (k — r)-dimensional subspaces of

F* and |G_k|/|Prn—k| equals the number [”;k}q of r-dimensional subspaces of
F=k_ Together with the inductive hypothesis dim(IL,.,,_1) = [/~ " (¢* — 1), and

the fact that dim(Stg,.) = q(;), the recursive formula for dim(Il, ,,) simplifies to

n—k—1

S atkexn—k, 0@ ] @-1) = a2 3 alkxn—k,r, 0)(a " @) pe

r i=r T

By Lemma [3.4] this equals

a2 D (g ) = (¢F = D@ 1) (0" - D),
|

Corollary 4.8. The representation Iy, of Py is irreducible if and only if k €
{1,n—1,n}.
16



Proof. If k = n, then Il , is irreducible as it is the trivial representation. We now
assume 1 < k < n — 1. Let p = min{k,n — k}. The twisted Jacquet modules
(r1,...,74) of 7 = Il ,, are given by 7. ~ Stg, ®II, ,—;. By Lemma these
modules are non-zero as their dimension is positive. Therefore, by Corollary
Iy, ,, is irreducible if and only if =1, i.e., k € {1,n — 1}, and 7 is irreducible. If
k =n—1, we have 71 ~ II; ; which is trivial and hence irreducible. As for k = 1, we
prove that II; ,, is irreducible by induction on n. If n = 1, then II, ; is trivial and
hence irreducible. We assume inductively that II; ,,—; is irreducible. The twisted
Jacquet module 7 for 7 = II; ,, is isomorphic to II; ,,_;, which is irreducible by the
inductive hypothesis. This completes the proof that II; ,, is irreducible. ([l

In the next result, we determine the character of 1l , only for the special type

of matrices g = (4 ?,7*) for which the semisimple part of g; € Gj comes from F}*.

We denote the character of Il ,, as Oy .

Theorem 4.9. Let g = (G %%°) € Pyy. If the semisimple part of g1 € G comes
from F, then the character Oy, of Il at g is zero, unless the semisimple part

of g comes from F where d = ged{k,n}, in which case

n— t
Okn(9) = (=1)" (@ ¢ )itg)-t(91):

where F[\] = F,, C Fy for any eigenvalue X of g, ¢ = ¢™ and t(g) = dimp, ker(g—
Al,) and t(g1) = dimp, ker(gr — Alg).

The proof of this result requires several arguments, and the next subsection
is devoted to the proof.

4.3. Proof of Theorem [4.9]

Throughout this proof let s;,s2 and s denote the semisimple parts of g1, g2 and
g respectively. Since s; comes from F}*, its minimal polynomial which we denote
p(X) is irreducible in F[X] of degree m|k. Let A € F,, denote an eigenvalue of
g1, so that p(X) factorizes as p(X) = [[/"5 (X — ¢'(\)) in F,,[X]. The symbols
r' k',n’ and ¢ stand for r/m,k/m,n/m and ¢™ respectively.

We prove the assertion by induction on the ‘length’ (n — k). If n — k = 0, the
semisimple part of g = g1 indeed comes from F), and also t(g) —t(g1) = 0. There-
fore (—1)"‘k(q’k/;q’)t(g),t(gl) = (=1)°%¢™;¢™)o = 1, which agrees with the fact
that IIj j is the trivial representation of Py = Gj. For n — k > 0, we assume in-
ductively that the assertion is true for II, ,,_; which has ‘length’ (n—k—7r) < n—k.
First we prove the theorem for the case when s does not come from F,*.

Step 1: Proof of Theorem in case s does not come from F

We start with the following elementary lemma:

Lemma 4.10. Let g = (5 /}2°) € Py, and let g = s-u be the Jordan decomposition

g2
of g into its semisimple and unipotent parts. If s = (' 32) and u= ("' 32), then

(1) Fori e {1,2}, we have s; are semisimple, u; are unipotent and g; = s;u; =
u;s; 1s the Jordan decomposition of g; into semisimple and unipotent parts.
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(2) s comes from F)* if and only if s1 and sy come from F and F, , re-
spectively, and ha’ue the same minimal polynomial of degree m dwzdmg

ged{k,n}.
Proof. (1) Let m be a positive integer such that u™ = I,,. Since u™ = (“1 u’;),

it follows that u; and us are unipotent. Since submodules and quotient modules
of semisimple modules are themselves semisimple, it follows that s; and sy are
semisimple. Also the condition su = us = g gives s;u; = u;s; = g; for i = 1,2.
This shows that g; = s;u; is the Jordan decomposition of g; into their semisimple
and unipotent parts.

(2) The characteristic polynomial of s which is det ((Xlkfsl) (x P 32)> equals

det(X 1) — s1) - det(XI,,_ — $2). By definition s comes from F,¢ if and only if its
characteristic polynomial det(X I, — s) = det(X Iy —s1)-det(X I,,_ — s2) is a power
of an irreducible polynomial P(X) of degree m|n. This is possible if and only if
det(X I, —s9) = P(X)®F)/™ and det(X I} — s1) = P(X)*/™, or equivalently s
and sp come from F} and F* , and have the same minimal polynomial. Clearly
m divides k,n — k and hence gcd{k n}. O

By definition [£.3] of Il ,,, its character at g = (7 %4*) € Py, is

@kﬂl (g) - Z XIHdiZ’,”(r) (wr@)[StGT ®thik]) (g)

Z T Z Xep, @[Ste, @I, ] (£ 91), (4.5)

r>1 tGPk n
where the inner sum )7, runs over those ¢ such that t~'gt € Py, (7).

Proposition 4.11. For g = (4 /}2°) for which the semisimple part of g1 € Gy,

comes from F\*, the character Oy of Uy, at g is 0 if the semisimple part of g
does not come from F)*.

Proof. We prove the assertion by induction on the ‘length’ (n—k). If n—k = 0, the
assertion is vacuously true, because g = ¢g1. For n — k > 0, we assume inductively
that the assertion is true for II, ,,_j which has ‘length’ (n —k —7) < n — k. Let
s1,s2 and s denote the semisimple parts of g;,g2 and g. Therefore, by Lemma
s does not come from F¢ if and only if: either sy does not come from an_ k

or sy comes from F , but with a minimal polynomial different from p(X). In
-1
[@a), it t = (" 4ls) then t~1lgt is of the form (tl gitr* ) It is in Py, (r)

ty " gata
hy

*

and hence is of the form | s by hs |- If there is no t € Py, such that t~lgt is
ha

in Py ,(r), then clearly O, (g9) = 0 by (4.5). So we now assume there is such a t.

We are given that the semisimple part s; of g1 comes from F}* and has minimal

polynomial p(X). Thus the semisimple part of t; *g1t; = (Z; h4) also comes from

F} and has minimal polynomial p(X). As in Lemma this is equivalent to

the semisimple part of hy, hy coming from F* wcd{rk}" In particular, the semisimple
part o1 of hy comes from F* and has minimal polynomial p(X). Turning now to
t;lggtg = (h1 ZS) and using the fact that the semisimple part oy of h; comes from
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F with minimal polynomial p(X), it follows that in case sy comes from F* .
its minimal polynomial must be the same as that of s, namely p(X). Therefore,
by Lemma that the condition g does not come from F, is equivalent to
the semisimple part so of go not coming from F* ,. So the semisimple part of
(hl ZZ) does not come from F* , but the semisimple part of h; does come from
FX. Since we have assumed the inductive hypothesis for II, ,,_, we conclude that
@T7n_k(t2_1g2t2) = 0. This completes the proof that O ,,(g) = 0 if s does not come
from F*. O

Step 2: Representatives g, s of the left cosets of P ,,(r) in Py,

As shown in Lemma the index of Py, (r) in Py, is

|Penl _ |GexGnoil| 1PruXPrn—il _ rk —k .
|Pkizlr)\ - \P:’:XPT,T,,’_CM Tk|M:\n - [T}q[nr ]q‘Gr| - a(k Xn— k,?", q)

hi
hs h
MT:{< 5 T hghg) EP:kXPnnkihl:hg},
ha

it is clear that the set

K
{( LI’“”] ) eP;f’kxPr’nk:hGG,«}7
n—=k

is a complete set of representatives of the left cosets of M, in P} X Ppp_g.

Since

For each (k — r) dimensional subspace a of F¥, let g, € Gy be a matrix whose
last (k — r) columns span «. For each r-dimensional subspace § of F"~% let
gs € Gp_j be a matrix whose first r columns span 5. We claim that the collection

of [ka]q[n;k}q matrices in Gy X Gy— C Py, of the form g, 5 = (7 4,) forms

a complete set of representatives of the [kfr]q[";k]q left cosets of Pf,k X Prp—k
in G X G,_k. It suffices to show that the cosets gaﬁP:’k X P are distinct.
However, this is immediate from the fact that the coset ga,5P; ) X Pk consists
of those elements (' 4, ) of G, X Gy for which the span of the last k —r columns
of g1 is o, and the span of the first » columns of go is 8. In conclusion, the matrices
Ja,8,h = (g"<h Ik—r) ) form a complete set of representatives for the left cosets

98
of Py n(r) in Py . The matrix

1 ) -1 h (h_l ) .
- ) 9a 919 . I}
ga,}i,hggavﬁvh = <( Tomr ) S o (" 1) . )( k I, ) 9a 9398
95 9298

is in Py, (r) if and only if
h1 ) _1 h hi
(( Iy ) 9o 919 ( I’C"“) . ) has the form ( hs ha hy hs ) e M,.
9s 9298

We note that hy € Gi_, represents gi|, and h; represents the induced operator
g1: F¥/a — F¥/a as well as the operator ga|s : 8 — 8. We now rewrite the inner
sum (for fixed value of r in the outer sum) in the formula (4.5)) in terms of the coset
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representatives g g,n:

Z Xt @[Sta, &1L, ] (9o p.p 9 9o 6,0)5 (4.6)

9a,B,h

where Zgn 5., Tuns over those gq,g, for which g;lﬁ n 9 9a,8,n lies in P (7).
Step 3: The number of choices of g, g that contribute to (4.6)

Since Stg, (h1) = 0 for non-semisimple h;, we insist the operators g; : F¥/a —
F*Jo and go|s : B — B are semisimple, for otherwise Ste, (hy) = 0 (in ([{.6)) for
the matrix h; that represents these operators. Since the case when s does not come
from F)* has been addressed in Proposition [4.11] we now assume s comes from F.
By part (2) of Lemma we must have that s comes from F nxf , and its minimal
polynomial is again p(X). Therefore the semisimple part of ggl 9295 = ( h Zi ) also
comes from F ,. Again by part (2) of Lemma the semisimple part of hy
comes from F* and has minimal polynomial p(X). Since h; is semisimple, we con-
clude that hy is semisimple and comes from F*. Since h; represents the operators
g1 : F¥/a — F¥/a and ga|g : B — B, both these operators are semisimple and
come from F*.

We consider F*, =% and F™ as F[X]-modules with X acting as the F-linear
endomorphism g1, go and g respectively. Since the minimal polynomial of s1, s3 and
s is p(X), the characteristic polynomials of s1, s3 and s (and hence the characteristic
polynomials of g1, g2 and g) are p(X)k', p(X)"l*k' and p(X)"/ respectively. In
particular we see F* F"~% and F™ are p(X)-torsion modules. Thus we can write

t(g1) t(9) t(g2)
F* ~pix) @ P oo, F* ~pixg @ FXpxyss, FPF cpiyg €D FIXp(x)
i=1

i=1 i=1
for some positive integers v;, p; and ¢;. We note that (X — A)-torsion submodule
of F* @ F,, is @f(:gll)Fm[X]/(X — A)# and hence t(g1) = dimker(g; — A\j) where
the dimension is over any extension field of F,,, for example F;,. Similarly

t(g1) = dimp, ker(g1—AI), t(g) = dimp, ker(g—AI,), t(g2) = dimp, ker(ga—AIl k).

Consider the multiplication by p(X)-maps on each of the three F[X]-modules
Fk F™ and F"~*. These fit into the following commutative diagram of F[X]-
modules where the rows are exact:

0 —— K(g1) — K(9) — K(g2)

| | |

0 Fh P Fr 0 (47)
lp(X) J{p(X) lp(X)
0 P fod Frk 0

and the kernel of the multiplication by p(X)-maps are:
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K(g1) = ®'9) px) FIX) p(x)s ~ @H9) FIX]Jp(x)
K(g) = eaf(gf ()T PN fp(x)E a2 @19 FIXfp(x),
K(g2) = ®9) p(x) i FIx)fp(x)i = @92 FIX]fpx)

We also note the structure of coker(F* PX) —% Fk): since p(X)F* = @f(:gll) P(X)FIX] [p(x)mi

we see that

coker(FF 222 pX) FF) ~ FIX] @) FIX] /o x).

For the F[X]-submodule a of F¥, we note that det(XI; — ¢1) = p(X)* is the
product of the characteristic polynomials of g;|, and ¢ : F*/a — F¥/a. In par-
ticular, F*/ais p(X)-torsion. Since F* /o is semisimple, it follows that F* /o o ()

F[X]/p(X), and hence p(X)(F*/a) = 0. This shows that p(X)F* C «, and

hence & := @/p(x)F* is a submodule of coker(Fk P(X) Fk). Therefore,

@ FIX] /p(x) ~ F* Jo ~ coker(F* 222 X F’“)/a ~ (@' FIXl/p(x)) /.

We note that the F[X]-module &’ F[X]/p(X) is annihilated by p(X), and hence
it naturally carries an F[X]/p(X)-module structure. Identifying F[X]/p(X) with
the field F,,,, we identify the F[X]-module &¢F[X]/p(X) with the F,,-vector space
Ffl. In this way

FFla ~ F;; ~ F'91) /g,
This shows that the number of ways to choose « is same as the number [t(zgg)le,] ,
q
of (t(g1) — r’)-dimensional F,-linear subspaces of Fiov),

Similarly, the characteristic polynomial of g2 is p(X )7’/, and since go|g is semisim-
ple, we see that § ~ @T/F[X]/p(X). Clearly p(X)S = 0 and hence 3 is a submodule
of K(g2) ~ ®'92)F[X]/p(X). As above, we may regard 3 as r’ dimensional F,,-

linear subspace of F£§Q2), and hence the number of ways of choosing ( is [t(f?)} g

Let h; be the r x r submatrix on the first » rows and columns of ggl 9293 as
well as (h’l ,,H) 929190 (" 1, ) which has the form (2 ). If A} is the 7 x r
submatrix on the first 7 rows and columns of g;1g19a, then we need h=h{h = h;.
Since R} represents ¢i : F*/a — F*/a and hy represents g2|g : 8 — B, it follows
that A is an invertible element of Hompx) (8, F*/a). Since 8 ~ ~pix] FFlo~px

F[X]/p(X), we can identify Homp[x)(8, F* /) with Endp,, ( F’') and invertible

elements of Hom px| (3, F*/a) with GL (Fy.). Thus, the number of choices for h
is # GLy+ (F,p).

We now summarize the above discussion about the number of ways to pick «, 8
and h: Of the a(k xn —k,r,q) cosets ga,g,n of Py n(r)in Py, for g as above, there
are only

a(t(gr) x t(g2),7",q) = "], - ["4],, - | GLy (Fyn)|
cosets that contribute to (4.6).

21



For use in the next step, we count the number of choices [t(f})] o [t(f?)] o of the

pair (o, 3) in a finer way: Let coker(p(X)) stand for coker(F¥ LGN F*). From
the ‘snake-lemma’ applied to the diagram (4.7)), there is a F[X]-module connecting

homomorphism K (gs) ), coker(p(X)), such that

K(g)/K(g1) ~F[X] ker(C'(g)).
Since 3 is a submodule of K(g2) and F*/a ~ coker(p(X))/a as above, we define a
map C(g)a,p by the diagram below:

K(g2) &) coker(p(X))

| |

k
/8 C(9)a,s F /a

Since K(g2) ~pix) @t92) FIX]/p(x) and coker(p(X)) ™~ pix] @t91) FIX]/p(x), the
map C(g) is an element of Hom px] (@t092) FIX] /p(x), @H91) FIX]/p(x)) which we iden-
tify with Homp, (an(‘%), Fﬁgl)). Let t(g3) := dimp,, ker(C(g)). From the fact that
K(9)/K(g1) ~r[x] ker(C(g)), we get
t(g) —t(g1) = t(gs)-

We partition the number of choices [t(f,l)] ¢ [t(f,"’)] " of the pairs (a, ) as

tg1)] . [tle2)] —

[ r’ ]q’ [ r’ ]q/ - an(s)ﬂ
where n,.(s) is the number of pairs («, 8) such that the map

C(9)a,s € Homp(x)(8, F*/a) ~ Endg,, (FL),

has rank s. We now calculate n,(s) in terms of t(g3). Let dimp (8 Nker C(g)) =

r’ —t for some integer ¢. The number of such 8 C K(g2) is
[t(gs)} y [t(gz);t(gs)}

r'—t

Yt(t(ga)=r"+1)
o) -

For such a 8, the map C(g)q,p has rank s if and only if dimp, (an C(g)(8)) =t—s.
The number of such @ C coker(p(X)) is

[tis] q’ [t(glt)(zl?”)/_—tt-&-s] q (q’)(t(gl)—rl—“‘S)S .

Therefore,

ne(s) =3 ([i(fng] y [t(92)~t(99)] ql(q’)t(t(gzs)—?"-&-t)) ([tfs] ., [t(glt;glg/—_ttﬁ] ., (q/)<t<g1>—r'—t+s>s) .

t
(4.8)
Step 4: The sum over h in (4.6 for fixed «, 5

In the formula (4.6), we first fix a pair («, 5) such that the F[X]-submodule 3 of
F™=* and the quotient F[X]-module F*/a are isomorphic to &" F[X]/p(X), and
we calculate the sum

Z Xr®[Sta, @y, n—k] (9;,15,h 9 9a,n)
h
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where h runs over the F[X]-module isomorphisms from 3 to F'* /a. The above sum
can be written as

> Sta, (h) - Orn-k(g5 ' 9295) - o(Tr(h ™" gs(a, B)),
h

where h; as before, is the r x r submatrix of gglgggg on the first r rows and
columns, and where gs(«, 3) is the r x 7 submatrix of g, 'g3gs on the first r rows
and columns. We note that Stg, (h1) = (—I)T_T/q’@) by Lemma and the fact
that hi is semsimple and comes from F *. Next we determine @Tn k(gﬁ_lgggg)
The semisimple part of gﬁ g295 is g5 szgﬁ which comes from F,", because sy
comes from F* ,. Also 95 ggglg (hl h3) with the semisimple part of hy (which
is hq itself) coming from FX. Therefore by the inductive hypothesis, we have

Orn—k(95 ' 9298) = (=1)"* (@) 34 )i(ga) -
Therefore, the above sum can be written as:

s

)" ()= (@) 50 )igm) Z% (A~ gs(a, B)).

We will show that the term Y, 1o (Tr(h ™ g3(cv, 8)) equals (fl)s(q’)(g)“(r’”” GL,_s(
where s is the rank of C(g), s viewed as an element of Endp, (F' ) (as in the pre-
vious step). Therefore, the above sum becomes

0" @) (@) 30 gy (1) (@) DT Gy (B ne(s) - (49)
where n,(s) is determined in (4.8). We note that gs(«, 5) represents the induced
map

RN
We recall that
k
K(g2) ~pix) @9 5, coker(p(X)) = -y 2 @) EEL
It will be useful to choose generators vy, ..., vy(g,) and ui, ..., ug,) such that
t(g2) Flx) . t(g1) FIX]
~ . F ~ )
K(go) =F[X] p(x) V> PO FF —F[X] p(x) Wi> (4.10)
j=1 i=1
r’ Fix t(gl) Py r’ Fix
B =Fix) 7[)(]% @ =p(x] %“z F*fo piy) %“i-
> p(X) ) p(X) / p(X)
j= i=r'+ i=

By extending the scalars from F to F,,, the F,,[X]-modules S®F,,, C K(g2)®p Fin,
and F¥ /(a® F,,) C F¥ /p(X)F% decompose as a direct sum of eigenspaces for the
eigenvalues ¢‘()\),0 < £ < m — 1, which we denote as B(¢*()\)) C K(ga, #*()\)) and
o (¢Y(N)) C U(¢*(N)) respectively:

t(g2) F[X]

K(g2) ®F Fry 5, (x] D50 K2, ¢°(N),  K(ga, A) = G2 %3V
k
o 2R,x) B U8 ), U = e P,
B&p Fo g, x) D750 B (N),  B) = €B§;1 2y,

Fk m— i~
u o x BPG(G), o/(V) = e, 2Ly,
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Here, K (g2,¢"(\)) = ¢“(K (g2, A)) and similarly for U(¢*(X)), B(¢°(A)) and o/ (¢*(X)).
Viewing the connecting homomorphism C(g) € Homp(x](K (g2), coker(p(X))) as

an element of Homp, [x](K(g2) ® F, Fii /p(X)FE), there is an element C(g, \) €
HomF

061K (g2, 0), U V) such that Clg) = 9725 K (g2, 6/ (1) <250 675100 ()
with C(g, ¢*(A)) = ¢*oC(g,\)o¢~*. Similarly the map C(g)q,s € Hompx| (3, F*/a)
when viewed as an element of Homp, (x|(8 ® F,, F% /(a ® Fy,)) is described by a
map C(g,A)a,s € Homp, x1(B(A),a'(N)). In terms of the generators K(g2,\) =

(
@z(gi) f([ 505 and U(N) = @f(g{) Fl iu“ the map C(g, \) is described by a matrix

A(9,2) € My(gyeiton) (mBD) o My (g xt(or) (Frn)s Clg, Nvj = Alg, N jui.

The submatrix A(g, A)a,g € My xp (Fin) of A(g, A) on the first 7’ rows and columns
debcribes the map C(g,A)a,p. The matrix g3 € My, _pxi(F), defines a linear map

=k 25 FF Consider the map

g4 € Homp (K (g2), coker(p(X))), defined by K(go) — F"~% £ FF p(}I;;Fk.

We also consider the linear map
g5 k k
g3(a, B) € Homp (B3, F¥/a), defined by B < K(go) = p(;;w — %
Extending the scalars from F to F,, we consider g4 as an element of

m—1m—1

g5 € Homp, (K (g2) ® Fpn, p(XSYll?k = @ @ Homp, (K (g2, #*(N)), U(¢'(N))).
7=0 =0

There are maps g5(¢*(\), ¢ (A\)) € Homp, (K (g2, #7()\)),U(¢*(N\))) such that
956" (N), ¢’ (V) = ¢ 0 g5(6" 7/ (A), N) 0 67,

and hence is completely determined by g5(¢*(\), \) for £ € {0,m — 1}. Again in
terms of the generators K(g2, ) = @3(:9%) f([i()]\vj and U(\) = @:(gll) Q[X] u;, the
maps g4(¢*(N\), \) for £ € {0,m — 1} are described by matrices B(g, ¢*(\)) defined
by g5(¢*(\),A)(v;) = X, B(g, ¢*(A\))u;. Similarly, the map g4(«, ) € Homp,, (3 ®
F,.,Ft /(a®F,, )) is completely described by the associated maps g5(a, B)(#¢(\), \)
for £ € {0,m — 1}. The submatrix B(g, ¢*(A\))a.s € My (Ep) of B(g, ¢*(\)) on
the first 7/ rows and columns of B(g, #*(\)) describes the map g4(a, 8)(¢*(N), \).
The next lemma relates the matrices A(g, A) and B(g, A) € My(g,)xt(g,)(Fim)-

Lemma 4.12. A(g,A) = cxB(g,A\) € My(g,)xt(g:)(Fm) where cx € F equals

)\H?;l()\ — ¢*(N\)). Considering the submatrices on the first ' rows and columns
of both matrices, we get

A(gv )‘)a,ﬁ - C)\B(gv >\)o¢7[3 S Mr/xr’ (Fm)
Proof. The proof is obtained by chasing the diagram (4.7). We lift v € K(g2,A) C
E"=* to (0,v) € F?, and then apply p(g) to (0,v). Writing p(X) = [~ (X —
™ 4(N)), we see p(g) = (p(gl) p(g)ﬁ) where

p(92

3

Z —¢" T N) (91 = ¢ TTN) 9193 (92 — T TTTE(N)) - (92 — )
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Therefore, for v € K(ga, A), we have

( — ¢ (V) . (91¢()\))91937J>.

We then have C(g,\)v € U()) equals the projection of (g3 — ¢™ *(\))... (g1 —
#(A\)g1gsv € FX on U(N). Since g; acts as multiplication by A on U()), we have

m—1
C(g,\)v = ¢\ gsv, = H A —@f (A
i=1

Since the matrix A(g, A) and B(g, A) represent the map C(g, A\) € Homp, 1x](K (g2, A), U(})),
and g4 € Homp (K (g2, A), U(N)) respectively, the proof is complete. O

For h € Homp(x; (B8, F¥/a) invertible, the inverse map h™! viewed as an ele-
—1

h i
ment of Homp, [x](FE /(a0 ® Fp,), 8 ® Fp,) is of the form ot (9H(N) QN

s (9" (V) Wlth h, 1()\) = ¢'o ff1 o ¢~%. We now consider the trace of the

P =5 FR a —>B We have

composite map § ——= ga(e

m—1
Tr(h ™' gs(, B)) Z Te(hi95(c, B)(8'(N), 6" (V) = Trr, /r Tr(hy  gi (e, B)(A N)).
The map g4(c, 8)(\, \) is represented by the matrix B(g, A)a,s which equals ¢ ' A(g, N)a 5

by Lemma

We recall that A(g,A)as € My . (Fr) represents the map C(g, N)a,g. Let

hg € Ger(Fm) denote the matrix of h;\l with respect to the generators uq, ..., u
of o/(\) = @1, f([X] u; and vy, ...,v- of B(A) = ;’ 1§[X] v;. We now have

Tr(h_lgg(a,ﬁ)) =Trp, /r Tr(cglhoA(g, Na,g)-

We note that 1[)0 =1goTrp, sr is a non-trivial additive character of F,, and hence
we have by Theorem

> do(Tr(hgs(e,B) = > do(Trey iy Alg, Na.p)

hGHOmF[X](ﬁ,Fk/Oz) ho€GL,/ (Fp)
_ (_1)3(q/)(§)+s(r/_s)| GLr'fs(Fm)L
where s is the rank of C(g)q s-

Step 5: Simplification of (4.9)
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Using the expression (4.8)) for n,(s) in (4.9) and summing this over r > 1, we

see that the character of ZTZI Indi’;’fb(r) (Yr ® [Sta, I, n—k]) at g is:

t

(_1)”—’f Z(q’)(?) (¢ q’)t(QQ)#, . <Z(_1)r’—t [tr(gfﬂ y [t(QQ);t(QS)] y (q/)t(t(gs)—r’+t)>

. <Z(1)t5(q/)(§)+s(r 9| GLy_s(F)| [.5.] y [t(glt)(ilr)/:tu,s] . (¢ )(Mon)=r'~t+s)s
(4.11)

Let I denote the third parenthetical term in the above expression. We will show
that I, equals [(91) 1] q,| GLy i (F)|(¢) " =9+() . To do so, we first write

[egony 2] | Gl s (i) | = @) ﬁiluq')“g”‘t‘i - 1),
i=0
using which the term [; can be rewritten as
<q'><%'><Tf[1<<q'>f<gl>-i—1>> DD gy e tﬁ1<<q'>f<gl>-“-i—1>,
which inzz;rn can be rewritt;n as: -
(¢)(2)+ittton=r=(3) <H (@)= =1) (=) [,1 ] (@)D (@) 0.
i=t s

The expression 2, (—1)/=*[," ] ()3 ((¢')"~@); '), above, equals (¢') (3) (¢/) "' ~*Ho:)t

t—s

by Lemma [3.3] Therefore the term I equals

r'—1
t

(q/)(;)+(r’7t(g1>>t(q/)(g’)+t<t(gl>fr’>f(2)( H ((¢)He) =i — 1))
i=t
r —t
! o) —t=(i=1)_j

— ()= QL (B | )
i=1

which can be rewritten as

197 | GLyo(F)[(g') =0+ (),

r'—t

which proves the claim about the term Is. The expression (4.11)) can now be written
as

0SS @R @) 50 i)

)

(Zu)” 14020, [19071] ] Gy (B [102) 1409 ,<q’><5>+t<93>t> .

" —r’ t(gg)+t
/ §q/)t(gz)—r' = (—1)t(gs) H(q’)( g+t
26
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and using the fact that [1(%)] y [Ho 1] N CLr—t(Fa)| = alt(g1) —txt(gs), ' ~t,¢)
we can rewrite (4.11]) as

n— t(g3)+t t _
(—1) k<2(1)t(93)(q')( % )*(2)+t(93)t((q')t(gs)ﬂ;q/)t(gz)_t(gg)_t[t(gz)tt(gs)]q)

t

: (Z a(t(g) —t x t(gs), ' —t,q') (g "7 q/)t(g3)—r’+t> :

r’

By Lemma the second term in the product above is

(g')Ho9)(ta1) =) ((q/)l—t(gs)—t(gl);q/)t(%) _ (_1)t(gs)(q/)—t(ga)t—(‘(?))

Therefore, we can rewrite (4.11)) as

((€)"9:¢ ) 1(gs)-

(=)™ * (@) ED O ()19 )y g0

(St (-0 )
t
The last parenthetical term above equals

(q/)(1—t(gg))(t(gg)—t(g3)) (q/) (t(yz);t(%)) _ (q,) (Mga))_(t(gﬁ)

by Lemma [3.3] Therefore (4.11)) equals
(=)™ (@) )(g0) = (1" @) 0 at9)-1001)

as was to be shown. This completes the proof of Theorem |4.9 a

)

4.4. Universal property of 11, , with respect to cuspidal representations.
The representation (®7)"~1(1) of Mir,, satisfies a well known universal property
with respect to restriction to Mir,, of cuspidal representations of G,, (for example
[BZ76l, 5.18]):

o [nir, = (2F)"7H(1).
We can express this in terms of the representation II; ,,. Using the representation
HLH = 1px X(®T)""1(1) of Py_1,, = F* x Mir,, (from Lemma , we can rewrite
this universal property as

7T9|Pn—1,n = HJ{,n ® Q‘FX )

where 0|px (g) = 6(gn,n). Applying T to this, we get

W;‘Pl,n =1L, ® 9_|FX»
where 0| px (g) = 0(g1,1). Using (£.4) in this equation, we get m4|p, , =11, ®0|px.

Finally, replacing 6 with 6, we get
770‘131," = Hl,n ® 9|F>< .
In summary, we have
Tolpy 1, =, @01, molpy, =T @ 6. (4.12)

Parts (2)-(3) of the next theorem generalize these properties (4.12)) to Py ,,, and
are consequences of part (1) of the theorem, which is much more general and applies
not only to cuspidal representations but also to the class functions ©y:
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Theorem 4.13. Let Py, be a mazimal parabolic subgroup of G,,. Forg = (4 %37*) €

Py, let pi: Py, — Gy be the epimorphism pi(g) = g1, and let pa: Py, — Gr_p
be the epimorphism pa(g) = go. Let d = ged{k,n}.

(1) Let 0 be any character of F.\, and let 0} be any character of F,* whose

restriction to F is 0|Fd>< (such a 0y, exists by part (1) of Lemma|2.1). Let

Op and Oy, be the associated class functions on G, and G} respectively
(see Definition . We recall that Oy, denotes the character of Il .
For g € Py, we have:

©(9) = Okn(g) - Oo, (91)-

(2) Let 0 be a regular character of F,* and let my be the associated cuspidal
representation of G,. If either k ¥ n, or if k | n and 9|Fkx is a regular

character of F}*, there is a cuspidal representation 74 of G, such that
Tl Py, = gn ® 74,

where the representation w5 of Gy, is inflated to Py, via p1. In the former
case k tn, we can take 6 (by part (2) of Lemma to be a regular char-
acter of F}* such that H\Fdx = 0| px. In the latter case 0 = 0] px .

d k

(3) Let mp be as in part (2) above. If either (n — k) tn, orif (n — k) | n and
H\Fik is a regular character of F,_ . there is a cuspidal representation m
of G such that

T

ol =1,y

Qg
where the representation w5 of Gy, is inflated to Py, via pa. In the former

case (n — k) 1 n, we can takeﬂ~ (by part (2) of Lemma to be a regular

character of F*_, such that Q\Fdx = 9|Fd>< . In the latter case § = Q‘Fj—k

Proof. (1) Let g = su be decomposition of g = (7' 9;9%) into its semisimple and
unipotent parts, with s = (*52) and u = ("' 12). By Lemma s1 and so
are the semisimple parts of g; and go respectively. If s; does not come from F}*,
then s also does not come from F*, and hence ©y(g) and Oy, (g1) are both zero by
Definition which verifies Og(g) = O n(g) - Op, (91). We now assume s; comes
from F}*. In this case if s does not come from F)*, then Oy ,(g) = 0 by Theorem
and ©y(g) = 0 by Definition 2.2} which again verifies ©9(g) = Ok, (g)-Op, (g1).
We now assume s; comes from F}* and s comes from F,* (and hence both come
from F). If A € F,, is a root of the minimal polynomial p(X) of s, then by
Theorem 9] and Definition 2.2] we have

O1n(9)-O0, (1) = [(=1)" ("3 )ut) 4600 | l(—l)’“‘l (Z e(w’(A))) (q';q')“gl)]
=0

= (=) (i 9(¢i(>\))> (@'54")i(g) = O (9)-
=0

(2) This simply follows from part (1), by noting that Gy, is the character of the
cuspidal representation m; of Gy.
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(3) By part (2), there is a cuspidal representation 7; of G, such that mg|p, , .
IL,—g,n ® m5. From this we get

R

TP = I @
Using (4.4), we get

’n—é‘Pk,n — HIL k,n ® UrE
Finally, replacing the regular character 6 with 0, we get

7T9‘Pk n Hn k,n ®7T§7

where the cuspidal representation 75 of G,,_ is inflated to Py, via ps.

O

-T

The inverse transpose automorphism g — ¢~ ' carries the subgroup Py, of G,

consisting of matrices of the form g = (474, 4,) to the parabolic subgroup Pj .
This allows us to define:

Definition 4.14. We define a representation II} , of P; by

10, (9) = e wm(g™ ).

The character of IIj |, will be denoted ©j ,,. The results of Theorem have
obvious analogues for the representation 117  of Py ,,- We only record here t e first
property. Let 6 and 6}, be as in part (1) of Theorem For g = (%4, ¢.) € Ppi 5

we have:

O0(9) = O%,,,(9) - O, (91). (4.13)
5. STRUCTURE OF 7y

As before, let my be a cuspidal representation of G,,, and P = M N a maximal
parabolic subgroup of G,, associated with the partition (k,n—k) of n, and 1) a rank
r character of the unipotent radical N ~ My, —x(F). In this section we determine
the structure of the twisted Jacquet module 7y for general r. We recall from
that M, (which we denote M, here) equals:

M, = { (%1 902) ‘91 = (Z; }?4)7 g2 = (}61 Zi)’ hy € GT7 hy € Gk—r7
h2 S ankrfra h5 € Mkfrxr(F)v h3 S ernkr(F)}'

Forg:(gOlgOQ)GM with g; = (h5h4)andg2 (h1 hd) let

M, 25 Pry, My 25 Py, M, 25 G,
be the epimorphisms defined by
pi(9) =91, p2(9) =92, p3(9) =ha.
Let d = ged(r, k,n) and let 6, be a character of F* with the property that QT\Fdx =
0] F (such a 6, exists by part (1) of Lemma . Consider the representation
IndG 0, of G,.. The inflation of this representation to M, via the epimorphism

D3 w111 be denoted by the same symbol IndG’" 0. Let Il ,_, and II7, be the

representations of P, ,,_j and Py respectlvely, "defined in Section E} The inflations
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of I, ;,—k and II7 | to M, via the epimorphisms ps and p; will be denoted by the
same symbols.

Theorem 5.1. Let m1 = my be a cuspidal representation of G,, and let P be a
mazimal parabolic subgroup of G associated with the partition (k,n — k) of n. Let
P = MN be the Levi decomposition of P, and let ¥ be a rank r character of
N. Let 8, be a character of F as above. The twisted Jacquet module Ty as a
representation of M, is isomorphic to

TN = T @ 1Lk @ Ind S, 6,

In particular,

r—1 k—1 n—k—1

dimryy =@ [[@ -1 [[@ -1 ] @D

=1 i=r i=r
Proof. Let O, denote the character of twisted Jacquet module my 4 of my for a
rank r character ¥ of N. We recall that the character of 7y equals the class function
©p of Definition By part (1) of Theorem for ¢ = (91 94%%) € Py, we
have

@9(9/) = Gk,n(g,) : @Qk (gl)a
where we recall that 6y, is any character of F}* such that the restrictions to ngc dlkn
of 0, and @ are equal, and where Oy, is the class function (see Deﬁnition
associated to 0. Using this in Proposition (with a rank r character v, of N)
for calculating the character Oy at g = (9" 4,) € M, with g1 = (Zi ,?4) and
2 = (1§ 1), we et
On.u(9) = B0, (91) - X(1i.), (9)-

By Definition we have (Il ), = Stg, ®II, ,_k, and hence we get

Onw(9) = [Oa(91) - Sta, (h)] - Ornk(g2)-
Applying the result in equation with (k,n, ged{k,n},0) — (r, k,ged{r, k}), 1),
we see that for 6 any character of F* such that the restrictions to ng d{rk} of 0
and 0 are equal, we have

©0,(91) = 7 x(91) - Og(h1).
Using this in the previous equation, we get:
On.w(9) = [05(h1) - Sta, (h1)] - ©7 k(91) - Ornr(92)-
By part (2) of Lemma we can rewrite this as

ONw(9) = Xinacr (M) - ©7k(91) - Orn—r(g2)-

The character of Indfj; B at hy € G, for any character § of X, is zero unless h;

comes from F*. Let m|r be the degree of the minimal polynomial p(X) € F[X] of
hy. Since gy = (}61 Z;), we have by Theorem (which applies as the semisimple
part of hy, which is hy itself, does come from F), that ©,,_r(g2) = 0 unless
the semisimple part of go comes from F*,. By part (2) of Lemma this
implies that the degree m of p(X) divides gcd{r,n — k}. Repeating this argument
with g1 = (! 2 ) and ©},(g1), we see that m|ged{r, k}, and hence m divides
d = ged{r,k,n}. In particular, the value of the character of Indg} 0 at hy only

30



depends on §| P Since Fy C Fyeqfr,ky, and by definition of 5, the restrictions to
ngcd{r,k} of § and @ are equal, we see that §|Fdx = G\Fdx = 0r|Fd><, and hence, we
may replace Indi; 0 with Ind?X 0,.. Using this in the equation above, we conclude

TN H:,k ® Hr,n—k X Indgg 0,.

O
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