arXiv:2606.24830v1 [math-ph] 23 Jun 2026

LONG-TIME ASYMPTOTICS OF THE AUTOCORRELATION FUNCTION OF
THE TRANSVERSE ISING CHAIN AT THE CRITICAL MAGNETIC FIELD
REVISITED

NOAH HOUT, KENTA MIYAHARA, DUSTIN NEWLAND, AND MAXIM YATTSELEV

ABsTrACT. Following [DZ94], we analyze the long-time asymptotics of the autocorrelation
function of the transverse Ising chain at the critical magnetic field (a special case of the
spin—% XY model in a magnetic field) via the associated Riemann—Hilbert problem. We
refine the original Deift-Zhou’s result by determining the subleading growing term in the
asymptotics.

Keywords: Quantum spin chain; correlation function; Riemann-Hilbert problem; steepest-
descent method

CONTENTS
1 Introductionand Main Results..........cciviiiieiiiiiieiiiienenennens 1
2 Deformationsof RHP 1......cciiuiiiiiiiiiiiiiiieieneneneenenannss 4
3 Global ParametriX ... covviieiieeiienieiieenseseeneenscsscsncennans 9
4 Approximate Local Parametrices.........ccoviiiririerrerenenesnnnss 10
4.1 Local Deformationof RHP 6 ....... .. .. . . i, 10
4.2 Parabolic Cylinder Model Riemann-Hilbert Problem .................... 12
4.3 Approximate Local Parametricesatw = +1........... ... ..o, 14
4.4 Comparison between RHP 6 and Approximate Local Parametrices ......... 15
S SmallNormProblem........ccivuiuiiiiiieiiiiiieieiieneneencncanes 16
5.1 Integral Representation. ... .....ouuuen ettt 17
5.2 Asymptotic Analysis of S(. ... ... . . 18
5.3  Asymptotic Analysis of SG). .. ... . 22
54 Proofof Theorem 1. .. ... ... . i e 24

1 INTRODUCTION AND MAIN RESULTS

Following the work of Deift-Zhou [DZ94], we consider the 1D transverse Ising model at
the critical transverse magnetic field. In this formulation, spins on a 1D lattice interact via
nearest-neighbor exchange interaction along the x-axis and are subjected to a transverse
magnetic field along the z-axis. The Hamiltonian for this model is given by

1
H = _EZ(JIXUIXH +07),
leZ
where 0" and 0" are the spin Pauli matrices at the /-th site of the 1D lattice. The main object
of study in [DZ94] is the autocorrelation function y(#) between the first spin component
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o (t) = e 1M oy (0)el™ after time ¢ and the one at time 0, i.e.,

Tr (e’ﬁwefi(H’ aj(0) ettt oy (0))
1) = s
X Tr (e— A7)

where S is the inverse temperature. More precisely, the long-time behavior of y(7) is the
main interest of Deift-Zhou. Prior to that, McCoy-Perk-Shrock [MPS83] showed that y(¢)
is given by the Fredholm determinant

x(t) = e " 2det (I — %K),
where %; is a trace-class operator acting on L*>((—1, 1)) with kernel
sin(it(z — w))
n(z—w)
Here, we set g(z) = tanh(8v'1 — z2) > 0 on (—1, 1), which fixes the branch of the square
root. As explained in [IIKN90], using the general theory of integrable operators, see

[IIKS90, KBI93, Dei99] for example, one can show that this operator is associated with the
following Riemann-Hilbert problem.

Ki(z,w) = g(2) , zwe[-1,1].

Riemann-Hilbert Problem 1. Find a 2 x 2 matrix function V(z, t) such that

(1) ¥(z,t) is analytic for 7 € C\[—1, 1];
(2) one-sided traces ¥ (z,t) exist a.e. on (—1, 1), are bounded there, and satisfy

Yi(z,1) =¥_(2,1)Gy(z1), ze(-11),

where (—1, 1) is oriented from —1 to 1 and

_ eZzt
Gy(z,t) = (gl(;)f_(fz), 1g_(Z;(Z) > , ze(—1,1);

(3) it holds that ¥(z,t) = I + z7 "1 (t) + O(z72) as z — .

Throughout the article, when we discuss the Riemann-Hilbert problems, we may omit
explicit mention of the #-dependence of functions if no confusion is likely. Let

2
(1.1) o(t) = 7 + In x (7).

The connection of the solution to RHP 1 and y/(¢) is given by
(1.2) 0'/(1‘) = —2[T1(I)]11.

Thus, by solving RHP 1 asymptotically for large ¢, one can find the long-time asymptotics
of o/ (¢) from which Deift and Zhou obtained the following result.

Theorem (Deift-Zhou). Ast — o0, one has

1
(1.3) x(t) = exp [%f 1 In | tanh B¢ |d¢ + O(In t)] .

Our goal is to find a more explicit expression of the error term O(In¢) in (1.3). This is
the problem posed by Percy Deift as one of the open problems at the conference' in Seoul
to celebrate his 80th birthday.

This type of problem has attracted significant attention in related settings. Indeed, let
us recall that the 1D transverse Ising model at the critical transverse magnetic field is a
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particular case of the spin—% XY model in a magnetic field, see for example [Hen84] and
references therein. The Hamiltonian for this model is given by

1 X _x
Hxy = _EZ ((1 +y)ojo, + (1 _7)O_lyo-ly+1) a hZle?
leZ leZ

where vy is the anisotropic parameter and /£ is the transverse magnetic field. Note that y
interpolates between the Ising case (y = 1) and the XXO Heisenberg chain (y = 0). When
we consider y = 1 and h = 1 (the critical transverse magnetic field), then we indeed have

1
H = 5 Hxylyi -t -

The other extremum, y = 0, has also been extensively studied. Analyzing the associated
Riemann-Hilbert problem, Its-Izergin-Korepin-Slavnov [IIKS93] found the asymptotics of
the temperature correlation function in the spacelike direction and the timelike direction for
a moderate magnetic field 0 < & < 1 including the subleading growing term, see [IIKS93,
Equations (4) and (5)]>. For the strong magnetic field 2 > 1, the timelike direction
asymptotics was further studied by Jie, see [Jie98, Section 1.4].

A similar analysis was carried out by Its-Izergin-Korepin-Varzugin [I[IKV92] to find the
asymptotics of the two-point correlation function of an impenetrable Bose gas, where the
role of an external magnetic field is played by the so-called chemical potential. Based on
the sign of the chemical potential, there are three cases: (i) the case of negative chemical
potential, (ii) the case of positive chemical potential in the spacelike direction, and (iii) the
case of positive chemical potential in the timelike direction, see [IIKV92, Section 8] for the
asymptotics of the two-point correlation function for each case’. In [IIKV92], the authors
have found all the growing terms and even the constant terms.

In the present paper, we study RHP 1 of Deift and Zhou in more detail to obtain the
subleading growing term of y(¢) as + — oo from the analysis of the relevant small norm
Riemann-Hilbert problem. The constant term has to be separately cared for, since the
Riemann-Hilbert approach gives the asymptotics of o (#) only, recall (1.1) and (1.2), and
this is our future project. Our main result is formulated as the following theorem.

Theorem 1. Ast — oo, it holds for some constant C that

1 102 (tanh
x(t) = exp LJ In|tanh B¢ |d¢ + M Int+C + O(t’l/“) '

For the above-described reasons, significant parts of the analysis in the present paper are
based on that of [DZ94]. Hence, we repeatedly cite [DZ94] for proofs of certain statements.
However, to point out the differences, we present all the steps of the calculations needed to
show the subleading growing terms in the remaining sections.

Acknowledgments: The authors thank Alexander R. Its for helpful discussions and
remarks. The second author was partially supported by a scholarship from the Japan
Student Services Organization and the Hokushin Scholarship Foundation.

2The critical value of the magnetic field is 2 = 2 in [I[IKS93] due to a different normalization of the Hamiltonian.

30ne can make an analogy between the Bose gas paper [IIKV92] and the XXO Heisenberg chain papers [Jie98,
IIKS93]; case (i) of [IIKV92] corresponds with [Jie98] and case (ii)-(iii) of [[IKV92] corresponds with [IIKS93].
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2 DerormAaTIONS OF RHP 1

In what follows, o, 03, 03 are the Pauli matrices

0 1 0 —i 1 O
O’]I(l 0), 0'2=<i O), and O'3=<O _1>.

For our first step, we transfer RHP 1 to the unit circle S' = {|w| = 1}. To this end, let

w—w!
P(w):=P(z(w)), z(w):= —

which is analytic in C\S'. Since it must hold that g(z(w)) = 0 on S', we get that
h(w), weS' n{Re(w) =0},

8(z(w)) = |
—h(w), weS" n{Re(w) <0},

where

~1
2.1 h(w) := tanh (ﬁ%) .

As standard, we orient S' counter-clockwise. Notice that z(w) maps S!' N {Re(w) < 0}
into [—1, 1], but oriented from 1 to —1. Thus, the jump matrix of ¥(w) satisfies

. Gy(z(w)), weS'n{Re(w)=0}
Ga) 1= { ottt e st {Ret) < 01
3 1+ h(w)  —h(w)e t0v=v"")
(2.2) = (h(w)eif<WW‘> U— h(w) ) . wesh

Therefore, ¥(w) solves the following Riemann-Hilbert problem.

Riemann-Hilbert Problem 2. Find a2 x 2 matrix function ¥ (w., 1) such that

(1) ¥(w,1) is analytic in C\S";
(2) one-sided traces ‘i’i (w, 1) exista.e. on S U are bounded there, and satisfy
Y, (w,t) =F_(w,0)Gg(w,1), weS',

where G (w, 1) is given by (2.2);
(3) it holds that W(w, 1) = I + 2iw™"W(t) + O(w2) as w — 0.

Let us point out that RHP 1 and RHP 2 are simultaneously solvable and the solutions
are related via ¥(w) = ¥(z(w)). One direction is obvious by construction. In the other
direction, given a solution of RHP 2, one needs to observe that it must satisfy

W(w) = ¥(~1/w)

since G (w) = Gg(—1/w) as h(w) = —h(—1/w), see [DZ94, Lemma 2.17] (the ratio of
these two functions is analytic across S! and is equal to 7 at infinity; the claim then follows
from Liouville’s theorem). This, in turn, allows one to define ¥(z) out of ¥(w). In a
similar vein, observe that Gg(w) = 071G (—w)o, which then induces the relation

(2.3) P(w) = ¥ (—w)oy, weC\Sh
Next, we make the diagonal entries of jump matrix to be oscillatory by defining

lij itw— oy 1
(2.4 Dd(w) == A(W)e; > wl>1,
Y(w)e ™3, |w| < 1.



Then, the jump matrix for ®(w) is given by

P ~ w))e 1¢W) —h(w
G@(W) — Titw 0—3G@(W)€_HWO—3 _ <(1 + h( )) ¢ h( ) ) ,

h(w) (1 — h(w))e'#(™)
where ¢(w) is purely imaginary on S' and is given by
(2.5) e(w) ==i(w +wh).
Furthermore, RHP 2(3) becomes
2i it
D(w,1) = <1 £ =91+ 0 (W2)> <1 + =0+ 0 (Wz)>

=T +w (2% (1) +ito3) + O (wfz) , W — .

Once one has an oscillatory jump matrix, the next standard step in non-linear steepest
descent analysis is to open the lenses, see (2.7). However, one technical issue arises from
the fact that 7(w) vanishes on the imaginary axis including at +i € S', which complicates
the desired factorization. This leads us to deform the jump contour S' away from +i. To

this end, we introduce some notation. Let
Dy(a) :=={weC||lw—a| <r} and D :=D;(0).

Also, we observe that G, ' (w) is analytic near S'. Then, for p € (0, 1) sufficiently small

so that the disks D), (+i) do not contain other zeros of i(w) besides +i, we define ®(w) by

@(w)Gg'(w), weD,(£i) D,

D(w), elsewhere.

(2.6) D(w) := {

05F
0.0

-0.5-

-15 ' 71‘0‘ ' ‘70.5‘ ' ‘00 o 0‘5‘ ‘1.0 ' 1‘5
Ficure 1. The jump contour Ig;.

Then, ®(w) solves the following Riemann-Hilbert problem.

Riemann-Hilbert Problem 3. Find a2 x 2 matrix function ®(w,t) such that
(1) CTD(W, t) is analytic in C\Fgl, where Iy is an oriented contour as on Figure I;
(2) one-sided traces Cf)i (w, 1) exist a.e. on I'g;, are bounded there, and satisfy
B (w,1) = &_(w,)Ggw,1), we Ty,

where

(14 h(w))et¢M) —h(w) )
atwn) = (1G0T )
(

(3) it holds that ®(w,t) = I + w1 (2i¥,(¢) + ito3) + O(w™2) as w — 0.
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Clearly, RHP 2 and RHP 3 are simultaneously solvable as the transformation connecting
them is invertible.

Next, we perform the Bruhat decomposition of G 4 (w). Namely, it holds that
Q27 Ge(w,t) = Lexi (W, t)PT(W)Ling (W, 1) = Upsy (W, 1) P~ (W)Uins (W, 1),

where

1 0 1 0
Lext(w’t) = h(w)_let<ﬁ(W) 1] Lim‘(w9t) = h(\]:/()-i—)le_t‘p(w) 1]
—h(w

h(w)
0 —h(w) 0 —
(2.8) Pt(w) = ( > P~ (w) = ( "<W)>,
1 h(w)+1 e—tqz(w) 1 h(W)*leup(w)
Uext(W» t) = O h(w) 1 s Uint(wa t) = 0 _h(w)l .

It readily follows from the explicit expression (2.5) that

09 {Re(tp(w)) >0, {lw| <1&Im(w)>0}n {lw|>1&Im(w) < 0},
Re(p(w)) <0, {|lw|<1&Im(w) <0} {|w| > 1&Im(w) > 0}.

Hence, we use the first factorization in (2.7) around F;'l :=T'g1 n {Im(w) > 0} and we use

the second factorization in (2.7) around I'; := T'g; N {Im(w) < 0}. To this end, let the

curves I'T T and the domains Q=

i .
int> Lext “ne> Qax, De as on Figure 2. We assume that the curves

l__ext

0.5F

-0.5-

-1.0r

Uext

I I ! L
-1.5 -1.0 -0.5 0.0 0.5 1.0 15

Ficure 2. The jump contour I' := T'g; U F:” U F;'n vl,,, vl and
the jump matrices G (w, t) for RHP 4.

;b T, are close enough to I'y; so that the only zeros of h(w) in QU QF, are +i. We

also choose them so that I, , = {—w|w e I'},,} and T, = {—w|w e T} }. We set

Lexi(w,1), we Q:xt’
Lin(w,0)7", weQl |
(2.10) O(w) := D(W){ Upr(w,1),  weQ,

Ui (W, 1)1, we Q-

int’
I, otherwise.
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Since 1/h(w) has simple poles at +i, each with residue 1/8, Lex;(w,t) and Uex, (w, 1)
have simple poles at i and —i, respectively, and so does ®(w). Indeed, we have that

1 0 1 0 0 1 0 .
Lexi(w) = (h_g:(vv)vgleup(vv) 1) T w—i (—é 0> + (* 1> +0((w — 1))

as w — i. Because ®(w) = ®(w)L,,(w) around i, it holds that

2.11) vrve=si(i>(w) = ci:(i)( 0 8) = lim (iD(w)( 0 8) = lim é)(w)( 0 8).

_1 . _1 . _1
p) w—1 ﬁ w—1 ﬁ
Similarly, at w = —i, we have
. . 0o 1
(2.12) res ®(w) = lim ®(w) B,
w=—i W —i 0 0

Altogether, ®(w) is the solution of the following Riemann-Hilbert problem.

Riemann-Hilbert Problem 4. Find a 2 x 2 matrix function ®(w, t) such that
(1) ®&(w,1) is analytic inC\ (T U {+i}), where T is an oriented contour from Figure 2;
(2) one-sided traces Ci)i (w, 1) exist a.e. on T, are bounded there, and satisfy
d3+(w, t) = é,(w,t)Gé(w,t), weTl,

where the jump matrices G g(w,t) on T are as in Figure 2;
(3) itholds that ®(w,t) = [+w ™ (2i%(¢) +ito3) +O(w=2) asw — 0 by RHP 3(3);
(4) ®(w,1) has simple poles at w = +i with residues (2.11) and (2.12).

Notice that the jump matrix G 4 (w, ) decays exponentially fast to the identity matrix on
I\ due to (2.9).

As before, RHP 3 and RHP 4 are simultaneously solvable. One direction is obvious. To
go from RHP 4 to RHP 3 one needs to observe that

b(w)L oy (w) = (—é (’: 8) Wl_i + <: Z) +0((w —i))> x

(0 0)s5+ (0 §)ro-n)-on

as w — 1 by RHP 4(4) for some values u, v (these are the values of the second column of
®(w) ati). As an analogous computation holds around —i, (2.10) is indeed reversible.

The jump matrix G4 (w) on I'g; is independent of 7, but is a function of w. In the next
step, we turn it into a constant matrix. To this end, we set

. d(w)s(w)73,  weext(Ty),
(2.13) Y(W) = {(i)(w)(S(W)_O-3, we int(F:l),

where int(I'y;) and ext(I'y;) are the interior and exterior domains of I'y;, respectively, and
&(w) is the solution of the following scalar Riemann-Hilbert problem.

Riemann-Hilbert Problem 5. Find a scalar function §(w) such that

(1) 6(w) is analytic in C\I'g;;

(2) one-sided traces 6+ (w) exist a.e. on Ty, are bounded there, and satisfy
hw)™!, weTh

gl

04 (w) =0-(w) {h(w) wel

(3) it holds that §(w) — 1 asw — oo.
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By the Plemelj-Sokhotski formula, the solution of RHP 5 is given by

(2.14) 5(w) = exp {if —loghls) ;o if Mds} ,
rt I

2mi s—w 27 s—w
gl gl

where we take

In|A(s)], s e S' n {Re(s) > 0},
(2.15) log h(s) = < In|h(s)| —in, seS' N {Re(s) <0 & Im(s) > 0},

In|A(s)| +im, seS'n {Re(s) <0&Im(s) <0},
which ensures boundedness of §(w) around +1 (discussion following (4.4) further below
implies that |§(w)| is bounded above and away from zero in a neighborhood of 1, bound-

edness around —1 then follows from (2.16)). Since |h(—s)| = |h(s)|, one can use (2.14)
and (2.15) to check that

1, w e ext(Ig),
(2.16) S(w)s(—w) = )

-1, weint(Ty).
Moreover, it was shown in [DZ94, Equations (3.19) and (3.21)] that

(2.17) §(1) =+/28 and &6(—i) = 1/4/28.

Finally, 6(w) = 1 + w16, + O(w™2) as w — o0, where, see [DZ94, Equation (3.30)],
N
(2.18) 51 = %J In| tanh BZ|d¢ + i.
-1

Coming back to the matrix Y (w), it readily follows from (2.13) and RHP 5(2) that Y (w)
admits the jump condition Y, (w) = Y_(w)Gy(w), where
(W) Gg(w)o(w)~ 7, we Fi-;t Y L

(2.19) Gy(w) = | —ioy, we Ty,
S(W)"BGe(w)s(w)3, weTl), ul,,,.
Furthermore, it follows from (2.13) and RHP 4(3) that
Y(w,t) =1+ w ' (20%(r) + (it + 61)o3) + O(w™?)
as w — o0. Next, we get from (2.13), RHP 4(4), and (2.17) that

resY(w) = res®(w)6(i) = lim ®(w) < 01 0) 6(1)7?

w=1 w=i w—1 B 0
0 0
_ nm_y(w)cs(i)‘fa( 1 0) ()7 = lim ¥ (w) < % 0).
w—1 - /_3 w—1 - 0
Clearly, the residue at w = —i can be computed similarly. Thus, ¥ (w) is the solution of the

following Riemann-Hilbert problem.

Riemann-Hilbert Problem 6. Find a 2 x 2 matrix function Y (w, t) such that

(1) Y(w,t) is analytic in C\ (T U {£i});
(2) one-sided traces Y1 (w) exist a.e. on T, are bounded there, and satisfy

Y (w,t) =Y_(w,t)Gy(w,t), werT,

where Gy (w, t) is given by (2.19);
(3) it holds that Y (w,t) = I + w™'Y{(¢) + O(w™2) as w — o0, where

Y, (l‘) = Zi"Pl(I) + (it + 61)0’3;



(4) Y(w,t) has simple poles at w = +i with residues

res¥(w) = lim ¥ (w) (_02 8) and s Y(w) = lim Y(w) (8 3)

w=1 w—1 w=—1 w——1

Since the transformation (2.19) is clearly invertible, RHP 4 and RHP 6 are simultaneously

solvable. For future use, observe that
2.20 G G Loowella,
(2.20) y(w) = o1Gy(—w)o {_1’ we Ly,

by (2.8), (2.16), and (2.19). It is not immediate that (2.20) implies the corresponding
symmetry of Y (w) due to the presence of poles in RHP 6. However, we have already
established that a solution RHP 6 produces a solution of RHP 2 by reversing (2.13), (2.10),
(2.6), and (2.4). Then, (2.3) and (2.16) do give

1, w e ext(Ig),
(2.21) Y(w) = oY (—w)oy .

-1, weint(Ty).
It also follows from (1.2) and RHP 6(3) that

(2.22) o (1) =i[Yi(1)],, —i61 + 1.

3  GLOBAL PARAMETRIX

As we mentioned before, the jump matrices in RHP 4 tend to the identity matrix as ¢t — o0
on I'\I'g;. Moreover, we shall show later that §(w) is bounded there. Hence, the leading
order behavior of Y (w) is determined by its jump on I'y;. Thus, we consider the following
global parametrix Riemann-Hilbert problem.

Riemann-Hilbert Problem 7. Find a 2 x 2 matrix function P& (w) such that
(1) P& (w) is analytic in C\ (Tg L {i});
(2) one-sided traces Pg_fl) (w) exist a.e. on [y, are bounded there, and satisfy

. 0 —1
PS‘_SI)(W) = P(_gl)(w) <1 0 ) , weTly;

(3) it holds that P8V (w) = I + w_nggl) +O0(w ) asw — o5
4) P©D(w) has simple poles at w = +i with residues

w=1 w—i -2 0

res P8D (w) = lim PBD (w) < 0 0) ,

res P& (w) = lim P®D(w) (8 2) .

w=-—1 w——i

An explicit solution of RHP 7 is given by

(D) (1) . @) (1 1
3.1) P@)(w) := A(w)B, P¥" = (1 )
where
w 1
32 Aw) = | Wi wHi| g g B weeTa)
: : —1 w ) —10'2, w e int(Fgl).

w—1i w+i
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One can readily check that

1,  weext(I'y),

. pls) — o PED(_
(3.3) () = PE W e in(Ty).

4  ApPROXIMATE LocAL PARAMETRICES

Since the jump matrices forming Gy (w, t) are not uniformly close to the identity matrix in a
small disk around w = +1, we need to solve RHP 6 locally in D (+1) for some € > 0 fixed.
There are many such solutions, as any of them can be multiplied by a holomorphic matrix
function on the left. We seek ones that match well the global parametrix on éD (+1).

4.1 Local Deformation of RHP 6

To construct approximate local solution of RHP 6 in D (1), we first remove the jump of
Y(w) onTg; n D¢ (1) by setting

4.1) Y(w,t) =Y(w,t)B~,

where B was defined in (3.2). For labeling reasons it will convenient for us to write

I =-T,,nDe(1), T3=T} nD(1)

ext

{ro — T, nD.(1), T2=T}, nD(1),

(we flipped orientations of I'; . and I',,;). Then, according to (2.8) and (2.19), Y(w,1)

ex

D.(v

FIGURE 3. Arcs I'; and jump matrices H;(w, t) for ¥ (w, ).

admits jump conditions as shown in Figure 3, where

- 1 0\ . I S e ()
= = o w
H()(W,l‘) 6(W)21;(hvf,v;) et‘p(W) 1] Hl(W,l) 0 w s

1
“4.2)

. 1 0) . | ROt
= = o w
Hy(w, 1) 5(w)? hglv(vv)v;l pton) 1] Hi(w,1) 0 (w) : .
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To further transform ¥ (w,¢) near w = 1, we study the behavior of §(w) there. To this
end, we define K .3 to be the subregion of D¢ (1) as indicated on Figure 4, and set
—1 +
h(1)h(s)~", sngl,
—1 —_
h(s)h(1)~", sely,.

DO @

(a) K4 () K> (©) K3

1

(4.3) vi= —Inh(l) € iR, h(s) :={

/S

FiGure 4. Regions K 5 3.

Then, (2.14) can be written as

1 log h(s % ds v ds
S(w) =exp{ — & ()ds exp{ —= + =
2ri Jr, s—w 2t s—w 2 - s—w
8 gl gl
1 log h(s) w—1\"*(w—1\"*
=exp{ — ds ,
27 Jr, s—w w+l/p+ \w+1 ro
8

gl

where the power functions are positive for w > 1 and subindex ngl indicates their respective
branch-cuts. This means that

(w_1>v/2 (W_1>V/2 .
—_— =|— et™ . we{|w| < 1} n {£Im(w) > 0},
w+1 r w+1

where the root on the right-hand side of the above equality is principal. Thus,

1, w e Kl,
(4.4) S(w) = (w—1)"6(w){ e ™, weKky,
E”iv, w e K3,

where the root is principal and §(w) is an analytic function D, (1)\I'; given by

S(w) = (w+ I)VCXP{LL wds} .

2mi s —Ww

Since v is purely imaginary, (w — 1) is a bounded function around 1. We claim that &(w)
is bounded there as well. We get from (4.3) that

(logh(s)) = FH'(s)h™"(s). s eTE\(1}.

Since /(1) = 0, log /(s) is not only continuous on [y; " D (1) (it is equal to 0 at 1), but is
also continuously differentiable. Hence, §(w) extends continuously to 'y "D (1). In fact,
these extensions (from the left- and right-hand sides of I'y;) are continuously differentiable.
Indeed, by [Gak90, Section 4.4] we need to show that the derivative extends smoothly to
g N De(1). It holds that

8’(W):<— LA Mds) (w).

w+1 2_7rirg,(s—w)2
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Using integration by parts and (2.14) gives

4.5) 5’(w)=<— LA Mds> S(w).

w+1 ' 2 g S—W

One can readily check that log fz(s) is, in fact, twice continuously differentiable on
(Cgr\{1}) N D¢ (1) except for a jump discontinuity of the second derivative at 1. Hence,
(log h(s))’ is Lipschitz continuous and respectively §' (w) extends smoothly to I'gy N D (1)
(as a Holder continuous function of any index < 1). Since (log /(s))’ vanishes at 1, this
again implies that 6’ (1) is well defined.

%

[De )

FIGURE 5. The jump contour and the jump matrices for ¥ (w, 7).

Going back to the matrix ¥ (w, t), let
(4.6) Y(w,t) =Y (w,t)(w — 1), weD(1),

where the branch of the power function is principal. This transformation creates a jump
across (—1, 1) n D¢ (1) while the jump matrices for ¥ (w, ¢) are conjugated by (w — 1)¥73.
More precisely, the jump matrices for ¥ (w, r) are shown on Figure 5, where

. 1 0
HO(W’ t) = <$(W)262niv 1—h(w) et P(w) 1) , wely,

h(w)

R 1 -1 h(W)‘*‘left(p(w)
H, (W,l‘) = 0 S(w)? h(r) , wely,

h(w)

. 1 1 p2miv h(W)JFleft(p(w)
H3(W,l) = 0 S(w)? h(w) , welj,

. 1 0
HQ(W,I) = <(§(W)2 h(W)—letgo(w) 1) , wely,

1
D = 2o e (1—¢1),
by (4.2), (4.4), and (4.6) (notice that we oriented the segment (1 — €, 1) away from 1).

4.2 Parabolic Cylinder Model Riemann-Hilbert Problem

It readily follows from (2.5) that
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where the second summand can be interpreted as a square of a conformal map, see (4.12).
Then, by replacing §(w), h(w) by §(1), h(1), and t(w) by 2it — £%/2, we formally arrive
at the following model Riemann-Hilbert problem.

Riemann-Hilbert Problem 8. Find a2 x 2 matrix function Z({) such that

(1) Z(¢) is analytic for { € C\I'z, where T is depicted in Figure 6;
(2) Z(¢) has continuous traces on T'z\{0} that satisfy

Z,({) =2-(£)Gz({), (eTz,

where the jump matrices comprising G z({) are as on Figure 6 and given by*
1 0 1 s/
Z _ Z _ 1
HO (Z) - (szezﬂiyeévz/z 1) ) Hl (é,) - (0 1 s

1 0 o p2miv )2
“.7) H§(§)=< —on 1), H§<§)=(}) e )

_ 2h(1) =1 5

sap A TORN

(3) itholdsthat Z({) = (I + O(1/4)){ V3, £ — oo, where ¥ > 0 when { > 0 and
arg({) € (—n/4,7m/4).

Hy

He

-2 -1 0 1 2

Ficure 6. The contour I'z, which consists of coordinate axes and the ray
arg({) = —n /4, and the jump matrices Gz (¢) for RHP 8.

This is the same setup as described in [IMY?25, RHP 7] (and many other papers). RHP 8

can be solved explicitly, see [[IMY25, page 21]. Indeed, let arg(¢) € (—%, %) and set
Q= {zeClarg() € (—Z,0)}, Q ={¢ec| ag¢)e (0,5)},
@ = {¢ e Clarg(¢) € (5.7)}. Qs = {¢eClarg(¢) € (r. 5F)},

Q = {¢ e Clarg(¢) € (2. 25}

“4Notice that we can equivalently write 51 = —&(1)72(1 + e~™)e ™2 and 55 = §(1)*>(1 — e~ 7V)e 2,
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Then, the solution of RHP 8 is given by

4.8) o
(iBlD)::_(fE{e”?/:) e™v/2 _QDDVV(?)(K)> ’ £ €,
—xif2) ,—miv/2 o
(—i,éDD_jv(_ie(fe—’Zi/ez) e~ miv/2 agvv(;vl)@)) ’ L ey,
2oele = (L e e ) e,

Q)

D—v (5673”1/2) €73ﬂiv/2 _1 (é’e*ﬂl) erriv
(iﬁADvl (é’e—Sni/Z) e—37riv/2 Dv (ge_ﬂi) oV ) s e Q3,

D_, (£673ni/2) 6737riv/2 —&D, (4«6727ri) eZﬂiv
iBD—v—l (5673ﬂi/2) 6737riv/2 D, (41672”1) e2miv s EQa.

Thus, one can refine the asymptotics of Z({) as { — o0 as

4.9 z(¢) = <I+ % (2, _0&> + é (év(l(;r V) %V(IO_ V)) +0 (53)> e,

where ¥ > 0 when ¢ > 0 and arg(¢) € (—n/4,7n/4),

2r X~ v
5T and f=——

Since v is purely imaginary, the entries of Z({) are entire functions, and (4.9) holds
uniformly for all || large, we have that

(4.10) o= —o2mv L

@.11) [Z-(O))ijl <M, (eRUIR,

for some constant M and all i, j € {1,2} (this can be independently verified by using
[DLMEF, Equation (12.2.5), (12.5.3), and (12.5.5)]).

4.3 Approximate Local Parametrices at w = +1

As we indicated before, we use the following conformal map to set up a correspondence
between w and ¢ planes:

(4.12) £w) = ™2y fo(w) —2i = SmAY L e (),
VW

where /w is the principal branch and the other root is defined so that the second equality
holds. Notice that the interval (1 — €, 1) is mapped by £(w) into the ray arg({) = —n /4.
Since we had quite a bit of freedom in choosing the arcs I'S, and Flﬁ ,» we fix them around
1 so that £ maps the arcs I';, see Figure 3, into the coordinate axes. Then, the map /2t (w)
maps the jump contour on Figure 5 into I'z from Figure 6 for any ¢ > 0 so that the matrix
H; corresponds to the matrix HZ for any i € {0, 1,2, 3}. That is, the matrix

Z(V2tz(w))

has the same jumps as ¥ (w,?) except for §(w) and h(w) being replaced by §(1) and
h(1), respectively. Now, by undoing the transformation (4.6) and (4.1) we arrive at an
approximate local parametrix

(4.13) PO (w, 1) =V (w,0)Z(V2tL(w)) (w — 1)"73B,  weDe(1),



15

where V(D (w, 1) could be any matrix function holomorphic in D (1). We choose this
holomorphic prefactor to ensure good matching with the global parametrix and set

VO (w,1) = Aw) (V2L (w)) "7 (w = 1) 777

(4.14) Vo
_ A(W)(\/Ze37r1/4wfl/2) 3,

where A(w) was defined in (3.2) and w”/? is the principal branch.

Due to (2.21), we define the local parametrix P(~1) (w) near w = —1 by setting
1, w e ext(I'g;),
(4.15) P (w, 1) = o P (—w, 1)y ) Tat)
-1, weint(Ty).

If we denote the jump matrices for P(*1) (w) by G p(+1) (w, t), then it holds that

(4.16) GP(fl)(W,l) = 0'1Gp(1)(7w,l)0'1

4.4 Comparison between RHP 6 and Approximate Local Parametrices

For future use we now compare Y (w, t) to the local paramatrices P(*1) (w) in D¢ (+1).
These matrices have matching jumps on I'y; N D¢ (1) while

2 iv h(w)—1
1 (5(W>2(W _ ])21/6271 v gl(v)v) ete(w) ’ -
0 1
=1 _ -2y EMWHL rp(w)
L ogop v =17 560 e , wel,
Gy (w 1) 0 1
w, 1) = <
Y | 0 )
A s c s
B(w)2(w — 1) iLerew) wet
1 0 r
—1 2v 2nvh( )+l — , WEels,
S (v — D7 ST

by (4.2), (4.4), and the definition of B in (3.2). Since the jump matrix for P(l)(w) is
obtained from Gy (w, 1) by replacing §(w), h(w) with §(1), h(1) we have that

@17)  Gy(w.))Gpa (w, 1)~
iv (2 hw)—1 2 h(1)—1
(1 (w — 1)21/627“ (5(W)2 hv: - - (5(1)2 s )dw(w))

W , w € I,
1

_ 1_h(M+1 1 h(w)+1 —t )
=07 (i e ¢ W)» weTy,

0 1

h(w)

1 0
( (w—1)» 5 w)2 A=t _5(1)2h§ll()1;1> ot P(W) ]> , w e Iy,

1 0
“2v 2 1 h(D+1 1 hw)+1) — , wels.
(v = )72 (s M — s ) e 1>
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In another connection, we get on dD (1) that

@.18)  A(w)~ PO (w, 1) PED (w) 1 A(w) = 1+ m ( (w) o )

1 %V(l + V) ) _3/2
+2t§(w)2< 0 1—v +0
by (3.1), (4.13), (4.14), and (4.9) where
(4.19) a(w) = (2t /w)"a, Plw) = (2032 /w) 7.

In particular, we get from the definition of A(w) in (3.2) that

@20 [PO(w.)PE )] =1+ ! ((W/?(W) _ wé(W))

NI'—‘

m \/Zg(w) w+i)2  (w—i)?
1 Y W2 1 % 1—v _
T 2L 2 : +wz):1( )+0(f ),
and
“21) [p“>(w,z)P‘g”(w)—1]22 —1- @2(W) ((zﬁx;z B (VVVV@_(:.V)L)

N 1 vw?(1—v)+(1+v)
2t (w)?2 w2+ 1
Clearly, analogous results in D, (—1) can be deduced from the symmetry relations (2.21)
and (3.3) as well as the definition (4.15).

+0(t7%2).

5 SmaLL NorMm PrROBLEM

‘We look for the solution of RHP 6 in the form

P@ED(w), weC\(Iy uD(1) uD(—-1)),
G- “W:RW%}G&$,MZQQ;) e

Then, the error function R(w) must solve the following Riemann-Hilbert problem.
Riemann-Hilbert Problem 9. Find a2 x 2 matrix function R(w, t) such that
(1) R(w) is analytic in C\I'g, where I'g = T'g"" o I'2"4 U T, see Figure 7, with
R =T\ (Tg uDe(1) UD(—1)),
rond .= oD (1) U dDe(—1),
I = ((M\Lg) nDe(1)) U (M) nDe(—1))
(2) one-sided traces Ry (w) exist a.e. on I'g, are bounded there, and satisfy
Ri(w,t) = R_(w,t)Gr(w,t), weTg,

where
PE) (1) Gy (w, 1) PE) () !, we ro,
Gr(w,1) = { PEY (w,0)Gy (w,1)G pesn (w, 1) ' PEY (w, 1)1, weTin,
PED (1) PED ()71, w e rbnd;

(3) it holds that R(w) = I + w™ 'R (t) + O (w™2) as w — o.



In what follows from (2.20), (3.3), (4.15), and (4.16) that
(5.2) E(w) = E(—w)oy, E(w):=Ggr(w)— I

05F

0.0

-0.5

-1.5 -1.0 -0.5 0.0 0.5 1.0 15

Figure 7. The contour I'g for RHP 9.

5.1 Integral Representation

Since §(w), h(w), and (w — 1)” are fixed analytic functions, and so are the entries of
P& (w), it follows from (2.8), (2.9), and (2.19) that

(5.3) |E| oo (rguey = O(e™c<"),
where c, is some constant dependent on the radius € of the chosen disks around w = +1.
On I'2"?, we have from (4.15) and (4.18) that

El o rgay = O(772).

+ , made right after (4.12) and since §(w) and
h(w) are differentiable functions on those arcs, see (4.5), we see that off-diagonal entries
of the matrices in (4.17) are of the form

Next, due to the choice of the arcs Fii;lt and '

{bounded function} x e~ "¢’

for { > 0. Hence, we have that

E(w) = {bounded function} x C(w)e I p () (8 (1)) PY () !

for w € I’y and w € I'j. Clearly, similar expressions can be written for w € I'; and w € T’3.
Thus, we can see from (4.11), (4.13), (4.14), and (4.15) that

E(w) = ¢(w)e '€ ™MO(1), weTin,

where the entries of O(1) are bounded functions. Since 1/¢(w) is a bounded function in
D(1) as well, a trivial calculus computation shows that

5.4 HEHL,,(F?) = O(t*1/271/(2p))

for any p € [1, 0], where the estimate in D (—1) follows from symmetry (5.2). Altogether,
we get that

5.5 HEHLOC(FR) = O([_l/z) as t — 0.
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Hence, by the small norm theorem, see for example [FIKNO6, Theorem 8.1], there exists a
unique solution of RHP 9 for all ¢ large and

L[ pW)E(W)

(5.6) Rw) =1+ —J - dw', w¢Tkg,
T'r w —-w

2

where p(w’) = R_(w’) for w’ € Tg. Let (CgF)(w) := (C(FE))—(w), w € I'g, where C
is the Cauchy operator on I'g. Then,

o(w) =1+ (Cep)(w), weTlk,

which is a singular integral equation obtained by taking the traces of both sides of (5.6) on
the left-hand side of ['g. By (5.5), |Ce| = O(t~/?) and therefore it holds that

p=T—-Ce)'(1)= ), CpIL
m=0

Thus, (5.6) can be written as

0 0

(5.7) R(w) =1+ > CUCENE) (w) = >, SH(w),

m=0 k=0

where S© (w) = I and S*+D(w) = C(S(_k)E) (w) for k > 0. In particular,

w—00

(5.8) [Ri(D]1 = lim w[R(w) 1], = i lim w[S® (w)],,.
k=

where we used (5.7) for the last equality. Our goal is to asymptotically evaluate the above
quantity as t — 0.

5.2 Asymptotic Analysis of S(!)

By its very definition, we have that

1
: 1
(5.9 wlgnww[s( Jw)],, = 5 ) [EW)]11dw = Lous + Ipna + Iin,

where the summands on the right-hand side above represent integrals over ['g"/, Fﬁ"d, and
r Z‘, respectively. Due to (5.3), we have that

1 .
(5.10) Lour = 5 [E(W")]11dw = O(e™“<").
1 qut
Now, it follows from (5.2) that
1
Ipna = —5—= ([EW)]1 = [E(W)]y )dw.
2mi D¢ (1)
According to (4.20) and (4.21) the integrand above is equal to
V2 ( wB(w) wa(w) ) N voowr—1
View) \(w+1)2  (w—1i)? 2tL(w)2 w? + 1
Recall that both circles 0D, (+1) are oriented clockwise. Recall also (4.12) and (4.19).
Thus, by the Cauchy integral formula, one has that

+0(t73?).

(1 3(1 iv?
_ e3m/40/( _)\;;75( )Jr 12% Lo

(5.11) — dyedetvInt =12 g Rit—ving—1/2

Ipna

iv?

T o),



where, in view of (4.19), (4.10), and (4.7),

dy = mi1-2)/4 ¥ h(l) V= and dy — v
5(1)2 k(1) — '

1 F(V) 2d1
Next, we deduce from (5.2) that

1
(5.12) Iin = 7 — ([E(W)]zz - [E(W)]ll)dw.

To compute this integral, one needs an explicit expression of

Gr(w.1) = PY (w.0)Gy (w,1)G 5, (w. 1) PV (1) 7!

forw e I“j'e" N D¢ (1). We need to introduce more notation. Recall (4.8). We shall write

) (/2 5 £ (2
Z- (\@{(W)) - <Al(i>(\/7{(W)) a]%i) (ﬁg(w))> , wely,
B (V2iew)) Y (V214 (w))
for i € {0, 1,2, 3}. Further, we write
(i) ()

) _(aP(w,t) bV (w,1) .

P_ (W,t) = (C(i) (W’ Z‘) d(l) (W, [)) N w e Fl,
again, for i € {0, 1,2, 3}. Then, according to (3.2), (4.13), and (4.14) we have that

dw ()" iy L i
a®(w,1) = W—i(w—l)zvf2 (>+w+i() 4 (#). 1€{0.3},
o i 3 -1 _
Ao AN, ey
where, for brevity, * = /2¢Z(w),
Wy 0 B (w—1)" W), .
bO (w,1) = W—i()fl (+) wHi (%) f7(x),  1e{0.3},
) aw (%)

e A+ A, e (1.2)

and
_&Li)* WDy ]
O (1) = 4 Wi () + == ()77 (), i€ {0,3}
cV(w,t) = -1 v () BW (w—1)2V @ '
W—l(*) fl (*)+W_-|-1Tf3 (*), 16{1,2},
while
1

. AW w— A% ; '
m(*)v]c](l)(*) — M’}‘;ﬂ% 3( )(*)’ i €{0,3},

— i%fzﬁ)(*) =)7L ). ie 12y,

dD(w,t) =

Denote the off-diagonal entry of Gy (w, t)G;(ll) (w,t) onT; by g (w, 1), see (4.17). Then,

>

g(O) (w,t) = eZnivg(Z) (w,t) = (w — 1)2ve27riv <$(W)2 hglv(vv)‘;] _ 5(1)2 hg()];1>et‘/’(w)

wiv —2v 2miv h(1)+1 h 1 — w
g9 0r0) = g () = (= 1) (s Mt — M e

Recall that all our matrices have determinant 1. Thus, we have
a®D(w,0)cD(w,1), ie{0,1},

[E0 T = LE I =260 {—b@ (w.1)dD(wa1), i€ {2.3).
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If we set
a®(w,0)c(w,1), i=0,
1 1 .
09 (3, ) 1= a(z)(w,t)c(;(w, ), i1,
b (w,0)dP (w,1), i=2,
b(3)(w,t)d(3>(w,;)’ i—3,

then it holds that
(5.13)

()2 £ (%) ol AROTAIO wo fO()?
(w—1)2 (w— 1% w2+l (w—1)% (w+1)2 (%)

when i € {0,2}, where again * = /21 (w), and

D (w, 1) = —a*

; w ; w2 —1 v i i
E00m1) = — =g TR 4 4 B b= DAY AT ()
52 w (W — 1)4V (i) 2
+
Fosm op & W
when i € {1,3}. We can now rewrite (5.12) as
1 1
(5.14) Iy == | gOw, )@ (w,0)dw — = | g@(w,1)e® (w,t)dw
/8! Iy Tl I
1 1
+— | gOw)Dw,t)dw — = | g (w, 1)t (w,1)dw.
1 I 1 I3

We continue by analyzing the first integral in (5.14). The product of g(O)(w, t) and the
middle summand in (5.13) can be written as

2iae® 42 (0 (217 (w)) £ (V2L () £ ()¢ (W) F (w)e =409,

where

2
_ v 8,2 =1 a2 R(D—1
Observe that F(w) is a differentiable function on I'y that vanishes at w = 1. Recall that
£(w) maps I'y into the positive reals. Then, the integral of interest can be written as

& o i o [0 )
1(072) = 27ae2ﬂlv+21t .[0 fz(O) (\/Zé’)fzt(()) (@{){F(w(f))eiﬁ dé‘

in

{ Y2t
- %ezmthf 0 (5) £ () F (w(s/v/21)) s~ 2ds,
0

where ¢y is the value of £(w) at the point where Ty meets 0D (1). Observe that @e?" is in

fact independent of ¢, see (4.10) and (4.7). Recall that the functions fz(o)(s) and f4(0) (s) are
bounded on the positive reals, see (4.11). Then,

(0,2) V2 2

(5.15) |Iin’ } < Mt_3/zj s2e ™5 ds = O(t_3/2) as t— o
0

for some constant M > 0, where we used estimates |F(w)| < c¢|w — 1| and |w({)] < c|{|

for some constant ¢ (both functions are continuously differentiable).

Next, we consider the product of g(*)(w, ) and the last summand in (5.13). Since this
last term does not vanish at 1, our analysis needs additional steps. This product can be

written as / /
emiv/2-3mi/Adit ) .
2 1 (VL0 ()G e
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(notice that we do not have ¢(w) in the above formula this time), where

sr2hw)—1 a2 h(D)—1
(w+1)(w+i)2(6(w) hV(VW) — ()" )

W5/2+V

G(w) =
Because the first factor above is an analytic function in D, (1), we can, in fact, write
1 A h(w)—1  a,\2h(1)—1
G0 = (3 + €011 ) (8002551 - 5124051,
where G(w) is an analytic function in D (1). Similarly, as we have shown in (4.5), the

second factor in the formula for G (w) is a differentiable function on I'y whose derivative is
Holder continuous with any index < 1. Hence,

G(w) = ¢(w) (% n g(w)Gl(w)) (e’3”i/4d n GZ(W)) ,

where G»(w) is a continuous function in T such that |G (w)| < cg|w — 1|'72¢ for any
£ > 0, and d is the value of the derivative of §(w)>(1 — h(w)~!) at 1. Thus,

0.3) eTiV/2+37i/4+2it rdo
Iy =2
in 7(21)”

niv/2+2it o

O (V212)’ G (w(Q))e ' E dg

e

_ (0) 2 —t? —3/2+¢
=dommny ), (V21g)"e "4 di + 0. (1 ).

where O, (t~3/>*#) is obtained as in (5.15). The integral above can be rewritten as

(5.16)

1 V2tg 0
2 J sD%(s)ds + o(e™")

1
_ D2(s)ds = —
2t 0 s V(S) s 2t 0

for some constant ¢ > 0, see (4.8). Altogether, we get for some explicit constant C£0’3) that

(5.17) I_(Oa3) _ C‘(/0s3)62it—vlntt—1 + Os(t—3/2+8) as t —s o0,

mn
Now, we consider the product of g(o) (w, t) and the first summand in (5.13). This product
can be written as
02T miv/2— 3[4+ 2t (2t)"f2(0) (\/Zg(w))zg’(w)H(w)e_’fz(W),

where
W5/27V

(w+1)(w—1)?

Recall, see (4.10) and (4.7), that & is equal to e ~* times a constant that depends only on

2 h —1 a h(1)—1
Hw) = (w2t — 512201,

v. Hence, repeating the steps leading to (5.17), we get for some explicit constant C,(,O’l) that

Ilgr?,l) — %&2877riv/27ri/4+2it(2t)vfo’(0 fZ(O)(\/Zg)QH(w(é))e*"Vzdév
(5.18) = OV dittving =1 o (;73/2F8) a5t oo,
By combining (5.15), (5.17), and (5.18) we see that the first integral in (5.14) behaves like
(5.19) C‘(/Osl)672it+vlnttfl T C‘(/0,3)62itfvlntt71 n OS(FM“‘) as 1 — oo,

When it comes to the second integral in (5.14) recall that g (w, 1) = e~V g (w, 1)

while £(9 (w, ) and £ (w, ¢) differ only in the choice of the functions f(). Now, we get
from (4.8) that

D(s) = —e™fV(—s) and  fP(s) = e fV ().
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Since £ (w) maps I'; into the negative reals, all our previous estimates carry over unchanged
with (5.16) becoming

1 V2t
2t Jo

where —(; is the value of £(w) at the point where I', meets dD¢(1). Thus, the second
integral in (5.14) behaves exactly as in (5.19). Due to the minus sign in front of it, the
contribution of the first two summands in (5.14) to I;, is of order O (r=3/%>*¢).

1 0
sD%(—s)ds = 5 f sD%(s)ds + o(e™"),
0

The other two integrals can be estimated similarly. We only need to observe that
g®(w,t) = > g (w,1), iZ(w) maps Ty and T3 into the negative and positive reals
while

3 —niv £(1 3 —niv £(1

1( )(s) — TV 1( )(—s) and f3( )(s) — Ty 3( )(—s).
Altogether, we get that
(5.20) Lin=0.(t7*%) as t—>ow forany &> 0.

Respectively, we get from (5.9), (5.10), (5.11), and (5.20) that

. . 1 2
(521) WIE)HOCW[S(I)(W)]H — d]6721t+Vlntt71/2+d2€21t7v}ntl‘71/2+12%+05(t73/2+£).
5.3 Asymptotic Analysis of S(?)

Next we analyze S (w) = C(S(_I)E)(w) = C((C_E)E)(w). We have that

lim wS®(w) = _ L < lim EQw )dw’> E(z)dz.

w—00 2ni Jp, \s—zelr- 27 Jp, w' —s

We write the integral in parentheses above as a sum of two terms, say Ji(s) and Ja(s),
where J (s) is obtained by integrating over I'>" and J5(s) by integrating over I'¢*/ U iz

We start with Jo(s). Observe that J,_(s) = C_(E)(s), where E(w) = E(w) on
rout o I'iv and E(w) = 0 on I'2"¢. Hence,
122y < IC-IE2(re) = O ()
by (5.3) and (5.4). Thus, we have that
[V2—El L1 gy < IElL ) [2- L1 (rg)
<RI E | o () 2 12r) = O (7).
where we used (5.5) on the last step. That is, it holds that

(5.22) Jim w[s@(w)],, = —%L [/1-(2)E(z)],,dz + O(t7*)

as t — 0. When it comes to J; (s), it follows from (5.2) that

1 E(w' 1 E(w'
Nis) = & ) e’ + _.f aEW)or .
27 Jop, 1y W — S 2ri Jopoy Wt

This formula immediately yields symmetry Ji(s) = oJ;1(—s)o. Denote the integral in
(5.22) by I. Then,
1
I =— [O'IJI,(W)E(w)m - Jl,(w)E(w)]Hdw,
271 Jrg A {Re(w)>0}

where we used (5.2) and the above symmetry of J; (s). By (4.18), it holds that

(5.23) E(w) = Ex(w) + Ex(w), Er(w) = =2 ()

= ZwT Ex(w)=0(t""),
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where M (w) is an analytic matrix function around 1 given by

Write J; (s) = J1,1(s) + J1.2(s), where this decomposition is based on the above decompo-
sition E(w). Extend E;(w) by zero to the entire contour I'g. Then, similarly to the case of
Jo(s), we have that

[12-leaamy = O0") = 12-Eluiy = 0(77).
Thus, we have that
(5.24) I=1+ 00—3/2) as t—» o,

where [ is defined exactly as I, but with J; (w) replaced by J; 1 (w). Now, J; 1 (s) can be
computed explicitly. We get from the residue theorem that
1 oz M(] Yo
J = — | —=N(s) — —— |, De(1),
ls) = 72 (M - D) sep)
where N(s) = (M(s) — M(1))/(s — 1) (recall that D (1) and 0dD¢(—1) are oriented
clockwise). We have that

wh(w) — wa(w) Bw)  wra(w)
W) = o34 W (w+i)2  (w—i)? (w+i)2  (w—i)?
M V3 | La)  wBr) | wilw)
(w+i)2  (w—1i)? w+i)2  (w—i)?
In particular, it holds that oy M (1)oy = —M(1). Thus,

1 /M(1
(5.25) Jia(s) = 7} <s4(—1) —N(s)), seDe(1).
Similarly, we get that
1 2 _——
(5.26) Jials) = 7;s2—f]M<1), s ¢ De(1) UDe(—1).

Write I; = I?% + [P"4 4 [i" depending on whether we integrate over I'9%/, T2 or I'ix,
We immediately get from (5.3) and (5.26) that

(5.27) I =0(e ") as t— .
We further get from (5.4) and (5.25) that
(5.28) P (z—l/zuEuLl(rg)) —0(17).
Next, it follows from (5.23), (5.25), and the relation oy M (1)o; = —M (1) that
11 dw
hnd = — NW)M(w) — oyN(w)M —— 4+ 0(t7?).
= T o,y VO O8) = NOM ()] 725+ 077

We get from the residue theorem that the integral above is equal to
[oM' ()M (1), — M ()M (1)],, = —[(oaM' (D)o + M' (1)) M(1)],,
= —([M'(D]i2 + [M'(1)]21) [M (1) o1,

where we used the fact that M (w) is traceless. Thus,

= 4% (B(1)* —a(1)?) +0(r?)

(5.29) — et 2vint =l oAty InG =1 O(t_3/2) as t— o0
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for some explicit constants ci, ¢y, where one needs to recall (4.7), (4.10), and (4.19).
Gathering together (5.22), (5.24), (5.27), (5.28), and (5.29), we get that
(5.30)

lim W[S(Z)(W)]H _ C1674it+zylnt1‘71 + C2€4it72vlntt71 + 0(1‘75/4) as f — o0,
w—00

5.4 Proof of Theorem 1

From the very definition of S*)(w) we get that

|FR‘12

. L (k=1
Jim wS®(w)| < ISUTVE |y < o 1Bl ISY -

Iterating the last estimate gives

] l—‘Rll/Z
1 ) ‘ <
im wSY (w) =

w—00

M2y IC= 1 EN o -

Hence, we have that

Z lim wS®)( )‘\

w—0o0

|FR|1/2 HIHLz (Tr) HC—H HE”Loo Tr) ([ 3/2)
2 [C-| 1= [C-[E]L=(rg)

as t — o0, where the last conclusion follows from (5.5). Thus, we get from (5.8), (5.21),
and (5.30) that

[Rl(l‘)]“ _ d|€72H+V1mt71/2 Jr(126‘21t7v1ntt71/2 +C1€74lt+2vlntt71
iv?

4it—2vInt ,—1
+ e o+
2t

+O0(t) as 1.
It follows from (3.1) and (5.1) that

[Yi(®)]11 = [Ri(t)]11 +1.
Therefore, we get from (2.18) and (2.22) that

1
o(t)=t+ %f In | tanh B |d¢ + i[R1(1)]11
-1

Observe that for a given complex number u with Re(#) > 0 and a real number x, it holds
that

t t
DCJ §THRXS g = pTHIN! _ pix + uf Sfuflelxsds
1 1
© . .
= uf s ds — e 4 O(rRW) as - a0
1

because the last integral above is absolutely convergent. Hence, we get that

1 2
o(t) = ;t2+ J11n|tanhﬂ§\d§—%1nt+C+0(t—1/4)

as t — oo for some constant C. The claim of Theorem 1 now follows from (1.1), the
definition of v in (4.3), and the definition of A(w) in (2.1).
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