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CHROMATIC EXPANSION WITH BESSEL OPERATOR OF
FRACTIONAL ORDER

M. CHEGAAR AND A. P. HORVATH

ABSTRACT. This paper develops a Bessel-chromatic expansion framework as-
sociated with fractional powers of the Bessel-Laplace operator. The construc-
tion combines methods of weighted polynomial approximation and of fractional
differential operators.

Using the spectral representation of (—Aa)%, we define Bessel-chromatic
derivatives and apply them to weighted spherical means both at a general point
and at the origin. Different classes of weights on finite and infinite intervals
are considered, with particular attention to cases where the inverse Hankel
transform is explicit. The convergence of the expansions is studied through
Cesaro and de la Vallée Poussin means. In the bandlimited case, the method
gives reconstruction formulas for weighted spherical means and, under suitable
assumptions, recovery formulas for the original function. Numerical examples
illustrate the decay of the Bessel-chromatic coefficients and the accuracy of
the corresponding reconstructions.

1. INTRODUCTION

Many problems in analysis and applied mathematics involve data whose nat-
ural geometry is not Cartesian, but radial, cylindrical, or spherical. This type of
structure appears in radial signal processing, numerical differentiation of oscillatory
data, wave propagation in symmetric media. With an external field the ordinary
Fourier transform is not always the most convenient spectral tool. The Hankel
transform, together with Bessel-type differential operators, is often more suitable
because it reflects the geometry of the problem more directly; see, for example,
[29, 25, 33].

A classical tool for reconstructing bandlimited functions is the Whittaker-Shannon-
Kotel'nikov sampling theorem. In its simplest form, under the usual normalization
and bandlimiting assumptions, it gives

sinm(t —n)
Z‘f Cw(t—n)

ne”Z

This formula is fundamental in signal processing. However, in numerical applica-
tions it may require many samples, and the convergence can be slow when only
finite information is available. Taylor expansion has a different advantage: it uses
local differential information at one point. But this is also its limitation, since many
derivatives may be needed to approximate a function on an interval. Chromatic ex-
pansions, introduced by Ignjatovié¢ [9], offer a useful middle ground. They combine
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differential information in the physical variable with an orthogonal expansion in the
spectral variable. Further developments and applications of chromatic derivatives
and chromatic expansions can be found in [10, 11, 12, 13, 14, 35, 34, §].

The main idea can be seen first in the Fourier setting. If p is a polynomial and
the inverse Fourier transform is available, then formally

p(-ige ) 0 =c [ stnfeay

That is if suppf C [a,b], and {pi} are the orthonormal polynomials on [a,b];
p (—i2) f(0) = cex(f), ie. the Fourier coefficients of f with respect to {py}.
Then the inverse Fourier transform of the series gives the chromatic expansion of
f. Chromatic expansions have proven to be useful tool for rapid recovery of func-
tions as well as for numerical differentiation, see e.g. [10, 12]. Investigation of the
underlying spaces is also important, see e.g. [11]. Multidimensional extension can
be found e.g. in [14], and the problem is discussed in case of generalized functions
in [34]. The questions of different weighted cases and different integral transforms
naturally arose and were examined in numerous papers, see e.g. [35, 8]. The rela-
tionship of wavelets and chromatic expansions is discussed in [8]. For the summary
of recent results, see [13].

In this paper we use the Bessel differential operator, which in one dimension is

02 20+1 0
Ba=gmt 7 o

and the corresponding Hankel transform, H,. Since
Hao((=Baf))(y) = y*Ha()(y),

in Bessel setup one can choose the entire Bessel functions, j, (v Az) as eigenfunction
of the differential operator and so the kernel of the integral operator, cf. e.g. [33],
or taking the square-root of the — B, operator, one can arrive to a situation which
is very similar to the sketched one. Here we choose the second solution. In several
variables we work on the positive octant Ri with the Bessel-Laplace operator

d
AGZZBOCW ai:2ai+1,
=1

and with the corresponding d-dimensional Hankel transform. This choice is moti-
vated by the intention to provide estimates of the of convergence rate of chromatic
expansions.

At first we mention, that similarly to the Fourier case, a Shannon-type sampling

formula can be derived (see e.g. [16] and [15]), but it possesses rather poor conver-
gence properties. We give a brief description of it in the Appendix.
On the other hand, since Bessel and Hankel operators act on functions defined on
the positive octant, the functions under study can be extended evenly, and the
investigation can be transferred to a symmetric interval with symmetric weight.
Our estimations on the rate of convergence are based on the smoothness proper-
ties of the functions on the image side. Since smoothness can be lost during even
extension, this method generally results in weaker convergence.

Below we define spherical Bessel chromatic expansion on the positive octant of
the d-dimensional space. It approximates the weighted spherical mean of a function.
In some cases the original function can be recovered as well. To define chromatic
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derivatives and series we need some facts about Bessel translation, fractional Bessel
operators and Hankel transform. These basic facts are contained in the second
section.

The main goal of the investigation is to estimate the speed of convergence. To
this, we use some results of weighted polynomial approximation. Although, as
mentioned in the remarks at the end of the sections, our method and theorems can
be extended to general classes of weights, we focus on weights with explicit inverse
Hankel transform.

It is known that the weighted spherical mean is the transmutation operator
intertwining the d-dimensional and 1-dimensional Bessel-Laplace operators, see [29].
In the third section we define spherical Bessel chromatic derivatives by the extension
of this theorem to fractional operators. In the unweighted bandlimited case the
original function can also be recovered from spherical expansion.

In the fourth section, considering the weighted spherical mean at zero, we sim-
plify the method. Although the possibility of global reconstruction is lost, the
method has wide applicability as in the unweighted (Laplace) case, see e.g. [5].
‘We mention here, that the d-dimensional Laplace and Bessel-Laplace operators are
closely related, see e.g. [3]. Thus, the results of this section can be transferred to
the square root of the Laplace operator and the Fourier transform. Of course, in
this case, it is more natural to consider —ia% instead of (—A)%.

A short fifth section has also been added, which contains the method of approxi-
mation of functions with even entire functions of exponential type v. Here we gave
an example to the joint application of the different approximations.

Finally, the Appendix, besides Shannon sampling, contains some numerical il-
lustrations of Bessel chromatic expansion.

2. NOTATION, PRELIMINARIES
2.1. Spaces. We introduce the next weighted spaces. On Ri = {(z1,...,24) :
z; >0i=1,...,d} we introduce the L?(R%) space, 1 < p < oo with norm

) 0= [ F)Pavds

+

where a = (a1,...,aq4),a; >0,i=1,...,d; 2% = Hlex;“. For p = oo we use the
standard L>°(R%) space.

We also need the function space 8., the set of even functions from the Schwartz
class, i.e.

82m+1
(2) 85:{f6882m+1f|11_020, VmEN,ZZL,d}
T

8 is the dual space of 8.. First, as usual, we introduce the concepts for functions
from &, then using that 8. is dense in L? 1 < p < oo, we can extend them to LP
with an appropriate p. We introduce the notation

(9)o = [ f@gla)atas

and we denote in the same way the effect of an f € 8, ona g € S,.
Notation.
H C R%. Then H, stands for HNR?.
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2.2. Bessel function and translation. The entire Bessel functions are

. _ 2\ ¢ B > (—DFT(a +1) 2\ 2k
B Jela) =Tt (Z) Sl = kgﬁ T(k+ DIk +a+1) (§> ’

where @ > —1. We introduce the following abbreviation, cf. [29].

d
) = Hjai (l'zgz)
=1

The entire Bessel functions, j,(Az) given by (3) are the eigenfunctions of By,
ie.
Baja(A2) = =220 (\2).
The other important property of the entire Bessel functions is that their value at
zero is one, independently of the parameter. Moreover we have

(4) ||jaHoo,R+ = ]a(o) =1

Subsequently we assume that the parameter of the Bessel functions, a > —%. We
note that j_1(z) = cosz. Below we need the derivation formula:

(5) A0 — 2o (2),

2(a+1
(see [1])
Subsequently we need the Bessel translation. The Bessel translation of a function
f (see e.g. [18], [25], [29]) is

Tof(2) =To; ... T f (21, 2a),

where
T;:f(zla s 7xd)

1)
fI‘aZa—F / flxy,. .., x 2412 — 22t cos Yy, iy 1, . . ., ) SIN Y2 Y.
3

The 1mmed1ate consequences of the definition of the Bessel translation, cf. (2.2)
are that T, is positive operator and

(7) T f(2) = fla):  Tof(x) =Tof(2).
Bessel translation is bounded in L?, i.e. for all a (a; > 0),
(8) ITef @ llpa < 1 fllpas 1 <p< o0,

see e.g. [18]. If it does not cause any misunderstanding, we omit index a.
For sake of simplicity formulating in one dimension, for an f € C?(R,.), T f(x) =
u(t, x) is the solution of the Cauchy problem
B, wu(x,t) = By pu(z,t); w(z,0) = f(z), Owu(x,0)=0.
Thus for ¢, > 0 we have
Ttija()‘$> = ja()‘t)ja()‘x)'

Let f € 8., g € S.. As in the unweighted case translation and differential operator
are defined

9) (T f,9)a = {f.T"9)a
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see e.g. [25, (2.18)],
(10) Ba(th) = Tt(Baf)7

see e.g. [25, (2.20)].
The generalized convolution indicated by Bessel translation is

ay frag= [ Te.s@gla)a"ds
R
Throughout the paper we use the notation x = rf, where r = |z| = Zle x?
and |#] = 1. The spherical mean of f at x is a function of r is as follows.
1
(12) Mopal(Pat) = g [T fla)iras(a),
|51+ aJS¢,

where dS(6) stands for the integration on the sphere and |S{, |, is a normalization
constant, cf. (16). In one dimension Mgy o(f)(x,7) = Ty f(x), see e.g. [29]. We
also remark, that by the commutativity of Bessel translation we have

1
Mool 100 = (g - ., SE)9d50),
+la Jsg,

ie. Mopn.o(f)(0,¢) is just the average of f on the sphere S(0,t).

2.3. Hankel transform and translation. One of our main tool is the Hankel
transform. The Hankel transform 3, of f € L! is a function of ¢ defined by

(13) 31,9 = 1) = [ f@e.a'da

2

a’

H, maps S, to 8. and is bounded in L7, i.e. it can be extended from the dense
subspace to L2, as in the Fourier case. It maps LE to the dual space Lgl, 1<p<2,
moreover the next inversion formula holds.

Proposition 1. [29, page 38] If f € LL(R%) is of bounded variation in a neighbor-
hood of a point x of continuity of f, then
9d—lal
[T, T2(ci + 1) Jrg
The inverse Hankel transform of f is denoted by
HLf = f.
Subsequently we need the Hankel transform of a radial function. We start with the
following formula. Let S . be the positive part of the d-dimensional unite sphere.

(14) (@) = 1 (F©) (@) = F(O)a(w, )€ de.

1
(15) 51T, o a(r©:€)0°dS(0) = jusi ,(rIE):
+la Jsg,
where
d
(16) Eh :/ ods(e) = Uz Llei £ 1)

_ d+lal) ’
soir (253)

and dS stands for the integration on the sphere, cf.[29, (3.140)].
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Then let f be a radial function, i.e. f(z) = ¢(|z|), where ¢ is a function of one
variable. Recalling that r = |x|, H,(f) is also radial, furthermore we have

(17) j‘fa(f)(g) = |S(11+|a~/0 30(7’)‘]'%\“_1(|f|r)7~d-‘r|a|—1dr7
see [28, Lemma 3.2].

Notation. For simplicity we introduce the following abbreviation.
_d+la
T2

1.

In the sequel we use the following observation. If f € L! then we have

(18) :H:a(Msph,af(Oa T))(Q) = Msph,af(oa Q)'
Indeed, denoting by & = g¢, in view of (15), (12) and (7) we have

A 1
Moo (0.0 = - [ [ st udeiras) = [ e coneds
1+ + +
=15t [ L SO00S O, (0 = 0L 0L (0.1 ).
0 14la JS§,

We also need the next formula.
Proposition 2. [29, Theorem 73] For all f € 8. we have
(19) Mpha(f)(@,t) = 3 (G5 (HENHa(F)(E)) ().

The relationship of Hankel transform to translation and convolution is as follows.
For f € 8.,

(20)  H(TYf(@))(€) = Tal&9)f(©);  TYFE) = HalTalz,y)f(2))(E),

see e.g. [29, (3.158)].
Bessel convolution (cf. (11)) possesses all the main properties of the standard
one, i.e.

(21) frag=9g*al, f*a(g*ah):(f*ag)*ah-

Furthermore, Young’s inequality also holds, i. e. if 1 < p,q,r < oo with % =
%+%—1;iff€L§ and g € LY, then

(22) 1/ *a gllr.a < [ fllp.allglla.a,

see [29, (3.178)].

The following property shows that the effect of the Hankel transform on the
Bessel convolution coincides with the effect of the Fourier transform on the standard
convolution, which is crucial in these studies. For f, g € 8. we have

(23) Half *a 9) = f3,
see e.g. [29, (3.176)].

Now we list the Hankel transforms of some functions which will be useful subse-
quently.

. Then we have

2o 0<r <
Leta,,u>1,(a2x2)”—{(a =), 0z <a,

710, z2>a

(24) g‘fa((az _ x2)i)(y) _ AQ(GQ _ x2)”ja($y)x2"‘+1dx
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_ 2°T(a+1)2"T(u + 1)aa+u+1 ,

N EEYE) Ja+u+1(ay),
in particular
20q Tt
(25) HaXj0,0))(y) = THJAH(GZ/X
see [24, (4.38)].
(26) /000 e P g, (ex)a® Hde = Fé;ytll)ei7

see [26, 2.12.9 (3)] and (3).

2.4. Fractional Bessel operator. The Bessel-Laplace operator on R‘_i._ is defined
as follows.

d
9? 20, +1 0
27 A, = B,,, where B,, ;= — ! ,
(27) ; i WHELE Doy ox? x; Oz
and
(28) a; = 2Ck7; + ].,

ie. oy >—2,i=1,...,d Ifd=1, A, = B,.
Let f € S.. The relation of the Bessel-Laplace operator (cf. (27)) and of the

Hankel transform is as follows.

j-Ca(_Aaf)(f) = |€‘2f(§)a

see e.g. [25].
Let ¢ € 8¢, 0 < s < 2. Then the fractional power of the Bessel-Laplace operator
is

s o) —Te®) ,
(29) (A ipla) = Oldas) [ PO LD g,
me [y[Frlelt
+
see [19] and in one dimension [2]. Besides other different definitions, see e.g. [3]
and the references therein, for an f € 8/ we can define (=A,)2 f as via Hankel

transform as follows. Let ¢ as above. Then

(30) (Ha(=Aa)29) (&) = [€]°3(8),
see [19].

We define he fractional power of the Bessel-Laplace operator with exponent

s

greater then one as (—A,) 2 f := (=A,)2((—A,)Ff). For functions ¢ € 8.,
f € 8. we have
(31) (_Aa)%(@ *a f) = (_Aa)%(QO) *q f =@ *q ((—Aa)%f),

see [4, (50)].

The other important property of the Bessel operator is the commutativity with
translation, i.e. for f € 8L(R;) Bo(TYf) = TY(Buf), see e.g. [25, (2.20)]. Thus,
with |y| = ¢ we have

(32) (Aa)aMph,a(f)(2:1) = Mspn,a((Aa)z f)) (@, 1)

On the other hand we have the next proposition.
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Proposition 3. [29, Theorem 36] Let f € C?. The weighted spherical mean is the
transmutation operator intertwining A, and B.,, i.e.

(33) (By)iMsph,o(f)(2,1) = Maph,a((Ba)e f)(2,1).

2.5. Spaces, continuation. The Bessel-Sobolev spaces on Rff_ for 1 < p < oo are

WRP = {f:RL >R:Affelr k=0,...,m},

| Fllwger = (Z IIA’JfIZ,a> .

As in the standard case, derivations ar’:snderstood in the weak sense. For more
information on Bessel-Sobolev spaces see [4].

Proposition 4. [3, Lemma 3.9] Let s € (0,2), 1 <p < oo. If f € 8., then

(34) l=2a) £l < ellF s

where ¢ = ¢(n,a,p).

Below we deal with bandlimited functions, so we need the next function spaces.
Let us denote by FE. the set of even entire functions. We also define the space

(35) M(v,p,a) := {h € L2 N E, : supph C B(0,v)}.
In one dimension the following proposition is proven.

Proposition 5. [25, Theorems 2.1 and 2.2] Let ¢ € 8.(Ry), and let f be in its
dual space, i.e. f € 8L(Ry). Then we have the following equivalences.
(36)

suppp € [0,v] & @€ E.,, VmeN T ¢, 9] < m VIS¢l EeC.

__Cm
(1 +gh™

and
(37)  suppfe€0,v] & fe€E, ICN, |fE) <O+ |g)NerFE ¢ ec.

Remark. In view of Propositions 5 and 1 if f € LL(R%) is continuous and of
locally bounded variation and f is supported on the closure of the ball B(0,v), then
Msph.of(r,0) = H (Mspn af(0,0))(r) is an entire function of exponential type v.

2.6. Summation. To state the main theorems, we also need to introduce some
summation methods. Let S = Y., be a formal series. The Cesaro means of S
are

(39) 7u(8) = = 3 8
k=0

where Sy stands for the partial sums of S. We also define the de la Vallée Poussin
means V,,, of S as follows.

2n—1

1
(39) Va(8) = 2005) — on(S) = — > Sk
k=n

We also use the notation o, (f) or V,,(f) if S is an expansion of f.
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Subsequently the following elementary observation will be useful. Let n > m be
integers, p,, is any polynomial of degree m. Then

(10)  feonl)=F~pmt g - T

2.7. Chromatic derivative and expansion. Now we define chromatic deriva-
tives and expansions. Following the original chain of ideas, for a suitable f and a
polynomial p we have

(1) 2208 @) =96 (pUEDAO) (@) = eldea) [ plDF€) (o 6

Omt1(Pm) + on(Pm — f)-

Thus if {px} are the orthonormal polynomial with respect to a weight w, the kth
Bessel-chromatic derivative of f with respect to a weight w is

(42) Kb @) = cld.a) [ pEDF (e nde.

If w=1, we write K5(f).
With the Bessel-chromatic derivatives of an appropriate fixed function ¢, we
introduce the following sequence of functions.

or = KE(p), k=0,1,....

The Bessel-chromatic expansion of f with respect to ¢ is
(43) CEppu(f) =Y K5 u(DO)KE(9).
k=0

3. CHROMATIC EXPANSION, WEIGHTED SPHERICAL MEAN AT A GENERAL POINT

The symmetry of the Bessel-Laplace operator ensures that on the right-hand
side of (41) we get radial polynomials. Indeed,

() P800S = [ FOmllE) e e

This observation makes sense to take into consideration radial functions, or the
spherical mean of a function. To this we need the following modification of Propo-
sition 3.

Lemma 1. Let f € Wgtl’p, keN,0<s<2, and v be as above. Then we have

(45) (=B)y E Mapha () (@, 1) = Moppa((=A0)52 f) (2, ).

Proof. Iteration and Proposition 3 imply that it is enough to prove for k£ = 0. First
let f € 8¢. The inversion formula for Hankel transform is obviously valid, thus it
is enough to show the equality of the Hankel transform at x of both sides. In view
of (19), recalling that || = o, we have

j{a(Msph,a((_Aa)Ef)('vt))(&) = st(g)j’y(tQ)-

On the other hand, taking into consideration that
(=By){j(to) = 0° ()~ (to), cf. [2, (3.4)], and (19) we have

5 s

Ha((=B1)7 ) Mipha () (s 0)(€) = (= B3)7 Ha(Mapna (F)( 1)) (€)
= (=B){ j5(t0) F(€) = 0°1, (to) F(£).

Sl o~
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Then we take into consideration that 8. is dense in Wé’f , see [4, Theorem 2] and
by Proposition 4 the operators are bounded in Wi’f -norm. Thus we can extend
the result to Wi’f )

Remark.
Taking the Hankel transform of both sides, it can be seen that similarly to (10)
for f € 8. translation and the fractional Bessel-Laplacian commute, i.e.

T ((=Aa)2f) = (—Aa)3(T"f).
Since for a regular distribution f (a distribution which is defined by a locally in-
tegrable function) by interchanging the integrals we immediately get that for any
9 €8¢, (Msph,a(f),9)a = (f, Msph.a(9))a, as usual, we define the spherical mean of
an f € 8, such that for any g € S,

<M5ph,a(f)ag>a = <f7 Msph,a(9)>a~

Thus, with the notation above, by Parseval’s formula and by (19) we have

<Msph,a(f)('at)7g>a = <f> 9{571 (Jv(tl . |)g(>)>a = <f]7(t| : |)ag>a
= (3 (FOi D) o
Thus (19) is valid for f € 8, as well, and from the first part of the proof it can be
readily seen that equation (45) is valid in distribution sense for any f € 8/, too.

Now we are in position to define the weighted spherical Bessel chromatic expan-
sion at a general point.

Let w be a weight function, i.e. a nonnegative function with finite moments
on [0,v) with 0 < v < co. Let y = td, v be as above. Denoting by ®,(t) :=
Msph.o(f)(,t), in view of (45) with @(|y|) := H; (w(|n|) in distribution sense we
have

P((—=B:) ) (@) #y d)(1)
(16) =) [ o B0 0l o)
Let {px(w1)}72, be the ONP on [0, ) with respect to w;(7) = w(r)7*¥*1. Then
pk((_BV)t%)(q)I(') *y w)(0) = Ck(q’/z(\')aw) =: cx(x),

—

i.e. the Fourier coefficients of ®,(-) with respect to {pr} = {pr(w1)}. Introduce
the notation

(47) o(t) = () / " w(m)j (),

(48) ou(t) = c() / T () () dr = K0 (1),
and

(49) ex(2) = Kb (B4(9)(0).

Thus, we get the following spherical Bessel-chromatic expansion.

(50)  SCEpw(Ht) =) ex(@)K5(p)(t) = Y Kb o(@a(:)(0)KE () ().
k=0 k=0
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Supposing that f fulfils the conditions of the inversion formula and f € L2,
SCEpw(f)(t) = (Pa(-) xy w)(2)
in L?Y(RJr) sense. If f ¢ € 8., the chromatic derivatives can be ment not only in
distributional but also in ordinary sense.
Of course, it is worth taking weights which Hankel transform is known. Below
we give some examples.

3.0.1. With Laguerre weight. At first we give the definition in distribution sense.
In view of (26), we take w(T) = e~ on the whole semiaxis. That is we have

P((=By)7 )(@s(-) %y € )(t)
: )/0 p(T)q)/““’(\')(7)6_72jy(t7)727+1d7-’

T (v+1
cf. (26) and (14). Let {px}72, be the ONP on (0,c0) with respect to the general

_0?
1

o=

Laguerre weight, w (1) = e~ 72771, Now we have
2 e 2
(51) o(t) == 6D /0 e gy (tr)r  ldr = e T
1 o 2. _i2
(52) @i(t) = TR (LH) /0 pr(T)e j,y(t7'>7'27+1d7' = K}’; (e 1 ) )
2

2
Notice that since e~ T is in Se, Yk is its kth Bessel-chromatic derivative in ordinary
sense as well. So we have

(53) SCEBW(f)(1) = 3 Kh(Mapa(£)(, DOKE (7).

k=0

After this definition of chromatic expansion we give a convergence theorem.

Theorem 1. Assume that f € L., is continuous and of locally bounded variation.

If [0 Mo (a(r)r e %

< 00, then
(oo}

(54) ‘(Msph,a(f(x,~) oy e”> (t) — on(SCEpR () ()| = O(n~32).

For the proof we need some lemmas.
Let I =[0,00), o > —%7 8 > %; w(z) =w(a, B,x) =z =T, w(x) = 7.

The orthonormal polynomial system with respect to w? is denoted by {p,, (w?,-)}32 .
Let a, = an(w?) be the Mhaskar-Rakhmanov-Saff (M-R-S) number (see e.g. [17]
and the references therein), which shows where does the norm of a weighted polyno-
mial live. To formulate the following lemma we need a further function as follows.

\V + n —2 n_
\Ifn(il') :{ T x)’ Te [O’an]

N/ An—T+an 1My
n(n), T > an.

To state the following lemma we define nth Christoffel function.
o L Ow 1
i = )
it ) St

Ay (w?, 2) =
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Lemma 2. [17, Theorem 1.3 (b), Example 1] With the above notation we have that
there exists a C > 0 such that uniformly forn > 1 and x € [0, 00)

An(w?, ) > W, (2)i2(x )(Ha”)m,
and n, = c(B)n"3, ap = C(B)n%.

We continue with a general lemma.

Lemma 3. Let w be a weight function on an real interval I, fw € L>(I)N L*(I)
and ¢ € L>=(I) arbitrary. Then

: 1 e A(@)o()
() u(0)o(o)] < el fuolo 1+ L siip K SO,

Proof. Letx € ( o oo) By standard arguments, let us define the interval I(n, ) :=

(max{0,z — d(n, x)},x + d(n,z)), and the length is defined by the nth Christof-
: L (wla) 1
fel function, d(n,x) : V@ T S e @)

Z;:é p;j(z)p;(y), we decompose the partial sums as follows.

Denoting by Ki(x,y) =

Sk () =/ Kk(x,y)f(y)wz(y)dﬁ/ Ki(z,y) f (y)w*(y)dy =: Sk1+Sk,2.
I(n,z) R

+\(n,z)
Then, by the Cauchy-Schwartz inequality, and then taking into account the mono-
tonicity of the Christoffel function we have

1Sk (@)w(@)] < || fw]lo / K (2, 9) () dy

I(n,x)

Nl

and of course, the same estimate is valid for %ZZ;S |Sk,1(x)|w(z). On the other
ﬁ(fy;, |SC - y| > d(na ‘T)7

Then b
0,z —y| <d(n,z). ey

hand, let us introduce the functions F,, ,(y) := {

the Christoffel-Darboux formula we have

n—1 n—1
1 1 B
n ];) |Sk,2(2)| = - ;0 Vzklpk(I)Ck_l(Fn’r) — o1 (@)er(Fog)|

where 7}, the leading coefficient of pi, and ¢ (F') stands for the kth Fourier coefficient
of F. Thus, again by the Cauchy-Schwartz inequality we have

*Z|5k2

Zpk_ (w?, x Zcz(F

_nkl



CHROMATIC EXPANSION WITH BESSEL OPERATOR 13

Applying Bessel’s inequality the last two factors are
1
2

Zciwn,x)w(x)s( / . )Mw%y)dy) w(x)
k=0 +\I(n,z

r—y)

d(n,z)

Summarizing, for x > %3 we get the following estimate.

< ol fwl|o

(55)  low(f,w?)@)uw(@)d(@)] < el fwlo (1 el N M) .

Vr,0 <z <1,

Now we specify ¢. Let ¢(x) := { Lo>1

Lemma 4. With the notation above, if fw € L>*(R,), then
lon(f, wZ)w¢||oo < eV fwl|s-

Proof. According to Lemma 2 for all > 0

_2 b
2 20 n(an—i-ann 3—9c)
(56) w(z) <c z Vet (azn—z) 7 L
An (w2, ) ay |2 DA
o (v + %) LT > ap.
Qn -
Thus, taking into account that on infinite intervals supy_, 7;;1 < ca, for x > 9%
we have
anh(z), © < an,
rulfut)@ute)ota) < of YL TS
- 2a+%
e ap—— , T < 1
where h(z) = <m+") which is bounded.
X

- 1 x 2 1
(w+ann_2)za+7 )

Since a weighted polynomial attains its norm in the M-R-S interval, I,, ,, :=
(%%, a,), c.f. [17] and the references therein, in view of (55) and (56), the lemma

is proven.

To continue the proof we need the following lemma.
Let p(z) := y/z. The best approximation of a function f in p-norm with poly-
nomials of degree at most n is

(57) En(f)up = min [(F = pJull,

Lemma 5. [20, Proposition 4.1] Let w = wq, g as above. For each function f €
WP (w), 1 <p < oo, we have

Vam
Epn(fwp < C?Hf/‘ﬂw”p-
Lemma 6. With the notation of Lemma 4, let 8 = 2. If [ is differentiable such
that fw, f'wp € L®(Ry), fw € L*(Ry), then
I(f = on(f 0wl = O(n” ).
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Proof. Recalling the definition of the uniformly best approximating polynomial
of degree n P,y 1e. ||[(f — Pouw)W|oo = En(f)w, where E,(f), stands for
En(f)w,c0, by (40) we have the estimation
I(f = on(f, w*)wd]| < N(f = Pruw) @Sl + | (P = 00 (P, w?))wd|
105 (P, 0 = flwg|| = £1 4 Ba + s,
where || - || stands for infinity-norm. Simple calculations together with Lemma 4
give for m < n,

m—+1 mi  m
Yo =<c <(n) + 1’L> ||Pm,u,w)w¢H'

Since ¢ is bounded, and being the best approximating polynomial, || Py, 4. )w]| is
5

bounded as well, ¥y < ¢2=. [|[S1w¢| < Ep(f)w; and by Lemma 4 [|Ezwe| <

n Ep (f)w. According to Lemma 5

Vva
m
Thus, selecting m = n%, the lemma is proven.

Proof. (of Theorem 1.) Since f € LL(RY), Mypn,a(f)e € Ly, 1 (Ry) and by (22)

0K . .
Mph,o(f(2,-) %y e € Ly, 1(Ry) as well, and the continuity properties are also
inherited. Thus the inversion formula holds and the inverse image can be expressed

in the stated convolution form. We also have that Msmf)z € L*(R4), thus
with w?(7) = e~ 2L Msph,o(f)z € L2, that is Mgy o(f). can be expanded.

w2’
We also have that Mgpp o(f)sw € L°(Ry) which, together with the assumptions
of the theorem ensure that the conditions of Lemma 6 are fulfilled.
That is the left-hand side of (54) is just

c(7) /0 OO(MSm)E(T)—an(MSm)x(7))]'7(”)6472%1(17 —. D,

1, 7<1

Since |7, (t7)| < 1, denoting by ¢(7) = { R

, by Lemma 6 we have

Dy < (Mapha(f)e = On(Maph.a(f)2)w06lloo / PGS dr < en~ .

Remark.
(1) To estimate the speed of convergence it is enough to assume that Mpp, o (f (2, )%,

N2
et € Ls, .1 (Ry). The condition f € L; is necessary for the convolution form of
the left-hand side. . )
(2) Condition (¥*): “3TMsph7a(f)x(T)T’Y+1e’%

(**): Myph,a(f)a € Lb, 4 3(Ry). Indeed, in view of (5)

O Monea Do) = 57 [ Mo D)ol ()0 .

< oo can be replaced by
(o ]

7_2
Thus by (**), (x) < ¢]|[77 26”7 ||oo < 0.
(3) The estimation of the Christoffel function (cf. Lemma 2) is given for more
general weights of form 222e~9(®) on [0,v), where v if finite or infinite. Thus
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with an appropriate ¢ one can give estimations similar to Lemma 4 which implies
theorems similar to Theorem 1. Our choice is motivated by the explicit form of the
inverse Hankel transform of w.

3.0.2. Bandlimited case. In this subsection we investigate functions under the as-
sumption supp<I>/(\) C [0,v].

Assume that ®, € L3, 1([0,v]). Let our orthonormal system on [0, v] be the system
of transformed Jacobi polynomials, i.e.

20
(58) prlo) = ep” <V - 1) ,

o0
where the original Jacobi polynomials, { p,(ca’ﬂ ) }k are the orthonormal polynomi-
=0

als on [—1, 1] with respect to the weight
(59) w () =1 -2)*1+2)?, of>-1

Then, with the above notation we have

—

pk((_B’Y)t%)((I)w(t) = /OVpk(T)q)gg(T)j’y(tT)T%/JrldT.

Since @, € L2([0,v]),

i T2
in L3, ,-sense, where

() = il(=B)H@20) = [ i) E(r)r i = K@) )
As above, we define ¢ and .

P(0) =9 (xiou) = ) [ ()7 = 1 g (),
0

d+la|

where ¢(14,0) = s ey o (29)

ok (t) == H (Prxjo.) = ¢(7) /Oupk(T)jv(tT)T”“dT = K5 (p)(t).

Now, the chromatic expansion of the spherical mean of f is
(60) Mpn,o(f)(@,t) = c(v,d,a ZK Mph,a(f )w())(O)Kllg’(Jer(’/))(t)
k=0

Since @ is expanded in a finite interval, its Jacobi-Fourier series is convergent in
L%w 1 1-sense as well, thus application of the inverse Hankel transform implies that
the convergence in (60) is uniform.

Now, to recover the function from its spherical chromatic expansion we need the
inversion formula for the weighted spherical mean.
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Lemma 7. [27, Theorem 5] Let m = {%"1} +1. Let f € sz(Ri), such that
2 floi=0=0,i=1,....d. Then

- VT
h(u)f(z) = 22(m DL ()T (2m7d2*|a|+1) T (d+2|a|)

o? B mo oo B s 5 ,o\2mod_lelot 9y t1
X A h(u—3s) [ (s°—1t%) 2 Msph.o(f)(z, t)t*7 7 dtds,
0 0

ou?
where h € C?*™(R) is an arbitrary function such that the integral on the right-hand
side is convergent.

Together with the uniform convergence of series in (60) Lemma 7 immediately
implies the next formula.

Theorem 2. Let [ € Wff NC?*™(RY) with 52 f

that suppMsph;(?)(m, ) C [0,v]. Let h € C*™(R) an appropriate function as above.
Then with the notation above we have

z=0=0,1=1,...,d. Assume

o) ase =com Y (1) 0 Y & @),
=0 k=0

where

VA m =~ )
I'(m)I (m + %) My+1)(v+ 1)2m+47—% ’
C/(cl)(ﬂf) = KE(Mph a(Aa 2 f)(2,-))(0),

b,m—1(u) are the Jacobi-Fourier coefficient on [0,v] of

c(v,m,v) =

e}
Gu,m—1(T) :=/ REM=D) (4 — S)Sm_%jmfé(STﬁis.
0

Proof. Since Y77 ck(x)py(t) is uniformly convergent, with p := W we

have

I ::/0 h(u — s)/o (52 _ tz)”Msph,a(f)(:E,t)t27+1dtds

00 s s
= ¢(v,d, a)/ h(u — s) Z ek () / (82 — t3) o ()t T dtds.
0 o 0
Computing the inner integral we get

[ - erawesa= [(@ep [ e ae
0 0 0

124
= c(y, p)sT T / Pr(T) g1 (s7)T27 N,
0

cf. (24). Thus

I=clvdar) [ b= s)s S e a)du(s)ds,
0 k=0
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where dj(s) are the Jacobi-Fourier coefficients of j,41(s7) with respect to {ps}.
Since [|jy4put1(59)||2,m,0,,] < cv*OFV | independently of s, [|di(s)|l2 < K indepen-
dently of s. Since Mpp o(f)z € L>([0,v]), it is also in L2 ([0, v]), thus [cx(z)[]2 <
K(z). So by the Cauchy-Schwartz inequality

o0 v

= c(v,dyar, 1) Y enl@) / B(u— s)s7He / PRt (s7) 72 drds.
0 0

k=0
We can choose h such that the series is uniformly convergent. To apply the differ-
ential operator to the series first we observe

2 m m
(i~ 2] textom=sp =3 (7 -0t aleem D)
where b/ (u—s) = 8%. Recalling the definition of the weighted spherical mean, since
fe nga’l, we have
ALk () = ex(Mapn (AL 1)) =2 (@),

i.e. the kth Jacobi-Fourier coefficient of Msph,a(Agf)w with respect to {px}. By
the assumptions {c,(cl)(w)} € ly as well. Let

bkm—1(u) r=/ pk(T)/ RR=D) (y — ) FHFL G L (sT)dsT2 I d T,
0 0

the kth Fourier coefficient of gy, m—i(7) := [~ A =D) (w—s)s7F0F1 5, 11 (sT)ds.
With an appropriate h, gy m—i(7) € L2'y+1([0 v]). Indeed, by the Minkowski in-
equality we have

9,1 ()l 2,w,10,0] < /OO |h<2(m*l))(u — s)|57+”+1\//y Jytp+1(sT)?m27 N drds
0 0

< et /oo |hm=D) (4 — 5)|s7TH s,
0

If the last integral is convergent, for all 0 < I < m we have that ||c,(€l)(x)H2 < C(x)
and ||bgm—1(u)||2 < K(u), and by the assumptions C(z) and K (u) are continuous.

Thus
ZC 2 )bge,m—1(u)

are locally uniformly convergent for all 0 <1 < m. Finally,

h(u)f(m>=(;;—Aa,w)md:cg(J Zc )bt 1(u).

which agrees with (61).
Example.
Let h(u) = . Then h(2(m=D)(y — s) = ee~* Thus
Jum—i1(T) = e“/ 67887+”+1jm_% (sT)ds
0

230 (m+ 1) [®e s
—e“TEnQ)/O e\/g m—1(sT)V/sTds
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1 1
2) VIF7r(1+VI+72)m 2

see [24, (5.1)]. Thus, with the notation of Theorem 2 we have

f) wmvzbkz() el @),

where by are the Jacobi-Fourier coefficients of g,.

= €"gm(7),

= “2m 3T (m +

4. CHROMATIC EXPANSION, WEIGHTED SPHERICAL MEAN AT ZERO

Below we give some simplifications of the above discussed method. Let us sup-
pose that f is supported on B(0, V)+ and let w be a weight function on [0, V], i.e.
w > 0 and w has finite moments. Then {py}72,, is the system of orthonormal
ntlal=1  Recalling

polynomials on [0, v] with respect to the weight w (o) := w(p)e
w = HH(w(]€])), in view of (23) and (31), (42) is modified as

Kb () (@) = K5(f) *q w(2)
= Pr((=D4)%) f *q () :/B(O : FOPr(€N©w(I€)Ta(x, €2 dr.

Recall the notation || = ptp. Continuing the chain of ideas started at (44), by (7),
in shperical coordinates, at zero it becomes

K5, (/)(0)
=i5tile || oo [ Hevtdsie g
(62) — |5%, ], /O”pm Mapn o (F)(0, 0w (@)g" 41 do.
Thus, (62) implies that
(63) L e (— A ) f 0 9(0) = ex(Mapna(F)(0, ),
551"

i.e. the k-th coefficient in the expansion of Mgpy.q(f)(0,-) with respect to the
orthonormal system {py}. Let us define

(64) o(r) == 3" (wéDX B, (£) (r);
or(r) = Kp(p)(r) = 3" (pr(|€)w(€)XBoOw), (€) (r), k=0,1,....

We also have
ok (1) = @k *a (r);  Gr = H, ' (pr).

In view of (17) these are radial functions. Thus we can define the weighted Bessel-
chromatic expansion of M, o (f)(0,7) (i.e. the weighted spherical Bessel-chromatic
expansion of f). Notice, that Mgyn o(f)(0,7) is just equal to the effect of the
weighted spherical mean of the weighted Dirac-delta distribution at f. In general,
the chromatic derivatives are understood in distributional sense, as above. If f
fulfils the conditions of the inversion theorem, we have

(65)  Mapn.a(f)(0,") %4 @ = S°CEp ,(f)(r) := d#
|S1+|a S,

= (3 (Mpn.a()(0, 0)w(0)) (1)

f(r0)0°dS(0) xq w
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= G 2 (A %0 0(0) (Bul0) w0
1414 k=0
= T 2 Khu(DOKE)C)
1414 k=0

Since the Hankel transform maps L2 to L2, in general we have at least that

o0

N 2
lim ((Msphﬂ(f)(o, r)— Z ckcﬁk> *q J—C;,}H(\/E)) r2Hdr = 0.
k=0

n—0 0

In our bandlimited case, as above, Cauchy-Swartz inequality implies LY, ,-convergence,

and the inverse Hankel transform ensures the uniform convergence in (65).

Although the previous chain of ideas ensure uniform convergence, it does not
give any information about the speed of convergence.

4.0.1. Without weight. De la Vallée Poussin means (cf.(39)) and the best approx-
imating polynomials (cf. (57) have proven to be effective tools for estimating the
rate of convergence. Indeed, de la Vallée Poussin mean, V,, preserve polynomials of
degree at most n, consequently, the following lemma holds.

Recall the definition of the Jacobi weight function on [—1, 1], cf (59). Vi s a
de la Vallée Poussin mean of the Jacobi-Fourier expansion with respect to w(®#?).
¢(z) = V1 — 2% and we define the Jacobi-Sobolev space W (w(@P)).

(66) Wy (w@P) = {f e C"-1,1]: fD e LP ), 1<p<oo,
and W7 (w(®#)) = C"1[~1,1], see [22].
Lemma 8. [32, Theorem 2.1], [22, Theorem 3.6] Let 1 < p < o0, or f € C[-1,1]
if p=o00. Then
”f - Vrgawg)”p,w(‘lﬁ) < CEn(f)p,w(‘l=B>7
and if f € sz(w(“ﬁ)) for1<p<oo, or f € C°[-1,1] if p = o0, we have

C T
En(f)puwen < $||¢ FO sy -

Let w(g) = w®nFlal=1(p) = gn*lal=1 the Jacobi weight transformed to the
interval [0,7] and ¢(0) = \/o(v — 0) and {fx} is the modified orthonormal Jacobi
system, cf. (58).

Thus, by Lemma 8 || Mph o(f)® — P {0mtlal=1) 1,0 < C#HQBSMsph,a(f)(s) 0, )l1,-
Thus, if the right-hand side is bounded, by the inverse Hankel transform we get the
next result.

Theorem 3. Let f € L}L(R‘i) is of locally bounded variation and continuous, fur-
thermore let us assume that f is supported on B(0,v). If ésMsph,a(f)(s)(O,-) €
LL([0,v]), then
C 1 7s £\ (s
[Mopn,a(£)0,) = Va(S*SER(f) oo < —16°Mopna (/) (0,)l1,a-

n
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4.0.2. With an extra weight. Below we give estimate the rate of convergence of the
Cesaro means. To this we introduce the generalized Jacobi weights, see e.g. [21].
Notation. Recall ¢(z) := V1 —22. Let m € N. w; € GJ is a generalized Jacobi
weight on [—1,1] if

m

wy(z) = H(x)qb_l(x)wo(\/l — L)wm1 (V14 x) H wy(lx —t.]),

r=1
where ¢, € (=1,1) r = 1,...,m; w,(0) = Hi;l(wrvs(d))%-*, where 7, ; are pos-
itive real numbers, w, , are concave moduli of continuity, and H > 0 such that

H, 7 € Lo. Furthermore we assume that around zero foé wy(T)dT = O(dw,(9)),
r=0,...,m+ 1 and the usual modulus of continuity of H(cos ) satisfies
W(H (cos0),8)00d"t € L[l0 1

For the corresponding Christoffel function we have the following estimation.
Lemma 9. [21, Theorem 3.1, Remark 1], [23, Theorem A] Let w € GJ. Then
(67)

1 1 1\ 1
A (w2, ) ~ —wg (\/1 -+ ) Wint1 (\/1 -+ ) er (|x—tr| + )
n n n) 1t n

uniformly in x and n.
If w € GJ has no inner zeros, then

(68) Bu(Dar < — (wf D6 oo + ]| oc)-

Let > —1, w(o) = (* — 0°)"Xj0,)(0). Observe, that with (v + o) = H (o),
wy = w(p)o" =1 € GJ. Let {pr}32, be the system of orthonormal polynomials
with respect to w on [0,v]. If My o(f)(0,-) € L2, ([0, v]) then it can be expanded
with respect to {px}, i. e. there exists

o i / " Mo, 0)pi(Q)ws(@)do = K, £(0).

Recalling the notation v = d%w — 1, in view of (24)

) TRV (v + DT (4 1) (vr)
)= vr).
® Ty +pt1) Iv+p+1

Thus

SCEB,w(f)(T) = C(d, a, ,u) Z Kg,w(f)(O)Kg(j’H‘M'i‘l(Vr))’
k=0
where we also have

K]]g’ (j7+u+1(VT)) = C(n7 a, ,u) (%;1(1%) *y jv+u+1(y')) (7“)

With the notation S = Y7 ckpr and S = > e o CkPk, assuming that the inver-
sion formula holds, as above, we have

|(Manaf 0.) = 0u($)) %1 s () ()]
<)

(Mena(DNO,0) = 50 ($)(e) ) wle)iy (re)e™+* | do

< e (Mspha(£)(0, ) = 7 (9))w]] oo
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Now we can formulate our theorem as follows.

Theorem 4. Let f € L. be continuous and of locally bounded variation. Assume
further that suppf € B(0,v) and M q(f) (0, )we® € L=([0,v]. Then

[ (100, = () 0 s pa ()| = 0 (= 550).

Proof. The assumptions ensure that the inverse Hankel transform reconstructs f,
and so does for (Mgpn,q(f)(0,-). Thus it is enough to estimate (Mypn,o(f)(0,-) —
0,(5))w. Since on finite intervals supj_, V:;l is bounded, Lemma 3 implies

o (£, w)(@)Vw(@)] < e fv/w]s (1 + 171)(90)) .

n A (w, x)
Thus in view of (67)
o (f, w) (@) V()] < el fv/w]-

Let Py, .0 be the uniform best approximating polynomial of degree m. Taking
into account (40), and then (68), we have have

1((Mapna(£)(0,) = on(S)w]l < | (Mpha(F)(0,-) = Prnyuw)wll + %HPm,u,wwH

m+1 A
+ H‘777L+1(Pm,u,w)w” + HUH(Pm,u,w - (Msz)h,a(f)(oy Dwl|

< I Maopna (O, Y| (o (s + %)

< (| Mapna ()0, Jwll + | Mopna () (0, Jwd ) ( ot m) )

ms n
where || - || stand for the infinity norm. Thus selecting m = nTF , the theorem is
proven.
Remark.

(1) Since Lemma 9 refers to any general Jacobi weight, Theorem 4 can be proven
in more general circumstances. As above, our choice is motivated by the explicit
form of H, 1 (w).

(2) Due to the reconstructing property of de la Vall ’ee Poussin means, the speed
of convergence is generally better in V), case than in o, case. On the other hand,
the degree of V,, is twice bigger than the degree of o,.

5. COMPACTIFICATION OF THE SUPPORT

As we have seen, bandwidth limitation is a fairly powerful feature with several
comfortable consequences. As in the standard setup, in Bessel case we can also
approximate functions with even entire function of exponential type v, say. In this
subsection we summarize these results in brief.

As in [4] (see also [25]), define the radial function € 8, such that |n| <1,

<
o) =t = { o 1155

For an f € LE (1 < p < c0), let

(69) R =" (0 (&) 7)) = 00 00 100,
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where o, (z) := 3 * (77 (%))

Since n € 8¢, 1 € 8. C LY. In view of (22) |Py()llp.a < llovli.allfllp.« and by a
simple replacement, it can be readily seen, that ||, |1, = ||@1]/1,o- Thus we have
(cf. [25])
1P (F)llp.a < cllfllp.a; ¢ # c(v). We also have suppP, (f) C B(0,v).

Since n € 8., P,(f) € M(v,p,a). Furthermore for all h € M (v, p,a), P,(h) =h
Now we define the best approximation of an f € L? with functions from M (v, p, a).

Definition 1. Let 1 < p < 0.
Ey(f)pa = f{[|f = hllpa:h € M(v,p,a)}.

P,(f) is a near-best approximation to f, i.e. ||f — P,(f)llp.a < cEv(f)p.a-
Now we define the spherical Bessel difference of a function as follows.

Ay,af(x) = Tyf(x) - f(l')? Asph,r,af(x) : -

= 7qd |
|51+a S,

Ar@,af(x)e)ads(@);

Let 1 < p < oo. The spherical Bessel p-modulus of smoothness is

wSPh,m(f» t)p,a ‘= Ssup ”A;Zh,h,afnp,a'
0<h<t

Lemma 10. [4, Corollary 1, Lemma 5] Let 1 <p < oo, v >0, meN. If f € L?,
we have

1
EV(.f)p,a < CWsph,m <f7 l/)
If fe Wgn;p. Then we have

c m
Ey(f)pa < %”Aa f

p,a

p,as
where ¢ = ¢(n,a,m).

(in dimension 1 see also [25])

After this preparation we are in position to define the v-chromatic expansion
of a function which is not band limited, i.e. the support of f is not compact, as
follows.

(70) SOCEp(f), = SOCER(P(f)),
where (0) refers to both cases, Spherical expansion at a general x or at 0. Since

1Mph.a(f) = SO CEB(f)ull < [Mapha(F) = Po(HIl + 1 Po(F) = SOCEB(f)u],
we can state our convergence theorems in the following form. For instance consider
the example below. Taking into consideration that Msﬂ,(f) = (I—V‘) Msph’a(f),
by Lemma 10 we have

Theorem 5. Letv > 0, f € Lé(Ri) is of locally bounded variation and contin-

uous. Assume that ¢* My o(f)#)(0,-) € Ly(@)([0,v], then we have the following
estimations.
If f € L*> with finite modulus of smoothness, we have

Dy = |Mapn.a(£)(0,-) = Vi (S’ SEB ()]
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1 SM £\ (s
< (£2) 4 S Ml N0
o0,a
If f €e WP, we have

Dy S ||Amf||ooa+ ||¢ MS;Dh a(f)(s)(oa') 1

)w-

6. APPENDIX

6.1. Shannon-type sampling. Let Suppf C [0,1]. The expansion f in terms
of orthogonal polynomials leads to chromatic expansion of f, and expansion by
{Ja(Mn2)}52 4, leads to a Shannon-type sampling theorem.

Assume, that suppf C [0,1]. Let A = Ax(«) be the kth positive zero of j,. Then
we have

T f(z) = W/ F@)ja My jalzy)y®* ' dy
and by (4)
1 v
Tk _ - - . 200+1 g
1) = F0) = g [, F@n Oy
Now let us taking into consideration that
1
/ JaAn®)joAmz)z? dr = 026,
0
where
72 = LI = 2 (o (W)?
noogve 8(a+1)2 ’

and {é Ja(An-)}o2, is a complete orthonormal system in L2 [0,1]> S€€ e.g. [30] and

the references therein. Thus ¢(« )f (/\") is the kth Fourier-Bessel coefficient of f, i.e.
. S A
F@) =2 — [ F®dat)t " dtja(Msy) X0, ()-
k=1Fk 70

If it is integrable term by term, by the inversion formula we have

1
Ottt ar = / oo (AeY)Ja 2ot gy,
@) = ria T Z / F(t)ia = [ deeiatay iy

In view of [6, (2.2)] (see also the references therein) we have

1 Ardat1(Me) Ja(z)
o} 20a+1)of A2 —a?’

1
/ Joe) o (2y)y2 dy

Finally, in accordance with [15, (26)] we have

f@) = 03 AW 1

)\ A — a2
e 1]a+1 k

Since A\x ~ km and joi1(Ar) ~ k=(@F2) (see e.g. [7] and [31]), its convergence
properties are rather weak.
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6.2. Numerical illustration. We include a short numerical illustration of the
compact-support Bessel-chromatic expansion. The purpose of this section is to
visualize the convergence behavior of the truncated Bessel chromatic sums and of
the corresponding de la Vallée Poussin means. We consider the multidimensional
weighted Bessel settingn = 3, a = (%, 1, %) . Then a; = 2a;;+1, a = (2,3,4), |a| =
9. Therefore n+|a|—1 =11, v = %H —1 = 5. Thus the radial weight appearing in
the Hankel representation is w(p) = p'!, and the corresponding radial Bessel kernel
is j5(rp). We take v = 3 and consider the compactly supported filtered Gaussian
spectral family

~

Foo) = 4z (1-2)" =

13
3/ + 272

)
b 2 M
Here Ag is chosen so that ||f5 lL2([0,3],p11dp) = 1. The Gaussian factor gives a smooth

spectral profile, while (1 — g)i imposes compact support and controls the endpoint
regularity at p = 3. The values of the normalization constants used in the compu-
tation are

Ayjp = 0.0603241961, Ay = 0.2636216153,  As /5 = 0.7976714616.

We consider the compactly supported filtered Gaussian spectral family

—~ B 1 35
_ —0.2p2 P _
Folp) = Age™®" (1=2) , B=5,2.2.
3/ + 27272
The parameter 3 controls the endpoint regularity at p = 3.
Filtered Gaussian spectral functions
081 4 —o— p=05
07 -o- p=15
e B=25
0.6 "
0.5 h
204 ",
0.3 1 “a,
= . '._h‘
SO .
0.2 O~ep s,
B “a,,
o O_H'O—&—(ho—tg_ﬁé';:_;gi_e___
0.0 O e By e
0.0 05 10 15 20 25 3.0

FIGURE 1. Filtered Gaussian spectral functions for 8 =1/2,3/2,5/2.

The reference spherical mean is computed as Fg(r fo fﬂ p)js(rp)ptt dp.
Let {pr}r>0 be the orthonormal polynomial system on [0,3] with respect to

the weight p'!, that is, fo pr(p)pe(p)ptt dp = Ope. The Bessel-chromatic coeffi-

clents are cxp = fo pe(p)f3(p)p't dp, and the corresponding basis functions are

or(r) = fo pr(p)js(rp)ptt dp. The N-th truncated reconstruction is Sy g(r) =

Zk:o ck,p0k(1r). We also compute the de la Vallée Poussin mean Vi g(r) = 209n (1) —
N-1 k

on,p(r), where oy g(r) = > 1 o (1 — %) cu,pen(r).
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: . : Fs—S oo
All errors are measured in the relative uniform norm on [0, 10): £, , = 12 _Sxsli=w0.0
’ N,B [[E5]l oo (0,10)

)

and EY, , = HFB”;ZIHV’L‘Z!(L;jg;’w). The use of relative errors is important because the
functions Fj3 have different amplitudes. In the computation,
| F1/2]|0c = 163.3587791, | F5/2]l0c = 95.95325259, | Fs 2|0 = 58.24741283.
N B=1/2 B8=23/2 B=5/2
6 | 8383 x 1077 9.799 x 10~% 2.448 x 10~8

8 | 1.660 x 10°7  1.540 x 10~®  3.077 x 10~?
10| 5.224 x 1078 3.616 x 1079 4.702 x 1010
12 | 9.966 x 1072  5.358 x 10710 5.465 x 10~ 11
16 | 1.530 x 10710 5.392 x 10~12 3.581 x 1013

TABLE 1. Relative L>-errors ||Fz — Sy glloo /|| E8]|co for the trun-
cated Bessel-chromatic partial sums.

N B=1/2 B=3/2 B=5/2

6 | 1.274 x 1007  1.556 x 10~%  3.313 x 1079
8 | 1.925 x 1078 1.818 x 1072 3.720 x 10710
10 | 4.398 x 1079 3.121 x 10719 4.146 x 10~11
12 | 6.650 x 10710 3.671 x 10~'1 3.833 x 1012
16 | 7.221 x 10712 2611 x 1013 1.777 x 10~ ™

loo/ || F8]lco for the de la

TABLE 2. Relative L*-errors ||Fg — Vi g
Vallée Poussin means.

Relative convergence of de la Vallee Poussin means

10739 A —o— =05
By e

~ Ry -o- =15

10-° . cae B=25

10—9,

IFs = V. gl/1Fgll.c

10—11 4

lo—D,

10

FIGURE 2. Relative L*-errors for the de la Vallée Poussin approxi-
mations Viy 3. The decay becomes faster as the endpoint regularity
parameter (3 increases.

To quantify the decay, we estimate experimental convergence rates by fitting
ENn =~ CN7% on the log-log error curves over the range N = 6, 8,10, 12, 16, before
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the errors reach the level of numerical precision. This gives the approximate rates
shown in Table 3.

B | Svs  Vng
1/2 | 8478 9.695
3/2 | 9.717  10.947
5/2 | 11.113 12.181

TABLE 3. Experimental convergence rates obtained from log-log
fits of the relative errors over N = 6,8,10,12, 16.

The results show rapid convergence of both the ordinary partial sums and the
de la Vallée Poussin means. After the initial low-order regime, the error decreases
faster as the endpoint regularity parameter [ increases. This is consistent with the
approximation estimate above, where the convergence rate depends on the weighted
smoothness of the spectral side. The de la Vallée Poussin means give slightly smaller
errors than the ordinary partial sums in the tested range, which agrees with their
role as a filtered approximation procedure.

The coefficient decay gives the same indication. For larger 3, the chromatic co-
efficients decay faster, showing that higher endpoint regularity reduces the number
of significant terms needed in the reconstruction. For N close to 20, the errors are
already near double-precision accuracy, so increasing IV further does not produce a

visible improvement in this computation.
ek, 8]
Fslleo *

The normalized coefficient decay is measured by

Normalized coefficient decay

Ick. gl IFgll
=
o
&

F1GURE 3. Normalized decay of the Bessel-chromatic coefficients
for 8 =1/2,3/2,5/2. Larger values of 8 produce faster coefficient
decay.
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