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The QED scattering amplitude in a chiral medium characterized by a constant chiral chemical
potential us and chiral magnetic conductivity b is analyzed. We show the emergence of the resonant
behavior in 1 — 2, 2 — 2, and 2 — 3 processes. We compute the rates of paradigm 1 — 2
processes that determine the widths of quasi-stationary fermion and photon states in the medium.
We elucidate the origin of these resonances, the conditions of their emergence, and the physical
principles of their regularization.

I. INTRODUCTION

A medium containing chiral fermions may be chiraly imbalanced. The chiral imbalance can be expressed in terms of
the P and C' P-odd terms in the Lagrangian. In quark-gluon plasma, the net chirality is reflected in the chiral chemical
potential ps induced by the sphaleron transitions. In Weyl semimetals, the chirality is manifested as a displacement
A of the Weyl nodes in momentum space. Many phenomenological models describe the chirality by introducing a
term into Lagrangians that couples the four vector (us, A) to the axial vector current j#° = iy 5.

In the presence of a chiral imbalance, two new currents are induced in the medium due to the chiral anomaly [T} 2].
These currents are the chiral magnetic current j = by B [3H7] and the anomalous Hall current j = b x E, where
bo = caps is called the chiral magnetic conductivity and b = c4A/2. A medium with the P and C'P-odd responses
defined by the chiral magnetic and anomalous Hall currents can be described employing constitutive relations. These
relations are linear when 5 and A are constant, and they become isotropic when A vanishes. From the field-theoretic
perspective, the anomalous currents can be represented as the Chern-Simons term FF in the Lagrangian, where Fis
the dual electromagnetic field tensor.

To obtain an effective Lagrangian for electrodynamics with chiral imbalance, perform a chiral transformation
P — eie'Ysz/J of the fermionic functional integral. This transformation produces the following new terms in the
Lagrangian [§]:

AL = 0(z) {awﬂ"’ —ca (—iﬁﬂ”F,W> } , (1)

where
1 E: 2
CA = 272 - €q (2)

is the chiral anomaly coefficient, with e, being the electric charge of fermion a and sum running over all fermion
species. The expression in the curly brackets in is the total derivative, and the Lagrangian can be cast in the
following form:

AL =0,0{-j+ %Ae“"*f’A,,@,\Ap} . (3)

Therefore, the equations of motion depend not on 6 directly, but on its derivative 9,,0. It is a simple exercise to verify
that b, = c40,0, with by and b being its temporary and spacial components respectively.

With the addition of AL to the Lagrangian of QED, we obtain an effective theory that is extensively used in
applications. The chiral magnetic effect, its theory, and its applications are discussed in [9]. A review focusing on
the phenomenology of relativistic heavy-ion collisions is presented in [I0, [T1], a review on topological materials is
presented in [12] [I3] while reference [14] delves into axion phenomenology.

The goal of this article is to explore the role of the chiral imbalance played in scattering processes using the effective
theory presented above. In particular, we argue that scattering amplitudes often exhibit resonant behavior in certain
chiral modes. A typical example is the chiral (or vacuum) Cherenkov radiation whose rate is characteristically pro-
portional to the delta function of the emitted transverse momentum. We will elucidate the origin of these resonances,
the conditions of their emergence and their regularization procedure.

Most applications we have in mind, pertain to high energy nuclear and particle physics where it is usually assumed
that chirality distribution is uniform, i.e. A = 0. We adopt this approximation as it allows us to present our arguments
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in the clearest form. However, all conclusions can be readily generalized to any A. Furthermore, we work in the high
energy approximation for the same reason.

The paper is structured as follows. Sec. [[]] and Sec. [[I]|review the solutions to the Maxwell equations in a medium
with a chiral magnetic current and the Dirac equation at finite chiral chemical potential. In each case, we derive the
chiral plane waves and propagators. The detailed derivations are presented in Appendices [A] and Sec. [[V] deals
with the chiral Cherenkov radiation and its cross-channel, pair production. We compute the production rates, show
the emergence of the resonant behavior, and study its dependence on 5 and by. Sec. [V] investigates the resonances
in 2 — 2 scattering, and section Sec. [VI does the same for bremsstrahlung. A summary is presented in Sec. [VII]

We use natural units ¢ = A =1 and convention of [I5] for Dirac matrices.

II. SOLUTION TO MAXWELL EQUATIONS IN THE PRESENCE OF CHIRAL MAGNETIC
CURRENT

The chiral magnetic current is a component of the medium’s linear response to an external electromagnetic field.
Qiu, Cao and Huang incorporate it into the constitutive relationship between the displacement and electric fields [16].
The primary concern in this section is the electromagnetic field in a medium exhibiting such anomalous constitutive
relationship. We ignore all medium effects and sources apart from the chiral magnetic current.

A. Maxwell equations with chiral magnetic current

Maxwell’s equations, obtained from read:

VxB=E+bB, (4a)
V-E=0, (4b)
VxE=-B, (4c)
V-B=0. (4d)

In the radiation gauge A° =0, V-4 =0 yields the modified wave equation for the vector potential:
~A+ VAL VXxA=0. (5)

The positive energy solutions of have the form

1

s €pre”

where p* = (wp x,P), and €p » is the polarization vector corresponding to the polarization A. Substituting @ into
(b)) we readily find

Apa(z) = e, (6)

(%2:,/\ —p?) €pr + boip X €53 = 0. T

It order to diagonalize this equation, we must choose the polarization vectors to represent the right and left circular
polarizations corresponding to A = 1. This is because such vectors obey the identity:

P X €p\ = A€p x . (8)

Using in @ yields the dispersion relation:

wp,x = V/p* — Abop] - (9)

The negative energy solutions read:

1 P
Ap (@) = ———epre”, (10)
“p, A

The dispersion of the negative energy solutions is found by plugging into , which yields

2 :
(w'py)\ - p2) €, 1 — boip X €, , = 0. (11)



Choosing e;y)\ = €, and using the complex conjugate of (8) we find that w;J\ = wp r. As a result,

() = Ap (). (12)

Therefore, the total vector potential, which is the sum of @ and is real, as required.
The quantized electromagnetic field reads:

d3p 1 . .
A(z) = E /77 [e ae PPay 4+ €, ePTa A] , (13)
(27_‘_)3 2w 3 D, D, D, D,
A V D,
with the commutation relations given by

[ap.x, aby ] = (21)%6(p — p')oan - (14)

The energy and the Hamiltonian of electromagnetic field is discussed in Appendix [A] The quantization of the
Maxwell theory with the Chern-Simons term was discussed in [I7] [18].
The photon’s Feynman propagator in a covariant gauge for an arbitrary b, is given by [19] 20]:

—ik2gHY 4 Tl o — ibMDY
K+ k202 — (b- k)2 + ie

Dy’ (k) = (15)

In Appendix [A] we present a detailed derivation of the photon propagator in the Coulomb gauge, starting from the
corresponding correlation function.
Let us now examine the poles of the photon propagator . At b = 0, the propagator has poles at

()2 = k% + Abo K| . (16)

In particular, in static limit k° = 0, besides the familiar Coulomb pole at |k| = 0, there is a pole at |k| = by indicating
the instability of the magnetic field in the chiral matter [I8] 19 2T]. This instability is not the subject of this study,
although it is related to the resonances we discuss in the subsequent sections. We elaborate on this connection in

Sec. [VIIL
At by = 0, the denominator of vanishes when

k' + k%6 — (b- k) =0. (17)

This implies the presence of only one pole at |k| = 0, in contrast to the previous case. Consequently, the magnetic
field is stable in this situation. This is further discussed in Sec. [VIIl

III. SOLUTION TO DIRAC EQUATION AT FINITE CHIRAL CHEMICAL POTENTIAL

The Dirac equation at finite us reads:
(i — ps7°y° —m)y = 0. (18)

Its solutions were obtained and discussed in [7), [22H25]. More general cases involving finite A were explored in [22] 26].
The solutions of are derived in Appendix [B| The positive and negative energy spinors read:

\/Epo _0-|p‘ +M5£p0' )
Up.o = d ’ , 19
P ( VEpo +0lpl = 158p.6 (19)

with the dispersion

Ep.s = \/(0lp| - ps)? +m?, (20)

and

V Bbo — olpl — 156,
_\/E;J,J + O’|p| + Npr,o

Up,o =



with the dispersion Ez/a,cr = E, _, respectively.
Employing the identities

(Ep,a +mF ‘p|J + ,u5)2 = Q(Ep,a + m) (Ep,o + |p|0’ + ME’)) ) (22)

(19) can be cast in a different form:

Up

— 1 < (Ep,o' - 0’|p‘ +m+ luf)) gp,a ) . (23)
7 2(Ep,c +m) (Ep,o +olpl+m — ps) &po

Similarly, the anti-particle spinors can be represented as:

1 (Bpo — olpl +m— ps) €po ) o
Gl ) .

v - (EI/J,J + O’|p| +m+ MS) gp,a

ea

The spinors in the form and are convenient for the high-energy expansion.
A derivation of the fermion propagator is presented in Appendix [Bl In momentum space it reads

=i (p =" s +m) (p? — pf — m? — 2053 - p)

G 25
v (p? — pd —m?)” — duZp? 29)

A more general expression can be found in [27]. G(p) has four simple poles at p® = +FEp -, where Ep, , are given by
. Adding the +ie prescription to the denominator transforms into the Feynman propagator.
At high energies, where |p| > ps, m, the dispersion relation reads

Epo ~ Ipl — opis (26)
Substituting this into and expanding yields the high-energy approximation for the particle spinor:

1 ( [[pI(1 = 0) + 3us(1 —0) + 3m(1 +0)] &po >

20 73\ [Ipl(1+ o) — Sis (14 0) + Sm(1 — )] & ”

This formula can be directly derived from 7 but it requires keeping the next term, proportional to m?, in the

expansion of (|26] .
By the same token, expanding (24]) yields the high-energy approximation of the anti-particle spinor:

o L [Pl =0) = 5us(1 = 0) + 5m(1 +0)] G0
PV \ = [Ipl( o) + 3us(1+ o) + gm(1 = )] &po

Finally, assuming that |p| = p., the helicity eigenstates read:

1 7pzfipy
fp,-‘r ~ ( Pa+ipy > > gp,— ~ < ipz > . (29)

2p=

(28)

IV. 1— 2 SCATTERING

This section calculates the rates of two 1 — 2 processes, ¢ — ¢ and v — ¢q, in the presence of both the chiral
magnetic current and the chiral chemical potential 5. Here, ¢ and g represent fermions and antifermions, respectively.
The latter process was first discussed in [20,[28] in the context of Lorentz symmetry-violating theories, assuming p5 = 0.
Dubbed the vacuum Cherenkov radiation, it is regarded as a signature of such violation [19, 20, 23| 28-34].

The full QFT calculation at us = 0 was performed by one of us in [35]. In that work, we proposed these processes
as a manifestation of the P and C'P violation in chiral media. In this context, they are termed the chiral Cherenkov
radiation and pair production. Extensive studies of these processes have been conducted in [35H42]. Additionally, the
cascade induced by these novel channels has been studied in [43]. Furthermore, the non-Abelian version of the chiral
Cherenkov radiation has been explored in [44], based on the non-Abelian generalization of the chiral magnetic effect,
as discussed in [45] [46]. The chiral processes induced by anomalous Hall current were discussed in [36] 37, 41 47].
Lastly, the classical version of the chiral Cherenkov radiation has been studied in [38] 48] [49].



A. Chiral Cherenkov radiation

Consider the reaction ¢(p, o) — q(p’,0’) + v(k, A) in the frame where the incident quark moves along the z—axis

p= (Ep,(ﬂ 0, 07pz) 5 (303‘)
k= (wk,/\a ij.a 07 xpz) 5 (30b)
P = (Ep o1, —k1,0,(1 —2)p). (30c)

The rate of the photon radiation is given by

1 1 1
di = = 216 (Epy — EL, 1 — IM2d?ky dxp. 1
w 92 (271')3 }\;ﬂ 8E3x(1 _ x) @ ( P, p,o wk)\) |ZM| 1a4TPz , (3 )
where the matrix element is
iM = —ielip o' f), \Up,o - (32)

At high energies, p, > m ~ k; ~ us > by. In other words, let € be a small bookkeeping parameter. Then
p. ~ OEY), m ~ ki ~ ps ~ O(el), and by ~ O(e?). Expanding the time components of the three four-vectors in
up to and including the order €2 yields the following approximations:

2
~ o5 m
Ep,o’ ~ Dz (1 — . + 2p§> 5 (333)
o'us  m?+ k%
E;/)o./ ~ p/z (1 — 7 + W 5 (33b)
Ao K2
We ~ /{Jz (1 — 2kz + @ . (33(3)

The scattering amplitude M is proportional to the matrix element 5;70,0' - €. 2Ep,o- Using the expressions for
two-component spinors ¢ given by (29), we find:

/ /
&l ot = B;/Z(a@ +ig) + aﬁ} S + {w tiog — 2’22} St - (34)

The photon polarization vector is given by eg x = (0, €x,») with

1
€\ = ﬁ (1,’»\,—];:_) . (35)

It follows that

ki dx+o(2-1) 1
o€ S St + —=(1+ 0Ny g . 36
gp ,0 o ek,/\gpﬁ \/ipz 2$(1 — :L’) 0,0 + ( +to ) 0,—0 ( )

V2

Substituting into and noticing that the helicity preserving term in contains an extra factor of 1/p.,
yields, after some algebra,
. ie
ZM = mf;/’glﬂ . 627)\£p70' [—4;03(1 — 1’)0507[;/ — 2mpzxo5a’,g/} s
ie Aro+2—x

k Og.o! — + Moy —or | - 37
o [ T a4 3, @7

The sub-eikonal term proportional to ps5/p, has been neglected. Remarkably, exhibits no dependence on either
bg or us.

* In this section, the prime denotes the quantum numbers of the final fermion, unlike in Sec. m where it labels the anti-particle states.



The argument of the delta-function in expresses energy conservation:

k? +m?22?

E,,—E, AL
P 2p.x(1 — x)

1
ool — WA = + §Ab0 — (0 —0")us . (38)
It vanishes only for certain values of the quantum numbers of the incident and produced particles. To simplify the
notation, assume that by and ps are positive (they must have the same sign). There are two possible channels allowed
by energy conservation. The first one occurs when the quark helicity does not change: ¢ = ¢’ and the photon is
right-hand polarized: A = +1. In this case the differential rate reads:
div(c =0') € kI 2> —-2z+2
—— = — -0 (K] — K3) 0 (K7) 39
d?k, dx dr A7 E (1 — x)x? (k1 0) 0 (Ko) (39)

where
K3 = \bgEx(1 — ) — m?2?. (40)

The m? term in must be retained because by E ~ m? ~ O(g?).
In the second case, the quark spin flips as follows: ¢ = —1, ¢/ = 1. The last term in indicates that the only

possible photon polarization is A = —1. The differential rate reads:
div(c=—0"=-1) € m? 22 9 9 9
= — o(k1 —K*)0 (K 41
A2k dx 4m ATE (1 — x) (k1 0 (K7) . (41)
where
K? = (4p5 + \bg) Ex(1 — x) — m?2?. (42)

The opposite scenario with o = 1, 0/ = —1 is not possible because ([38) cannot be satisfied given that by < ps.
The energy spectrum of the rate is obtained by adding and (41) and integrating over the photon transverse
momentum, which yields:

dr AT AE

dir  e* 1 [ o @% — 21 + 2 m2z?

oK) + o(x?)}. (43)

11—z
The total rate has the familiar QED infrared divergence at x — 0. By parameterizing it with a cutoff w., we obtain
the rate, with the logarithmic accuracy,

62 )\bo )\bQEZ
b= —— ———————— | Orsenby - 44
YT 8 [(/\boE ¥ mQ)wJ Mosen bo (44)
The total radiated energy, which can be computed by integrating over x the product of with zF, is independent
of we.
In the chiral limit, only the helicity-preserving channel contributes to the rate. In a model with ps = 0 and finite
bo, K coincides with Ky, and simplifies:

dw

e? 1 —z)?+1
dx T

(1
= — | \E
1150 47T4E|: 0

- Qmﬂ 0 (K3) . (45)

This result was previously derived in [35].

B. Pair production

The cross channel of the chiral Cherenkov radiation is the pair production. Assuming that the incident photon
moves in the z-direction, and z is the quark’s longitudinal momentum momentum fraction, the differential quark
production rate is given by:

1 1 k
di) = = - § (Epo + Ely 5 — M *d*p. d 4
w ) (271')2 /\;ﬂ 8w3x(1 — J:) ( P, + p’,o wk:,)\) |ZM| pirazx, ( 6)



where now x = p, /k, is the fraction of the initial momentum carried by the quark. The amplitude is given by:

iIM= e {20 —1 = A0)PLOsr—o + (0 + Ny o} . (47)
2z(1 — x)

The energy conservation is expressed by the equation:

m2—+—pQl

1
Ep,o’ + E;)’,o" — W\~ —ILL5(O' + O'/) + 5)\[)0 + m 5

(48)

were we used (33a)—(33c)).

In the channel where both quark and anti-quark have the same helicity o = ¢/, the quark production rate reads:

di(o=0") e m’ 1 2 2 2
o T i o OAe0(pL — PT)O(P) A
d?p, dx 4r 4w (1 — x) 2o 0(p1 )0(P7) (49)
where
P* = (450 — Abo)z(1 — z)w —m”. (50)

Evidently, P? is positive only if 4us0 — Abg > 0. In particular, at finite ps, P? is positive only for the helicity
o = sgn us.

In the channel where the quark and anti-quark have opposite helicities ¢ = —¢’, we obtain:
dir(oc #£0') € p (1—z)?+22_ , 5 5
— == ) — P5)8(Fy), 51
d?p, dx dr 4w x(1 — x) (1 0)0(Fy) (51)
where
P} = —Xbpz(1l — z)w —m?. (52)
In this case only the photon polarization A = — sgn by contributes regardless of the quark and anti-quark helicities.

Adding and and integrating over p; and z yields the total rate:

e? 1 4m? 4m?
b= —— Ab Abo|w — 4m?) — 6m? arct hy[l— o +2 21— ———| Ox—sen
W= Gw{l\A o|w(|Abo|w — 4m?) — 6m* arctan Do +2m oA X, — sgn bo

4m?
6m? arctanh /1 — —————————— } . 53
+6m* arctan \/ (4%0_[)0)\)&)} (53)

In the limit of very high energies w > 4m? /by, the total rate is independent of energy and pus:

w_ﬁ|)\bo|
T 41 6

6/\,— sgn bg - (54)

In a model with pus = 0 and by # 0, P = P, and one obtains after integrating over the quark’s transverse momentum
[35]:

2m?
‘ /\bo |UJ

dw _ € [ Ab|
dz lus=0  4m 4

(1-z)®+2°+ 0 (FPy) - (55)

We only considered 1 — 2 processes, however 2 — 1 processes are also allowed. The corresponding cross sections
can be obtained by crossing one of the final particles to the initial state. However, the phase space of such scattering
is quite small, as it is proportional to a J-functions expressing energy conservation.

V. 2 -2 SCATTERING

Consider a generic 2 — 2 scattering: pips — psps. The anomalous terms give a small contribution unless the
scattering amplitude has a resonance, which occurs when the denominator of a propagator vanishes. In this section, we
will study the tree-level amplitudes at high energies and derive the conditions that allow the emergence of resonances.



Choose the center-of-mass frame:

b1 = (E17 k‘%) ) D2 = (E27 7k£) ) b3 = (E37 k/ﬁ’) ) Pa = (E4a 7k/’ﬁ’) . (56)
where a =1,...,4,
Eq = /P2 — 2Malpa| + M. (57)
We introduced notations:
_ Oa b5 , q, q 2 /”'5+maa q, 4
A, = , M; = . 58
{ %)\abOu Y { Ov Y ( )
In the high-energy approximation:
M2 _ A2
Ea ~ al — Aa + —2 < 59
pa) S (59)
The magnitude of the final momentum k&’ can be determined by the energy conservation:
1 1
k’zk+§(A3+A4—A1 —do) + (M7 + M3F — M3 — M7 + A5+ A5 — A} — A3) . (60)
Inspection of (A16]) and reveals that the resonance emerges when
> — M? +2A|q| =0, (61)

where ¢ is the momentum flowing through the propagator. The parameters M and A, without a subscript, refer to the
virtual state represented by the propagator. Denote cosf = Z - nn. In the t-channel, when ¢ = p; — p3, the expression
(61) vanishes when

(0k)o = —A & /A2 — M2 — (A} — A3)(Ay — Ay), (62)

whereas in the u-channel, when ¢ = p; — p4, it vanishes when

(xk)o = —A £ /A2 — M2 — (A} — Ay)(Ay — A3), (63)

where we introduced x = 7 — 6. We took account of the fact that at high-energies, the scattering cross sections peak
at either small 6 or small x. Egs. and represent possible resonances in the ¢ and u channels, respectively. A
resonance occurs when there exists a set of helicities and polarizations such that (6k)o or (xk)o are physical, meaning
they are real and positive.

Consider two specific examples.

Fermion-fermion scattering: ¢(p1)q(p2) — ¢(p3)q(ps). At high energies, the leading contribution to the cross
section stems from the exchange of a virtual photon in the t-channel. Moreover, the fermion helicities do not
change. As a result, becomes:

Abo  |bol
(Ok)o = ==~ £ = = [Aboldsgn(rbo),—1- (64)
A resonance emerges for the virtual photon’s polarization A = —sgn(bg) at v/—t = 0k = by. The impact of this

resonance on the transport properties of chiral media was explored in [50].

Compton scattering: q(p1)y(p2) — v(p3)g¢(ps). In this case, the main contribution arises from the exchange of a
virtual fermion in the u-channel. In view of (approximate) helicity conservation yields the following position
of the resonance:

(Xk)o = —ops £ v —m?. (65)
Since this expression is always complex, there is no resonance in the leading high-energy term.

Apparently, only processes involving virtual photons exhibit resonant behavior at the leading order. We verified
numerically that this conclusion holds at any energy. At lower energies, spin-flip transitions play a more important
role and, as a result, resonances exhibit stronger dependence on 5.

We have not investigated whether the resonances can appear in virtual fermion states at higher orders of the
perturbative expansion. However, in the next section we do demonstrate that both photon and fermion propagators
can become resonant in a 2 — 3 process at the leading order.



VI. BREMSSTRAHLUNG
A. Resonances in fermion and photon propagators

Consider now photon radiation in an external Coulomb field in chiral medium: e(p;) — e(p2) + v(k). Denote
the momentum transfer as g. According to , the photon propagator has a familiar infrared Coulomb pole at
g?> = 0. The other two poles correspond to zeros of denominators of fermion propagators G(pl — k) and é(pg + k).
The denominator of the former propagator can be written as:

1T [ —k)® = p3 = m* —20p5|p1 — K] . (66)
o=%+1

Using , denoting by 6 the angle between p and k, and expanding in inverse powers of momentum, we obtain for
each of the two factors in (66)):

b(z) — 2)\”501b0$ — m2x2

(p1 fk)2—u§ fm2—2u5|p1 — k|~ 792Ew+2(17:L')[>\b07,LL5(O'+O'1)]E+ . , (67)

where x = w/E. At finite values of s and by, we can neglect the last term, which is small. Clearly, this expression
vanishes at the photon emission angle:

2(1 — x)[Abg — ps(oc + o

w
provided that Abg — us(o + 1) > 0. In the case where by and s vanish, the last term in @, because of its negative
sign, prevents from vanishing at any 6.

A similar analysis applies to the other fermion propagator. Moreover, even the time-time component of the photon
propagator D% (q), given by 1) that mediates between the fermion current and the Coulomb field, has a resonance.
This is because the momentum transfer vanishes at a finite momentum transfer ¢ = ps + k — p;. This can be seen by
considering the smallest momentum transfer, which occurs when all three momenta are aligned. In this case:

m? m? Abg miw

L= — — k|~ FE — — - E o v -
Gmin = |[p1] — |P2| — || 1 28, +oups 2+ 2F, Tapts — W 2 2F 1 Ey

1
+(O’1 70’2)#57 5)\[)0 (69)

Clearly, gmin can be negative indicating that |g| can vanish.

These conclusions are in agreement with the analysis of [40], which investigated bremsstrahlung at p5 = 0. When an
external field source possesses a magnetic moment (e.g. a heavy nucleus), the incoming fermion couples to this magnetic
moment through the components D% (q) of the photon propagator, as shown in . An apparent resonance appears
at g2 = bZ. This anomalous contribution to bremsstrahlung was computed in [39] under the condition 5 = 0.

B. Regularization of resonances

The emergence of resonances indicates instability of the fermion and boson states in the chiral medium. Indeed this
is precisely why the splitting processes discussed in Sec. [[V] are possible at all. Since the fermion and boson states in
the chiral medium are quasi-stationary they possess a finite width that is proportional to their total decay rate w,
which is given by for photons and for fermions. The finite width w of the propagator screens the poles of
both the photon and fermion propagators. However, in conductors, a more effective screening of the resonances of
the photon propagator is achieved through conventional plasma polarization effects, which are characterized by the
Debye mass at short distances.

The resonances that occur in the fermion propagators, discussed in this section, reflect instability of fermion states
in chiral matter with respect to spontaneous photon emission. The width of a quasi-static state is given by the total
decay rate as measured in the medium rest frame. Its inverse is the relaxation time 7 = 1/w. In the fermion rest
frame the relaxation rate is (E/m)7~!. With the account of the finite width, the fermion propagators in are
regulated as follows:

H [(pl - k)2 - :u‘g —m® — 20M5|p1 - k‘ - iEP17U1/TP1,01] . (70)
o=%

Due to the resonances, the bremsstrahlung total cross section is very sensitive to 1 — 2 rates.
This regularization procedure can be employed to regularize photon and fermion propagators in other processes.
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VII. SUMMARY

We considered an effective quantum electrodynamics in a chiral medium characterized by a constant chiral chemical
potential us and a chiral magnetic conductivity by. The chiral chemical potential signifies the chiral imbalance of
the medium, whereas the chiral magnetic conductivity quantifies the strength of the electric current induced by a
magnetic field. The latter is a non-perturbative chiral magnetic effect, which we regard as a constitutive relation
incorporated at the classical level of the effective theory. We employed this effective theory to analyze the scattering
amplitude in a chiral medium and observed the emergence of resonances in certain chiral channels in 1 — 2, 2 — 2
and 2 — 3 processes.

We computed the paradigm 1 — 2 processes, the chiral Cherenkov radiation and the pair production, that determine
the width of quasi-stationary fermion and photon states in a chiral medium. Kinematic considerations require that us
enter the expressions for the resonances multiplied by the difference of incoming and outgoing quark helicities. Since
at high energies, helicity flip is suppressed, the role of ps is also suppressed, while by plays the leading role.

Similar patterns are observed in processes involving a larger number of external particles. The widths of the
resonances are determined by the 1 — 2 decay rates, which in turn strongly influence the cross section of the resonant
channels. A number of such processes were considered in the literature. In this work, we derived general conditions
for the emergence of resonances and outlines the physical principles of their regularization. Generalization of our
results to QCD is quite straightforward.

We concentrated on chiraly isotropic systems with b = 0, which have a simpler mathematical description. This by
no means indicate that the results of this paper are restricted to chiraly isotropic systems. For example, the chiral
Cherenkov radiation is emitted at finite b and shows a very similar resonant behavior. The primary distinction of
an anisotropic chiral medium lies in the fact that the vector b breaks the spherical symmetry and, as a result, the
resonance structure depends on the relative angle between the photon direction and b [28] [36], 37, 411 [47].

The instability of electrodynamics with the Chern-Simons term appearing in is well-known [19]. This effect,
referred to as the chiral magnetic instability, is triggered by the runaway modes k& < by of the electromagnetic field
and is reflected in the pole at k? = by|k| in the photon propagator . It causes the transfer of chirality from the
medium to the magnetic field through the inverse cascade process [19, 211, [35] [45] [5TH64]. While the chiral magnetic
instability is indeed caused by the chiral magnetic current, it should not be confused with the instabilities in the
scattering amplitude, which are the focus of this paper. The distinction between these instabilities becomes most
apparent when b is finite, while by = 0. In this case, the scattering amplitudes are resonant, whereas the chiral
magnetic instability is absent.

In practical applications, the parameter by may vary with time. A careful analysis performed in [47, [65] [66] reveals
that when by depends on time, the number of resonances can double depending on whether the asymptotic values of
bo are finite or vanish.

It is noteworthy that this paper makes no mention of experimental measurements. This is because there are none,
even though such measurements are technically possible. For instance, one can shoot an energetic electron through
a Weyl semimetal to observe polarized THz radiation [41I], or measure the Brewster’s angle in topological insulators
[67]. In relativistic heavy-ion collisions, one can study circularly polarized photons originating from the quark-gluon
plasma [68]. Similarly, cosmic rays may induce chiral Cherenkov radiation in the presence of a slowly varying axion
field [36].

ACKNOWLEDGMENTS

This work was supported in part by the U.S. Department of Energy under Grant No. DE-SC0023692.

[1] S. L. Adler, Axial vector vertex in spinor electrodynamics, Phys. Rev. 177, 2426 (1969).

[2] J. S. Bell and R. Jackiw, A PCAC puzzle: ° — ~v in the o model, [Nuovo Cim. A 60, 47 (1969)!

[3] D. Kharzeev, Parity violation in hot QCD: Why it can happen, and how to look for it, Phys. Lett. B 633, 260 (2006)),
arXiv:hep-ph/0406125.

[4] D. Kharzeev and A. Zhitnitsky, Charge separation induced by P-odd bubbles in QCD matter, Nucl. Phys. A 797, 67
(2007), larXiv:0706.1026 [hep-ph].

[5] K. Fukushima, D. E. Kharzeev, and H. J. Warringa, The Chiral Magnetic Effect, Phys. Rev. D 78, 074033 (2008),
arXiv:0808.3382 [hep-ph].

[6] D. E. Kharzeev, Topologically induced local P and CP violation in QCD x QED, Annals Phys. 325, 205 (2010),
arXiv:0911.3715 [hep-ph].


https://doi.org/10.1103/PhysRev.177.2426
https://doi.org/10.1007/BF02823296
https://doi.org/10.1016/j.physletb.2005.11.075
https://arxiv.org/abs/hep-ph/0406125
https://doi.org/10.1016/j.nuclphysa.2007.10.001
https://doi.org/10.1016/j.nuclphysa.2007.10.001
https://arxiv.org/abs/0706.1026
https://doi.org/10.1103/PhysRevD.78.074033
https://arxiv.org/abs/0808.3382
https://doi.org/10.1016/j.aop.2009.11.002
https://arxiv.org/abs/0911.3715

11

[7] D. E. Kharzeev, L. D. McLerran, and H. J. Warringa, The Effects of topological charge change in heavy ion collisions:
"Event by event P and CP violation’, Nucl. Phys. A 803, 227 (2008), arXiv:0711.0950 [hep-ph].
[8] K. Fujikawa and H. Suzuki, |Path integrals and quantum anomalies (2004).
[9] E. Babaev, D. Kharzeev, M. Larsson, A. Molochkov, and V. Zhaunerchyk, Chiral Matter: Proceedings of the Nobel Sym-
posium 167 (World Scientific Publishing Co., New Jersey, 2023).
[10] D. E. Kharzeev, J. Liao, S. A. Voloshin, and G. Wang, Chiral magnetic and vortical effects in high-energy nuclear colli-
sions—A status report, Prog. Part. Nucl. Phys. 88, 1 (2016), arXiv:1511.04050 [hep-ph].
[11] D. E. Kharzeev, J. Liao, and P. Tribedy, Chiral magnetic effect in heavy ion collisions: The present and future, Int. J.
Mod. Phys. E 33, 2430007 (2024), arXiv:2405.05427 [nucl-th].
[12] A. Sekine and K. Nomura, Axion Electrodynamics in Topological Materials, [J. Appl. Phys. 129, 141101 (2021),
arXiv:2011.13601 [cond-mat.mes-hall].
[13] N. P. Ong and S. Liang, Review of experiments on the chiral anomaly in Dirac-Weyl semimetals, Nature Rev. Phys. 3,
394 (2021), |arXiv:2010.08564 [cond-mat.str-el].
[14] P. Sikivie, Invisible Axion Search Methods, Rev. Mod. Phys. 93, 015004 (2021)} jarXiv:2003.02206 [hep-ph].
[15] M. E. Peskin and D. V. Schroeder, An Introduction to quantum field theory (Addison-Wesley, Reading, USA, 1995).
[16] Z. Qiu, G. Cao, and X.-G. Huang, On electrodynamics of chiral matter, Phys. Rev. D 95, 036002 (2017), |arXiv:1612.06364
[cond-mat.mes-hall].
[17] D. Colladay and V. A. Kostelecky, Lorentz violating extension of the standard model, Phys. Rev. D 58, 116002 (1998),
arXiv:hep-ph/9809521.
[18] C. Adam and F. R. Klinkhamer, Causality and CPT violation from an Abelian Chern-Simons like term, [Nucl. Phys. B
607, 247 (2001), jarXiv:hep-ph/0101087.
[19] S. M. Carroll, G. B. Field, and R. Jackiw, Limits on a Lorentz and Parity Violating Modification of Electrodynamics,
Phys. Rev. D 41, 1231 (1990).
[20] R. Lehnert and R. Potting, Vacuum Cerenkov radiation, Phys. Rev. Lett. 93, 110402 (2004), arXiv:hep-ph/0406128.
[21] M. Joyce and M. E. Shaposhnikov, Primordial magnetic fields, right-handed electrons, and the Abelian anomaly, Phys.
Rev. Lett. 79, 1193 (1997), arXiv:astro-ph/9703005.
[22] D. Colladay and V. A. Kostelecky, CPT violation and the standard model, Phys. Rev. D 55, 6760 (1997), arXiv:hep-
ph/9703464.
[23] V. A. Kostelecky and A. G. M. Pickering, Vacuum photon splitting in Lorentz violating quantum electrodynamics, Phys.
Rev. Lett. 91, 031801 (2003), arXiv:hep-ph/0212382.
[24] P. O. Sukhachov, V. A. Miransky, I. A. Shovkovy, and E. V. Gorbar, Collective excitations in Weyl semimetals in the
hydrodynamic regime, J. Phys. Condens. Matter 30, 275601 (2018), |arXiv:1802.10110 [cond-mat.str-el].
[25] X.-1. Sheng, D. H. Rischke, D. Vasak, and Q. Wang, Wigner functions for fermions in strong magnetic fields, Eur. Phys. J.
A 54, 21 (2018), larXiv:1707.01388 [hep-ph].
[26] J. D. Kroth and K. Tuchin, Searching for missing direct photons in heavy-ion collisions with P and CP violation,
arXiv:2602.02746 [hep-ph] (2026).
[27] V. A. Miransky and I. A. Shovkovy, Quantum field theory in a magnetic field: From quantum chromodynamics to graphene
and Dirac semimetals, Phys. Rept. 576, 1 (2015), |arXiv:1503.00732 [hep-ph].
[28] R. Lehnert and R. Potting, The Cerenkov effect in Lorentz-violating vacua, Phys. Rev. D 70, 125010 (2004), [Erratum:
Phys.Rev.D 70, 129906 (2004)], arXiv:hep-ph/0408285.
[29] F. R. Klinkhamer and G. E. Volovik, Emergent CPT violation from the splitting of Fermi points, Int. J. Mod. Phys. A 20,
2795 (2005), jarXiv:hep-th/0403037.
[30] D. Mattingly, Modern tests of Lorentz invariance, Living Rev. Rel. 8, 5 (2005), arXiv:gr-qc/0502097.
[31] T. Jacobson, S. Liberati, and D. Mattingly, Lorentz violation at high energy: Concepts, phenomena and astrophysical
constraints, Annals Phys. 321, 150 (2006), arXiv:astro-ph/0505267.
[32] B. Altschul, Vacuum Cerenkov Radiation in Lorentz-Violating Theories Without CPT Violation, Phys. Rev. Lett. 98,
041603 (2007), larXiv:hep-th/0609030.
[33] B. Altschul, Cerenkov Radiation in a Lorentz-Violating and Birefringent Vacuum, Phys. Rev. D 75, 105003 (2007),
arXiv:hep-th /0701270,
[34] J. R. Nascimento, E. Passos, A. Y. Petrov, and F. A. Brito, Lorentz-CPT violation, radiative corrections and finite
temperature, |JHEP 06, 016, |arXiv:0705.1338 [hep-th].
[35] K. Tuchin, Radiative instability of quantum electrodynamics in chiral matter, Phys. Lett. B 786, 249 (2018),
arXiv:1806.07340 [hep-ph].
[36] X.-G. Huang and K. Tuchin, Transition Radiation as a Probe of the Chiral Anomaly, Phys. Rev. Lett. 121, 182301 (2018),
arXiv:1808.00635 [hep-ph].
[37] K. Tuchin, Chiral Cherenkov and chiral transition radiation in anisotropic matter, Phys. Rev. D 98, 114026 (2018),
arXiv:1809.08181 [hep-phl].
[38] J. Hansen and K. Tuchin, Collisional energy loss and the chiral magnetic effect, Phys. Rev. C 104, 034903 (2021),
arXiv:2012.06089 [hep-ph].
[39] J. Hansen and K. Tuchin, Bremsstrahlung in chiral medium: Anomalous magnetic contribution to the Bethe-Heitler
formula, [Phys. Rev. D 105, 116008 (2022), |arXiv:2203.13134 [hep-ph].
[40] J. Hansen and K. Tuchin, Electromagnetic bremsstrahlung and energy loss in chiral medium, [Phys. Rev. D 108, 076007
(2023), larXiv:2307.05761 [hep-ph].


https://doi.org/10.1016/j.nuclphysa.2008.02.298
https://arxiv.org/abs/0711.0950
https://doi.org/10.1093/acprof:oso/9780198529132.001.0001
https://doi.org/10.1142/9789811265068_fmatter
https://doi.org/10.1142/9789811265068_fmatter
https://doi.org/10.1016/j.ppnp.2016.01.001
https://arxiv.org/abs/1511.04050
https://doi.org/10.1142/9789811294679_0006
https://doi.org/10.1142/9789811294679_0006
https://arxiv.org/abs/2405.05427
https://doi.org/10.1063/5.0038804
https://arxiv.org/abs/2011.13601
https://doi.org/10.1038/s42254-021-00310-9
https://doi.org/10.1038/s42254-021-00310-9
https://arxiv.org/abs/2010.08564
https://doi.org/10.1103/RevModPhys.93.015004
https://arxiv.org/abs/2003.02206
https://doi.org/10.1103/PhysRevD.95.036002
https://arxiv.org/abs/1612.06364
https://arxiv.org/abs/1612.06364
https://doi.org/10.1103/PhysRevD.58.116002
https://arxiv.org/abs/hep-ph/9809521
https://doi.org/10.1016/S0550-3213(01)00161-4
https://doi.org/10.1016/S0550-3213(01)00161-4
https://arxiv.org/abs/hep-ph/0101087
https://doi.org/10.1103/PhysRevD.41.1231
https://doi.org/10.1103/PhysRevLett.93.110402
https://arxiv.org/abs/hep-ph/0406128
https://doi.org/10.1103/PhysRevLett.79.1193
https://doi.org/10.1103/PhysRevLett.79.1193
https://arxiv.org/abs/astro-ph/9703005
https://doi.org/10.1103/PhysRevD.55.6760
https://arxiv.org/abs/hep-ph/9703464
https://arxiv.org/abs/hep-ph/9703464
https://doi.org/10.1103/PhysRevLett.91.031801
https://doi.org/10.1103/PhysRevLett.91.031801
https://arxiv.org/abs/hep-ph/0212382
https://doi.org/10.1088/1361-648X/aac500
https://arxiv.org/abs/1802.10110
https://doi.org/10.1140/epja/i2018-12414-9
https://doi.org/10.1140/epja/i2018-12414-9
https://arxiv.org/abs/1707.01388
https://arxiv.org/abs/2602.02746
https://doi.org/10.1016/j.physrep.2015.02.003
https://arxiv.org/abs/1503.00732
https://doi.org/10.1103/PhysRevD.70.129906
https://arxiv.org/abs/hep-ph/0408285
https://doi.org/10.1142/S0217751X05020902
https://doi.org/10.1142/S0217751X05020902
https://arxiv.org/abs/hep-th/0403037
https://doi.org/10.12942/lrr-2005-5
https://arxiv.org/abs/gr-qc/0502097
https://doi.org/10.1016/j.aop.2005.06.004
https://arxiv.org/abs/astro-ph/0505267
https://doi.org/10.1103/PhysRevLett.98.041603
https://doi.org/10.1103/PhysRevLett.98.041603
https://arxiv.org/abs/hep-th/0609030
https://doi.org/10.1103/PhysRevD.75.105003
https://arxiv.org/abs/hep-th/0701270
https://doi.org/10.1088/1126-6708/2007/06/016
https://arxiv.org/abs/0705.1338
https://doi.org/10.1016/j.physletb.2018.09.055
https://arxiv.org/abs/1806.07340
https://doi.org/10.1103/PhysRevLett.121.182301
https://arxiv.org/abs/1808.00635
https://doi.org/10.1103/PhysRevD.98.114026
https://arxiv.org/abs/1809.08181
https://doi.org/10.1103/PhysRevC.104.034903
https://arxiv.org/abs/2012.06089
https://doi.org/10.1103/PhysRevD.105.116008
https://arxiv.org/abs/2203.13134
https://doi.org/10.1103/PhysRevD.108.076007
https://doi.org/10.1103/PhysRevD.108.076007
https://arxiv.org/abs/2307.05761

12

[41] J. Hansen, K. Ikeda, D. E. Kharzeev, Q. Li, and K. Tuchin, Magnetic Weyl semimetals as a source of circularly polarized
THz radiation, Phys. Open 23, 100268 (2025), arXiv:2405.11076 [cond-mat.mtrl-sci].

[42] J. Hansen and K. Tuchin, Chiral effects on radiation and energy loss in quark—gluon plasma, Int. J. Mod. Phys. E 33,
2430011 (2024), arXiv:2409.16338 [hep-ph].

[43] J. Hansen and K. Tuchin, Time evolution of parity-odd cascades in homogeneous Abelian and non-Abelian media with
chiral imbalance, Phys. Rev. D 112, 014010 (2025), arXiv:2503.00933 [hep-ph].

[44] J. Hansen and K. Tuchin, Color chiral Cherenkov radiation and energy loss in the quark-gluon plasma, Phys. Rev. D 110,
014027 (2024), arXiv:2405.08697 [hep-ph].

[45] Y. Akamatsu and N. Yamamoto, Chiral Plasma Instabilities, Phys. Rev. Lett. 111, 052002 (2013), arXiv:1302.2125 [nucl-
th].

[46] S. Duari, N. Chaudhuri, P. Roy, and S. Sarkar, Dynamical color conductivity of a chiral quark-gluon plasma, Phys. Rev.
D 113, 014011 (2026), arXiv:2512.20050 [hep-ph].

[47] K. Tuchin, Chiral Cherenkov radiation in the presence of a time-dependent chiral chemical potential, Phys. Rev. C 112,
044903 (2025)}, arXiv:2507.07324 [hep-ph].

[48] E. Barredo-Alamilla, L. F. Urrutia, and M. M. Ferreira, Jr., Electromagnetic radiation in chiral matter: The Cherenkov
case, Phys. Rev. D 107, 096024 (2023)|, |arXiv:2305.07963 [hep-ph].

[49] R. M. von Dossow, E. Barredo-Alamilla, M. A. Gorlach, and L. F. Urrutia, Cherenkov radiation in isotropic chiral matter:
Unlocking threshold-free emission, Phys. Rev. D 113, 016010 (2026)}, arXiv:2512.14676 [hep-phl.

[50] K. Tuchin, Anomalous scattering and transport in chiral matter, Phys. Lett. B 808, 135680 (2020), arXiv:2006.07950
[hep-ph].

[51] A. Boyarsky, J. Frohlich, and O. Ruchayskiy, Self-consistent evolution of magnetic fields and chiral asymmetry in the early
Universe, Phys. Rev. Lett. 108, 031301 (2012), |arXiv:1109.3350 [astro-ph.CO].

[52] D. E. Kharzeev, The Chiral Magnetic Effect and Anomaly-Induced Transport, Prog. Part. Nucl. Phys. 75, 133 (2014),
arXiv:1312.3348 [hep-ph].

[63] Z. V. Khaidukov, V. P. Kirilin, A. V. Sadofyev, and V. I. Zakharov, On Magnetostatics of Chiral Media, Nucl. Phys. B
934, 521 (2018), [arXiv:1307.0138 [hep-th].

[64] V. P. Kirilin, A. V. Sadofyev, and V. I. Zakharov, Anomaly and long-range forces, in 100th anniversary of the birth of
1. Ya. Pomeranchuk (2014) pp. 272-286, arXiv:1312.0895 [hep-th].

[65] A. Avdoshkin, V. P. Kirilin, A. V. Sadofyev, and V. 1. Zakharov, On consistency of hydrodynamic approximation for chiral
media, Phys. Lett. B 755, 1 (2016), arXiv:1402.3587 [hep-th].

[656] M. Dvornikov and V. B. Semikoz, Magnetic field instability in a neutron star driven by the electroweak electron-nucleon
interaction versus the chiral magnetic effect, Phys. Rev. D 91, 061301 (2015), arXiv:1410.6676 [astro-ph.HE].

[57] K. Tuchin, Electromagnetic field and the chiral magnetic effect in the quark-gluon plasma, Phys. Rev. C 91, 064902 (2015),
arXiv:1411.1363 [hep-ph].

[58] C. Manuel and J. M. Torres-Rincon, Dynamical evolution of the chiral magnetic effect: Applications to the quark-gluon
plasma, Phys. Rev. D 92, 074018 (2015), arXiv:1501.07608 [hep-ph].

[59] P. V. Buividovich and M. V. Ulybyshev, Numerical study of chiral plasma instability within the classical statistical field
theory approach, Phys. Rev. D 94, 025009 (2016), [arXiv:1509.02076 [hep-th].

[60] G. Sigl and N. Leite, Chiral Magnetic Effect in Protoneutron Stars and Magnetic Field Spectral Evolution, JCAP 01, 025,
arXiv:1507.04983 [astro-ph.HE].

[61] X.-1. Xia, H. Qin, and Q. Wang, Approach to Chandrasekhar-Kendall-Woltjer State in a Chiral Plasma, Phys. Rev. D 94,
054042 (2016), arXiv:1607.01126 [nucl-th].

[62] D. B. Kaplan, S. Reddy, and S. Sen, Energy Conservation and the Chiral Magnetic Effect, Phys. Rev. D 96, 016008 (2017),
arXiv:1612.00032 [hep-ph].

[63] V. P. Kirilin and A. V. Sadofyev, Anomalous Transport and Generalized Axial Charge, Phys. Rev. D 96, 016019 (2017),
arXiv:1703.02483 [hep-th].

[64] M. Mace, N. Mueller, S. Schlichting, and S. Sharma, Chiral Instabilities and the Onset of Chiral Turbulence in QED
Plasmas, Phys. Rev. Lett. 124, 191604 (2020)} arXiv:1910.01654 [hep-phl].

[65] K. Tuchin, Polarized electromagnetic radiation by chiral media with time-dependent chiral chemical potential, Phys. Lett.
B 872, 140080 (2026), |arXiv:2508.12923 [hep-ph].

[66] K. Tuchin, Quark and gluon production in the presence of the time-varying chiral magnetic current, arXiv:2604.21872
[hep-ph] (2026).

[67] E. Stewart and K. Tuchin, Optical manifestations of domains with constant topological charge density, Phys. Rev. Research.
1, 023005 (2019), [arXiv:1906.04602 [hep-ph].

[68] K. Tuchin, Photon radiation in hot nuclear matter by means of chiral anomalies, Phys. Rev. C 99, 064907 (2019),
arXiv:1903.02629 |[hep-ph].

[69] S. Weinberg, |The Quantum theory of fields. Vol. 1: Foundations (Cambridge University Press, 2005).

[70] D. T. Son and N. Yamamoto, Kinetic theory with Berry curvature from quantum field theories, Phys. Rev. D 87, 085016
(2013), larXiv:1210.8158 [hep-th].


https://doi.org/10.1016/j.physo.2025.100268
https://arxiv.org/abs/2405.11076
https://doi.org/10.1142/S021830132430011X
https://doi.org/10.1142/S021830132430011X
https://arxiv.org/abs/2409.16338
https://doi.org/10.1103/1p9s-jtkw
https://arxiv.org/abs/2503.00933
https://doi.org/10.1103/PhysRevD.110.014027
https://doi.org/10.1103/PhysRevD.110.014027
https://arxiv.org/abs/2405.08697
https://doi.org/10.1103/PhysRevLett.111.052002
https://arxiv.org/abs/1302.2125
https://arxiv.org/abs/1302.2125
https://doi.org/10.1103/xtpy-n3k3
https://doi.org/10.1103/xtpy-n3k3
https://arxiv.org/abs/2512.20050
https://doi.org/10.1103/z8r3-y9xx
https://doi.org/10.1103/z8r3-y9xx
https://arxiv.org/abs/2507.07324
https://doi.org/10.1103/PhysRevD.107.096024
https://arxiv.org/abs/2305.07963
https://doi.org/10.1103/dngn-zh7f
https://arxiv.org/abs/2512.14676
https://doi.org/10.1016/j.physletb.2020.135680
https://arxiv.org/abs/2006.07950
https://arxiv.org/abs/2006.07950
https://doi.org/10.1103/PhysRevLett.108.031301
https://arxiv.org/abs/1109.3350
https://doi.org/10.1016/j.ppnp.2014.01.002
https://arxiv.org/abs/1312.3348
https://doi.org/10.1016/j.nuclphysb.2018.07.009
https://doi.org/10.1016/j.nuclphysb.2018.07.009
https://arxiv.org/abs/1307.0138
https://doi.org/10.1142/9789814616850_0014
https://doi.org/10.1142/9789814616850_0014
https://arxiv.org/abs/1312.0895
https://doi.org/10.1016/j.physletb.2016.01.048
https://arxiv.org/abs/1402.3587
https://doi.org/10.1103/PhysRevD.91.061301
https://arxiv.org/abs/1410.6676
https://doi.org/10.1103/PhysRevC.91.064902
https://arxiv.org/abs/1411.1363
https://doi.org/10.1103/PhysRevD.92.074018
https://arxiv.org/abs/1501.07608
https://doi.org/10.1103/PhysRevD.94.025009
https://arxiv.org/abs/1509.02076
https://doi.org/10.1088/1475-7516/2016/01/025
https://arxiv.org/abs/1507.04983
https://doi.org/10.1103/PhysRevD.94.054042
https://doi.org/10.1103/PhysRevD.94.054042
https://arxiv.org/abs/1607.01126
https://doi.org/10.1103/PhysRevD.96.016008
https://arxiv.org/abs/1612.00032
https://doi.org/10.1103/PhysRevD.96.016019
https://arxiv.org/abs/1703.02483
https://doi.org/10.1103/PhysRevLett.124.191604
https://arxiv.org/abs/1910.01654
https://doi.org/10.1016/j.physletb.2025.140080
https://doi.org/10.1016/j.physletb.2025.140080
https://arxiv.org/abs/2508.12923
https://arxiv.org/abs/2604.21872
https://arxiv.org/abs/2604.21872
https://doi.org/10.1103/PhysRevResearch.1.023005
https://doi.org/10.1103/PhysRevResearch.1.023005
https://arxiv.org/abs/1906.04602
https://doi.org/10.1103/PhysRevC.99.064907
https://arxiv.org/abs/1903.02629
https://doi.org/10.1017/CBO9781139644167
https://doi.org/10.1103/PhysRevD.87.085016
https://doi.org/10.1103/PhysRevD.87.085016
https://arxiv.org/abs/1210.8158

13
Appendix A: Electromagnetic field at constant by

1. Energy of electromagnetic field
Using and , we obtain:
%at/(E2+B2)d3x:?f(3><E)-da—bo/E-Bd%. (A1)
Noting that
8t/A-Bd3:c:—2/E-Bd3x+7{(A><E)-da (A2)
we can rewrite the equation as:
%at/(EuBtboA.B)d%:f(BxE+%AxE).da. (A3)

This equation represents the conservation of electromagnetic field energy, which is given by:

H:%/(E2+B2—b0A-B)d3x. (A4)

In view of (4d)), H is gauge invariant. The complete energy-momentum tensor was obtained in [19].
To express the electromagnetic field energy as a Fock space operator, we substitute into the left-hand side of
(A3) and use the relations:

[ 4w (@) Ara@)a? (Qk) Srnd(h — k) (a5)

to derive:

H= Z/ o 3%k )\ak AQk X (A6)

up to an additive constant. The photon’s energy is given by @D

2. Photon propagator

The Feynman propagator is defined as the following time-ordered commutator:
Di(x) = D' (2)0(2°) + DY (—x)0(—2"), (A7)

where

D () = (0] A*(x) A7(0)[0) = Z / W (A8)

32w )\

The product of the polarization vectors W;f , can be represented as a combination of symmetric and anti-symmetric
matrices:

. o 1/... pp? ix oo pF
o i A ¥ _ A gk P A9
TpA = pApA = 5 ( p? ) 2" 1p| (A9)

Employing the integral representation of the step function

.0
1 (o) e—lS.’.E
0(2) = —— d A10
@) == Sra® (A10)
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we can write

3 %) 0 %
Di(2)0(z%) =i} / (%3 / K T gina___ 1 (A11)
A

o . .
oo 2T 2wp ) kO — wg ) + i€

where the new integration variables are k = p and k° = wg » + 5. We can similarly represent

3 0 710 U
DY (—z)0(—2) :ZZ/ (;iﬁl;/ k" Tk etk L (A12)
by

0o gQw,kA —k0 — W—gx+ i€’
where now k = —p and k° = —W_f ) — S.
.Iltdis evident from @) and that w_g » = wg,—x. Also, || implies that wljk,/\ = 77;3)7/\. Therefore, 1) now
yields

’ Bk [ dk° ™\ 1 ™ _x 1
D — G —ik-x > ) A13
F(x) Z/ (27T)3 [m 2 € Z}\: { 20.)]@’)\ kO — WEe,\ + 1€ + 20.)]@,)\ _kO — WEk,—\ + i€ ( )

Pr L
=3 T : . Al4
/ (2m)i° ; (K0) —wf \ +ie (A
Summing over A and using @D and (A9)) we finally obtain for the propagator
i d*k iy i

D¥(z) = / (%)46 kDY (k) , (A15)

where

i (5”‘ - kkf) k2 — byl k"

DY (k) = A16
r k) kt — b3k? + de (AL6)

It is a straightforward calculation to show that
(—k255 — iboe™ k™) D3 (k) = —i (5“ - ia'/%j) , (A17)

_In the Coulomb gauge V - A = 0, while AV is finite. As a result, the space-space components of the propagator
D% (k) are given by 1) the time-time component D, which describes the instantaneous Coulomb interaction,
reads:

DR (k) = i/|k|?, (A18)

whereas the space-time components vanish D% (k) = 0 [69].
The propagator in the Coulomb gauge, given by Egs. (A16)) and (A18)), can be gauge-transformed into the boost-
invariant expression derived in [20]. This is accomplished by the gauge transformation

DR (k) + MR + CVR (A19)
with
k2RO

B COkz
T 2k2(kY - 02k2) '

Appendix B: Dirac field at constant us
1. Positive energy solutions of (18]

The positive energy solution of has a form:

pol@) = Py e (P07 (BY)
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where p* = (Ep.»,p), 0 is helicity, ¢ and x are left and right two-component spinors respectively. Substituting (BI))
into and employing the chiral representation of y-matrices we obtain:

—m Epa_p'U+M5 Pp,o
' ’ =0. B2
(Ep,o+p'du5 —m )<Xp,<7 ( )
Acting with the operator p — 1572y + m on this equation produces the set of equations:
[(Ep.o =P 0+ 15)(Epo + P 0 = pis) = m] ppo =0, (B3)
[(Epw + 0 = 115)(Epo =P 0+ pis) = m*] xpo = 0. (B4)

These equations are diagonalized only if the functions ¢, , and xp ., are proportional to the helicity eigenstates &p o
that obey the equation:

D 08po =080, (B5)
and normalized as §p ¢po’ = 00,7, Where 0,0’ = £1. Suppose that ¢p, = Ny&p », where N, is a normalization
constant. It follows from that

N,

Xp,o = H(Ep,cf +olpl — p15)ép,o - (B6)
Eq. (B3]) then implies:
Epo = \/(olpl = ps)? +m?. (B7)
The Dirac spinors are normalized as follows:
u;,aup,a =2Ep,o- (B8)
The left-hand side of (B8|) can be expressed as
t _ NG |2 2, 21 NVo |2
Upolpo = PpoPpo + XpoXpo = 5 [(Bpo +olpl = 5)* +m?*] = 2Epo (Epo +olpl —ps),  (BY)
which implies that:
IN,| = == /B — olpl + 5. (B10)
\/ Epo+ Ulp\

Finally, the particle spinors are given by (1 .

2. Negative energy solutions

We seek the negative energy solutions to in the form:

Vpo(z) = eip'xvpa = ( %L ) ’ (B11)
Xp,o
where p* = (E, ,,p). Substitution into now yields:
pa— —_— / . /
( o Epo +P ”*”5)(@?70)20. (B12)
—Lpoe D0 — U5 -m Xp,o
The solution in terms of the normalized helicity eigenstates is:
w’p’a =N.&po, (B13)
/ Né‘ !
Xp,g = _E(Ep,o’ + U‘pl + :U/5>§p,0' ’ (B14)
with the dispersion relation:
Epo = E,,,,(, = V(olp| + ps)? +m?. (B15)
The normalization constant is computed as in — (IB10) with the result:
NG| = =\/Epo—olpl— 5. (B16)

\/ +0|p\+u5

This yield the final expression for the anti-particle spinors given by .
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3. Gordon’s identity

Consider the Dirac equation at finite chiral chemical potential for the positive energy solutions:
(P =" ay —m) upo =0. (B17)
The adjoint spinor obeys the equation
Up,o (pufy“ — 757#‘% — m) =0. (B18)
It can be shown that the spinors satisfy the Gordon’s identity:
Upt o0 Y tlp,o = %ﬂp/,o’ {p" + 0" +ic™ (', —po) = 2i0""Vay }up,o . (B19)
It is straightforward to verify that

Uy o (P =P )tpo =0, (B20)

which is consistent with the charge conservation requirement.
Using the Gordon identity, the current density is:

1 1 1

U Plp g = =———1 2* — 2" V0 a,) Uy 5 =
28, me ) e = 5p 5 p.o (2P Y’ay) tp,o

1
Ep s

gt = (Ep.o,p— ps{o)) - (B21)

where (o) = E;VUUEP’J.
Given the momentum p with the polar and azimuthal angles 8 and ¢, the explicit helicity eigenstates read

;0 —e tgin @
Eps = < Cos 5 > ’ Ep = < e 591112) . (B22)

s 2,
€' sin 5 oS 5
Using these we compute:

(o) =L . (B23)

It is remarkable that even a particle at rest have non-vanishing current

lim j = —J;f;i"—f@ , (B24)
which is a reflection of non-zero Berry curvature [70].
4. Fermion propagator
The fermionic Green function G(x) obeys the equation:
(i = 7°1"ns —m) G(z) = id(z). (B25)
In the momentum space reads:
(P =" s —m) G(p) =i (B26)
Using the properties of v matrices, we compute:
(P — "1 %us +m) (p —v°1 us — m) = p* — pZ — m* + 2u57°7%v - p (B27)
and
(0? — 12— m® = 2057°7 "y - ) (0 — 2 — m® + 257°70y - ) = (0 — 2 — m?)” — 4p2p?. (B28)

Using the fact that in the chiral representation 7°y%y = X, allows us to cast the solution to (B26|) in the form given
by . It is worth noting that the two matrices enclosed within the two pairs of parentheses in the numerator of
(25) commute.
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