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The QED scattering amplitude in a chiral medium characterized by a constant chiral chemical
potential µ5 and chiral magnetic conductivity b0 is analyzed. We show the emergence of the resonant
behavior in 1 → 2, 2 → 2, and 2 → 3 processes. We compute the rates of paradigm 1 → 2
processes that determine the widths of quasi-stationary fermion and photon states in the medium.
We elucidate the origin of these resonances, the conditions of their emergence, and the physical
principles of their regularization.

I. INTRODUCTION

A medium containing chiral fermions may be chiraly imbalanced. The chiral imbalance can be expressed in terms of
the P and CP -odd terms in the Lagrangian. In quark-gluon plasma, the net chirality is reflected in the chiral chemical
potential µ5 induced by the sphaleron transitions. In Weyl semimetals, the chirality is manifested as a displacement
∆ of the Weyl nodes in momentum space. Many phenomenological models describe the chirality by introducing a
term into Lagrangians that couples the four vector (µ5,∆) to the axial vector current jµ5 = ψ̄γµγ5ψ.
In the presence of a chiral imbalance, two new currents are induced in the medium due to the chiral anomaly [1, 2].

These currents are the chiral magnetic current j = b0B [3–7] and the anomalous Hall current j = b × E, where
b0 = cAµ5 is called the chiral magnetic conductivity and b = cA∆/2. A medium with the P and CP -odd responses
defined by the chiral magnetic and anomalous Hall currents can be described employing constitutive relations. These
relations are linear when µ5 and ∆ are constant, and they become isotropic when ∆ vanishes. From the field-theoretic
perspective, the anomalous currents can be represented as the Chern-Simons term F̃F in the Lagrangian, where F̃ is
the dual electromagnetic field tensor.

To obtain an effective Lagrangian for electrodynamics with chiral imbalance, perform a chiral transformation

ψ → eiθγ
5

ψ of the fermionic functional integral. This transformation produces the following new terms in the
Lagrangian [8]:

∆L = θ(x)

{
∂µj

µ5 − cA

(
−1

4
F̃µνFµν

)}
, (1)

where

cA =
1

2π2

∑
a

e2a (2)

is the chiral anomaly coefficient, with ea being the electric charge of fermion a and sum running over all fermion
species. The expression in the curly brackets in (1) is the total derivative, and the Lagrangian (1) can be cast in the
following form:

∆L = ∂µθ
{
−jµ5 + cA

2
ϵµνλρAν∂λAρ

}
. (3)

Therefore, the equations of motion depend not on θ directly, but on its derivative ∂µθ. It is a simple exercise to verify
that bµ = cA∂µθ, with b0 and b being its temporary and spacial components respectively.
With the addition of ∆L to the Lagrangian of QED, we obtain an effective theory that is extensively used in

applications. The chiral magnetic effect, its theory, and its applications are discussed in [9]. A review focusing on
the phenomenology of relativistic heavy-ion collisions is presented in [10, 11], a review on topological materials is
presented in [12, 13] while reference [14] delves into axion phenomenology.

The goal of this article is to explore the role of the chiral imbalance played in scattering processes using the effective
theory presented above. In particular, we argue that scattering amplitudes often exhibit resonant behavior in certain
chiral modes. A typical example is the chiral (or vacuum) Cherenkov radiation whose rate is characteristically pro-
portional to the delta function of the emitted transverse momentum. We will elucidate the origin of these resonances,
the conditions of their emergence and their regularization procedure.

Most applications we have in mind, pertain to high energy nuclear and particle physics where it is usually assumed
that chirality distribution is uniform, i.e. ∆ = 0. We adopt this approximation as it allows us to present our arguments
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in the clearest form. However, all conclusions can be readily generalized to any ∆. Furthermore, we work in the high
energy approximation for the same reason.

The paper is structured as follows. Sec. II and Sec. III review the solutions to the Maxwell equations in a medium
with a chiral magnetic current and the Dirac equation at finite chiral chemical potential. In each case, we derive the
chiral plane waves and propagators. The detailed derivations are presented in Appendices A and B. Sec. IV deals
with the chiral Cherenkov radiation and its cross-channel, pair production. We compute the production rates, show
the emergence of the resonant behavior, and study its dependence on µ5 and b0. Sec. V investigates the resonances
in 2 → 2 scattering, and section Sec. VI does the same for bremsstrahlung. A summary is presented in Sec. VII.

We use natural units c = ℏ = 1 and convention of [15] for Dirac matrices.

II. SOLUTION TO MAXWELL EQUATIONS IN THE PRESENCE OF CHIRAL MAGNETIC
CURRENT

The chiral magnetic current is a component of the medium’s linear response to an external electromagnetic field.
Qiu, Cao and Huang incorporate it into the constitutive relationship between the displacement and electric fields [16].
The primary concern in this section is the electromagnetic field in a medium exhibiting such anomalous constitutive
relationship. We ignore all medium effects and sources apart from the chiral magnetic current.

A. Maxwell equations with chiral magnetic current

Maxwell’s equations, obtained from (3) read:

∇×B = Ė + b0B , (4a)

∇ ·E = 0 , (4b)

∇×E = −Ḃ , (4c)

∇ ·B = 0 . (4d)

In the radiation gauge A0 = 0, ∇ ·A = 0 (4a) yields the modified wave equation for the vector potential:

−Ä+∇2A+ b0∇×A = 0 . (5)

The positive energy solutions of (5) have the form

Ap,λ(x) =
1√
2ωp,λ

ϵp,λe
−ip·x , (6)

where pµ = (ωp,λ,p), and ϵp,λ is the polarization vector corresponding to the polarization λ. Substituting (6) into
(5) we readily find (

ω2
p,λ − p2

)
ϵp,λ + b0ip× ϵp,λ = 0 . (7)

It order to diagonalize this equation, we must choose the polarization vectors to represent the right and left circular
polarizations corresponding to λ = ±1. This is because such vectors obey the identity:

ip̂× ϵp,λ = λϵp,λ . (8)

Using (8) in (7) yields the dispersion relation:

ωp,λ =
√
p2 − λb0|p| . (9)

The negative energy solutions read:

A′
p,λ(x) =

1√
2ω′

p,λ

ϵ′p,λe
ip·x , (10)

The dispersion of the negative energy solutions is found by plugging (10) into (5), which yields(
ω′2

p,λ − p2
)
ϵ′p,λ − b0ip× ϵ′p,λ = 0 . (11)
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Choosing ϵ′p,λ = ϵ∗p,λ and using the complex conjugate of (8) we find that ω′
p,λ = ωp,λ. As a result,

A′
p,λ(x) = A∗

p,λ(x) . (12)

Therefore, the total vector potential, which is the sum of (6) and (10) is real, as required.
The quantized electromagnetic field reads:

A(x) =
∑
λ

∫
d3p

(2π)3
1√
2ωp,λ

[
ϵp,λe

−ip·xap,λ + ϵ∗p,λe
ip·xa†p,λ

]
, (13)

with the commutation relations given by

[ap,λ, a
†
p′,λ′ ] = (2π)3δ(p− p′)δλ,λ′ . (14)

The energy and the Hamiltonian of electromagnetic field is discussed in Appendix A. The quantization of the
Maxwell theory with the Chern-Simons term was discussed in [17, 18].

The photon’s Feynman propagator in a covariant gauge for an arbitrary bµ is given by [19, 20]:

D̃µν
F (k) =

−ik2gµν + ϵµνρσbρkσ − ibµbν

k4 + k2b2 − (b · k)2 + iϵ
. (15)

In Appendix A we present a detailed derivation of the photon propagator in the Coulomb gauge, starting from the
corresponding correlation function.

Let us now examine the poles of the photon propagator (15). At b = 0, the propagator has poles at

(k0)2 = k2 + λb0|k| . (16)

In particular, in static limit k0 = 0, besides the familiar Coulomb pole at |k| = 0, there is a pole at |k| = b0 indicating
the instability of the magnetic field in the chiral matter [18, 19, 21]. This instability is not the subject of this study,
although it is related to the resonances we discuss in the subsequent sections. We elaborate on this connection in
Sec. VII.

At b0 = 0, the denominator of (15) vanishes when

k4 + k2b2 − (b · k)2 = 0 . (17)

This implies the presence of only one pole at |k| = 0, in contrast to the previous case. Consequently, the magnetic
field is stable in this situation. This is further discussed in Sec. VII.

III. SOLUTION TO DIRAC EQUATION AT FINITE CHIRAL CHEMICAL POTENTIAL

The Dirac equation at finite µ5 reads:

(i/∂ − µ5γ
5γ0 −m)ψ = 0 . (18)

Its solutions were obtained and discussed in [7, 22–25]. More general cases involving finite ∆ were explored in [22, 26].
The solutions of (18) are derived in Appendix B. The positive and negative energy spinors read:

up,σ =

( √
Ep,σ − σ|p|+ µ5ξp,σ√
Ep,σ + σ|p| − µ5ξp,σ

)
, (19)

with the dispersion

Ep,σ =
√
(σ|p| − µ5)2 +m2 , (20)

and

vp,σ =

 √
E′

p,σ − σ|p| − µ5ξp,σ

−
√
E′

p,σ + σ|p|+ µ5ξp,σ

 , (21)
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with the dispersion E′
p,σ = Ep,−σ respectively.

Employing the identities

(Ep,σ +m∓ |p|σ ± µ5)
2
= 2(Ep,σ +m) (Ep,σ ∓ |p|σ ± µ5) , (22)

(19) can be cast in a different form:

up,σ =
1√

2(Ep,σ +m)

(
(Ep,σ − σ|p|+m+ µ5) ξp,σ
(Ep,σ + σ|p|+m− µ5) ξp,σ

)
. (23)

Similarly, the anti-particle spinors can be represented as:

vp,σ =
1√

2(E′
p,σ +m)

( (
E′

p,σ − σ|p|+m− µ5

)
ξp,σ

−
(
E′

p,σ + σ|p|+m+ µ5

)
ξp,σ

)
. (24)

The spinors in the form (23) and (24) are convenient for the high-energy expansion.
A derivation of the fermion propagator is presented in Appendix B. In momentum space it reads

G̃(p) =
i
(
/p− γ5γ0µ5 +m

) (
p2 − µ2

5 −m2 − 2µ5Σ · p
)

(p2 − µ2
5 −m2)

2 − 4µ2
5p

2
. (25)

A more general expression can be found in [27]. G̃(p) has four simple poles at p0 = ±Ep,σ, where Ep,σ are given by
(20). Adding the +iϵ prescription to the denominator transforms (25) into the Feynman propagator.

At high energies, where |p| ≫ µ5,m, the dispersion relation (20) reads

Ep,σ ≈ |p| − σµ5 . (26)

Substituting this into (23) and expanding yields the high-energy approximation for the particle spinor:

up,σ ≈ 1√
2pz

( [
|p|(1− σ) + 1

2µ5(1− σ) + 1
2m(1 + σ)

]
ξp,σ[

|p|(1 + σ)− 1
2µ5(1 + σ) + 1

2m(1− σ)
]
ξp,σ

)
. (27)

This formula can be directly derived from (19), but it requires keeping the next term, proportional to m2, in the
expansion of (26).

By the same token, expanding (24) yields the high-energy approximation of the anti-particle spinor:

vp,σ ≈ 1√
2pz

( [
|p|(1− σ)− 1

2µ5(1− σ) + 1
2m(1 + σ)

]
ξp,σ

−
[
|p|(1 + σ) + 1

2µ5(1 + σ) + 1
2m(1− σ)

]
ξp,σ

)
. (28)

Finally, assuming that |p| ≈ pz, the helicity eigenstates read:

ξp,+ ≈
(

1
px+ipy

2pz

)
, ξp,− ≈

(
−px−ipy

2pz

1

)
. (29)

IV. 1 → 2 SCATTERING

This section calculates the rates of two 1 → 2 processes, q → qγ and γ → qq̄, in the presence of both the chiral
magnetic current and the chiral chemical potential µ5. Here, q and q̄ represent fermions and antifermions, respectively.
The latter process was first discussed in [20, 28] in the context of Lorentz symmetry-violating theories, assuming µ5 = 0.
Dubbed the vacuum Cherenkov radiation, it is regarded as a signature of such violation [19, 20, 23, 28–34].

The full QFT calculation at µ5 = 0 was performed by one of us in [35]. In that work, we proposed these processes
as a manifestation of the P and CP violation in chiral media. In this context, they are termed the chiral Cherenkov
radiation and pair production. Extensive studies of these processes have been conducted in [35–42]. Additionally, the
cascade induced by these novel channels has been studied in [43]. Furthermore, the non-Abelian version of the chiral
Cherenkov radiation has been explored in [44], based on the non-Abelian generalization of the chiral magnetic effect,
as discussed in [45, 46]. The chiral processes induced by anomalous Hall current were discussed in [36, 37, 41, 47].
Lastly, the classical version of the chiral Cherenkov radiation has been studied in [38, 48, 49].
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A. Chiral Cherenkov radiation

Consider the reaction q(p, σ) → q(p′, σ′) + γ(k, λ) in the frame where the incident quark moves along the z-axis:∗

p = (Ep,σ, 0, 0, pz) , (30a)

k = (ωk,λ, k⊥, 0, xpz) , (30b)

p′ = (E′
p′,σ′ ,−k⊥, 0, (1− x)pz) . (30c)

The rate of the photon radiation is given by

dẇ =
1

2

1

(2π)3

∑
λ,σ,σ′

1

8E3x(1− x)
2πδ

(
Ep,σ − E′

p′,σ′ − ωk,λ

)
|iM|2d2k⊥dxpz , (31)

where the matrix element is

iM = −ieūp′,σ′/ϵ
∗
k,λup,σ . (32)

At high energies, pz ≫ m ∼ k⊥ ∼ µ5 ≫ b0. In other words, let ε be a small bookkeeping parameter. Then
pz ∼ O(ε0), m ∼ k⊥ ∼ µ5 ∼ O(ε1), and b0 ∼ O(ε2). Expanding the time components of the three four-vectors in
(30) up to and including the order ε2 yields the following approximations:

Ep,σ ≈ pz

(
1− σµ5

pz
+
m2

2p2z

)
, (33a)

E′
p′,σ′ ≈ p′z

(
1− σ′µ5

p′z
+
m2 + k2⊥
2p′z

2

)
, (33b)

ωk,λ ≈ kz

(
1− λb0

2kz
+
k2⊥
2k2z

)
. (33c)

The scattering amplitude iM is proportional to the matrix element ξ†p′,σ′σ · ϵ∗k,λξp,σ. Using the expressions for

two-component spinors ξ given by (29), we find:

ξ†p′,σ′σξp,σ =

[
p′x
2p′z

(σx̂+ iŷ) + σẑ

]
δσ,σ′ +

[
x̂+ iσŷ − p′x

2p′z
ẑ

]
δσ,−σ′ . (34)

The photon polarization vector is given by ϵk,λ = (0, ϵk,λ) with

ϵk,λ =
1√
2

(
1, iλ,−k⊥

kz

)
. (35)

It follows that

ξ†p′,σ′σ · ϵ∗k,λξp,σ = − k⊥√
2pz

λx+ σ(2− x)

2x(1− x)
δσ,σ′ +

1√
2
(1 + σλ)δσ,−σ′ . (36)

Substituting (27) into (32) and noticing that the helicity preserving term in (36) contains an extra factor of 1/pz,
yields, after some algebra,

iM =
ie

2pz
√
1− x

ξ†p′,σ′σ · ϵ∗k,λξp,σ
[
−4p2z(1− x)σδσ,σ′ − 2mpzxσδσ,−σ′

]
,

=
ie√

2(1− x)

[
k⊥

λxσ + 2− x

x
δσ,σ′ −mx(σ + λ)δσ,−σ′

]
. (37)

The sub-eikonal term proportional to µ5/pz has been neglected. Remarkably, (37) exhibits no dependence on either
b0 or µ5.

∗ In this section, the prime denotes the quantum numbers of the final fermion, unlike in Sec. III where it labels the anti-particle states.
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The argument of the delta-function in (31) expresses energy conservation:

Ep,σ − E′
p′,σ′ − ωk,λ = − k2⊥ +m2x2

2pzx(1− x)
+

1

2
λb0 − (σ − σ′)µ5 . (38)

It vanishes only for certain values of the quantum numbers of the incident and produced particles. To simplify the
notation, assume that b0 and µ5 are positive (they must have the same sign). There are two possible channels allowed
by energy conservation. The first one occurs when the quark helicity does not change: σ = σ′ and the photon is
right-hand polarized: λ = +1. In this case the differential rate reads:

dẇ(σ = σ′)

d2k⊥dx
=
e2

4π

k2⊥
4πE

x2 − 2x+ 2

(1− x)x2
δ
(
k2⊥ −K2

0

)
θ
(
K2

0

)
, (39)

where

K2
0 = λb0Ex(1− x)−m2x2 . (40)

The m2 term in (40) must be retained because b0E ∼ m2 ∼ O(ε2).
In the second case, the quark spin flips as follows: σ = −1, σ′ = 1. The last term in (36) indicates that the only

possible photon polarization is λ = −1. The differential rate reads:

dẇ(σ = −σ′ = −1)

d2k⊥dx
=
e2

4π

m2

4πE

x2

(1− x)
δ(k2⊥ −K2)θ

(
K2
)
, (41)

where

K2 = (4µ5 + λb0)Ex(1− x)−m2x2 . (42)

The opposite scenario with σ = 1, σ′ = −1 is not possible because (38) cannot be satisfied given that b0 ≪ µ5.
The energy spectrum of the rate is obtained by adding (39) and (41) and integrating over the photon transverse

momentum, which yields:

dẇ

dx
=
e2

4π

1

4E

[
K2

0

x2 − 2x+ 2

(1− x)x2
θ
(
K2

0

)
+
m2x2

1− x
θ
(
K2
)]

. (43)

The total rate has the familiar QED infrared divergence at x → 0. By parameterizing it with a cutoff ωc, we obtain
the rate, with the logarithmic accuracy,

ẇ =
e2

4π

λb0
2

log

[
λb0E

2

(λb0E +m2)ωc

]
δλ,sgn b0 . (44)

The total radiated energy, which can be computed by integrating over x the product of (43) with xE, is independent
of ωc.

In the chiral limit, only the helicity-preserving channel contributes to the rate. In a model with µ5 = 0 and finite
b0, K coincides with K0, and (43) simplifies:

dẇ

dx

∣∣∣
µ5=0

=
e2

4π

1

4E

[
λb0E

(1− x)2 + 1

x
− 2m2

]
θ
(
K2

0

)
. (45)

This result was previously derived in [35].

B. Pair production

The cross channel of the chiral Cherenkov radiation is the pair production. Assuming that the incident photon
moves in the z-direction, and x is the quark’s longitudinal momentum momentum fraction, the differential quark
production rate is given by:

dẇ =
1

2

1

(2π)2

∑
λ,σ,σ′

kz
8ω3x(1− x)

δ
(
Ep,σ + E′

p′,σ′ − ωk,λ

)
|iM|2d2p⊥dx , (46)
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where now x = pz/kz is the fraction of the initial momentum carried by the quark. The amplitude is given by:

iM =
ie√

2x(1− x)
{(2x− 1− λσ)p⊥δσ′,−σ +m(σ + λ)δσ′,σ} . (47)

The energy conservation is expressed by the equation:

Ep,σ + E′
p′,σ′ − ωk,λ ≈ −µ5(σ + σ′) +

1

2
λb0 +

m2 + p2⊥
2x(1− x)ω

, (48)

were we used (33a)–(33c).
In the channel where both quark and anti-quark have the same helicity σ = σ′, the quark production rate reads:

dẇ(σ = σ′)

d2p⊥dx
=
e2

4π

m2

4πω

1

x(1− x)
δλ,σδ(p

2
⊥ − P 2)θ(P 2) , (49)

where

P 2 = (4µ5σ − λb0)x(1− x)ω −m2 . (50)

Evidently, P 2 is positive only if 4µ5σ − λb0 > 0. In particular, at finite µ5, P
2 is positive only for the helicity

σ = sgnµ5.
In the channel where the quark and anti-quark have opposite helicities σ = −σ′, we obtain:

dẇ(σ ̸= σ′)

d2p⊥dx
=
e2

4π

p2⊥
4πω

(1− x)2 + x2

x(1− x)
δ(p2⊥ − P 2

0 )θ(P
2
0 ) , (51)

where

P 2
0 = −λb0x(1− x)ω −m2 . (52)

In this case only the photon polarization λ = − sgn b0 contributes regardless of the quark and anti-quark helicities.
Adding (49) and (52) and integrating over p⊥ and x yields the total rate:

ẇ =
e2

4π

1

6ω

{[√
|λb0|ω(|λb0|ω − 4m2)− 6m2 arctanh

√
1− 4m2

|b0λ|ω
+ 2m2

√
1− 4m2

|b0λ|ω

]
δλ,− sgn b0

+6m2 arctanh

√
1− 4m2

(4µ5σ − b0λ)ω

}
. (53)

In the limit of very high energies ω ≫ 4m2/b0, the total rate (53) is independent of energy and µ5:

ẇ =
e2

4π

|λb0|
6

δλ,− sgn b0 . (54)

In a model with µ5 = 0 and b0 ̸= 0, P = P0 and one obtains after integrating over the quark’s transverse momentum
[35]:

dẇ

dx

∣∣∣
µ5=0

=
e2

4π

|λb0|
4

[
(1− x)2 + x2 +

2m2

|λb0|ω

]
θ
(
P 2
0

)
. (55)

We only considered 1 → 2 processes, however 2 → 1 processes are also allowed. The corresponding cross sections
can be obtained by crossing one of the final particles to the initial state. However, the phase space of such scattering
is quite small, as it is proportional to a δ-functions expressing energy conservation.

V. 2 → 2 SCATTERING

Consider a generic 2 → 2 scattering: p1p2 → p3p4. The anomalous terms give a small contribution unless the
scattering amplitude has a resonance, which occurs when the denominator of a propagator vanishes. In this section, we
will study the tree-level amplitudes at high energies and derive the conditions that allow the emergence of resonances.
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Choose the center-of-mass frame:

p1 = (E1, kẑ) , p2 = (E2,−kẑ) , p3 = (E3, k
′n̂) , p4 = (E4,−k′n̂) . (56)

where a = 1, . . . , 4,

Ea =
√

p2
a − 2Λa|pa|+M2

a . (57)

We introduced notations:

Λa =

{
σaµ5 , q, q̄
1
2λab0 , γ

, M2
a =

{
µ2
5 +m2

a , q, q̄
0 , γ

. (58)

In the high-energy approximation:

Ea ≈ |pa| − Λa +
M2

a − Λ2
a

2|pa|
. (59)

The magnitude of the final momentum k′ can be determined by the energy conservation:

k′ ≈ k +
1

2
(Λ3 + Λ4 − Λ1 − Λ2) +

1

4k

(
M2

1 +M2
2 −M2

3 −M2
4 + Λ2

3 + Λ2
4 − Λ2

1 − Λ2
2

)
. (60)

Inspection of (A16) and (25) reveals that the resonance emerges when

q2 −M2 + 2Λ|q| = 0 , (61)

where q is the momentum flowing through the propagator. The parametersM and Λ, without a subscript, refer to the
virtual state represented by the propagator. Denote cos θ = ẑ · n̂. In the t-channel, when q = p1 − p3, the expression
(61) vanishes when

(θk)0 = −Λ±
√
Λ2 −M2 − (Λ1 − Λ3)(Λ2 − Λ4) , (62)

whereas in the u-channel, when q = p1 − p4, it vanishes when

(χk)0 = −Λ±
√
Λ2 −M2 − (Λ1 − Λ4)(Λ2 − Λ3) , (63)

where we introduced χ = π − θ. We took account of the fact that at high-energies, the scattering cross sections peak
at either small θ or small χ. Eqs. (62) and (63) represent possible resonances in the t and u channels, respectively. A
resonance occurs when there exists a set of helicities and polarizations such that (θk)0 or (χk)0 are physical, meaning
they are real and positive.

Consider two specific examples.

Fermion-fermion scattering: q(p1)q(p2) → q(p3)q(p4). At high energies, the leading contribution to the cross
section stems from the exchange of a virtual photon in the t-channel. Moreover, the fermion helicities do not
change. As a result, (62) becomes:

(θk)0 = −λb0
2

± |b0|
2

= |λb0|δsgn(λb0),−1 . (64)

A resonance emerges for the virtual photon’s polarization λ = − sgn(b0) at
√
−t = θk = b0. The impact of this

resonance on the transport properties of chiral media was explored in [50].

Compton scattering: q(p1)γ(p2) → γ(p3)q(p4). In this case, the main contribution arises from the exchange of a
virtual fermion in the u-channel. In view of (approximate) helicity conservation (63) yields the following position
of the resonance:

(χk)0 = −σµ5 ±
√

−m2 . (65)

Since this expression is always complex, there is no resonance in the leading high-energy term.

Apparently, only processes involving virtual photons exhibit resonant behavior at the leading order. We verified
numerically that this conclusion holds at any energy. At lower energies, spin-flip transitions play a more important
role and, as a result, resonances exhibit stronger dependence on µ5.

We have not investigated whether the resonances can appear in virtual fermion states at higher orders of the
perturbative expansion. However, in the next section we do demonstrate that both photon and fermion propagators
can become resonant in a 2 → 3 process at the leading order.
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VI. BREMSSTRAHLUNG

A. Resonances in fermion and photon propagators

Consider now photon radiation in an external Coulomb field in chiral medium: e(p1) → e(p2) + γ(k). Denote
the momentum transfer as q. According to (A18), the photon propagator has a familiar infrared Coulomb pole at

q2 = 0. The other two poles correspond to zeros of denominators of fermion propagators G̃(p1 − k) and G̃(p2 + k).
The denominator of the former propagator can be written as:∏

σ=±1

[
(p1 − k)2 − µ2

5 −m2 − 2σµ5|p1 − k|
]
. (66)

Using (57), denoting by θ the angle between p and k, and expanding in inverse powers of momentum, we obtain for
each of the two factors in (66):

(p1 − k)2 − µ2
5 −m2 − 2µ5|p1 − k| ≈ −θ2Eω + 2(1− x)[λb0 − µ5(σ + σ1)]E +

b20 − 2λµ5σ1b0x−m2x2

x
, (67)

where x = ω/E. At finite values of µ5 and b0, we can neglect the last term, which is small. Clearly, this expression
vanishes at the photon emission angle:

θ0 =

√
2(1− x)[λb0 − µ5(σ + σ1)]

ω
, (68)

provided that λb0 − µ5(σ+ σ1) > 0. In the case where b0 and µ5 vanish, the last term in (67), because of its negative
sign, prevents (67) from vanishing at any θ.

A similar analysis applies to the other fermion propagator. Moreover, even the time-time component of the photon
propagator D̃00(q), given by (A18), that mediates between the fermion current and the Coulomb field, has a resonance.
This is because the momentum transfer vanishes at a finite momentum transfer q = p2 +k−p1. This can be seen by
considering the smallest momentum transfer, which occurs when all three momenta are aligned. In this case:

qmin = |p1| − |p2| − |k| ≈ E1 −
m2

2E1
+ σ1µ5 − E2 +

m2

2E2
− σ2µ5 − ω − λb0

2
=

m2ω

2E1E2
+ (σ1 − σ2)µ5 −

1

2
λb0 . (69)

Clearly, qmin can be negative indicating that |q| can vanish.
These conclusions are in agreement with the analysis of [40], which investigated bremsstrahlung at µ5 = 0. When an

external field source possesses a magnetic moment (e.g. a heavy nucleus), the incoming fermion couples to this magnetic
moment through the components Dij(q) of the photon propagator, as shown in (A16). An apparent resonance appears
at q2 = b20. This anomalous contribution to bremsstrahlung was computed in [39] under the condition µ5 = 0.

B. Regularization of resonances

The emergence of resonances indicates instability of the fermion and boson states in the chiral medium. Indeed this
is precisely why the splitting processes discussed in Sec. IV are possible at all. Since the fermion and boson states in
the chiral medium are quasi-stationary they possess a finite width that is proportional to their total decay rate ẇ,
which is given by (44) for photons and (53) for fermions. The finite width ẇ of the propagator screens the poles of
both the photon and fermion propagators. However, in conductors, a more effective screening of the resonances of
the photon propagator is achieved through conventional plasma polarization effects, which are characterized by the
Debye mass at short distances.

The resonances that occur in the fermion propagators, discussed in this section, reflect instability of fermion states
in chiral matter with respect to spontaneous photon emission. The width of a quasi-static state is given by the total
decay rate as measured in the medium rest frame. Its inverse is the relaxation time τ = 1/ẇ. In the fermion rest
frame the relaxation rate is (E/m)τ−1. With the account of the finite width, the fermion propagators in (66) are
regulated as follows: ∏

σ=±

[
(p1 − k)2 − µ2

5 −m2 − 2σµ5|p1 − k| − iEp1,σ1
/τp1,σ1

]
. (70)

Due to the resonances, the bremsstrahlung total cross section is very sensitive to 1 → 2 rates.
This regularization procedure can be employed to regularize photon and fermion propagators in other processes.
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VII. SUMMARY

We considered an effective quantum electrodynamics in a chiral medium characterized by a constant chiral chemical
potential µ5 and a chiral magnetic conductivity b0. The chiral chemical potential signifies the chiral imbalance of
the medium, whereas the chiral magnetic conductivity quantifies the strength of the electric current induced by a
magnetic field. The latter is a non-perturbative chiral magnetic effect, which we regard as a constitutive relation
incorporated at the classical level of the effective theory. We employed this effective theory to analyze the scattering
amplitude in a chiral medium and observed the emergence of resonances in certain chiral channels in 1 → 2, 2 → 2
and 2 → 3 processes.

We computed the paradigm 1 → 2 processes, the chiral Cherenkov radiation and the pair production, that determine
the width of quasi-stationary fermion and photon states in a chiral medium. Kinematic considerations require that µ5

enter the expressions for the resonances multiplied by the difference of incoming and outgoing quark helicities. Since
at high energies, helicity flip is suppressed, the role of µ5 is also suppressed, while b0 plays the leading role.
Similar patterns are observed in processes involving a larger number of external particles. The widths of the

resonances are determined by the 1 → 2 decay rates, which in turn strongly influence the cross section of the resonant
channels. A number of such processes were considered in the literature. In this work, we derived general conditions
for the emergence of resonances and outlines the physical principles of their regularization. Generalization of our
results to QCD is quite straightforward.

We concentrated on chiraly isotropic systems with b = 0, which have a simpler mathematical description. This by
no means indicate that the results of this paper are restricted to chiraly isotropic systems. For example, the chiral
Cherenkov radiation is emitted at finite b and shows a very similar resonant behavior. The primary distinction of
an anisotropic chiral medium lies in the fact that the vector b breaks the spherical symmetry and, as a result, the
resonance structure depends on the relative angle between the photon direction and b [28, 36, 37, 41, 47].

The instability of electrodynamics with the Chern-Simons term appearing in (1) is well-known [19]. This effect,
referred to as the chiral magnetic instability, is triggered by the runaway modes k < b0 of the electromagnetic field
and is reflected in the pole at k2 = b0|k| in the photon propagator (15). It causes the transfer of chirality from the
medium to the magnetic field through the inverse cascade process [19, 21, 35, 45, 51–64]. While the chiral magnetic
instability is indeed caused by the chiral magnetic current, it should not be confused with the instabilities in the
scattering amplitude, which are the focus of this paper. The distinction between these instabilities becomes most
apparent when b is finite, while b0 = 0. In this case, the scattering amplitudes are resonant, whereas the chiral
magnetic instability is absent.

In practical applications, the parameter b0 may vary with time. A careful analysis performed in [47, 65, 66] reveals
that when b0 depends on time, the number of resonances can double depending on whether the asymptotic values of
b0 are finite or vanish.

It is noteworthy that this paper makes no mention of experimental measurements. This is because there are none,
even though such measurements are technically possible. For instance, one can shoot an energetic electron through
a Weyl semimetal to observe polarized THz radiation [41], or measure the Brewster’s angle in topological insulators
[67]. In relativistic heavy-ion collisions, one can study circularly polarized photons originating from the quark-gluon
plasma [68]. Similarly, cosmic rays may induce chiral Cherenkov radiation in the presence of a slowly varying axion
field [36].
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Appendix A: Electromagnetic field at constant b0

1. Energy of electromagnetic field

Using (4a) and (4c), we obtain:

1

2
∂t

∫ (
E2 +B2

)
d3x =

∮
(B ×E) · da− b0

∫
E ·Bd3x . (A1)

Noting that

∂t

∫
A ·Bd3x = −2

∫
E ·Bd3x+

∮
(A×E) · da (A2)

we can rewrite the equation (A1) as:

1

2
∂t

∫ (
E2 +B2 − b0A ·B

)
d3x =

∮
(B ×E +

1

2
A×E) · da . (A3)

This equation represents the conservation of electromagnetic field energy, which is given by:

H =
1

2

∫ (
E2 +B2 − b0A ·B

)
d3x . (A4)

In view of (4d), H is gauge invariant. The complete energy-momentum tensor was obtained in [19].
To express the electromagnetic field energy as a Fock space operator, we substitute (13) into the left-hand side of

(A3) and use the relations: ∫
A∗

k′,λ′(x) ·Ak,λ(x)d
3x =

(2π)3

2ωk,λ
δλ,λ′δ(k − k′) (A5)

to derive:

H =
∑
λ

∫
d3k

(2π)3
ωk,λa

†
k,λak,λ , (A6)

up to an additive constant. The photon’s energy is given by (9).

2. Photon propagator

The Feynman propagator is defined as the following time-ordered commutator:

Dij
F (x) = Dij(x)θ(x0) +Dij(−x)θ(−x0) , (A7)

where

Dij(x) = ⟨0|Ai(x)Aj(0)|0⟩ =
∑
λ

∫
d3p

(2π)3
πij
p,λ

2ωp,λ
e−ip·x . (A8)

The product of the polarization vectors πij
p,λ can be represented as a combination of symmetric and anti-symmetric

matrices:

πij
p,λ = ϵip,λϵ

j∗
p,λ =

1

2

(
δij − pipj

p2

)
− iλ

2
ϵijk

pk

|p|
(A9)

Employing the integral representation of the step function

θ(x0) = − 1

2πi

∫ ∞

−∞

e−isx0

s+ iϵ
ds (A10)
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we can write

Dij(x)θ(x0) = i
∑
λ

∫
d3k

(2π)3

∫ ∞

−∞

dk0

2π

πij
k,λ

2ωk,λ
e−ik·x 1

k0 − ωk,λ + iϵ
, (A11)

where the new integration variables are k = p and k0 = ωk,λ + s. We can similarly represent

Dij(−x)θ(−x0) = i
∑
λ

∫
d3k

(2π)3

∫ ∞

−∞

dk0

2π

πij
−k,λ

2ω−k,λ
e−ik·x 1

−k0 − ω−k,λ + iϵ
, (A12)

where now k = −p and k0 = −ω−k,λ − s.

It is evident from (7) and (8) that ω−k,λ = ωk,−λ. Also, (A9) implies that πij
−k,λ = πij

k,−λ. Therefore, (A7) now
yields

Dij
F (x) = i

∫
d3k

(2π)3

∫ ∞

−∞

dk0

2π
e−ik·x

∑
λ

{
πij
k,λ

2ωk,λ

1

k0 − ωk,λ + iϵ
+

πij
k,−λ

2ωk,−λ

1

−k0 − ωk,−λ + iϵ

}
(A13)

= i

∫
d4k

(2π)4
e−ik·x

∑
λ

πij
k,λ

(k0)2 − ω2
k,λ + iϵ

. (A14)

Summing over λ and using (9) and (A9) we finally obtain for the propagator

Dij
F (x) =

∫
d4k

(2π)4
e−ik·xD̃ij

F (k) , (A15)

where

D̃ij
F (k) =

i
(
δij − k̂ik̂j

)
k2 − b0ϵ

ijrkr

k4 − b20k
2 + iϵ

. (A16)

It is a straightforward calculation to show that

(−k2δis − ib0ϵ
irskr)D̃sj

F (k) = −i
(
δij − k̂ik̂j

)
, (A17)

In the Coulomb gauge ∇ · A = 0, while A0 is finite. As a result, the space-space components of the propagator
D̃µν

F (k) are given by (A16), the time-time component D̃00
F , which describes the instantaneous Coulomb interaction,

reads:

D̃00
F (k) = i/|k|2 , (A18)

whereas the space-time components vanish D̃0i
F (k) = 0 [69].

The propagator in the Coulomb gauge, given by Eqs. (A16) and (A18), can be gauge-transformed into the boost-
invariant expression (15) derived in [20]. This is accomplished by the gauge transformation

D̃µν
F (k) + ζµkν + ζνkµ , (A19)

with

ζ0 =
ik2k0

2k2(k4 − b20k
2)
, ζi = −ζ

0ki

k0
. (A20)

Appendix B: Dirac field at constant µ5

1. Positive energy solutions of (18)

The positive energy solution of (18) has a form:

ψp,σ(x) = e−ip·xup,σ = e−ip·x
(
φp,σ

χp,σ

)
, (B1)
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where pµ = (Ep,σ,p), σ is helicity, φ and χ are left and right two-component spinors respectively. Substituting (B1)
into (18) and employing the chiral representation of γ-matrices we obtain:(

−m Ep,σ − p · σ + µ5

Ep,σ + p · σ − µ5 −m

)(
φp,σ

χp,σ

)
= 0 . (B2)

Acting with the operator /p− µ5γ
5γ0 +m on this equation produces the set of equations:[

(Ep,σ − p · σ + µ5)(Ep,σ + p · σ − µ5)−m2
]
φp,σ = 0 , (B3)[

(Ep,σ + p · σ − µ5)(Ep,σ − p · σ + µ5)−m2
]
χp,σ = 0 . (B4)

These equations are diagonalized only if the functions φp,σ and χp,σ are proportional to the helicity eigenstates ξp,σ
that obey the equation:

p̂ · σξp,σ = σξp,σ , (B5)

and normalized as ξ†p,σξp,σ′ = δσ,σ′ , where σ, σ′ = ±1. Suppose that φp,σ = Nσξp,σ, where Nσ is a normalization
constant. It follows from (B2) that

χp,σ =
Nσ

m
(Ep,σ + σ|p| − µ5)ξp,σ . (B6)

Eq. (B3) then implies:

Ep,σ =
√
(σ|p| − µ5)2 +m2 . (B7)

The Dirac spinors are normalized as follows:

u†p,σup,σ = 2Ep,σ . (B8)

The left-hand side of (B8) can be expressed as

u†p,σup,σ = φ†
p,σφp,σ + χ†

p,σχp,σ =
|Nσ|2

m2

[
(Ep,σ + σ|p| − µ5)

2 +m2
]
=

|Nσ|2

m2
2Ep,σ (Ep,σ + σ|p| − µ5) , (B9)

which implies that:

|Nσ| =
m√

Ep,σ + σ|p| − µ5

=
√
Ep,σ − σ|p|+ µ5 . (B10)

Finally, the particle spinors are given by (19).

2. Negative energy solutions

We seek the negative energy solutions to (18) in the form:

ψp,σ(x) = eip·xvp,σ = eip·x
(
φ′
p,σ

χ′
p,σ

)
, (B11)

where pµ = (E′
p,σ,p). Substitution into (18) now yields:(

−m −E′
p,σ + p · σ + µ5

−E′
p,σ − p · σ − µ5 −m

)(
φ′
p,σ

χ′
p,σ

)
= 0 . (B12)

The solution in terms of the normalized helicity eigenstates is:

φ′
p,σ = N ′

σξp,σ , (B13)

χ′
p,σ = −N

′
σ

m
(E′

p,σ + σ|p|+ µ5)ξp,σ , (B14)

with the dispersion relation:

E′
p,σ = Ep,−σ =

√
(σ|p|+ µ5)2 +m2 . (B15)

The normalization constant is computed as in (B8)-(B10) with the result:

|N ′
σ| =

m√
E′

p,σ + σ|p|+ µ5

=
√
E′

p,σ − σ|p| − µ5 . (B16)

This yield the final expression for the anti-particle spinors given by (21).
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3. Gordon’s identity

Consider the Dirac equation at finite chiral chemical potential (18) for the positive energy solutions:(
pµγ

µ − γ5γµaµ −m
)
up,σ = 0 . (B17)

The adjoint spinor obeys the equation

ūp,σ
(
pµγ

µ − γ5γµaµ −m
)
= 0 . (B18)

It can be shown that the spinors satisfy the Gordon’s identity:

ūp′,σ′γµup,σ =
1

2m
ūp′,σ′

{
pµ + p′

µ
+ iσµν(p′ν − pν)− 2iσµνγ5aν

}
up,σ . (B19)

It is straightforward to verify that

ūp′,σ′(/p− /p
′)up,σ = 0 , (B20)

which is consistent with the charge conservation requirement.
Using the Gordon identity, the current density is:

jµ =
1

2Ep,σ
ūp,σγ

µup,σ =
1

2Ep,σ

1

2m
ūp,σ

(
2pµ − 2iσµνγ5aν

)
up,σ =

1

Ep,σ
(Ep,σ,p− µ5⟨σ⟩) . (B21)

where ⟨σ⟩ = ξ†p,σσξp,σ.
Given the momentum p with the polar and azimuthal angles θ and ϕ, the explicit helicity eigenstates read

ξp,+ =

(
cos θ

2

eiϕ sin θ
2

)
, ξp,− =

(
−e−iϕ sin θ

2

cos θ
2

)
. (B22)

Using these we compute:

⟨σ⟩ = σ
p

|p|
. (B23)

It is remarkable that even a particle at rest have non-vanishing current

lim
p→0

j = − µ5σp̂√
m2 + µ2

5

, (B24)

which is a reflection of non-zero Berry curvature [70].

4. Fermion propagator

The fermionic Green function G(x) obeys the equation:(
i/∂ − γ5γ0µ5 −m

)
G(x) = iδ(x) . (B25)

In the momentum space (B25) reads: (
/p− γ5γ0µ5 −m

)
G̃(p) = i (B26)

Using the properties of γ matrices, we compute:(
/p− γ5γ0µ5 +m

) (
/p− γ5γ0µ5 −m

)
= p2 − µ2

5 −m2 + 2µ5γ
5γ0γ · p (B27)

and (
p2 − µ2

5 −m2 − 2µ5γ
5γ0γ · p

) (
p2 − µ2

5 −m2 + 2µ5γ
5γ0γ · p

)
=
(
p2 − µ2

5 −m2
)2 − 4µ2

5p
2 . (B28)

Using the fact that in the chiral representation γ5γ0γ = Σ, allows us to cast the solution to (B26) in the form given
by (25). It is worth noting that the two matrices enclosed within the two pairs of parentheses in the numerator of
(25) commute.
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