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Abstract

We develop a unified methodology that integrates spectral theory, Riemann–Hilbert problems, and
inverse scattering theory for the construction and numerical evaluation of transform pairs associated with
linear variable-coefficient partial differential equations. The approach combines analytical formulae with
numerical methods for ordinary differential equations and Riemann–Hilbert problems, yielding a hybrid
analytical–numerical strategy for working with these transforms. Results are presented for transforms
arising in the Dirac equation, demonstrating accurate computations, even in the presence of discontinuous
coefficients.

1 Introduction

The study of partial differential equations (PDEs) with variable coefficients presents significant challenges
in mathematical analysis and computation. While constant-coefficient PDEs can often be solved explicitly
using Fourier or Laplace transforms, variable-coefficient equations arise more naturally in real-world models
and are considerably more difficult to analyze. Foundational approaches such as Green’s function methods
and eigenfunction expansions [22], as well as the inverse scattering method1 [10], have provided impor-
tant theoretical tools. More recently, the unified transform method [12] has been extended to linear PDEs
with variable coefficients [6, 11]. Because these formulations are naturally expressed in terms of Riemann–
Hilbert problems (RHPs), recent advances in numerical Riemann–Hilbert techniques [26] have substantially
expanded their computational potential. Despite these developments in the unified transform method and
numerical Riemann–Hilbert techniques, explicitly representable transform pairs for variable-coefficient prob-
lems remain scarce, and effective numerical implementations are largely undeveloped. Notably, the transform
pairs introduced by Fokas [11] are defined through RHPs, but are formulated from an analytical, rather than
computational, perspective.

In this paper, we combine a Riemann–Hilbert–based transform construction following the framework of
Fokas with advancements in computational methods. Our approach is demonstrated on the Dirac operator,
a first-order system that plays a central role in both mathematical physics and integrable systems. The
Dirac equation is given by

d

dt
n(x, t) = iσ3

d

dx
n(x, t)− iσ3Q(x)n(x, t), (x, t) ∈ R× (0,∞), n(x, t) ∈ C2×1, (1)

where

Q(x) =

[
0 q(x)

τ q̄(x) 0

]
and σ3 =

[
1 0
0 −1

]
, (2)

where τ = ±1, σ3 is the third Pauli matrix, and q̄ denotes the complex conjugate of q. Initially, for simplicity,
we assume that q(x) is a Schwartz-class function, i.e., that q ∈ S(R,C), where

S(R,C) :=
{
q ∈ C∞(R,C)

∣∣∣ ∀α, β ∈ N, sup
x∈R

∣∣∣xαq(β)(x)∣∣∣ <∞
}
,

1The inverse scattering method was originally developed for integrable nonlinear PDEs rather than for linear equations with
variable coefficients. However, it has provided tools for a range of subsequent approaches to linear problems.
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with
C∞(R,C) = {q : R → C | q(n) exists and is continuous for all n ∈ N}.

This ensures sufficient smoothness and rapid decay at infinity for the potential. Individual results below
can be established for less regular potentials, and we highlight these on occasion. Applying separation of
variables allows us to identify the spatial differential operator associated with (1). We use the ansatz

n(x, t) = eλItv(x), v(x) = v(x;λ) ∈ C2×1,

where I is the 2× 2 identity matrix and λ ∈ C is the spectral parameter. Substituting this into (1) leads to
the spatial ordinary differential equation (ODE)

d

dx
v(x;λ) = (−iλσ3 +Q(x))v(x;λ). (3)

We pause to note that, after slight rearrangement, this represents the spectral problem for the Dirac operator
which, in turn, admits a rich scattering theory as it is a special case of the Ablowitz-Kaup-Newell-Segur
(AKNS) scattering problem [3]. See [1, 2, 4, 8, 9, 33] for theoretical developments related to the scattering
transforms for this system. The associated scattering transform maps Q to scattering coefficients. Scattering
coefficients are defined on the continuous spectrum of the associated operator, while discrete eigenvalues and
associated norming constants together encode contributions related to the discrete spectrum. The inverse
to this scattering transform, in particular, expresses generalized eigenfunctions as functions of the spectral
parameter through a nonlinear map.

Although the connection between generalized Fourier transform formulations arising from the spectral
theorem underlies works such as [32], we establish here, using explicitly solvable RHPs, what is to the best
of our knowledge, the most explicit relationship between spectral theory and generalized Fourier transforms.
The rich scattering theory of the Dirac operator then allows, via the numerical solution of RHPs, the
effective implementation of the associated transform. In short, and as noted above, the scattering theory
gives a convenient representation of the generalized eigenfunctions as a function of the spectral parameter.
When computed, these generalized eigenfunctions allow the inversion integrals to be computed effectively.

In recent years, numerical techniques for computing with RHPs have improved, as demonstrated in [26]
on the AKNS scattering problem. The RHPs we consider are equivalent to singular integral equations and
the (infinite-dimensional) generalized minimal residual (GMRES) algorithm [21] can be applied as in [25]
using the so-called oscillatory Cauchy operator applied to a rational basis, without any need for contour
deformations. When implemented appropriately, the method allows the computation of these generalized
eigenfunctions, as functions of the spectral parameter, with increasing efficiency as oscillations increase.

The present work contributes on two fronts. Theoretically, it provides a direct and concrete bridge
between scattering data and spectral projections by establishing that the recovery formulas for the inverse
transform are those implied by Stone’s formula in spectral theory. Computationally, the combination of
oscillatory rational basis functions, Riemann–Hilbert formulations, and ODE solvers yields a framework for
computing with a class of generalized Fourier transforms that is robust, accurate, and, we believe, widely
applicable. In particular, the method remains accurate and effective even in the presence of discontinuous
potential functions, discontinuous forcing terms, and high oscillations, suggesting that it captures the right
operator-theoretic structure for handling irregular data. By making the operator-theoretic framework explicit
and implementable, we hope to lay the groundwork for efficient numerical solvers for classes of variable-
coefficient PDEs.

The paper is organized as follows. In Section 2, we introduce key ideas from spectral theory that
will be instrumental in demonstrating the equivalence of our recovery formulas and Stone’s formula. In
Section 3, we illustrate the derivation and computation of the classical Fourier transform on R, a familiar
example, in order to demonstrate the general methodology. In Section 4 we then detail the construction of
the generalized forward and inverse transforms associated to the Dirac equation, including the treatment
of poles corresponding to the discrete spectrum. Appendix A provides further details on the oscillatory
rational basis and the evaluation of Cauchy integral operators, while Appendix B contains proofs of some
results stated in the main text.

Remark (Notational convention). We denote by f̄(x) the complex conjugate of a complex-valued function
f . With the exception of the first and third Pauli matrices defined by

σ1 :=

[
0 1
1 0

]
and σ3 :=

[
1 0
0 −1

]
,
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and the identity matrix I, we use boldface capital letters to denote matrices and boldface lowercase letters to
denote vectors. For two n × 1 (column) vectors u and v, we denote the n × 2 matrix whose columns are u
and v by

[
u v

]
. We use capital calligraphic letters to denote operators. Finally, we use C± to denote the

open upper and lower half-planes, respectively.

2 Key Aspects from Spectral Theory

Because we are interested in transform pairs associated with differential equations, which are tightly con-
nected to the spectral properties of the associated differential operator, we first introduce key concepts from
the spectral theory of unbounded operators. A comprehensive reference is [20]. Let D(T ) denote the domain
of an operator T .

Definition 1 (Adjoint). Let H be a Hilbert space with inner product (·, ·), and let T : D(T ) → H, D(T ) ⊂ H,
be a densely defined linear operator. Let D(T ∗) be the set of φ ∈ H for which there is an η ∈ H with

(T ψ,φ) = (ψ, η) for all ψ ∈ D(T ).

The adjoint of T relative to its domain D(T ) is the operator T ∗ : D(T ∗) → H, D(T ∗) ⊂ H, such that

(T ψ,φ) = (ψ, T ∗φ) for all ψ ∈ D(T ), φ ∈ D(T ∗).

Because T is densely defined, the adjoint T ∗ exists and is unique for the given domain D(T ).

Definition 2 (Resolvent). Let T be a closed operator on a Hilbert space H. A complex number λ is in the
resolvent set, ρ(T ), if and only if T − λ is a bijection of D(T ) onto H with a bounded inverse. If λ ∈ ρ(T ),
(T − λ)−1 is called the resolvent of T at λ. If λ /∈ ρ(T ), then λ is said to be in the spectrum σ(T ) := ρ(T )c

of T .

If T is self-adjoint (see definition 4), then its spectrum is contained in R.

Definition 3 (Symmetric). A densely defined operator T on a Hilbert space is called symmetric (or Hermi-
tian) if it is contained in its adjoint, T ∗, relative to D(T ), that is, if D(T ) ⊂ D(T ∗) and T φ = T ∗φ for all
φ ∈ D(T ). Equivalently, T is symmetric if and only if

(T φ,ψ) = (φ, T ψ) ∀ φ,ψ ∈ D(T ).

Definition 4 (Self-adjoint). T is called self-adjoint if T = T ∗, that is, if and only if T is symmetric and
D(T ) = D(T ∗).

The spectral theorem admits several formulations; here we use the projection-valued measure framework.
Let L(H) denote the space of all bounded linear operators on a Hilbert space H.

Definition 5 (Projection). If P ∈ L(H) and P 2 = P , then P is called a projection. If in addition P = P ∗,
then P is called an orthogonal projection.

Definition 6 (Strong operator limit). Let {Tn} be a sequence of bounded operators on a Hilbert space H.
We say that Tn converges strongly to an operator T , and write

T = s- lim
n→∞

Tn,

if
∥Tnx− T x∥ → 0 for every x ∈ H.

For the next definition, let B(R) denote the Borel σ-algebra on R and let I : H → H denote the identity
operator on H.

Definition 7 (Projection-valued measure). A mapping P : B(R) → L(H) that assigns to each Borel set
Ω ⊂ R an operator PΩ is called a projection-valued measure if:

(a) Each PΩ is an orthogonal projection.
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(b) P∅ = 0, PR = I.

(c) If Ω =
⋃∞

n=1 Ωn with Ωn ∩ Ωm = ∅ if n ̸= m, then PΩ = s-limN→∞
∑N

n=1 PΩn
.

(d) PΩ1
PΩ2

= PΩ1∩Ω2
.

For φ ∈ H, the map Ω 7→ (φ, PΩφ) defines a finite Borel measure on R, which we denote formally by
d(φ, Pλφ), so that for any Borel set Ω ⊂ R,

(φ, PΩφ) =

∫
Ω

d(φ, Pλφ).

The, in general, complex measure d(φ, Pλψ) for φ,ψ ∈ H is defined by polarization from d(φ, Pλφ). Let
g : R → C be a bounded measurable function. Then the operator g(A) is bounded on all of H and defined
via its sesquilinear form by

(φ, g(A)ψ) =

∫ ∞

−∞
g(λ) d(φ, Pλψ), φ, ψ ∈ H.

If g is unbounded, the operator g(A) may only be defined on a dense subset of H. Its domain is2

D(g(A)) :=

{
φ ∈ H

∣∣∣∣ ∫ ∞

−∞
|g(λ)|2 d(φ, Pλφ) <∞

}
.

Requiring it to be finite ensures that g(A)φ ∈ H. The set D(g(A)) is dense in H: for any φ ∈ H, the
truncated vectors φn = P{|g|≤n}φ belong to D(g(A)) and satisfy φn → φ in norm as n→ ∞. On D(g(A)),
g(A) is defined via

(φ, g(A)ψ) =

∫ ∞

−∞
g(λ) d(φ, Pλψ), φ, ψ ∈ D(g(A)).

Symbolically, we write

g(A) =

∫
g(λ) dPλ.

In particular, for φ,ψ ∈ D(A),

(φ,Aψ) =
∫ ∞

−∞
λ d(φ,Pλψ).

If g is real-valued, g(A) is self-adjoint on D(g(A)). We have the following.

Theorem 1 (Spectral Theorem). There is a one-to-one correspondence between self-adjoint operators A
and projection-valued measures {PΩ} on H. The correspondence is given by

A =

∫ ∞

−∞
λdPλ.

The spectral theorem gives us a way to define generalized Fourier transform pairs associated with a given
self-adjoint differential operator via its spectral decomposition. A useful consequence of Theorem 1 is a
formula relating the resolvent and projection-valued measure of any self-adjoint operator.

Theorem 2 (Stone’s Formula). Let A be an unbounded3 self-adjoint operator. Then for any f ∈ H,

lim
ϵ→0+

(
1

2πi

∫ ∞

−∞

[
(A− λ− iϵ)−1 − (A− λ+ iϵ)−1

]
fdλ

)
= f. (4)

This relation reconstructs f via the spectral decomposition encoded in the jump of the resolvent across
the real axis and serves as the a priori theoretical justification for our derivation of transform pairs.

2The square in |g(λ)|2 appears because ∥g(A)φ∥2 = (g(A)φ, g(A)φ) =
∫∞
−∞ |g(λ)|2 d(φ, Pλφ), which follows from the spectral

theorem.
3As noted in [20], although Stone’s formula is stated for bounded operators (Theorem VII.13), the same proof applies to

unbounded operators. We therefore state it in the unbounded case.
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3 Fourier Transform as an Example

We illustrate the derivation and computation of forward and inverse transforms using the Fourier transform
as a model case. Following [2, Section 7.4.2], consider the following ODE

d

dx
µ(x;λ)− iλµ(x;λ) = f(x), (5)

where λ ∈ C is the spectral variable. We assume that, for convenience, f ∈ S(R,C). All solutions to (5) are
of the form

µ(x;λ) = µ(a;λ)eiλ(x−a) +

∫ x

a

eiλ(x−s)f(s)ds, (6)

where a ∈ R. Take µ(a;λ) = 0 and a = ∓∞ and define the following solutions

µ±(x;λ) =

∫ x

∓∞
eiλ(x−s)f(s)ds. (7)

Observe that µ+ is analytic in the upper half-plane and µ− is analytic in the lower half-plane. Integrating
µ±(x;λ) by parts results in

µ±(x;λ) = − 1

iλ
f(x) +

1

iλ

∫ x

∓∞
eiλ(x−s)f ′(s)ds = O

(
1

λ

)
, |λ| → ∞, ±Im(λ) ≥ 0.

Using (5),
d

dx
µ±(x;λ) =

∫ x

∓∞
eiλ(x−s)f ′(s)ds = O

(
1

λ

)
, |λ| → ∞, ±Im(λ) ≥ 0.

Define the sectionally analytic function m : C \ R → C

m(x;λ) =

{
µ+(x;λ), Im(λ) > 0,

µ−(x;λ), Im(λ) < 0.

This leads to the following RHP.

RHP 1. Find m(x; ⋄) : C \ R → C such that4

m+(x;λ)−m−(x;λ) =

(∫ ∞

−∞
e−iλsf(s)ds

)
eiλx =: f̂(λ)eiλx, λ ∈ R,

m(x;λ) = O
(
1

λ

)
as |λ| → ∞, λ ∈ C \ R,

where
m±(x;λ) = lim

ϵ→0+
m(x;λ± iϵ). (8)

Throughout this work, a ± superscript denotes the boundary value defined in (8). Observe that f̂(λ) in
the jump condition of RHP 1 is exactly the Fourier transform. We now solve RHP 1 and derive a recovery
formula for f(x) to obtain the inverse Fourier transform. The solutions to this type of RHP are given by
the Cauchy integral using the Plemelj Lemma [17, Chapter 2, Section 17],

m(x;λ) =
1

2πi

∫ ∞

−∞

eiλ
′xf̂(λ′)

λ′ − λ
dλ′. (9)

Taking a limit of (5) results in

lim
|λ|→∞

(
d

dx
m(x;λ)− iλm(x;λ) = f(x)

)
⇒ f(x) = lim

|λ|→∞
−iλm(x;λ).

4In this work, we look for solutions of RHPs to be bounded, with continuous boundary values.
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The recovery formula is expressed in terms of the solution to RHP 1, an inhomogeneous RHP. Using our
expression for m(x;λ) results in

f(x) = lim
|λ|→∞

−1

2π

∫ ∞

−∞

λ

λ′ − λ
eiλ

′xf̂(λ′)dλ′.

Suppose we take the limit along the imaginary axis. This allows us to straightforwardly apply the dominated
convergence theorem, resulting in

f(x) =
1

2π

∫ ∞

−∞
eiλxf̂(λ)dλ. (10)

We now show that this derivation is exactly equivalent to the recovery of f via Theorem 2. Rewriting (5)
gives (

−i d
dx

− λ

)
µ(x;λ) = −if(x), λ ∈ C \ R.

Let A = −i d
dx with domain H1(R,C) ⊂ L2(R,C). Then A is self-adjoint, so its resolvent (A − λ)−1 exists

for λ ∈ C \R. For Im(λ) > 0, the function µ+(x;λ) (and hence m(x;λ)) is given by (7). Writing λ = ξ + iη
with η > 0 gives |eiλ(x−s)| = e−η(x−s), and hence

|m(x;λ)| ≤ (Kη ∗ |f |)(x), Kη(t) = e−ηt
1t≥0,

where 1 is the indicator function. Since Kη ∈ L1(R,C) with ∥Kη∥L1 = 1/η, and f ∈ S(R,C) ⊂ L2(R,C),
Young’s inequality implies that

∥m(⋄;λ)∥L2(R,C) ≤ ∥Kη∥L1∥f∥L2(R,C) =
1

Im(λ)
∥f∥L2(R,C) <∞.

Thus, m(⋄;λ) ∈ L2(R,C) for Im(λ) > 0. The same argument applies for Im(λ) < 0 using µ−(x;λ). Since m
satisfies (A− λ)m = −if , and (A− λ)−1 exists as a bounded operator on L2(R,C) for λ ∈ C \R, it follows
by the uniqueness of L2 solutions that

m(x;λ) = (A− λ)
−1

(−if(x)). (11)

Observe, using RHP 1, that

eiλxf̂(λ) = m+(x;λ)−m−(x;λ) = lim
ϵ→0+

[m(x;λ+ iϵ)−m(x;λ− iϵ)]

= lim
ϵ→0+

[
(A− λ− iϵ)−1 − (A− λ+ iϵ)−1

]
(−if)(x),

where the last equality follows from replacing m with (11). Applying this to (10) results in

f(x) =
1

2π

∫ ∞

−∞
lim

ϵ→0+

[
(A− λ′ − iϵ)−1 − (A− λ′ + iϵ)−1

]
(−if)(x)dλ′. (12)

With some integration by parts, the dominated convergence theorem justifies interchanging the limit and
the integral, giving

f(x) = lim
ϵ→0+

(
1

2πi

∫ ∞

−∞

[
(A− λ′ − iϵ)−1 − (A− λ′ + iϵ)−1

]
(f)(x)dλ′

)
.

This coincides with the reconstruction formula of Theorem 2, establishing the equivalence with Stone’s
formula.

3.1 Computation

We briefly review ideas from Levin’s method [14] as they will be fundamental to our computations. Consider
an oscillatory integral

I(λ) =

∫ b

a

f(x)eiλg(x)dx, g : [a, b] → R.

6



Define u(x) =
∫ x

f(t)eiλg(t)dt and write u(x) = v(x)eiλg(x). Substituting into u′(x) = f(x)eiλg(x) yields the
first-order ODE

dv(x)

dx
+ iλg′(x)v(x) = f(x). (13)

Factoring out eiλg(x) isolates the oscillatory component, ideally leaving v(x) as a slowly varying function.
Levin’s collocation strategy selects a slowly varying, non-oscillatory solution v(x) by representing it in a
slowly varying basis, without imposing boundary conditions. Once v(x) is approximated, the integral is
recovered via I(λ) = v(b)eiλg(b) − v(a)eiλg(a) = u(b)− u(a).

Motivated by this mechanism, we express the Fourier transform in terms of solutions to (5). As in
the previous section, where the Fourier transform arose from the jump m+(x;λ) −m−(x;λ), the functions
µ+(x;λ) and µ−(x;λ) furnish an analogous pair of solutions for the ODE (5). Their difference recovers the
Fourier transform,

µ+(x;λ)− µ−(x;λ) =

∫ x

−∞
eiλ(x−s)f(s)ds−

∫ x

∞
eiλ(x−s)f(s)ds =

∫ ∞

−∞
eiλ(x−s)f(s)ds = eiλxf̂(λ).

Thus,
f̂(λ) = e−iλx (µ+(x;λ)− µ−(x;λ)) . (14)

All ODEs here are solved using the ultraspherical rectangular collocation method of [27]. In contrast to
Levin’s original approach, we explicitly impose decay of µ±(x;λ) as x → ∓∞. In practice, the problem is
truncated to a finite interval outside of which the solution is smaller than numerical precision, and the decay
condition is imposed as a boundary condition in the ultraspherical collocation scheme. Note that the general
solution of (5) is (6). The decay condition at −∞ (for µ+) and +∞ (for µ−) eliminates the oscillatory
homogeneous solution. Consequently, the numerical solution essentially coincides with the non-oscillatory
particular solution selected in Levin’s method. While Levin’s method is only guaranteed to be accurate
for λ sufficiently large, our approach will be successful5 for all valid values of λ. We refer to this as the
ultraspherically-collocated Levin’s method (UCLM). Figure 1 shows a plot of the Fourier transform of

f(x) =


0, x < 0,
1
2 , x = 0,

e−x2

, x > 0,

(15)

computed using the UCLM.

(a) Fourier transform

m
a
x

(b) Error

Figure 1: (a) Real and imaginary parts of the computed Fourier transform of (15) via UCLM on [−20, 20]
using 55 nodes. (b) Max absolute error between the computed and exact Fourier transforms evaluated on a
uniform grid in λ ∈ [−20, 20] as a function of the number of nodes used.

We next compute the inverse transform. We represent the inverse transform using a rational basis
expansion in λ, following ideas presented in [26]. While the UCLM could also be applied to the inverse

5See [27] for convergence results that imply uniform convergence with respect to λ.
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transform, the rational basis approach allows explicit evaluation of the integrals term by term, which is
convenient and efficient, and will extend more directly to other transforms. Define the following set of
oscillatory rational basis functions6

Rj,α(λ) = eiλα

[(
λ− i

λ+ i

)j

− 1

]
, j ∈ Z, α ∈ R.

Suppose

f̂(λ) =
∑
j

cjRj,0(λ).

Then the inverse Fourier transform becomes,

f(x) =
1

2π

∑
j

cj

∫ ∞

−∞
Rj,x(λ)dλ =


−
∑
j

cj |j| x = 0,

−2
∑

j : sign(x)j>0

cjL
(1)
|j|−1(2|x|)e

−|x| otherwise,
(16)

where L
(1)
j are the generalized Laguerre polynomials of degree j [18] and an empty sum is taken to be zero.

The second equality follows from the formula for integrals of the oscillatory rational basis functions derived
in [25] and described in Appendix A.4. In practice, the series in (16) is truncated to a finite set of indices
|j| < J , where J is determined by the desired accuracy and decay of the coefficients cj . We evaluate the
Laguerre polynomials using their three-term recurrence. This gives a method to compute the inverse Fourier
transform [24,30]. A plot of the recovery of (15) using (16) and its error is shown in Figure 2. Figure 2 shows
accurate recovery, with improved absolute error as |x| increases. This method is accurate for all values of x,
despite the discontinuity of f(x) at x = 0.

(a) Inverse Fourier transform (b) Error

Figure 2: (a) Real and imaginary parts of the computed inverse Fourier transform of (15) via (16). (b)
Absolute error between the computed and true result.

4 Generalized Transform Pairs

In Section 3, the Fourier transform was realized through the resolvent of the underlying spatial operator.
This formulation suggests a general framework: transform pairs can be constructed from the resolvent. We
now apply this approach to the Dirac system by constructing the resolvent of (3). We consider

d

dx
v(x;λ) + (iλσ3 −Q(x))v(x;λ) = f(x), f(x) ∈ C2×1, (17)

6This choice of basis will be motivated in later sections on generalized transform pairs. An in-depth description of this basis
and its properties is given in Appendix A.
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or, equivalently, (
iσ3

d

dx
− iσ3Q(x)− λ

)
v(x;λ) = iσ3f(x),

where we used the fact that σ3σ3 = I. We consider the operator T = iσ3
d
dx − iσ3Q(x). Then we can

represent a solution to (17) in terms of the resolvent of T as

v(x;λ) = (T − λ)−1(iσ3f)(x), λ ∈ ρ(T ). (18)

Let A = iσ3
d
dx with domain D(A) = H1(R,C2) ⊂ L2(R,C2). We equip L2(R,C2) with the standard inner

product

(f ,g) =

∫ ∞

−∞
f(x) · ḡ(x) dx,

where ḡ(x) denotes the component-wise complex conjugate and · denotes the standard dot product. The
operator A is self-adjoint because σ3 is Hermitian and commutes with d

dx . When τ = 1 in (2), let B =
−iσ3Q(⋄) with domain D(B) = L2(R,C2). Since q(x) is Schwartz-class, the matrix-valued function Q(x) is
bounded, and therefore B defines a bounded operator on L2(R,C2). Then, by the Kato-Rellich theorem [13],
we conclude that T is self-adjoint. We apply Theorems 1 and 2 which imply that our RHP approach for
deriving transform pairs via the jump in the resolvent of T = iσ3

d
dx − iσ3Q(x) will succeed.

Remark. We do not have a self-adjoint operator in the case where τ = −1 in (2), and we do not know a
priori that our approach extends by appealing to the spectral theorem alone. This extension will be dealt with
in Section 4.2.

To construct the resolvent, we begin by solving the free homoegenous system corresponding to Q(x) = 0,
f(x) = 0,

H′(x;λ) + iλσ3H(x;λ) = 0.

This problem has solution H(x;λ) = e−iλσ3xC(λ), where C(λ) ∈ C2×2 is a constant matrix. We now solve
the full homogeneous system corresponding to f(x) = 0,

M′(x;λ) + iλσ3M(x;λ) = Q(x)M(x;λ). (19)

To solve this, we will use variation of parameters. Consider the following proposition:

Proposition 1 (Variation of parameters for systems). Consider{
x′(t) = A(t)x(t) + f(t),

x(0) = x0,
(20)

where x(t) ∈ Cn, A is an n×n matrix-valued function and f is an appropriately-sized vector-valued function.
Now, let x1(t), ...,xn(t) be n linearly independent solutions of the homogeneous problem (f = 0), and form
the matrix

X(t) =
[
x1(t) . . . xn(t)

]
.

For coefficient functions A, f , the solution to (20) is given by

x(t) = X(t)X(0)−1x0 +X(t)

∫ t

0

X(s)−1f(s)ds.

In Section 3, we were able to define solutions to the original ODE of interest that were analytic in the
upper and lower half-planes, respectively. It was these analyticity properties that inspired us to formulate
an RHP. We would like to replicate that process for (17). To do this, we must investigate the analyticity of
solutions. In order to construct solutions to (17) that are analytic in the upper and lower half-planes, we first
need to make an appropriate choice of M(x;λ). Inspired by the associated inverse scattering theory [1], we
specifically choose to use solutions normalized as exp(−iλσ3x) as x→ ±∞. Applying Proposition 1 to (19),
with the fundamental matrix X(x;λ) = exp(−iλσ3x), treating Q(x)M(x;λ) as the inhomogeneity, results in

M(x;λ) = e−iλσ3xD(x0;λ) +

∫ x

x0

e−iλσ3(x−s)Q(s)M(s;λ)ds.
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We enforce the normalizationM ∼ e−iλσ3x as x→ ±∞, corresponding to taking x0 → ±∞ andD(x0;λ) → I.
This leads to Volterra integral equations on (−∞, x) and (∞, x), namely{

M1(x;λ) = e−iλσ3x +
∫ x

−∞ e−iλσ3(x−s)Q(s)M1(s;λ)ds,

M2(x;λ) = e−iλσ3x +
∫ x

∞ e−iλσ3(x−s)Q(s)M2(s;λ)ds.

Standard results [16, Chapter II, §9, Theorem II] guarantee the existence and uniqueness of continuous
solutions for Q ∈ L1(R,C2×2), see also Lemma 1. We now split M1 and M2 up into columns,

m1,−(x;λ) =

[
e−iλx

0

]
+

∫ x

−∞
e−iλσ3(x−s)Q(s)m1,−(s;λ)ds,

m1,+(x;λ) =

[
0
eiλx

]
+

∫ x

−∞
e−iλσ3(x−s)Q(s)m1,+(s;λ)ds,

m2,−(x;λ) =

[
e−iλx

0

]
+

∫ x

∞
e−iλσ3(x−s)Q(s)m2,−(s;λ)ds,

m2,+(x;λ) =

[
0
eiλx

]
+

∫ x

∞
e−iλσ3(x−s)Q(s)m2,+(s;λ)ds,

and analyze the analyticity of each of our defined solutions with respect to the spectral parameter λ. Consider
the following Jost-like functions, rℓ,±(x;λ) = mℓ,±(x;λ)e

∓iλx, ℓ ∈ {1, 2}. The proof of the following is
included in Appendix B, see [29, Lemma 3.4] for similar arguments.

Lemma 1. Suppose P ∈ L1(R,C2×2) and K(x, s;λ) ∈ C2×2, s ≤ x, is analytic for λ ∈ C+. Suppose further
that K(x, s;λ) extends to be continuous for λ ∈ C+ satisfying

∥K(x, s;λ)∥ ≤ C0, s ≤ x, λ ∈ C+,

and

∥∂λK(x, s;λ)∥ ≤ Cλ, s ≤ x, λ ∈ C+.

1. For f ∈ L∞(R,C2) there is a unique solution r(⋄;λ) ∈ L∞(R,C2) of the Volterra integral equation

r(x;λ) = f(x) +

∫ x

−∞
K(x, s;λ)P(s)r(s;λ)ds.

2. With M = ∥P∥L1(R,C2×2), we have

∥r(⋄;λ)∥L∞(R,C2) ≤ eC0M , λ ∈ C+.

3. For each fixed x ∈ R, r(⋄;λ) is analytic as a function of λ ∈ C+ and is continuous on C+.

We observe that Lemma 1 immediately applies to r1,− and r2,+. It then applies to r2,− and r1,+ after
using x→ −x, s→ −s. We arrive at the following.

Corollary 1. The matrix functions

R+(x;λ) =
[
r1,−(x;λ) r2,+(x;λ)

]
, (x, λ) ∈ R× C+,

R−(x;λ) =
[
r2,−(x;λ) r1,+(x;λ)

]
, (x, λ) ∈ R× C−,

are uniformly bounded and analytic on their domains of definition and extend continuously up to the real
axis.

We now state the following lemma. The proof is also found in Appendix B.

Lemma 2. Suppose Q ∈ L1(R,C2×2) ∩ L∞(R,C2×2) and ∂xQ ∈ L1(R,C2×2). Then there exist constants
Cj, j = 1, 2, 3, 4, such that

∥∂xr1,−(x;λ)∥ ≤ C1, ∥∂xr2,+(x;λ)∥ ≤ C2, (x, λ) ∈ R× C+,

and
∥∂xr2,−(x;λ)∥ ≤ C3, ∥∂xr1,+(x;λ)∥ ≤ C4, (x, λ) ∈ R× C−.
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Remark. Lemma 2 could be strengthened to show that ∂xrℓ,± = O(1/|λ|), ℓ ∈ 1, 2, |λ| → ∞, for λ in the
appropriate half-plane. One way to obtain this estimate is through an additional integration by parts, which
requires the stronger assumption that ∂2xQ ∈ L1(R,C2×2).

Note that in the proof of Lemma 2, we showed that

rℓ,+(x;λ) →
[
0
1

]
+O

(
1

|λ|

)
and rℓ,−(x;λ) →

[
1
0

]
+O

(
1

|λ|

)
, ℓ ∈ {1, 2},

as |λ| → ∞ in the appropriate half-plane.
We have defined two solutions, M1(x;λ) and M2(x;λ). Liouville’s formula [5] implies that the determi-

nants of these solutions are constant in x. Since the determinants are nonzero at ±∞, the columns of these
matrix solutions define a linearly independent set which spans the solution space. Thus, the members of one
set can be written as a linear combination of the members of the other set. This fact is captured by the
scattering relation

M1(x;λ) = M2(x;λ)S(λ), S(λ) =

[
a(λ) B(λ)
b(λ) A(λ)

]
,

where the elements of S(λ) are known as the scattering coefficients. LetM1(x;λ) =
[
m1,−(x;λ) m1,+(x;λ)

]
and M2(x;λ) =

[
m2,−(x;λ) m2,+(x;λ)

]
. Then{

m1,−(x;λ) = a(λ)m2,−(x;λ) + b(λ)m2,+(x;λ),

m1,+(x;λ) = B(λ)m2,−(x;λ) +A(λ)m2,+(x;λ).

The scattering data can be found by taking Wronskians of the scattering relations with respect to mℓ,±(x;λ),
ℓ ∈ {1, 2}. We find that

a(λ) =
W(m1,−(x;λ),m2,+(x;λ))

W(m2,−(x;λ),m2,+(x;λ))
, B(λ) =

W(m1,+(x;λ),m2,+(x;λ))

W(m2,−(x;λ),m2,+(x;λ))
,

b(λ) =
W(m1,−(x;λ),m2,−(x;λ))

W(m2,+(x;λ),m2,−(x;λ))
, A(λ) =

W(m1,+(x;λ),m2,−(x;λ))

W(m2,+(x;λ),m2,−(x;λ))
.

By Liouville’s formula, W(m2,+(x;λ),m2,−(x;λ)) = det
([
m2,+(x;λ) m2,−(x;λ)

])
= −1, and

W(m2,−(x;λ),m2,+(x;λ)) = 1. The scattering data can then be simplified to

a(λ) = W(m1,−(x;λ),m2,+(x;λ)), B(λ) = W(m1,+(x;λ),m2,+(x;λ)),

b(λ) = −W(m1,−(x;λ),m2,−(x;λ)), A(λ) = −W(m1,+(x;λ),m2,−(x;λ)).

By the analyticity of mℓ,±(x;λ), ℓ ∈ {1, 2}, a(λ) extends analytically to C+ and A(λ) to C−. Using the
relationmℓ,±(x;λ) = rℓ,±(x;λ)e

∓iλx together with the large-|λ| limits of the Jost solutions in the appropriate
half-planes, we obtain

m1,−(x;λ) = e−iλx

([
1
0

]
+O

(
1

|λ|

))
, m2,+(x;λ) = eiλx

([
0
1

]
+O

(
1

|λ|

))
,

as |λ| → ∞. Substituting these expressions into the Wronskian representation of the scattering coefficients
and using the bilinearity of the Wronskian together with cancellation of the exponential factors, we find

a(λ) = 1 +O
(

1

|λ|

)
,

as |λ| → ∞ with λ ∈ C+. It can be shown similarly that A(λ) → 1 as |λ| → ∞ with λ ∈ C−.
Since the spectrum of T lies on the real axis, we seek solutions to (17) that are analytic in the upper and

lower half-planes, respectively. To do this, we use mℓ,±(x;λ), ℓ ∈ {1, 2}, to build solutions that are analytic
in the appropriate half-plane. We define

M+(x;λ) :=
[
m1,−(x;λ) m2,+(x;λ)

]
=

[
m

(1)
1,−(x;λ) m

(1)
2,+(x;λ)

m
(2)
1,−(x;λ) m

(2)
2,+(x;λ)

]
,

M−(x;λ) :=
[
m2,−(x;λ) m1,+(x;λ)

]
=

[
m

(1)
2,−(x;λ) m

(1)
1,+(x;λ)

m
(2)
2,−(x;λ) m

(2)
1,+(x;λ)

]
,
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where m
(n)
j,±, n = 1, 2, denotes the two elements of mj,±. To solve (17), we apply Proposition 1 again, using

M±(x;λ) as our homogeneous solution. This results in

v±(x;λ) = M±(x;λ)a±(λ) +M±(x;λ)

∫ x

x1

M±(s;λ)
−1f(s) ds, a±(λ) ∈ C2×1. (21)

It is often convenient to write v±(x;λ) in terms of the Jost functions since they are bounded uniformly in x
and λ. Recall that R+(x;λ) =

[
r1,−(x;λ) r2,+(x;λ)

]
= M+(x;λ)e

iλxσ3 . A uniform bound is established
in Corollary 1.

Rewriting (21) in terms of the Jost functions and choosing x1 = −∞ results in

v+(x;λ) = R+(x;λ)e
−iλxσ3a+(λ) +R+(x;λ)

∫ x

−∞
e−iλ(x−s)σ3R+(x;λ)

−1f(s)ds

= R+(x;λ)

[e−iλxa(1)(λ)
eiλxa(2)(λ)

]
+

1

a(λ)

∫ x

−∞ e−iλ(x−s)
[
r
(2)
2,+(s;λ) −r(1)2,+(s;λ)

]
f(s)ds∫ x

−∞ eiλ(x−s)
[
−r(2)1,−(s;λ) r

(1)
1,−(s;λ)

]
f(s)ds

 .

We choose a+(λ) to ensure analyticity for λ ∈ C+. This construction is summarized in Lemma 3.

Lemma 3. Let f ∈ C2×1 be a vector-valued Schwartz-class function and Q ∈ L∞(R,C2×2). Define

a+(λ) =

[
− 1

a(λ)

∫∞
−∞

[
m

(2)
2,+(s;λ) −m(1)

2,+(s;λ)
]
f(s)ds

0

]
,

a−(λ) =

[
0

− 1
A(λ)

∫∞
−∞

[
−m(2)

2,−(s;λ) m
(1)
2,−(s;λ)

]
f(s)ds

]
.

Then (21) is analtyic for λ ∈ C± \ σ(T ) and satisfies (17), and

v±(x;λ), ∂xv±(x;λ) ∈ L2(R,C2), λ ∈ C± \ σ(T ).

Therefore,
v±(x;λ) = (T − λ)−1(iσ3f)(x), λ ∈ C± \ σ(T ).

Proof. In this proof, we will concern ourselves with v+(x;λ). Analogous arguments can be made for v−(x;λ).
We note that when τ = 1, T is self-adjoint and σ(T ) ∩ C± = ∅. With the choice of a+(λ) we find that

v+(x;λ) =
1

a(λ)

(
r1,−(x;λ)

∫ x

∞
e−iλ(x−s)

[
r
(2)
2,+(s;λ) −r(1)2,+(s;λ)

]
f(s)ds (22)

+ r2,+(x;λ)

∫ x

−∞
eiλ(x−s)

[
−r(2)1,−(s;λ) r

(1)
1,−(s;λ)

]
f(s)ds

)
.

Provided that a(λ) ̸= 1, v+(x;λ) is a solution of (17).
Now, suppose λ ∈ C+ is such that a(λ) = 0. Then the solutions m1,−(x;λ) and m2,+(x;λ) are linearly

dependent. From the boundedness of the Jost solutions r1,−(x;λ) and r2,+(x;λ) we conclude that m1,−(x;λ)
is an L2 eigenfunction of T , giving λ ∈ σ(T ) and

A0 := {λ ∈ C+ :a(λ) = 0} ⊂ C+ ∩ σ(T ).

Write λ = ξ + iη with η > 0. Each term in the integrands of (22) is analytic in the upper half-plane.
Each exponential factor satisfies |e−iλ(x−s)| = e−η(λ)|s−x| ≤ 1, x ≤ s and |eiλ(x−s)| = e−η|x−s| ≤ 1, x ≥ s.
Since r1,−(x;λ) and r2,+(x;λ) are uniformly bounded in x and λ (see Corollary 1) and f is Schwartz-class,
the integrands and their derivatives are dominated by an integrable function independent of λ. Complex
differentiability can be established with standard arguments using the dominated convergence theorem.

We now show that
v+(x;λ) = (T − λ)−1(iσ3f)(x), λ ∈ C+ \ A0.
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Each integral term in (22) is bounded by convolution with the kernel Kη(t) = e−ηt
1t≥0 ∈ L1(R,C), with

∥Kη∥L1(R,C) = 1/η. Since f ∈ L2(R,C2) and the Jost solutions are uniformly bounded, Young’s inequality
implies that v+(x;λ) ∈ L2(R,C2). This also establishes that A0 = C+ ∩ σ(T ).

To show that ∂xv±(⋄;λ) ∈ L2(R,C2), we use the differential equation (17), which may be written as

∂xv(x;λ) = −iλv(x;λ) +Q(x)v(x;λ) + f(x).

Because v+(x;λ) ∈ L2(R,C2), f(x) ∈ L2(R,C2), and Q(x) ∈ L∞(R,C2×2), each term on the right-hand side
belongs to L2(R,C2). The same arguments apply for Im(λ) < 0 using v−(x;λ).

The recovery formula for f(x) is established in Lemma 4.

Lemma 4 (Recovery formula). Let q ∈ S(R,C) and f ∈ S(R,C2). Then, along the imaginary axis

lim
λ=iη

η→±∞

iλσ3v(x;λ) = f(x).

Proof. We prove the result for v+(x;λ). The v−(x;λ) case is analogous. Using the representation of v+(x;λ)
in terms of the Jost solutions,

v+(x;λ) =
1

a(λ)

(
r1,−(x;λ) v1(x;λ) + r2,+(x;λ) v2(x;λ)

)
,

where

v1(x;λ) =

∫ x

∞
e−iλ(x−s)

[
r
(2)
2,+(s;λ) −r(1)2,+(s;λ)

]
f(s) ds

v2(x;λ) =

∫ x

−∞
eiλ(x−s)

[
−r(2)1,−(s;λ) r

(1)
1,−(s;λ)

]
f(s)ds.

We multiply through by iλσ3 to obtain

iλσ3v+(x;λ) =
1

a(λ)
(σ3r1,−(x;λ)[iλv1(x;λ)] + σ3r2,+(x;λ)[iλv2(x;λ)]) .

By Lemma 2, along the imaginary axis λ = iη with η → +∞,

r1,−(x; iη) =

[
1
0

]
+O

(
1

η

)
, r2,+(x; iη) =

[
0
1

]
+O

(
1

η

)
, a(iη) = 1 +O

(
1

η

)
,

uniformly in x. It therefore suffices to show that

−ηv1(x; iη) →
[
1 0

]
f(x), −ηv2(x; iη) → −

[
0 1

]
f(x), η → ∞.

We have that

−ηv1(x; iη) = η

∫ ∞

x

e−η(s−x)
[
r
(2)
2,+(s; iη) −r(1)2,+(s; iη)

]
f(s) ds

= η

∫ ∞

0

e−ηt
[
1 0

]
f(x+ t)dt+O

(
1

η

)
.

Since f(x) is assumed continuous, the result for v1(x; iη) follows. An analogous computation for v2(x; iη)
gives the result.

Our ultimate goal is to form an RHP. Solving this RHP will give an alternate representation of v(x;λ)
making the recovery formula in Lemma 4 useful. To do this, we must establish a jump condition and a
condition as |λ| → ∞, λ ∈ C \ R.
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Lemma 5 (Jump condition). Let v(x;λ) be defined by

v(x;λ) =

{
v+(x;λ), λ ∈ C+,

v−(x;λ), λ ∈ C−,

where v±(x;λ) are given in (21) with a±(λ) defined in Lemma 3. Then for each fixed x ∈ R, the boundary
values

v±(x;λ) = lim
ϵ→0+

v(x;λ± iϵ)

exist for λ ∈ R and satisfy

v+(x;λ)− v−(x;λ) = c+(λ)m2,+(x;λ) + c−(λ)m2,−(x;λ), (23)

where

c+(λ) =
1

a(λ)

∫ ∞

−∞

[
−m(2)

1,−(s;λ) m
(1)
1,−(s;λ)

]
f(s)ds,

c−(λ) = − 1

A(λ)

∫ ∞

−∞

[
m

(2)
1,+(s;λ) −m(1)

1,+(s;λ)
]
f(s)ds.

Proof. By the dominated convergence theorem, using the continuity and uniform bounds that follow from
applying Corollary 1, the boundary values v±(x;λ) exist pointwise for each fixed x ∈ R. To derive the jump
condition, we first determine the leading-order asymptotic behavior of v±(x;λ) as x → +∞. The absolute
convergence of the integrals in (21) imply the leading order behavior as x→ +∞ is given by

v+(x;λ) = c+(λ)m2,+(x;λ) + o(1), v−(x;λ) = −c−(λ)m2,−(x;λ) + o(1).

For λ ∈ R, the boundary values v±(x;λ) satisfy (T − λ)v±(x;λ) = iσ3f(x). Hence, their difference

w(x;λ) := v+(x;λ)− v−(x;λ)

satisfies the homogeneous equation (T − λ)w(x;λ) = 0. For fixed λ ∈ R, the solution space of the ho-
mogeneous system is spanned by m2,+(x;λ) and m2,−(x;λ). Thus, there exist coefficients α(λ), β(λ) such
that

w(x;λ) = α(λ)m2,+(x;λ) + β(λ)m2,−(x;λ). (24)

We obtain
w(x;λ) = c+(λ)m2,+(x;λ) + c−(λ)m2,−(x;λ) + o(1) as x→ ∞.

Comparing this with the representation (24), and using the linear independence of m2,±, we conclude that
α(λ) = c+(λ) and β(λ) = c−(λ). This yields (23).

Lemma 6 (Large-|λ| behavior of v±). Let q ∈ S(R,C) and f ∈ S(R,C2). Then for λ ∈ C±,

v±(x;λ) = O
(

1

|λ|

)
, as |λ| → ∞,

uniformly in x ∈ R.

Proof. We prove the result for λ ∈ C+. The C− case is analogous. We use the representation of v+ in terms
of the Jost solutions,

v+(x;λ) =
1

a(λ)

(
r1,−(x;λ) v1(x;λ) + r2,+(x;λ) v2(x;λ)

)
,

where

v1(x;λ) =

∫ x

∞
e−iλ(x−s)

[
r
(2)
2,+(s;λ) −r(1)2,+(s;λ)

]
f(s) ds =

∫ x

∞
e−iλ(x−s)g1(s;λ)ds,

v2(x;λ) =

∫ x

−∞
eiλ(x−s)

[
−r(2)1,−(s;λ) r

(1)
1,−(s;λ)

]
f(s)ds =

∫ x

−∞
eiλ(x−s)g2(s;λ)ds.
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The Jost solutions and their x-derivatives are uniformly bounded in x and λ (see Corollary 1 and Lemma 2).
Under the standing assumption τ = 1, a(λ) ̸= 0 for λ ∈ C+, and 1/a(λ) = 1 + O(1/|λ|) as |λ| → ∞ with
λ ∈ C+. Thus, it suffices to show that v1 and v2 are O(1/|λ|). Integrating by parts yields

v1(x;λ) =
1

iλ

(
g1(x;λ)−

∫ x

∞
e−iλ(x−s)g′1(s;λ) ds

)
,

where
g′1(s;λ) =

[
∂sr

(2)
2,+(s;λ) −∂sr(1)2,+(s;λ)

]
f(s) +

[
r
(2)
2,+(s;λ) −r(1)2,+(s;λ)

]
f ′(s).

Using the uniform bounds on the Jost solutions,

|g1(s;λ)| ≤ C|f(s)|, |g′1(s;λ)| ≤ C ′(|f(s)|+ |f ′(s)|
)
,

so that

|v1(x;λ)| ≤
Ĉ

|λ|
(
∥f∥L∞(R,C2) + ∥f∥L1(R,C2) + ∥f ′∥L1(R,C2)

)
.

Since f ∈ S(R,C2), this implies
v1(x;λ) = O(|λ|−1), |λ| → ∞.

An analogous estimate holds for v2(x;λ).

Utilizing the jump from Lemma 5 and the condition at infinity from Lemma 6, we arrive at an RHP that
applies when σ(T ) ⊂ R (recall τ = 1 guarantees this).

RHP 2. Find v(x; ⋄) : C \ R → C2×1 analytic such that for λ ∈ R,

v+(x;λ)− v−(x;λ) = c+(λ)m2,+(x;λ) + c−(λ)m2,−(x;λ),

v(x;λ) = O
(

1

|λ|

)
, as |λ| → ∞, λ ∈ C \ R.

The solution to RHP 2 is given by the Cauchy integral,

v(x;λ) =
1

2πi

∫ ∞

−∞

c+(λ
′)m2,+(x;λ

′) + c−(λ
′)m2,−(x;λ

′)

λ′ − λ
dλ′.

Substituting the Cauchy integral solution into the recovery formula established in Lemma 4 gives

f(x) = iσ3 lim
λ=iη

η→+∞

(
1

2πi

∫ ∞

−∞

λ (c+(λ
′)m2,+(x;λ

′) + c−(λ
′)m2,−(x;λ

′))

λ′ − λ
dλ′
)
.

Since mℓ,±(x;λ
′) = e±iλ′xrℓ,±(x;λ

′), ℓ ∈ {1, 2}, the coefficients c±(λ
′) are oscillatory integrals in s with

amplitude functions involving Jost functions and f . Assume that q ∈ L1(R,C) ∩ L∞(R,C) and that f has
two weak derivatives in L1(R,C2). Lemma 2 guarantees boundedness of the Jost functions and their first
x-derivatives. Under these assumptions, the amplitudes arising in c±(λ

′) are twice differentiable in s with
all derivatives in L1(R), so two integrations by parts in s are justified. This yields c±(λ

′) = O(|λ′|−2) as
|λ′| → ∞. Consequently, ∫ ∞

−∞
|c+(λ′)m2,+(x;λ

′) + c−(λ
′)m2,−(x;λ

′)| dλ′ <∞.

The dominated convergence theorem allows the limit to pass inside the integral, yielding

f(x) = −σ3
2π

∫ ∞

−∞
(c+(λ)m2,+(x;λ) + c−(λ)m2,−(x;λ)) dλ.
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This results in the following transform pair for the variable-coefficient Dirac equation, which we call the
Dirac transform, when σ(T ) ⊂ R,

f(x) = −σ3
2π

∫ ∞

−∞

[
m2,+(x;λ) m2,−(x;λ)

]
f̂(λ)dλ, (25)

f̂(λ) =

[
c+(λ)
c−(λ)

]
=

 1
a(λ)

∫∞
−∞

[
−m(2)

1,−(s;λ) m
(1)
1,−(s;λ)

]
f(s)ds

− 1
A(λ)

∫∞
−∞

[
m

(2)
1,+(s;λ) −m(1)

1,+(s;λ)
]
f(s)ds

 . (26)

We refer to 1/a(λ) and 1/A(λ) as the transmission coefficients.
This derivation is equivalent to the recovery of f given by Theorem 2 when τ = 1. Using RHP 2 and

Lemma 3, we find that

iσ3f(x) = −(iσ3)
σ3
2π

∫ ∞

−∞
(c+(λ)m2,+(λ) + c−(λ)m2,−(x;λ)) dλ =

1

2πi

∫ ∞

−∞

(
v+(x;λ)− v−(x;λ)

)
dλ

=
1

2πi

∫ ∞

−∞

(
lim

ϵ→0+
[v(x;λ+ iϵ)− v(x;λ− iϵ)]

)
dλ

=
1

2πi

∫ ∞

−∞

(
lim

ϵ→0+

[
(T − λ− iϵ)−1 − (T − λ+ iϵ)−1

]
(iσ3f)(x)

)
dλ

= lim
ϵ→0+

(
1

2πi

∫ ∞

−∞

[
(T − λ− iϵ)−1 − (T − λ+ iϵ)−1

]
(iσ3f)(x)dλ

)
.

This matches the recovery formula in Theorem 2 for (18). Note that we were able to pass the limit outside
of the integral using an argument similar to that in Section 3.

4.1 Alternate Representation of the Inverse Transform

In Section 3, the inverse transform recovery formula was expressed via a solution to an inhomogeneous RHP.
We now look for a similar formulation for the Dirac transform. We assume τ = 1 in this subsection. We
begin by constructing a jump matrix G(x;λ) from the scattering data. Define the matrix

K(x;λ) =


[
m1,−(x;λ) m2,+(x;λ)

]
, λ ∈ C+,[

m2,−(x;λ) m1,+(x;λ)
]
, λ ∈ C−.

We showed above that,

mℓ,−(x;λ) = e−iλx(e1 + o(1)), mℓ,+(x;λ) = eiλx(e2 + o(1)), ℓ ∈ {1, 2}, |λ| → ∞.

Consequently,

K(x;λ) = (I+ o(1))

[
e−iλx 0
0 eiλx

]
as |λ| → ∞.

Using the scattering relations, we then have

K+(x;λ) = K−(x;λ)

[
1

A(λ) −B(λ)
A(λ)

b(λ)
A(λ)

1
A(λ)

]
.

The determinant of the jump matrix is not unity:

det

[
1

A(λ) −B(λ)
A(λ)

b(λ)
A(λ)

1
A(λ)

]
=

1

A2(λ)
+
b(λ)B(λ)

A2(λ)
̸= 1.

We factor the jump matrix as[
1

A(λ) −B(λ)
A(λ)

b(λ)
A(λ)

1
A(λ)

]
=

[
1 0
0 1

A(λ)

][ 1
a(λ)A(λ) −B(λ)

A(λ)
b(λ)
a(λ) 1

] [
a(λ) 0
0 1

]
,
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where a(λ) is analytic in C+ and A(λ) is analytic in C−. This factorization separates the analytic contri-
butions in the upper and lower half-planes and will be useful in constructing an RHP with analytic jump
factors. Next, define

L(x;λ) =


[
m1,−(x;λ)

a(λ) m2,+(x;λ)
]
, λ ∈ C+,[

m2,−(x;λ)
m1,+(x;λ)

A(λ)

]
, λ ∈ C−.

Then

L+(x;λ) = L−(x;λ)

[
1

a(λ)A(λ) −B(λ)
A(λ)

b(λ)
a(λ) 1

]
, L(x;λ) = (I+ o(1))

[
e−iλx 0
0 eiλx

]
as |λ| → ∞.

Using det(S(λ)) = 1, we have

1

a(λ)A(λ)
= 1− b(λ)B(λ)

a(λ)A(λ)
, det

[
1

a(λ)A(λ) −B(λ)
A(λ)

b(λ)
a(λ) 1

]
= 1.

Finally, to adjust the asymptotic condition to the identity, define

T(x;λ) = L(x;λ)

[
eiλx 0
0 e−iλx

]
.

We then define the jump matrix

G(x;λ) =

[
1− ρ1(λ)ρ2(λ) −ρ2(λ)e−2iλx

ρ1(λ)e
2iλx 1

]
,

where ρ1(λ) = b(λ)/a(λ) and ρ2(λ) = B(λ)/A(λ) are the reflection coefficients. This formulation corresponds
to the right scattering problem. For the left scattering problem, the definitions of the reflection coefficients
and the resulting jump matrix must be modified. These changes are discussed in Section 4.3.2.

Consider the following homogeneous RHP.

RHP 3. Find T(x; ⋄) : C \ R → C2×2 analytic such that for λ ∈ R,

T+(x;λ) = T−(x;λ)G(x;λ),

and

T(x;λ) = I+ o(1) as |λ| → ∞.

The fact that det(G(x;λ)) = 1 implies that det(T+(x;λ)) = det(T−(x;λ)) and det(T(x;∞)) = 1, so
that det(T(x;λ)) = 1. We now consider the following inhomogeneous RHP.

RHP 4. Find V(x; ⋄) : C \ R → C2×2 analytic such that for λ ∈ R,

V+(x;λ) = V−(x;λ)G(x;λ) + J(x;λ),

and

V(x;λ) = o(1) as |λ| → ∞.

At this stage, the jump inhomogeneity J(x;λ) is left unspecified. It will be constructed subsequently
so that the corresponding solution V(x;λ) encodes the desired transform. We can factor G(x;λ) =
[T−1]−(x;λ)T+(x;λ) from RHP 3, allowing us to rewrite the jump condition from RHP 4 as

[VT−1]+(x;λ) = [VT−1]−(x;λ) + J(x;λ)[T−1]+(x;λ).

The conditions of RHPs 3 and 4 imply that [VT−1](x;λ) = o(1) as |λ| → ∞. Assuming RHPs 3 and 4 admit
solutions with the prescribed jump and normalization conditions, the Plemelj lemma implies

[VT−1](x;λ) =
1

2πi

∫ ∞

−∞

J(x;λ′)[T−1]+(x;λ′)

λ′ − λ
dλ′.
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Multiplying by λ and taking a limit as |λ| → ∞ results in

lim
|λ|→∞

λV(x;λ)T−1(x;λ) = lim
|λ|→∞

λV(x;λ) = − 1

2πi

∫ ∞

−∞
J(x;λ′)[T−1]+(x;λ′)dλ′, (27)

where the last equality follows from yet another application of the dominated convergence theorem. Recall
from (25) that

f(x) = −σ3
2π

∫ ∞

−∞
(c+(λ)m2,+(x;λ) + c−(λ)m2,−(x;λ)) dλ.

This tells us we can expect to be able to recover f(x) if we choose J(x;λ) such that J(x;λ)[T−1]+(x;λ)
contains c+(λ)m2,+(x;λ) and c−(λ)m2,−(x;λ), respectively.

We have

[T−1]+(x;λ) =

m(2)
2,+(x;λ)e

−iλx −m(1)
2,+(x;λ)e

−iλx

−m
(2)
1,−(x;λ)

a(λ) eiλx
m

(1)
1,−(x;λ)

a(λ) eiλx

 .
To recover c+(λ)m2,+(x;λ), define j1(x;λ) =

[
c+(λ)e

iλx 0
]
. Then we find that

j1(x;λ)[T
−1]+(x;λ) = c+(λ)

[
m

(2)
2,+(x;λ) −m(1)

2,+(x;λ)
]
,

giving us access to c+(λ)m2,+(x;λ), as desired. We now want to make an analogous choice for j2(x;λ) to
be able to extract c−(λ)m2,−(x;λ). This is not possible using [T−1]+(x;λ) in its current form. We instead
need to rewrite [T−1]+(x;λ) using RHP 3, resulting in [T−1]+(x;λ) = G−1(x;λ)[T−1]−(x;λ). Choosing
j2(x;λ) =

[
−ρ1(λ)c−(λ)eiλx −c−(λ)e−iλx

]
then results in

j2(x;λ)[T
−1]+(x;λ) = c−(λ)

[
m

(2)
2,−(x;λ) −m(1)

2,−(x;λ)
]
.

Let

J(x;λ) =

[
j1(x;λ)
j2(x;λ)

]
.

Then

J(x;λ)[T−1]+(x;λ) = A(x;λ) =

[
c+(λ)m

(2)
2,+(x;λ) −c+(λ)m(1)

2,+(x;λ)

c−(λ)m
(2)
2,−(x;λ) −c−(λ)m(1)

2,−(x;λ)

]
=

[
A(11) A(12)

A(21) A(22)

]
.

It is then clear that the inverse transform can be formulated via

f(x) = −σ3
2π

∫ ∞

−∞

[
−(A(12) +A(22))
A(11) +A(21)

]
dλ = −σ3

2π

∫ ∞

−∞

(
diagvec

([
−1 −1
1 1

]
A(x;λ)σ1

))
dλ.

Here diagvec(M) :=
[
M (11) M (22)

]T
. We can then use (27) to write f(x) in terms of the solution to RHP 4

as follows:

f(x) = iσ3

 lim
λ=iη

η→+∞

[
λ · diagvec

([
−1 −1
1 1

]
V(x;λ)σ1

)] . (28)

While solving ODEs naturally produces a forward transform, the formulation of a systematic inverse-
transform framework remains comparatively underdeveloped. The alternate representation of the inverse
transform given by (28) shows that solving an inhomogeneous RHP leads to the inverse transform.

Remark. Although the inverse transform can be formulated via an inhomogeneous RHP, we do not em-
ploy this representation in our numerical implementation. This representation is included for its potential
theoretical implications.
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4.2 Accounting for Poles

Up to this point, we have assumed a(λ) ̸= 0 and A(λ) ̸= 0, corresponding to the self-adjoint setting (τ = 1),
where no discrete spectrum arises. In the non-self-adjoint case (τ = −1), the scattering coefficients may
admit zeros in C±, giving rise to discrete spectral contributions. Such zeros introduce poles into our RHP,
and we must account for them to properly recover the solution. Let {zj,+}nj=1 denote the zeros of a(λ) in
C+, and {zj,−}nj=1 denote the zeros of A(λ) in C−. We assume a finite number of simple zeros. In the
specific examples we consider below, we have exponentially decaying potential functions, guaranteeing that
these sets are finite. Moreover, a(λ), A(λ) ̸= 0 for all λ ∈ R.

For λ ∈ C+, the residues of v(x;λ) at the zeros of a(λ) are

Resλ=zj,+v(x;λ) = wj,+(x; zj,+) =
1

a′(zj,+)
m2,+(x; zj,+)

∫ ∞

−∞

[
−m(2)

1,−(s; zj,+) m
(1)
1,−(s; zj,+)

]
f(s) ds

=
a(zj,+)c+(zj,+)

a′(zj,+)
m2,+(x; zj,+),

and similarly, for λ ∈ C−, the residues of v(x;λ) at the zeros of A(λ) are

Resλ=zj,−v(x;λ) = wj,−(x; zj,−) =
1

A′(zj,−)
m2,−(x; zj,−)

∫ ∞

−∞

[
m

(2)
1,+(s; zj,−) −m(1)

1,+(s; zj,−)
]
f(s) ds

= −A(zj,−)c−(zj,−)
A′(zj,−)

m2,−(x; zj,−).

Hence, v(x;λ) can be expressed as

v(x;λ) =
1

2πi

∫ ∞

−∞

c+(λ
′)m2,+(x;λ

′) + c−(λ
′)m2,−(x;λ

′)

λ′ − λ
dλ′ +

n∑
j=1

wj,+(x; zj,+)

λ− zj,+
+

n∑
j=1

wj,−(x; zj,−)

λ− zj,−
.

Using Lemma 4, the recovery formula for f(x) including contributions from the poles is

f(x) = iσ3 lim
λ=iη

η→+∞

λv(x;λ) (29)

= −σ3
2π

∫ ∞

−∞
(c+(λ)m2,+(x;λ) + c−(λ)m2,−(x;λ)) dλ+ iσ3

n∑
j=1

a(zj,+)c+(zj,+)

a′(zj,+)
m2,+(x; zj,+)

− iσ3

n∑
j=1

A(zj,−)c−(zj,−)

A′(zj,−)
m2,−(x; zj,−).

We note that a zero of a(λ) at λ = zj,+ implies that m1,−(x; zj,+) = bj,+m2,+(x; zj,+) for some constant
bj,+. Therefore,

Resλ=zj,+

m1,−(x;λ)

a(λ)
=

m1,−(x; zj,+)

a′(zj,+)
=

bj,+
a′(zj,+)

m2,+(x; zj,+).

Similarly, for a constant bj,− satisfying m1,+(x; zj,−) = bj,−m2,−(x; zj,−),

Resλ=zj,−

m1,+(x;λ)

A(λ)
=

m1,+(x; zj,−)

A′(zj,−)
=

bj,−
A′(zj,−)

m2,−(x; zj,−).

This leads us to define the norming constants

cj,+ =
bj,+

a′(zj,+)
, cj,− =

bj,−
A′(zj,−)

. (30)

4.3 Computation

Again using our Fourier transform example as a guide, we break down the computation of generalized
transform pairs as follows:
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1. (Forward transform) Solve the associated ODEs numerically using the UCLM to compute the scattering
data, comprising both continuous spectral functions c±(λ) and discrete spectral data (poles), with the
latter detailed in Section 4.3.1.

2. (Inverse transform) Approximate a solution to the associated RHP by solving the equivalent singular
integral equation numerically. Use this solution to reconstruct the generalized eigenfunctions as a
function of the spectral variable, and evaluate the inverse transform.

Step 1: We obtain computationally convenient expressions for c+(λ) and c−(λ) using the Levin-type
ideas described in Section 3. Let p± : R → C2×1 satisfy

p′
±(x) + (iλσ3 −Q(x))p±(x) = f(x), λ ∈ R,

p±(±∞) = 0.

The boundary value problems for p± are solved on a truncated interval [0, L] (or [L, 0] for L < 0) via a
Chebyshev spectral discretization. The decay condition at ±∞ is enforced at the finite endpoint through
homogeneous Dirichlet conditions. We find that

p±(x;λ) =



1
a(λ)M+(x;λ)

∫ x

±∞

[
m

(2)
2,+(s;λ) −m(1)

2,+(s;λ)
]
f(s)ds∫ x

±∞

[
−m(2)

1,−(s;λ) m
(1)
1,−(s;λ)

]
f(s)ds

 , λ ∈ C+,

1
A(λ)M−(x;λ)

∫ x

±∞

[
m

(2)
1,+(s;λ) −m(1)

1,+(s;λ)
]
f(s)ds∫ x

±∞

[
−m(2)

2,−(s;λ) m
(1)
2,−(s;λ)

]
f(s)ds

 , λ ∈ C−.

Then p+ and p− satisfy

(p+ − p−)(x;λ) =



(
− 1

a(λ)

∫∞
−∞

[
m

(2)
2,+(s;λ) −m(1)

2,+(s;λ)
]
f(s)ds

)
m1,−(x;λ)

− c+(λ)m2,+(x;λ), λ ∈ C+,

c−(λ)m2,−(x;λ)

−
(

1
A(λ)

∫∞
−∞

[
−m(2)

2,−(s;λ) m
(1)
2,−(s;λ)

]
f(s)ds

)
m1,+(x;λ), λ ∈ C−.

Taking the Wronskian of (p+ − p−)(x;λ) with respect to m1,−(x;λ) and m1,+(x;λ) for λ ∈ R gives

c+(λ) = −W((p+ − p−)(x;λ),m1,−(x;λ))

W(m2,+(x;λ),m1,−(x;λ))
=

W((p+ − p−)(x;λ),m1,−(x;λ))

a(λ)
,

c−(λ) =
W((p+ − p−)(x;λ),m1,+(x;λ))

W(m2,−(x;λ),m1,+(x;λ))
=

W((p+ − p−)(x;λ),m1,+(x;λ))

A(λ)
.

Thus, the forward transforms are expressed in terms of solutions to boundary-value problems, which are
computationally more convenient than the original oscillatory integral forms. To compute solutions to the
boundary-value problems, we again use the the ultraspherical rectangular collocation method [27], essentially
amounting to a UCLM implementation. Figure 3 shows the forward transforms c+(λ) and c−(λ) for f(x) =[
exp(−x2) exp(−x2)

]T
, q(x) = exp(−x2), and τ = 1. Figure 4 shows the maximum absolute error between

c+(λ) and a highly resolved computation of c+(λ) as a function of the number of nodes used.

Remark. Note that we could alternatively take the Wronskian of (p+−p−)(x;λ) with respect to m2,+(x;λ)
(using the C+ expression) and with respect to m2,−(x;λ) (using the C− expression) to solve for

−
∫ ∞

−∞

[
m

(2)
2,+(s;λ) −m(1)

2,+(s;λ)
]
f(s)ds and −

∫ ∞

−∞

[
−m(2)

2,−(s;λ) m
(1)
2,−(s;λ)

]
f(s)ds,

respectively. This alternative Wronskian approach is useful when computing ŵj,± in the recovery formula
for left scattering (see Section 4.3.3).
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(a) c+(λ) (b) c−(λ)

Figure 3: Forward transforms c+(λ) and c−(λ) of f(x) =
[
exp(−x2) exp(−x2)

]T
and q(x) = exp(−x2)

computed using the UCLM. The real parts are negatives of one another, while the imaginary parts agree,
reflecting an underlying conjugation symmetry between the forward transforms.

m
a
x

Figure 4: Max absolute error between c+(λ) and a reference solution computed via the same method using 550
coefficients, for which the coefficients decay to machine precision evaluated on a uniform grid in λ ∈ [−10, 10]
as a function of the number of nodes used.
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Step 2: We now compute the inverse transform. RHP 3 is useful here because its solution is given by

T+(x;λ) =
[
m1,−(x;λ)

a(λ) m2,+(x;λ)
]

and T−(x;λ) =
[
m2,−(x;λ)

m1,+(x;λ)
A(λ)

]
. (31)

We compute an approximate solution to RHP 3, resulting in an approximation of m2,±(x;λ) as a function
of λ. For an unknown function U(x;λ) set

T±(x;λ) = C±
R U(x;λ) + I,

where the Cauchy operators C±
R are defined by

C±
R g(x) = C±

R [g] (x) = lim
ϵ→0+

1

2πi

∫
R

g(s)

s− (x± iϵ)
ds.

It is known that if g ∈ L2(R,C) then this limit exists almost everywhere and is an L2(R,C) function that
satisfies ∥C±

R g∥L2(R,C) ≤ ∥g∥L2(R,C), see [7, 23]. With this ansatz, the jump condition in RHP 3 becomes

C+
R [U(x; ⋄)] (λ)− C−

R [U(x; ⋄)] (λ)G(x;λ) = G(x;λ)− I. (32)

Factoring G(x;λ) into upper- and lower-triangular parts,

G(x;λ) =

[
1− ρ1(λ)ρ2(λ) −ρ2(λ)e−2iλx

ρ1(λ)e
2iλx 1

]
=

[
1 −ρ2(λ)e−2iλx

0 1

] [
1 0

ρ1(λ)e
2iλx 1

]
= Gu(x;λ)Gl(x;λ),

gives
C+
R [U(x; ⋄)] (λ)G−1

l (x;λ)− C−
R [U(x; ⋄)] (λ)Gu(x;λ) = Gu(x;λ)−G−1

l (x;λ).

Applying the fact that C+
R − C−

R = I for L2(R,C) functions gives

U(x;λ) + C+
R [U(x; ⋄)] (λ)

[
0 0

−ρ1(λ)e2iλx 0

]
− C−

R [U(x; ⋄)] (λ)
[
0 −ρ2(λ)e−2iλx

0 0

]
=

[
0 −ρ2(λ)e−2iλx

ρ1(λ)e
2iλx 0

]
.

This results in the following two systems of singular integral equations{
U11(x;λ) + C+

R [U12(x; ⋄)] (λ)
(
−ρ1(λ)e2iλx

)
= 0,

U12(x;λ) + C−
R [U11(x; ⋄)] (λ)

(
ρ2(λ)e

−2iλx
)
= −ρ2(λ)e−2iλx,{

U21(x;λ) + C+
R [U22(x; ⋄)] (λ)

(
−ρ1(λ)e2iλx

)
= ρ1(λ)e

2iλx,

U22(x;λ) + C−
R [U21(x; ⋄)] (λ)

(
ρ2(λ)e

−2iλx
)
= 0.

The first two equations represent a system that can be solved for the first row of U(x;λ), u1(x;λ), while the
last two equations represent a system that can be solved for the second row of U(x;λ), u2(x;λ). Define the
operator B by

Bu := u(x;λ) +
[
C+
R
[
u(2)(x; ⋄)

]
(λ)
(
−ρ1(λ)e2iλx

)
C−
R
[
u(1)(x; ⋄)

]
(λ)
(
ρ2(λ)e

−2iλx
)]
.

To compute U(x;λ), we use the infinite-dimensional GMRES to solve

Bu1(x;λ) =
[
0 −ρ2(λ)e−2iλx

]
and Bu2(x;λ) =

[
ρ1(λ)e

2iλx 0
]
,

for u1(x;λ) and u2(x;λ), respectively. The oscillatory functions −ρ1(λ)e2iλx and −ρ2(λ)e−2iλx are projected
onto the oscillatory rational basis functions [25], Rj,α(λ), described in Appendix A. We use the so-called
infinite-dimensional GMRES framework, in which the operator equation is interpreted on the coefficient
space induced by the oscillatory rational basis {Rj,α}. Functions are expanded as infinite series in the basis,
and GMRES is applied formally in this infinite-dimensional sequence space, with all computations carried
out on truncated expansions. Inner products of such functions are readily computed. After each operation in
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the iteration, coefficients with magnitude below 10−15 are discarded (“chopped”). The output of GMRES,
at a given value of x, is an approximation of the form

u(x;λ) ≈
∑
α′

N∑
j=−N

dj(α
′)Rj,α′(λ),

where the outer sum is taken over a finite collection of parameters {α′}. Recall that

T+(x;λ) = C±
R [U(x; ⋄)] (λ) + I =

[
m1,−(x;λ)

a(λ) m2,+(x;λ)
]
,

T−(x;λ) = C−
R [U(x; ⋄)] (λ) + I =

[
m2,−(x;λ)

m1,+(x;λ)
A(λ)

]
.

The original function f(x) can then be recovered via

f(x) = −σ3
2π

∫ ∞

−∞

(
c+(λ)T

+
2 (x;λ) + c−(λ)T

−
1 (x;λ)

)
dλ, (33)

where T±
n denotes the n-th column of T±.

We now approximate the integral (33). Our approach is to expand the integrand in the oscillatory rational
basis {Rj,α}, exploit that this basis is closed under the action of Cauchy operators and multiplication,
and then evaluate the resulting integral using explicit formulas for the integrals of the basis functions (see
Appendix A for details).

The integrand of (33) is approximated as a linear combination of basis functions:

c+(λ)T
+
2 (x;λ) + c−(λ)T

−
1 (x;λ) ≈

∑
α′,j

cj(α
′)Rj,α′(λ).

Then f(x) is computed via

f(x) ≈
∫ ∞

−∞

∑
α′,j

cj(α
′)Rj,α′(λ)dλ =

∑
α′,j

cj(α
′)

∫ ∞

−∞
Rj,α′(λ)dλ

=
∑
α′,j

cj(α
′) ·


0, sign(j) = sign(α′),

−2π|j|, α′ = 0,

−4πe−|α′|L
(1)
|j|−1(2|α

′|), otherwise.

4.3.1 Accounting for Poles

We describe a method to construct the discrete scattering data. To find the zeros of a(λ), denoted zj,+,
j = 1, . . . , n, we first map the real line to the unit circle via

z =
λ− i

λ+ i
, λ = −iz + 1

z − 1
,

and parameterize the unit circle by z = eiθ, θ ∈ [0, 2π). Sampling a(λ(θ)) at equispaced values of θ, we
compute its Fourier coefficients using the fast Fourier transform (FFT), yielding the approximation

a(λ(θ)) ≈
N∑

k=−N

cke
ikθ =

N∑
k=−N

ckz
k.

From these coefficients, we extract a polynomial approximation in z, whose coefficients define a companion
matrix. In practice, we retain only the coefficients corresponding to nonnegative Fourier modes to construct
the polynomial. The eigenvalues of this matrix give the roots in the mapped z-plane, and applying the inverse
transformation yields the zeros, zj,+, of a(λ). An analogous procedure applies to A(λ) to find zj,− = zj,+,
j = 1, . . . , n.

To compute derivatives a′(zj,+) and A
′(zj,−), we differentiate the truncated expansions of a(λ) and A(λ)

in the oscillatory rational basis. Using the recurrence relation for the derivatives of the basis functions (see
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Appendix A.2), the derivative of a basis function Rj,α(λ) is expressed as a linear combination of Rj+1(λ),
Rj(λ), and Rj−1(λ). This structure allows for efficient evaluation of a′(λ) and A′(λ) at the discrete eigen-
values using Horner’s method.

In exact arithmetic, bj,± are determined from the proportionality relations

m1,−(0; zj,+) = bj,+m2,+(0; zj,+) and m1,+(0; zj,−) = bj,−m2,−(0; zj,−),

so that bj,± could in principle be computed by dividing one component of the vectors by the corresponding
component of the other. However, due to numerical error, these vectors are not exactly proportional in finite
precision arithmetic. We therefore compute bj,± as the least-squares solution to

min
b∈C

∥m1,∓(0; zj,±)− bm2,±(0; zj,±)∥22,

which yields

bj,+ =
m1,−(0; zj,+) ·m2,+(0; zj,+)

m2,+(0; zj,+) ·m2,+(0; zj,+)
, bj,− =

m1,+(0; zj,−) ·m2,−(0; zj,−)

m2,−(0; zj,−) ·m2,−(0; zj,−)
,

where · denotes the Euclidean inner product. We evaluate mℓ,±(x;λ), ℓ ∈ {1, 2}, at x = 0 because bj,± are
constant in x. The norming constants cj,± follow from (30).

To illustrate pole contributions, we consider RHP 5, following the formulation in [26], see also [1].

RHP 5. Find Y(x; ⋄) : R → C2×2 and Yj,±(x) ∈ C2×2, j = 1, 2, ..., n, such that

T(x;λ) = I+
1

2πi

∫ ∞

−∞

Y(x;λ′)

λ′ − λ
dλ′ +

n∑
j=1

Yj,+(x)

λ− zj,+
+

n∑
j=1

Yj,−(x)

λ− zj,−
,

T+(x;λ) = T−(x;λ)

[
1− ρ1(λ)ρ2(λ) −ρ2(λ)e−2iλx

ρ1(λ)e
2iλx 1

]
,

and

Resλ=zj,+T(x;λ) = lim
λ→zj,+

T(x;λ)

[
0 0

cj,+e
2izj,+x 0

]
,

Resλ=zj,−T(x;λ) = lim
λ→zj,−

T(x;λ)

[
0 cj,−e

−2izj,−x

0 0

]
.

Now, with ρ1 = ρ2 = 0, we have RHP 6.

RHP 6. Find Yj,±(x) ∈ C2×2, j = 1, 2, ..., n such that

Td(x;λ) = I+
n∑

j=1

Yj,+(x)

λ− zj,+
+

n∑
j=1

Yj,−(x)

λ− zj,−
,

satisfies

Resλ=zj,+Td(x;λ) = lim
λ→zj,+

Td(x;λ)

[
0 0

cj,+e
2izj,+x 0

]
,

and

Resλ=zj,−Td(x;λ) = lim
λ→zj,−

Td(x;λ)

[
0 cj,−e

−2izj,−x

0 0

]
.

The matrices Yj,±(x) ∈ C2×2 can be obtained row-by-row. The residue conditions imply that

Yj,+(x) =

[
Y

(11)
j,+ (x) 0

Y
(21)
j,+ (x) 0

]
, Yj,−(x) =

[
0 Y

(12)
j,− (x)

0 Y
(22)
j,− (x)

]
.

Define Z entrywise as

Zjk =
1

zj,+ − zk,−
.
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Construct diagonal matrices

C+ = diag(c+), C− = diag(c−),

c+ =

c1,+e
2iz1,+x

...
cn,+e

2izn,+x

 , c− =

c1,−e
−2iz1,−x

...
cn,−e

−2izn,−x

 .
The residue conditions give the block linear system

[
I −C+Z

C−Z
T I

]


Y
(11)
1,+ (x)
...

Y
(11)
n,+ (x)

Y
(21)
1,+ (x)
...

Y
(21)
n,+ (x)

Y
(12)
1,− (x)
...

Y
(12)
n,− (x)

Y
(22)
1,− (x)
...

Y
(22)
n,− (x)


=

[
0 c+
c− 0

]
.

This reduces solving for Td(x;λ) to pure linear algebra.
Define T0(x;λ) = T(x;λ)Td(x;λ)

−1. Then T0(x;λ) satisfies an RHP with no residue conditions, which
we state in a different form.

RHP 7. Find Y0(x; ⋄) : R → C2×2, such that

T0(x;λ) = I+
1

2πi

∫ ∞

−∞

Y0(x;λ
′)

λ′ − λ
dλ′,

T+
0 (x;λ) = T−

0 (x;λ)Td(x;λ)

[
1− ρ1(λ)ρ2(λ) −ρ2(λ)e−2iλx

ρ1(λ)e
2iλx 1

]
T−1

d (x;λ).

Factor as

Td(x;λ)

[
1− ρ1(λ)ρ2(λ) −ρ2(λ)e−2iλx

ρ1(λ)e
2iλx 1

]
Td(x;λ)

−1 = Ud(x;λ)Ld(x;λ)
−1,

where

Ud(x;λ) = Td(x;λ)

[
1 −ρ2(λ)e−2iλx

0 1

]
Td(x;λ)

−1,

Ld(x;λ) = Td(x;λ)

[
1 0

−ρ1(λ)e2iλx 1

]
Td(x;λ)

−1.

The singular integral equation for Y0(x;λ) takes the form

C+
R [Y0(x; ⋄)] (λ)Ld(x;λ)− C−

R [Y0(x; ⋄)] (λ)Ud(x;λ) = Ud(x;λ)− Ld(x;λ).

Each row of Y0 can be solved for independently using infinite-dimensional GMRES as described in
Section 4.3. We can then compute

T±
0 (x;λ) = C±

R Y0(x;λ) + I, T(x;λ) = T0(x;λ)Td(x;λ).

4.3.2 Modifications for Left Scattering

The method in Section 4.3 is efficient for right scattering (x ≥ 0). The modifications introduced here for
left scattering extend this efficiency to x < 0, as reflected in the GMRES iteration counts: for symmetric
potentials, the iterations are symmetric in x and decrease as |x| increases (see Section 4.4). We develop an
analogous approach for left scattering (x < 0), using a hat to represent the modified quantities. The left
scattering formulation differs from the right scattering case in that the placement of the Jost columns in the
complex λ-plane is reversed. We exploit this symmetry by conjugating with σ1 and renormalizing by the
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transmission coefficients. This transformation restores the same determinant normalization and half-plane
analyticity structure as in the right scattering case, allowing the computational framework of Section 4.3 to
be applied.

We define L̂(x;λ) for x < 0 as

L̂(x;λ) =


T+(x;λ)σ1

[
1

a(λ) 0

0 a(λ)

]
, λ ∈ C+,

T−(x;λ)σ1

[
A(λ) 0

0 1
A(λ)

]
, λ ∈ C−,

=


[
m2,+(x;λ)

a(λ) m1,−(x;λ)
]
, λ ∈ C+,[

m1,+(x;λ)
m2,−(x;λ)

A(λ)

]
, λ ∈ C−.

The jump relation for L̂(x;λ) is

L̂+(x;λ) = L̂−(x;λ)

[
1

a(λ)A(λ)
b(λ)
A(λ)

−B(λ)
a(λ) 1

]
, L̂(x;λ) = (I+ o(1))

[
0 e−iλx

eiλx 0

]
as |λ| → ∞.

The asymptotic condition follows from the large-|λ| behavior of the Jost solutions. Arguing as above,

mℓ,−(x;λ) = e−iλx(e1 + o(1)), mℓ,+(x;λ) = eiλx(e2 + o(1)), ℓ ∈ {1, 2},

uniformly for x ∈ R and a(λ), A(λ) = 1 + O(1/|λ|) as |λ| → ∞. Thus, from the definition of L̂, the

stated asymptotics follow. Define Ĺ(x;λ) = σ1L̂(x;λ). The jump matrix has determinant 1. To match the
asymptotic condition in RHP 3, set

T̂(x;λ) = Ĺ(x;λ)

[
e−iλx 0
0 eiλx

]
.

Define ρ̂1(λ) = −B(λ)/a(λ) and ρ̂2(λ) = −b(λ)/A(λ). Then

T̂+(x;λ) = T̂−(x;λ)

[
1− ρ̂1(λ)ρ̂2(λ) −ρ̂2(λ)e2iλx
ρ̂1(λ)e

−2iλx 1

]
= T̂(x;λ)Ĝ(x;λ),

T̂(x;λ) = I+ o(1) as |λ| → ∞.

From here we can repeat the procedure above from Step 2 onwards in Section 4.3, replacing T±(x;λ) and

G(x;λ) with T̂±(x;λ) and Ĝ(x;λ), respectively.

4.3.3 Modifications for Left Scattering with Poles

We find that as x→ −∞, for λ ∈ C+,

Resλ=zj,+v(x;λ) = ŵj,+(x; zj,+) = − 1

a′(zj,+)
m1,−(x; zj,+)

∫ ∞

−∞

[
m

(2)
2,+(s; zj,+) −m(1)

2,+(s; zj,+)
]
f(s)ds,

and for λ ∈ C−,

Resλ=zj,−v(x;λ) = ŵj,−(x; zj,−) = − 1

A′(zj,−)
m1,+(x; zj,−)

∫ ∞

−∞

[
−m(2)

2,−(s; zj,−) m
(1)
2,−(s; zj,−)

]
f(s)ds.

We modify the recovery formula in (29) by replacing wj,± with ŵj,±.
A zero of a(λ) at λ = zj,+ implies that m1,−(x; zj,+) = bj,+m2,+(x; zj,+) for some bj,+. Therefore,

Resλ=zj,+

m2,+(x;λ)

a(λ)
=

m2,+(x; zj,+)

a′(zj,+)
=

1

bj,+a′(zj,+)
m1,−(x; zj,+).
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Similarly, if m1,+(x; zj,−) = bj,−m2,−(x; zj,−), then

Resλ=zj,−

m2,−(x;λ)

A(λ)
=

m2,−(x; zj,−)

A′(zj,−)
=

1

bj,−A′(zj,−)
m1,+(x; zj,−).

Define

ĉj,+ =
1

bj,+a′(zj,+)
, ĉj,− =

1

bj,−a′(zj,−)
.

We then repeat the workflow presented in Section 4.2, replacing any quantities with their corresponding hat
quantities.

4.4 Results

We now demonstrate the computation of the Dirac transform pair. For each example, we compute the
forward transform, reconstruct the solution via the inverse transform, and report the associated error and
GMRES iteration counts. Unless otherwise noted, all computations achieve near machine precision. Code
used to produce all figures in this paper can be found at [15].

4.4.1 Example 1: Gaussian potential, Gaussian data, and τ = 1

Let

f(x) =

[
e−x2

e−x2

]
, q(x) = e−x2

, τ = 1. (34)

Observe that the forward transforms, c+(λ) and c−(λ), and the max absolute error of c+(λ) with this choice
of f and q have already been plotted in Figures 3 and 4. This choice of τ does not produce a discrete
spectrum. Figure 5 shows the recovered function and the absolute difference from the original. Since both
components of f(x) are identical, we plot only one component. The reconstruction (Figure 5) achieves a

(a) Inverse transform (b) Error

Figure 5: (a) Recovered first component of f(x), f̃ (1)(x), and the original f (1)(x) with data and potential
given by (34). (b) Absolute difference between the recovery and the original. The ODEs for mℓ,±(x;λ),
ℓ ∈ {1, 2}, were solved using 300 collocation nodes in x, while those for p±(x;λ) used 500 nodes. The
reflection coefficients were represented using 270 coefficients, c±(λ) were expanded with 498 coefficients, and
mℓ,±(x;λ) were expanded using 232 coefficients.

worst-case error of approximately 10−11, improving as |x| increases due to the e−α factor in our Cauchy
integral (Appendix A). Figure 6 shows the number of GMRES iterations needed to reach a residual below
10−10. The required GMRES iterations are small and decrease as |x| increases, so both accuracy and speed
improve with |x|.
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Figure 6: Number of GMRES iterations required to achieve a residual less than 10−10 for data and potential
given by (34).

4.4.2 Example 2: Gaussian potential, Gaussian data, and τ = 1

Let

f(x) =

[
e−x2

e−x2

]
, q(x) = e−x2

, τ = −1. (35)

This potential produces the eigenvalues

z1,± ≈ ±0.13331628147293i,

with norming constants
c1,± = ĉ1,± = −0.77741091603772i.

(a) c+(λ) (b) c−(λ)

Figure 7: Forward transforms c+(λ) and c−(λ) with data and potential functions given by (35) computed
using the UCLM.

Despite the presence of discrete spectrum, the reconstruction maintains the same level of accuracy as
in Example 4.4.1. The GMRES iteration counts exhibit similar behavior, indicating that the inclusion of
poles does not significantly affect convergence. However, in practice, each iteration becomes substantially
more expensive when poles are included, leading to a noticeable slowdown in overall solver performance.
Identifying the source of this increased cost and improving the efficiency of transform pair computations in
this setting remains an area for future work.

28



m
a
x

(a) c+(λ)

m
a
x

(b) c−(λ)

Figure 8: Max absolute error between c±(λ) for data and potential given by (35) and highly resolved solution
evaluated on a uniform grid in λ ∈ [−10, 10] as a function of the number of nodes used.

(a) Inverse transform (b) Error

Figure 9: (a) Recovered first component of f(x), f̃ (1)(x), and the original f (1)(x) with data and potential
given by (35). (b) Absolute difference between the recovery and the original. The ODEs for mℓ,±(x;λ),
ℓ ∈ {1, 2}, were solved using 300 collocation nodes in x, while those for p±(x;λ) used 500 nodes. The
reflection coefficients were represented using 292 coefficients, c±(λ) were expanded with 546 coefficients, and
mℓ,±(x;λ) were expanded using 330 coefficients.

Figure 10: Number of GMRES iterations required to achieve a residual less than 10−10 for data and potential
given by (35).
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4.4.3 Example 3: Discontinuous potential, Gaussian data, and τ = 1

Let

f(x) =

[
e−x2

e−x2

]
, q(x) =

{
0, x ≤ 0,

e−x, otherwise,
τ = 1. (36)

This choice of τ produces no discrete spectrum. In contrast to the previous smooth examples, the disconti-
nuity in q(x) leads to two notable changes in behavior. First, the forward transform exhibits algebraic decay
(Figure 13), rather than the exponential decay obsered in Example 4.4.1. Despite this slower decay, the
inverse transform remains accurate to near machine precision (Figure 14), demonstrating the robustness of
the method. Second, the GMRES iteration counts are no longer symmetric in x (Figure 15). In particular,
GMRES converges in a single iteration for all x ≤ 0. This is because q(x) = 0 on (−∞, 0], so the problem
is significantly simplified in this region. For x > 0, the nonzero potential produces a nontrivial operator
leading to an increased iteration count.

(a) c+(λ) (b) c−(λ)

Figure 11: Forward transforms c+(λ) and c−(λ) with data and potential given by (36) computed using the
UCLM.

4.4.4 Example 4: Gaussian potential, discontinuous data, and τ = 1

Let

f(x) =

[
f (1)(x)
f (2)(x)

]
, f (1)(x) = f (2)(x) =

{
0, x ≤ 0,

e−x, x > 0,
q(x) = e−x2

, τ = 1. (37)

This choice of τ produces no discrete spectrum. The discontinuity in the data produces algebraic decay in
the transform (Figure 18), in contrast to the exponential decay observed in Example 4.4.1. Despite this,
the reconstruction remains accurate to near machine precision, and the GMRES iteration counts behave
similarly to the smooth case. This demonstrates that the method is robust to discontinuities in the input
data.

4.4.5 Example 5: Discontinuous potential, discontinuous data, τ = 1

Let

f(x) =

[
f (1)(x)
f (2)(x)

]
, f (1)(x) = f (2)(x) = q(x) =

{
0, x ≤ 0,

e−x, x > 0,
τ = 1. (38)

This choice of τ produces no discrete spectrum. When both the potential and data are discontinuous,
we again observe algebraic decay in the forward transform. Nevertheless, the reconstruction accuracy and
GMRES performance remain comparable to the previous examples, indicating that the method is accurate
even in the presence of simultaneous discontinuities.
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Figure 12: Max absolute error between c+(λ) for data and potential given by (36) and highly resolved
solution evaluated on a uniform grid in λ ∈ [−35, 35] as a function of the number of nodes used. Note that
the error for c−(λ) looks extremely similar.

Figure 13: Magnitude of forward transform |c+(λ)| for data and potential given by (36). This was plotted
on a log-log scale. We can see that the decay of the transform is algebraic.

(a) Inverse transform (b) Error

Figure 14: (a) Recovered first component of f(x), f̃ (1)(x), and the original f (1)(x) with data and potential
given by (36). (b) Absolute difference between the recovery and the original. The ODEs for mℓ,±(x;λ),
ℓ ∈ {1, 2}, were solved using 300 collocation nodes in x, while those for p±(x;λ) used 500 nodes. The
reflection coefficients were represented using 270 coefficients, c±(λ) were expanded with 498 coefficients, and
mℓ,±(x;λ) were expanded using 232 coefficients.
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Figure 15: Number of GMRES iterations required to achieve a residual less than 10−10 for data and potential
given by (36).

(a) c+(λ) (b) c−(λ)

Figure 16: Forward transforms c+(λ) and c−(λ) with data and potential given by (37) computed using the
UCLM.

m
a
x

Figure 17: Max absolute error between c+(λ) for data and potential given by (37) and highly resolved
solution evaluated on a uniform grid in λ ∈ [−35, 35] as a function of the number of nodes used. Note that
the error for c−(λ) looks extremely similar.
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Figure 18: Magnitude of forward transform |c+(λ)| with data and potential given by (37). This was plotted
on a log-log scale. We can see that the decay of the transform is algebraic.

(a) Inverse transform (b) Error

Figure 19: (a) Recovered first component of f(x), f̃ (1)(x), and the original f (1)(x) with data and potential
given by (37). (b) Absolute difference between the recovery and the original. The ODEs for mℓ,±(x;λ),
ℓ ∈ {1, 2}, were solved using 300 collocation nodes in x, while those for p±(x;λ) used 500 nodes. The
reflection coefficients were represented using 270 coefficients, c±(λ) were expanded with 458 coefficients, and
mℓ,±(x;λ) were expanded using 232 coefficients.

Figure 20: Number of GMRES iterations required to achieve a residual less than 10−10 for data and potential
given by (37).
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(a) c+(λ) (b) c−(λ)

Figure 21: Forward transforms c+(λ) and c−(λ) with data and potential given by (38) computed using the
UCLM.
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x

Figure 22: Max absolute error between c+(λ) with data and potential given by (38) and highly resolved
solution evaluated on a uniform grid in λ ∈ [−35, 35] as a function of the number of nodes used. Note that
the error for c−(λ) looks extremely similar.

Figure 23: Magnitude of forward transform |c+(λ)| with data and potential given by (38). This was plotted
on a log-log scale. We can see that the decay of the transform is algebraic.
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(a) Inverse transform (b) Error

Figure 24: (a) Recovered first component of f(x), f̃ (1)(x), and the original f (1)(x) with data and potential
given by (38). (b) Absolute difference between the recovery and the original. The ODEs for mℓ,±(x;λ),
ℓ ∈ {1, 2}, were solved using 300 collocation nodes in x, while those for p±(x;λ) used 500 nodes. The
reflection coefficients were represented using 270 coefficients, c±(λ) were expanded with 448 coefficients, and
mℓ,±(x;λ) were expanded using 232 coefficients.

Figure 25: Number of GMRES iterations required to achieve a residual less than 10−10 for data and potential
given by (38).
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Appendix

A Rational Functions and Oscillatory Cauchy Integrals

In this appendix we summarize the analytic and computational framework developed in [26], building on
the rational approximation techniques introduced in [24]. The oscillatory rational basis underlying these
constructions originates in [19,30,31]. None of results presented in this appendix are novel. We include this
material to make the present paper self-contained.

Note that the oscillatory rational basis and associated operations, such as function approximation, multi-
plication, derivatives, integration, Cauchy integrals, and inner products have been incorporated into a Julia
library, OperatorApproximation.jl, as a result of this work [28]. Within this code base, we cycle between
the presented basis, Rj,α(k), and a modified basis

R̃j,α(k) = eikα
(
k − i

k + i

)j

.

Swapping between these two bases is trivial, and swapping can be advantageous for certain operations. For
example, the multiplication operation is considerably simpler using the R̃j,α(k) basis, while the application
of the Cauchy integral operator is simpler using Rj,α(k). For simplicity, we present everything in this work
in terms of Rj,α(k).

A.1 Rational Approximation

We consider the problem of the rational approximation of f : R → C, under suitable regularity conditions.
We begin by discussing trigonometric interpolation of an associated continuous periodic function F . Define
θj = 2πj/n for j = 0, ..., n− 1, n ∈ N. Further define

n+ = ⌊n/2⌋, n− = ⌊(n− 1)/2⌋.

Definition 8. The discrete Fourier transform of order n of a continuous function F is the mapping

FnF =
[
F̃0, F̃1, ..., F̃n

]T
,

F̃k =
1

n

n−1∑
j=0

e−ikθjF (θj).

The FFT is an algorithm that implements the discrete Fourier transform in O(n log n) floating point
operations. To get the coefficients for the trigonometric interpolant of F we use the following formula:

InF (θ) =
n+∑

k=−n−

eikθF̃k, InF (θj) = F (θj), j = 0, ..., n− 1.

We now define the following Möbius transformation

T (k) =
k − i

k + i
, T−1(z) =

1

i

z + 1

z − 1
,

where T maps the real axis onto the unit circle. There is a set of basis functions related to these transfor-
mations given by

Rj,α(k) = eikα

[(
k − i

k + i

)j

− 1

]
.

These are referred to as the oscillatory rational basis functions when α ̸= 0.
Assume f is a smooth rapidly decaying or rational function on R, decaying at infinity. Then F (θ) =

f(T−1(eiθ)) maps f to a smooth function on [0, 2π]. Hence, the FFT can be applied to F (θ) to obtain
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an interpolant InF (θ). Inverting the transformation k = T−1(eiθ), we arrive at the following rational
approximation of f :

Rnf(k) := InF (T−1(k)).

This approximation has been shown to converge rapidly [24]. We have that

Rnf(k) =

n+∑
j=−n−

F̃jT
j(k) =

n+∑
j=−n−

F̃jRj,0(k)

because f(∞) = 0 and we choose θ = 0 (k = ∞) to be an interpolation point. Define the oscillatory
interpolation operator by

Rn,αf(k) = eiαkRn

[
f(⋄)e−iα(⋄)

]
(k).

We also want to allow vector inputs. To do so, we overload notation. Given interpolation data c =
[c0, ..., cn−1]

T ∈ Rn at the nodes kj = T−1(eiθj ), define Rn,αc to be Rn,αg(k), where g is any function on R
satisfying g(kj) = cj for j = 0, 1, ..., n− 1.

A.2 Differentiation and Multiplication

We want to derive an expression for R′
j,α(k). Differentiating Rj,α(k) results in

d

dk
Rj,α(k) = jRj−1(k)

(
2i

(k + i)2

)
+ jeikα

(
2i

(k + i)2

)
+ iαRj,α(k).

We now want to rewrite 2i/(k + i)2 in terms of oscillatory rational basis functions. It turns out that

2i

(k + i)2
=

[
iR1,α(k)−

i

2
R2,α(k)

]
e−ikα.

Plugging that expression into our derivative and using the following fact,

Rj,α(k)Rℓ,β(k) = Rj+ℓ,α+β(k)−Rj,α+β(k)−Rℓ,α+β(k)

results in the following tridiagonal operator for differentiation

R′
j,α(k) = i

[
− j
2
Rj+1,α(k) + (j + α)Rj,α(k)−

j

2
Rj−1,α(k)

]
.

Suppose g =
∑

j cjRj,α(k) and consider the operator Mgf = gf . Taking f = Rℓ,β ,

g(k)Rℓ,β(k) =
∑
j

cjRj+ℓ,α+β(k)−
∑
j

cjRj,α+β(k)−
∑
j

cjRℓ,α+β(k)

=
∑
j

cj−ℓRj,α+β(k)−
∑
j

cjRj,α+β(k)−

∑
j

cj

Rℓ,α+β(k).

This implies that Mg has a bi-infinite matrix representation as

M(c) := T (c)− c
[
. . . 1 1 . . .

]
−

∑
j

cj

 I,

c =
[
. . . c−1 c0 c1 . . .

]T
.

Here, T (c) is the Toeplitz operator with entry (i, j) given by ci−j .

37



A.3 Cauchy Integrals

Recall the notation for the Cauchy integral

Cf(k) = 1

2πi

∫ ∞

−∞

f(k′)

k − k′
dk, k ∈ C \ R,

C±f(k) = lim
ϵ→0+

Cf(k ± iϵ), k ∈ R.

Our goal is to express CRj,α(k) in terms of Rj,α(k) and Rj,0(k). We perform all of our computations in
coefficient space. Given a function f expressed as a finite linear combination of Rj,α’s, we seek to compute
the coefficients of C±f in the same basis. Define for j > 0, n > 0,

γj,n(α) = −e−|α|L
(β)
|j|−n(2|α|σ), σ = sign(j),

where L
(β)
n (x) is the generalized Laguerre polynomial of order n. Further define

rj,α

(
−2iσ

k + σi

)
:= Resk′=−σi

{
Rj,α(k

′)
1

k′ − k

}
=

|j|∑
n−1

γj,n

(
−2iσ

k + σi

)n

.

We then use the well-known relation for Laguere polynomials

L(β)
n (x) = L(β+1)

n (x)− L
(β+1)
n−1 (x),

to obtain the recurrence relation for j ≥ 1

rj,α(z) = (1 + z)rj−1,α(z) + z(L
(1)
j−1(2|k|)− L

(1)
j−2(2|k|)),

where L
(1)
−1(x) := 0 and r0,α(z) := 0. Note that L

(1)
j (x) can be computed using its three-term recurrence

relation [18]. Hence, given a vector k of size m, with z = −2iσ
k+σi , the matrix

Mσ(k) =
[
r1,α(z) r2,α(z) . . . rm,α(z)

]
can be constructed in O(m2) operations by building each column from the previous one. This means that
to compute Mσ(k)c, it is not necessary to construct the matrix Mσ(k).

So for f+(k) =
∑m

j=1 cjRj,α(k) with c =
[
c1 . . . cm

]T
we have

C+f+(k) =

{
f+(k), α ≥ 0,

−M+1(k)c, α < 0,

C−f+(k) =

{
0, α ≥ 0,

−f+(k)−M+1(k)c, α < 0.

Similarly, for f−(k) =
∑m

j=1 c−jR−j,α(k) with c =
[
c−1 . . . c−m

]T
we have

C+f−(k) =

{
f−(k) +M−1(k)c, α ≥ 0,

0, α < 0,

C−f−(k) =

{
M−1(k)c, α ≥ 0,

−f−(k), α < 0.

To compute the Cauchy operator, one separates the resulting function into an oscillatory function and a
non-oscillatory function. The coefficients in the expansion of the oscillatory function are always found by
multiplying the original coefficients by 1, -1, or 0. For the non-oscillatory function, one evaluates it point-wise
on the real axis at the appropriate points for the interpolation operator Rn,0 using the matrix Mσ. Then
the interpolation operator can be applied to compute the coefficients.
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For example, if one wants to compute C+f(k) where f(k) =
∑m

j=−m cjRj,α(k) when α > 0, we have

C+f(k) =

m∑
j=−m

cjRj,α(k) +R2m+1,0v(k),

v = Mσ(k)c, σ = −1,

k =
[
T−1(eiθ0) . . . T−1(eiθ2m)

]
,

c =
[
c−1 . . . c−m

]T
.

Or, when α < 0,

C+f(k) = −R2m+1,0v(k),

v =Mσ(k)c, σ = 1,

k =
[
T−1(eiθ0) . . . T−1(eiθ2m)

]
,

c =
[
c1 . . . cm

]T
.

The formulae for C−f(k) can then be deduced from C+ − C− = I. This gives a reasonably fast method
to compute the coefficients of the expansion of C±[f+ + f−] in the basis Rj,α in O(m2) operations. This
efficiency is a key motivation for using these basis functions with infinite-dimensional GMRES, as the action
of the Cauchy operators is closed on the basis.

A.4 An Integration Formula

Define the inner product

Ij,ℓ,α1,α2
=

∫
R
Rj,α1

(k)Rℓ,α2
(k)dz.

Since Rℓ,α2
(k) = R−ℓ,−α2

(k),

Ij,ℓ,α1,α2
= −
∫
R
(Rj−ℓ,α1,α2

(k)−Rj,α1−α2
(k)−R−ℓ,α1−α2

(k)) dk.

Therefore, the problem reduces to computing −
∫
RRj,α(k)dk. A formula for the integral of the oscillatory

rational basis functions, Rj,α(k), was derived in [25]:

−
∫
R
Rj,α(k)dk =


0, sign(j) = sign(α),

−2π|j|, α = 0,

−4πe−|α|L
(1)
|j|−1(2|α|), otherwise.

(39)

B Deferred proofs

We include the following for completeness.

B.1 Proof of Lemma 1

Proof of Lemma 1. Define the linear operator

Lr(x;λ) :=
∫ x

−∞
K(x, s;λ)P(s)r(s;λ)ds.

Then the Volterra equation can be written as

r− Lr = f .

It is immediate that

Lnf(x) =

∫
−∞<sn<...<s1<x

[K(x, s1;λ)P(s1)K(s1, s2;λ)P(s2)...K(sn−1, sn;λ)P(sn)] f(sn)ds1...dsn.
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Using ∥K(x, s;λ)∥ ≤ C0 gives the classical estimate

∥Lnf(x)∥ ≤ Cn
0 ∥f∥L∞(R,C2)

∫
−∞<sn<...<s1<x

n∏
j=1

∥P(sj)∥ds1...dsn

=
Cn

0 ∥f∥L∞(R,C2)

n!

(∫ x

−∞
∥P(s)∥ds

)n

≤ ∥f∥L∞(R,C2)
Cn

0M
n

n!
, M = ∥P∥L1(R,C2×2).

The first equality follows from the fact that
∏n

j=1 ∥P(sj)∥ is invariant under permutations of (s1, ..., sn), so
integrating over the full cube (−∞, x)n is n! times the integral over the simplex −∞ < sn < ... < s1 < x.

This establishes the convergence of the Neumann series

r(x;λ) =

∞∑
n=0

Lnf(x),

as a sequence of operators on L∞(R,C2). Thus

∥r(x;λ)∥ ≤ eC0M .

It follows from the dominated convergence theorem that λ 7→ Lnf(x;λ) is continuous in λ for λ ∈ C+.
Similarly, it follows that λ 7→ Lnf(x;λ) is complex differentiable for λ ∈ C+, and is therefore analytic. By
the uniform convergence of the Neumann series, r(x;λ) is analytic for λ ∈ C+.

B.2 Proof of Lemma 2

Proof of Lemma 2. We will prove the result for ∂xr1,−(x;λ). The arguments for ∂xr2,+(x;λ), ∂xr2,−(x;λ),
and ∂xr1,+(x;λ) are analogous. We begin by considering r1,−,

r1,−(x;λ) =

[
1
0

]
+

∫ x

−∞

[
1 0
0 e2iλ(x−s)

] [
0 q(s)

τq(s) 0

]
r1,−(s;λ)ds

=

[
1
0

]
+

∫ x

−∞

[
q(s)r

(2)
1,−(s;λ)

τq(s)r
(1)
1,−(s;λ)e

2iλ(x−s)

]
ds,

where r
(n)
1,−, n = 1, 2 denotes two entries of r1,−. Letting f(s;λ) := τq(s)r

(1)
1,−(s;λ) and integrating by parts

gives

r
(2)
1,−(x;λ) = −f(x;λ)

2iλ
+

1

2iλ

∫ x

−∞
∂s[f(s;λ)]e

2iλ(x−s)ds.

Observe that ∂sf(s;λ) = τ∂sq(s)r
(1)
1,−(s;λ) + τ |q(s)|2r(2)1,−(s;λ) since ∂xr

(1)
1,−(x;λ) = q(x)r

(2)
1,−(x;λ) (see (40)).

By Corollary 1, ∥r1,−(s;λ)∥ ≤ C, uniformly in s, λ, so |∂sf(s;λ)| ≤ C(|∂sq(s)| + |q(s)|2) and therefore
∥∂sf(s;λ)∥L1(R,C) ≤ C ′, for a new constant C ′. We have∣∣∣r(2)1,−(x;λ)

∣∣∣ ≤ C ′′

|λ|

(
|f(x;λ)|+

∫ x

−∞
|∂sf(s;λ)|ds

)
.

Therefore

r
(2)
1,−(x;λ) = O

(
1

|λ|

)
, |λ| → ∞, λ ∈ C+.

Then from the first component equation,

r
(1)
1,−(x;λ) = 1 +

∫ x

−∞
q(s)r

(2)
1,−(s;λ)ds, (40)

and again using uniform boundedness, r
(1)
1,−(x;λ) = 1 +O(1/|λ|) as |λ| → ∞, λ ∈ C+. Therefore,

r1,−(x;λ) =

[
1
0

]
+O

(
1

|λ|

)
, |λ| → ∞, λ ∈ C+.
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Using ∂xr
(1)
1,−(x;λ) = q(x)r

(2)
1,−(x;λ), we see immediately that ∂xr

(1)
1,−(x;λ) = O

(
1
|λ|

)
, |λ| → ∞, λ ∈ C+.

Substituting the expression for r
(1)
1,−(x;λ) into the expression for r

(2)
1,−(x;λ) results in

r
(2)
1,−(x;λ) =

∫ x

−∞
τ q̄(s)e2iλ(x−s)

[
1 +

∫ s

−∞
q(t)r

(2)
1,−(t;λ)dt

]
ds.

Hence,

∂xr
(2)
1,−(x;λ) = τ q̄(x)

[
1 +

∫ x

−∞
q(t)r

(2)
1,−(t;λ)dt

]
+ 2iλr

(2)
1,−(x;λ)

= τ q̄(x)r
(1)
1,−(x;λ) + 2iλr

(2)
1,−(x;λ).

Using integration by parts on the formula for r
(2)
1,−(x;λ), we obtain

∂xr
(2)
1,−(x;λ) = τq(x)r

(1)
1,−(x;λ) + 2iλ

[
−
τq(x)r

(1)
1,−(x;λ)

2iλ
+

1

2iλ

∫ x

−∞
∂s[f(s;λ)]e

2iλ(x−s)ds

]

=

∫ x

−∞
∂s[f(s;λ)]e

2iλ(x−s)ds.

Since ∂sf(s;λ) ∈ L1(R,C) with norm bounded independently of λ, it follows that∣∣∣∂xr(2)1,−(x;λ)
∣∣∣ ≤ ∫ x

−∞
|∂sf(s;λ)| ds ≤ ∥∂sf(s;λ)∥L1(R,C) ≤ C1

Therefore, ∥∥∥∂xr(2)1,−(x;λ)
∥∥∥ ≤ C1.
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