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Most approaches for accelerating Markov chain mixing either rely on incorpor-
ating expensive geometric information in the proposals, or reduce the per-step
cost of sampling via surrogate densities. We propose a localisation principle
that allows a surrogate-based Metropolis—Hastings proposal to exploit gradient-
level geometric information about the target density, without evaluating either
the target gradient or the surrogate gradient. The construction relies on regu-
larisation and tempering of the proposal measure. We show that the expected
proposal displacement coincides with the Langevin drift up to controlled er-
ror. The resulting framework, Delayed Acceptance with Regularisation and
Tempering (DART), achieves an O(x max{k, d}) mixing time from warm start
for strongly log-concave targets with condition number « in d dimensions.
This matches the known O(xd) rate for MALA when d > k, and scales as
O(x?), independent of dimension, otherwise. This is, to our knowledge, the
first mixing time guarantee for a surrogate-transition-based MCMC method.
We demonstrate DART on a hierarchical spatial generalised linear mixed model.
In this setting, the Dirichlet-Neumann averaging parametrisation, originally
introduced for the efficient simulation of Gaussian processes, is repurposed to
supply the surrogate, and its linear memory and log-linear arithmetic scaling
in the number of observation sites carry over to inference.
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1. Motivation

We consider the problem of sampling from a probability measure II with density
m(x) e T for x € RY,

where the continuous function f : R? — R arises from a computationally intensive model
and cannot be expressed in closed form.

Problems of this kind arise throughout statistics and probabilistic machine learning. The
function f may represent the negative log-posterior of a Bayesian model obtained through
a costly likelihood evaluation [Stul0; Con+16], or a potential arising from marginalising
over high-dimensional latent states [DTM98; ADH10; AR09]. In each setting, pointwise
evaluation of f at scale is prohibitively expensive, making direct sampling from ITintractable.
In moderate-to-high dimension, or when f induces complicated geometry, MCMC methods
are the standard tool. They require only pointwise evaluations of f or its gradient and yield
asymptotically exact samples from II.

Their practical efficiency depends on several interacting design choices. The key factors we
consider are the mixing time of the chain, which quantifies the number of steps required
to reach approximate stationarity, the per-step cost, and the parametrisation of the target
density. A suitable parametrisation of 7 can alter the geometry of the sampling target,
affecting both mixing and per-step cost simultaneously.

Incorporating local geometric information about f into the transition mechanism is one of
the most effective ways to accelerate mixing. Methods based on Langevin dynamics [RT96b;
Dal17; BH13] and Hamiltonian Monte Carlo [Dua+87; Nea+11; HG+14] exploit gradient
information to construct proposals that respect the local curvature of f, and rigorous
mixing time guarantees are available in several settings [DMS17; Ebe14; Dwi+19; Che+20].
These gains, however, come at a price. Each transition requires one or more evaluations
of Vf, with methods such as stochastic-Newton MCMC [Mar+12] additionally requiring
Hessian evaluations. Moreover, when the target is multimodal, gradient-driven dynamics
tend to mix well within individual modes but struggle to traverse the low-probability
regions separating them.

Turning to the second strategy, the most direct way to reduce per-step cost is to replace f
by a cheaper surrogate g induced by a lower-fidelity model, such as a Gaussian process
[Gra20; ST18], a neural operator [Bha+21; Lu+21; Rao+23], or a polynomial approximation
[Wes+26]. Substituting g for f, however, yields an invariant measure that is biased relative
to I1. Asymptotic exactness can be retained by embedding surrogates more carefully into the
MCMC procedure. The surrogate transition method (STM) [Liu01] runs an auxiliary chain
targeting a surrogate measure II with density 7 o e~8 and corrects the resulting proposals
via a Metropolis—Hastings step against the true target density. Delayed acceptance (DA)
MCMC [CF05; CFO11] uses g to pre-screen proposals before evaluating the expensive
model. Both approaches preserve II as the invariant measure of the overall chain.

The Multi-Level Delayed Acceptance (MLDA) method [Lyk+23] combines surrogate trans-
itions and screening across multiple surrogate levels. Explicit non-asymptotic mixing time



bounds in terms of the problem parameters, of the kind available for MALA or HMC
[Dwi+19; Che+20], are to our knowledge not available for surrogate-transition, or delayed-
acceptance methods. The efficiency of these methods further depends critically on the
availability of a surrogate hierarchy whose geometry does not differ too severely from
that of the target, and this hierarchy is fixed a priori. Adaptive error modelling schemes
[Lyk+20] partially address this by adjusting the surrogate online, but come without a priori
guarantees.

Our Contributions

This manuscript makes three contributions to the design and analysis of surrogate-driven
MCMC methods.

The first is methodological. We introduce a localisation principle, achieved through a com-
bination of regularisation and tempering of the surrogate density. This allows a surrogate
density with sufficient gradient fidelity to carry the same geometric information as an
exact gradient-based proposal, without requiring evaluations of either Vf or Vg. When the
surrogate g is quadratic, the localised surrogate density is Gaussian and proposals can be
drawn directly, reducing the algorithm to a Metropolis—Hastings variant with a specific,
surrogate-informed proposal. When the surrogate is not quadratic, we draw approximate
samples by running a short auxiliary Markov chain targeting the localised surrogate density.
This extends the surrogate transition framework of [Liu01] and the delayed acceptance
approaches of [CF05; Lyk+23] by allowing for localised, state-dependent proposals. We
refer to the resulting method as Delayed Acceptance with Regularisation and Tempering
(DART).

The second is theoretical. We prove that for strongly log-concave targets with condition
number k, the DART chain achieves a total-variation mixing time of O(k max{x, d}) from
a warm start, provided the surrogate has sufficient gradient fidelity. This bound exhibits
two regimes. When d > k, it matches the O(kd) rate established for MALA in [Dwi+19].!
When k > d, it becomes O(x?), with no explicit dependence on d. To our knowledge, it is
the first explicit mixing time bound for a surrogate-transition-based MCMC method.

The third is of independent interest, but strong synergy with DART. The Dirichlet-Neumann
averaging (DNA) construction of [KS26] was developed for the efficient simulation of Gaus-
sian processes on regular grids. We repurpose it as a parametrisation of the latent field
in Bayesian models with isotropic Gaussian priors, where inference at scale is typically
bottlenecked by a factorisation of the prior and computation of its log-determinant, as well
as the simulation of corresponding realisations. We demonstrate the combination on a hier-
archical spatial generalised linear mixed model (SGLMM). Under this new parametrisation,
and for any sampler, the per-iteration latent field operations collapse from quadratic to
near-linear:

1. This MALA bound has subsequently been sharpened to the minimax-optimal O(x vd) [WSC22]. Since our
argument closely parallels that of [Dwi+19], we expect the same refinements to transfer. We do not pursue this
here.



latent field evaluation factorisation prior log-determinant

Naive (Cholesky) O(d?) O(d?) O(d?)
DNA O(dlog d) O(d) 0(d)

The parametrisation separates the latent field into low- and high-frequency components to
yield a natural surrogate structure for DART. Combining the DNA parametrisation and
DART unlocks log-linear computational scaling and linear memory scaling for hierarchical
SGLMM problems with respect to the number of observations.

The manuscript is organised as follows. Section 2 specifies the general mathematical setting,
fixes notation, and recalls the necessary background on MCMC methods and mixing times.
Section 3 introduces the DART framework, including the algorithmic construction, the
main theoretical results, and practical aspects of implementation. Numerical experiments
illustrating the theoretical findings are given in Sections 4. Section 5 introduces the novel
Gaussian prior parametrisation and its synergy with DART. Finally, Section 6 contains the
proofs of the main results.

2. Preliminaries

2.1. Notation

We write Pr for the probability measure on a common underlying space carrying all random
variables, and E for the corresponding expectation. All measures on R¢ are defined on
the Borel o-algebra B(R¢). Throughout, measurable means Borel measurable. Absolute
continuity and densities are understood with respect to the Lebesgue measure, and we
leave this implicit.

We write B(R?) for the space of Borel probability measures on R¢, denote the Gaussian
measure with mean x and covariance C by N(x, C), and the Dirac measure at x by J,. For
v € P(RY) and ¢ ~ v we write E, [-] for expectation under v.

The total variation distance between M;, M, € BP(R?) is

My = M| := sup |M1(A) - M(A) \
AeB(R?)

With this normalisation, every M € B(R?) satisfies the functional bound

‘/fdMl—/fdMZ

for any measurable f : RY — [0,1].

<My = My (2.1)

We write B(x, R) for the closed Euclidean ball centred at x with radius R, and |||, for the
Euclidean norm. For non-negative quantities, A < B means A < ¢B for a universal constant
¢ that depends on none of the problem parameters, A 2 B means B < A, and A < B means



both A < Band B < A. The same symbol may denote different constants in different
expressions. We write f < g for pointwise inequality between functions.

Given a density 7 on RY, we write 7 « e/ to mean n(x) = N 1) where N :=
Jra e /) dx is the normalisation constant.

2.2. Markov Chains and Metropolis-Hastings

A Markov chain on R? is a sequence of random variables ¥ = (/;),cy Whose dynamics, is
fully determined by a family of transition probability measures {T},ga satisfying

Pr(y; € A| Y = x) = T(A)

for any A € B(R?) and i € N. The initial state follows a probability measure 1o ~ i,
referred to as the initial measure. We assume throughout that x — 7,(A) is measurable.
The associated transition operator is then

T : P(RY) - P(RY), (Tv)(A) := / T.(A) dv(x), AeBRY),
R4

so that ¢; ~ T’y for any i € IN. A probability measure v is invariant under T if Tv = v.
We refer to T itself as the (Markov) chain, when the context is clear. The goal of MCMC is
to construct a chain for which

I Ti,u —Hfy =0, as i— oo, (2.2)

so that for large i, the states of the chain can be used to perform inference with respect to II.
The Metropolis—Hastings (MH) algorithm [Met+53; Has70] provides a general construction
achieving this. Given a family of absolutely continuous proposal measures {P}, g« With
densities py, a proposal z ~ P, is accepted as the next state with probability

7(z) p2(x) }

2 pal2) (23)

a(x,z) := min {1
and otherwise the chain remains at x. Provided that 7 and the p, are positive a.e., the
resulting chain has invariant measure IT and satisfies (2.2) for II-almost every initial state
[RT96a; MT08]. Two standard instantiations are the Metropolised random walk (MRW),
which uses Gaussian proposals P, = N(x, h’I), and the Metropolis-adjusted Langevin
algorithm (MALA) [RT96b], for a step size parameter h > 0, which shifts proposals toward
regions of higher density via P, = N(x + %2 Vlog 7(x), hzll).

2.3. Mixing Times and Conductance

While constructing a convergent Markov chain in the sense of (2.2) is possible for a broad
class of target measures, quantifying the speed of this convergence is considerably more
delicate. In particular, it depends sensitively on the geometry of the density 7. We measure



the speed of convergence by the number of steps required for a prescribed total-variation
tolerance.

Definition 2.1 — Mixing Time —
Let & > 0. For a fixed initial measure y on (R¢, B(R?)), the §-mixing time t5(u) of a Markov
chain with transition operator T is defined as

ts(u) ;= inf{n e N : |T"u — | < 6}.

Mixing can be slow in general. For multi-modal target densities, local proposals struggle to
cross low-probability regions separating modes, leading to poor global exploration. Even
for unimodal targets, convergence can be arbitrarily slow if the chain is initialised from an
unfavourable position [Ban+23]. This motivates restricting attention to classes of initial
measures that represent beneficial initial configurations.

Definition 2.2 — Warmness —

Let v be a probability measure on (R%, B(R%)) with continuous density ¢. For § > 1, we
say that v is f-warm with respect to IT if

o(x)
Pt =P

We say that v is warm with respect to I if it is f-warm for some finite f.

A complementary notion is the conductance ® of a chain T with invariant measure II,

defined by

/ [ Tx(A®) m(x) dx
m .
T(A)e(0.1/2) T1(A)

Conductance measures the minimal probability flux leaving a set relative to its target

d(T) :=

mass and thus quantifies the presence of ‘bottleneck regions’ in the state space. Cheeger
constants in differential geometry and graph theory are closely related notions.

To discount sets of negligible target mass, one introduces the s-conductance ®,(T), defined
for s € (0, %) by
T(A®) (x) dx
o) = i AT
TI(A)e(s, 1/2) II(A) — s

(2.4)

Warmness interacts favourably with s-conductance. Indeed, for any measurable A ¢ R?
with TI(A) < s and s € (0, %), a f-warm measure v satisfies

v(A) = /A<p(x) dx < p /Aﬂ(x) dx = BII(A) < Bs, (2.5)

and therefore |v(A) — TI(A)| < Bs.



As a consequence, Theorem 1.4 and Corollary 1.6 in [LS93] imply that for a f-warm initial
measure /1,

I Ty~ Ty < Bs+ B (1 - 20X(T))',  ieN. (2.6)

Thus, lower bounds on the s-conductance (2.4) combined with a suitable choice of s, yield
explicit non-asymptotic bounds on mixing times. This strategy has been successfully
employed in, for example, [LS93; Lov99; Dwi+19; Che+20], and forms the basis of the
analysis in Section 6.

3. Localised Surrogate Transitions

Let g : RY - R be a computationally cheaper approximation to the target potential f. We
construct a state-dependent proposal measure I1, by two modifications of the surrogate
density 7 o e~8. First, similar to a restricted Gaussian oracle [TP18; LST21] for the surrogate,
we localise around the current state x € R? by adding a quadratic penalty scaled by y > 0,
confining proposals to a neighbourhood of x where short steps are more likely to be
accepted. Second, in the spirit of simulated annealing [KGV83; MP92; GT95], we temper the
surrogate contribution by a factor 6 € (0, 1], making the resulting density easier to sample
from. Together, these modifications yield the potential

Vi RUSR Oy 0800+ Ly b,
and we define the corresponding proposal measure II, with density
T(y) o< eV, y e RY.

Our core claim for the construction above is the following: a draw z ~ II, has the same
expected drift towards high-density regions of 7 as a Langevin proposal, despite never
evaluating a gradient.

To illustrate when and why this might be true, define the mean displacement @, :=E, . u
of the proposal for a fixed state x € R¢ and assume for the moment that Vg = V. If 7,
has (say) sub-Gaussian tails, then E, . VV,(u) = 0 by integration by parts. Expanding
VVi(u) = 0Vg(u) + y(u — x) and rearranging yields

Uy =X — g Eu~Hng(u) =X g Eu~Hxvf(u)' (3.1)
Y Y

The proposal mean is shifted from x along the I1,-averaged target gradient, with 6/y acting
as an implicit step size. A MALA proposal with step size h = \/20/y produces the same
drift with the pointwise gradient V f(x) in place of the average gradient E, 11 V f(u).

Two technical hurdles stand in the way of the heuristic (3.1) reliably producing gradient-
informed proposals. No reasonably cheap surrogate can be expected to satisfy Vg = Vf, so
the first hurdle lies in quantifying when the surrogate density carries sufficient gradient
information. Secondly, for the average gradient to be a useful proxy for the pointwise
target gradient, the concentration of II,, controlled chiefly through increasing y, needs



to be strong enough. We address both issues for strongly log-concave target densities in
Theorem 3.4, where the gradient fidelity condition (3.5) and the required level of localisation
(3.6) are made explicit.

In DART, we therefore propose drawing z ~ I1, and accepting it via an MH step against the
target density 7. Denote by N, := f]Rd e~ dy the normalisation constant of 7. Since
the densities 7, and 7, are normalised by different constants when x # z, these constants
enter the standard MH ratio (2.3) explicitly. Owing to the symmetry of the quadratic penalty,
we have

Ve(2) = Via(x) = 0(g(2) - g(x)),

and expanding the proposal density ratio gives the acceptance probability

a(x.2) = min 11, T@ Ne oo | | (3.2)
m(x) N,

When z ~ I, the resulting Markov chain on R is reversible with respect to IT and admits
IT as its invariant measure.

Drawing z ~ II, exactly is feasible only in special cases, the quadratic-surrogate case
discussed in Section 3.2 being the main one. In general, we approximate samples from II,
by running a Markov chain, which we refer to as the root chain, for n steps. That is, we
replace the exact proposal P, = I1, by

‘:Px = Q;rcl,ux ~ I,

where Q, denotes the transition operator of a reversible Markov chain with invariant
measure II, and p, is an initial measure.

Because the density of Q7 is in general intractable, we cannot form its exact Metropolis
ratio and instead retain (3.2), the ratio for exact proposals from I1,. The implemented chain
is then not in detailed balance with II, and its bias is governed by the root-chain mixing via
ITLy — Q% tix | rv- Both localisation and tempering reduce this error directly, the quadratic
penalty making the localised surrogate well-conditioned and tempering flattening it further.
Condition 3.3 fixes the root-chain length n this requires, which Theorem 3.4 subsequently
folds into the mixing-time bound.

This use of a state-dependent root chain is the sense in which DART extends the surrogate
transition method (STM) [Liu01], delayed acceptance (DA) [CF05], and the Multi-Level
Delayed Acceptance (MLDA) method [Lyk+23], all of which propose from a fixed, global
surrogate. Two-level MLDA is recovered as y — 0 and 6 = 1, a regime favourable only
when the surrogate is at once faithful and cheap. Viewed from the proximal-sampling side,
the root chain realises a restricted Gaussian oracle on the surrogate. The Metropolis step
corrects it exactly, and our analysis (Section 6) shows the error left by running it for finite
time can be made as small as desired at only logarithmic extra cost.



3.1. AMixing Time Guarantee for DART

The main theoretical result of this manuscript is an explicit upper bound on the mixing
time of a Markov chain using DART from a warm start, under the assumption of a strongly
log-concave target density. The bound applies to the general setting where proposals are
generated by a root chain of finite length targeting the localised surrogate measure II,.
Corollary 3.5 below shows that the idealised and implemented chains coincide when
proposals can be drawn from I, directly, as is the case for quadratic surrogates, and the
bound then holds in a stronger, monotone form.

Log-concave targets arise naturally in Gaussian models, logistic regression, and other
members of the exponential family of response functions. More broadly, posterior measures
arising from non-linear statistical inverse problems admit accurate log-concave approx-
imations in Wasserstein distance under suitable conditions [Nic23, Theorem 5.1.3]. We
summarise the assumptions on the target geometry in the following condition.

Condition 3.1. The measure II is absolutely continuous with respect to the Lebesgue
measure with density 7 o e/, where

1. The potential f is continuously differentiable and has a Lipschitz continuous gradient
with constant L > 0. That is, for all x, y € R,

IVFG) =ViWla < Llx =yl

2. The potential f is A-strongly convex for some A > 0, meaning that for all x, y € R%,
(V) =V ) x = y) 2 Alx =yl

Strong convexity guarantees concentration of IT around a unique mode x* := arg mings f
(see e.g. [DM19]). Lipschitz continuity of the gradient provides quantitative control over
how f varies along a proposal move. We quantify the geometric complexity of a target
density satisfying Condition 3.1 through its condition number

K= —. (3.3)

The following definition summarises the surrogate construction for a target measure
satisfying Condition 3.1.

Definition 3.2 - Strongly Log-Concave Surrogate Density —

Let g : RY — R be m-strongly convex and M-smooth with unique minimiser X :=
arg ming. g. For any x € R and parameters 6 € (0, 1], y > 0, define the potential

Vi(y) = 0g() + g Ix -yl (3.4)



Let IT, denote the probability measure with density 7, proportional to e™"*. We refer to 7,
as a strongly log-concave surrogate density.

The analysis requires two kinds of agreement between g and f. The surrogate’s mode x
must lie in the same high-probability region of IT as the target’s mode x*, formalised in
Theorem 3.4 by the inclusion x € K. Within this region of high probability, the gradient
Vg must approximate V f sufficiently well. To ensure local regularity of Vg as |x — y[, —
0, we further require that g is itself m-strongly convex with an M-Lipschitz gradient.
Compatibility between these two requirements is ensured by A <m < M < L.

The final condition characterises the efficiency of the root chain used by the algorithm. We
assume the root chain mixes in polynomial time in the dimension and condition number,
with exponents w, @ > 0. This is satisfied, for instance, by MRW, MALA, and HMC targeting
strongly log-concave densities (see, for example, [Dwi+19; Che+20]).

Condition 3.3. Let {Qx},cg¢ be a family of transition operators where each Qy has invariant
measure IT, with potential V, that is strongly convex with Lipschitz continuous gradient.
Denote by & := sup,ge K(II;) > 1 the largest condition number (3.3) among the II,,
assumed finite. There exist w, @ > 0 such that for every x € R%, every ,-warm initial
measure i, with respect to Iy, and every ¢ € (0, 1),

- 2
105ty — M|y < & provided that n 2 d“k“ log ﬁ

€
Under the parameter choices of Theorem 3.4, the surrogate condition number & is bounded
by a universal constant (see (6.30)), and Lemma 6.6 shows that the warmness requirement
is met by suitably concentrated Gaussian initial measures, with log f,, controlled uniformly
over the region the chain explores.

Theorem 3.4

Let f : R? — R satisfy Condition 3.1 and denote the mode x* := argminga f. Let g :
R? — R be an m-strongly convex surrogate for f with M-Lipschitz gradient, satisfying
A <m< M <L, and denote X = argminga g. Let II be the target measure with density
o« e, let y be a f-warm start w.r.t. I, and fix an error tolerance § € (0,1) satisfying
log % < d. Define the ball X := IB(x*, 3 d/)t), and assume x € XK. Suppose the following
hold:

(i) Gradient fidelity.

sup [Vf(x) = Vg(x)l; S Lmax{1, k/d}. (3.5)
X

X€

(ii) Localisation. The DART parameters satisfy

1
0= 2 and y = Lmax{k, d}. (3.6)
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(iii) Root chain mixing. The root chains {Qx}cre satisfy Condition 3.3, each initialised at
the Gaussian measure i, = N(x, @y + QM))_III) of Lemma 6.6, and the root chain
lengths satisfy

nzd”(d+log§). (3.7)

Then the §-mixing time of the DART chain satisfies

4

2
ts(u) < kmax{k, d} log?. (3.8)

When proposals are drawn from II, exactly, the perturbation term |II, — Q% yix | vanishes,
the chain satisfies detailed balance with respect to I, and the mixing time bound follows
from conditions (i) and (ii) alone.

Corollary 3.5. Under the hypotheses of Theorem 3.4, suppose that conditions (i) and (ii) hold,
and that proposals are drawn exactly from I1,.. Then Condition 3.3 and condition (iii) are not
required, and the mixing time bound (3.8) holds.

Remark 3.6. The condition log(2/§) < d is cosmetic. Removing it introduces a dependence
on r(8/(4p), d) (see [Dwi+19, Theorems 1 and 2] and (6.24)), which increase only very
slowly with decreasing error tolerance. As stated, Theorem 3.4 restricts the mixing times to
error tolerances § > e~?. Furthermore, our results can be extended to weakly log-concave
and perturbed log-concave targets using the reduction employed in [Dwi+19], ensuring
algebraic mixing time bounds for those targets too. Since the arguments translate verbatim,
we omit these computations here.

Remark 3.7. The mixing time bound (3.8) reveals two distinct regimes. If k > d, then
ts(1) € O(x?), with no explicit dependence on the dimension d.If d > «, the bound becomes
ts(1r) € O(xd), recovering the mixing time bound for MALA in [Dwi+19, Theorem 1]. As
shown in Lemma 6.8, these regimes emerge from the localisation having to control two
competing effects. The O(x?) scaling stems from the stronger localisation required to
control the displacement of the surrogate mode from the current state in the presence
of steep target gradients, requiring y 2 Lk. The O(kd) regime arises from the impact of
the natural fluctuations of z ~ I, on the acceptance probability and can be controlled by
y = Ld.

Remark 3.8. Using Markov chains to draw proposals z ~ P, = Qfu, = I, is a natural
choice and allows the proposal quality to be quantified in terms of the chain length n. The
proof in Section 6, however, requires only | P, — ;| < §/(2Ns) on Ky, as seen in (6.29),
regardless of how the proposal measure is constructed. Any family of samplers whose
single-draw law satisfies this bound yields the same mixing time bound as Theorem 3.4,
with the acceptance step (3.2) unchanged. Exact sampling, as in Corollary 3.5, is one such
instance. The inner sampler can therefore be chosen on purely computational grounds,
provided the required total variation accuracy can be established, in which case the mixing
analysis carries over without modification.

11



3.2. Practical Aspects

Theorem 3.4 is in a strongly regularised regime. This is deliberate, as the resulting strong
localisation confines proposals to a neighbourhood of the current state, where gradient
fidelity is the dominant concern. In practice, substantially smaller values of y are effective,
for two reasons. First, the target’s own strong convexity already provides a degree of
localisation that the analysis neglects. In the proof, the localisation term is taken to dominate
the curvature of f (cf. Lemmas 6.6 and 6.8), but in practice the two curvatures compound, and
a smaller y suffices. Second, the fidelity condition (3.5) only controls first-order information.
If the surrogate also captures curvature information of the target, the localisation would only
need to compensate for the remaining curvature mismatch. The theorem should therefore be
read as a rigorous illustration of the principle that localised surrogate transitions can extract
gradient-level geometric information from the surrogate, rather than as a prescription of
optimal algorithmic parameters.

The acceptance probability (3.2) involves the ratio Ny /N, of normalisation constants. When
g is quadratic, say g(y) = 3(y — %)" A (y — X) for a positive-definite matrix A, the surrogate
density 7, is Gaussian with precision 6 A + yI. The normalisation constant N, then follows
from the determinant of this precision, and the ratio N, /N, is available in closed form.
This covers, for instance, Laplace approximations, where A is the Hessian at the MAP, and
the high-frequency components of the DNA surrogate in Section 5, where A is a diagonal
matrix of prior precision eigenvalues.

When g is not quadratic, the ratio must be estimated. The difference of potentials
V.(0) = Vi) = y(v - 5%, x — 2)

islinear in v, since the quadratic terms cancel. This allows the reciprocal ratio to be expressed

as N
ﬁ"‘ = Fpp, € V07552, (3.9)
X

The root chain already generates samples approximately distributed according to II,, so
these can be repurposed to estimate (3.9) at no additional model cost. Given 7 effectively
independent states {;} | from the root chain, the estimator

Ril(x,z) := Ze y(o—gE x—2) (3.10)

is unbiased for N, /N, requires no additional target evaluations, and is exact when x = z.
Taking the reciprocal Ris(x, z) := 1/R;g!(x, z) introduces an upward bias of order O(1/7)
by Jensen’s inequality.

Equation (3.10) is the empirical mean of ¢, with #v) := y (v — %, x — z). A second
estimator follows from approximating IT, by the Gaussian derived from the chain’s empirical
first two cumulants. This too costs no further evaluations and gives

logﬁal(x, z) i=—0+1 sf, (3.11)

12



with the sample mean £ and variance s?. It estimates the log-ratio directly, avoiding the
exponentiation and the reciprocal step that produced the Jensen bias of (3.10).

The two estimators trade consistency against efficiency. Estimator (3.11) is exact whenever
I1, is Gaussian, recovering the closed-form quadratic case, and returns zero at x = z. For
skewed, non-Gaussian II, it retains a bias that does not vanish as /i — co. The importance-
sampling estimator (3.10) is instead consistent, at higher variance and with less stable
exponential weighting. The two estimators are compared empirically in Section 4.

When the surrogate g is itself a Bayesian posterior with a known Gaussian prior of precision
C™!, the full Gaussian component of V, has precision § C™! + yI, providing a natural
PCN reference measure [Cot+13]. Tempering only the likelihood component of g in such
instances, while leaving the prior at full strength, preserves the prior geometry and ensures
that the localisation remains solely responsible for confining proposals. This is employed
in Sections 4 and 5.

In practice, we initialise the root chain at the current outer state, setting y, = §,. Although
dx is not a warm start for I1,, the transition operator Q, yields an absolutely continuous
measure Q,dy after one step, which, provided the localisation is sufficient, concentrates
adequately to serve as an approximately warm start. We also implement a crank-up proced-
ure: an auxiliary chain targeting 7 o< e~8 is run for a fixed number of steps, and its terminal
state is used as the initial state of the outer chain, giving y = IL.

4. Empirical Behaviour

The experiments in Sections 4 and 5 rely on styne, a standalone Python library available at
https://github.com/rkutri/styne. The scripts reproducing all experiments and
figures in this paper reside under reproducibility/dart inrelease v0.1.0, browsable
athttps://github.com/rkutri/styne/tree/v0.1.0.

4.1. Stability of the Ratio Estimators

We isolate the accuracy of the estimation step on a two-component Gaussian mixture with
unequal weights. The projected law of the root chain samples is skewed, so the experiment
exercises Rg outside the Gaussian regime in which it is exact. We set 6 = 1, since tempering
would destroy the mixture form and with it the analytic ground truth. Localisation is
therefore controlled by y alone.

We fix x at the mode of the dominant component, draw independent realisations of z ~
Q% iy, where Qy is MALA on I1, initialised at y, = 8y, and compute Ris(x, z) and Rg(x, z)
from the same trajectory.

Figure 1 reports the absolute error in log(N,/Ny) as a function of root chain length n, across
dimensions and localisation strengths. As y grows, IL, and II, tighten and their overlap
shrinks, so the ratio is harder to estimate, a difficulty that compounds with dimension. The
two estimators agree while sampling is cheap. Once the log-weight variance grows, Ris
degrades under large weights while Rg does not. This is the trade-off of Section 3.2 made
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visible, and it is why we use ﬁG as the default estimator. While ﬁG is more reliable in this
experiment, it is expected to be more vulnerable to surrogate geometries that differ more
strongly from its Gaussian approximation.

How much residual estimation noise affects DART’s overall mixing depends on the relative
sizes of all terms in (3.2), not on the ratio error alone. The subsequent experiments confirm
that, once y is chosen appropriately, DART improves over its non-localised counterparts.

y=0.05 y=0.25 y=1.0 y=2.5

-
=)
i

abs. error [nats]
-
<

10! 10?2 10°% 1
n

10!

mm d-4 mm d=8 mm d=16 d=32 - Rg -<- Ry

Figure 1: Median absolute error in log(N, /N, ), with interquartile range over 10 000 independent
runs, for Ris (dashed) and R (solid) as a function of root chain length n. The mixture has
weights (0.7, 0.3), means +a with a = 0.5, common covariance o2l with ¢ = 1,and 6 = 1.
The root chain is MALA on II, initialised at y, = d,, burn-in fraction 0.3, no thinning.

4.2. The Quadratic Surrogate Regime

We now test the full DART chain in the regime of Corollary 3.5, where the surrogate g is
quadratic and proposals can be drawn from I, directly. Following [Dal17; Dwi+19], we
consider a Bayesian logistic regression example. Given ngps observations (c;, ;) € R?x{0, 1},
the probability that y; = 1 is modelled as o({x, ¢;)), with o(¢) = (1 + e~*)"!. Covariates
¢; have i.i.d. Rademacher entries and unit Euclidean norm and responses are drawn from
a fixed data-generating parameter x*. The prior is N(0, (aZ¢)™!) with ¢ = ﬁCTC and
parameter «, whose value can be chosen freely.

1/2

After preconditioning by 3. “, the prior becomes N(0, '), the preconditioned design

matrix satisfies CTC = ngpsly, and the negative log-posterior is

Nobs
f(x) =—Y'Cx+ Z log (1 + e("fz‘)) +

i=1

o
21+E,

with gradient Lipschitz constant L = inobs + a, strong convexity constant A = «, and
condition number k = L/A, independent of the spectrum of the original design matrix.
With ngps and « fixed, both L and « are the same at every dimension.

As surrogate for f we use the Laplace approximation at the MAP X = arg ming. f,

g(y) =3y —% H(y - %)),
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where H is the Hessian of f at x. Since g is quadratic, the localised surrogate density
is Gaussian with precision P = 0H + yI; and mean P~'(0H% + yx). Both P and the
normalisation ratio N, /N, are available in closed form, so no root chain or ratio estimation
is needed.

We compare DART against MALA, MLDA and MRW in the preconditioned space. MALA
and MRW step sizes are tuned to standard target acceptance rates and MLDA shares DART’s
surrogate, but canonically, without regularisation or tempering. The implicit step size of
DART is governed by y and is swept over y/L € [1072,10]. The value at the peak of the
‘Efficiency’ panel of Figure 2 is used for DART. To assess convergence, we track the running
mean diagnostic

k
1 _ ) 1
€k = *”xk - xref"ls Xk = — Xi,
d k
i=1

where X = Zlc/ 2X* is the data-generating parameter in the preconditioned coordinates.
Since every chain targets the same posterior, e; decays to a common floor, the distance
between the posterior mean and x;ef. All chains share common initialisations drawn from
the prior. To compare stationary-phase efficiency, we report effective sample size (ESS) per
iteration along the slowest direction of the target, the eigenvector of H with the smallest
eigenvalue. We project M = 8 replicate chains, each started from an independent prior
draw, onto this direction and combine them with a multi-chain ESS estimator that pools
the within-chain autocorrelation with the between-chain variance (c.f. [GR92]).

Figure 2 summarises the results. MLDA employs the same surrogate as DART but lacks
localisation. As its sub-chain equilibrates, the proposals approach independent draws from
the Laplace approximation. The left panel demonstrates that this measure lacks the fidelity
required to serve the full model. The success of this same surrogate under DART isolates
the effect of the localisation y in keeping each proposal local. Finally, MRW converges
slowly but reliably.

DART converges faster than MALA, without evaluating the target gradient at any iteration.
In line with the discussion in Section 3.2, when in a beneficial localisation regime (see
middle panel in Figure 2), curvature information captured by the Laplace approximation
further improves DART over MALA, which only has access to gradient information. The
middle panel of Figure 2 illustrates the theoretical finding that the optimal localisation
strength y is determined by the gradient-Lipschitz constant L, the largest curvature of
the target. For this experiment, optimal ESS is achieved consistently for y = 0.2 L. The
rightmost panel indicates the mechanism behind this: increasing y shrinks the proposal
scale and raises acceptance monotonically. Below the peak, proposals overshoot and are
rejected. Above it, proposals are accepted but take steps too small to decorrelate efficiently.
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Figure 2: Bayesian logistic regression with a Laplace surrogate (nqhs = 240, @ = 3, giving k = 21;
0 = 1/2). (a) Running mean error ¢ at d = 16 for MALA, MRW, MLDA, and DART at
Yy = 0.2 L, averaged over n.y; = 500 independent runs from prior initialisations. (b) ESS per
iteration of DART along the slowest target direction, as a function of y /L for dimensions
d € {2,4,8,16}, estimated from M = 8 replicate chains. Horizontal dashed lines show the
same quantity for tuned MALA at matching dimensions. (c) Acceptance rate of DART as
a function of y /L. Target acceptance rates for tuning were 0.55 for MALA and 0.25 for
MRW.

4.3. Multimodal Targets

Departing from the log-concave setting of Theorem 3.4, we investigate DART’s behaviour on
multimodal targets. Multimodality is a fundamental obstacle for MCMC methods that rely
on local proposals, as the chain can become trapped in a single mode for extended periods.
In DART, tempering the surrogate density reduces the effective depth of these barriers,
making transitions that the outer chain would reject accessible to the surrogate chain. This
is the same mechanism exploited by simulated annealing, but in DART it is built into the
proposal step itself, requiring no separate tempered chains or swap moves. When a single
level of tempering is insufficient to overcome the barrier, DART admits a recursive extension
in the spirit of MLDA. Each level employs a smaller tempering parameter, producing a
progressively flatter surrogate landscape. The resulting temperature ladder is traversed
sequentially within a single outer proposal step.

We illustrate this mechanism on two bimodal Gaussian mixture targets with mode separ-
ation A and per-mode variance o2. To isolate the barrier-crossing effect from surrogate
approximation error, we set g = f throughout. For two-level DART, each outer step then
requires n + 1 target evaluations: one for the acceptance step and n for the surrogate chain.
For three-level DART it is correspondingly even higher. The purpose of this experiment is
to demonstrate the mixing mechanism, not to benchmark computational cost.

We compare MRW, MALA, two-level DART, and three-level DART. The DART variants
use pCN, preconditioned against the quadratic penalty term, as the root chain. The regu-
larisation y is chosen per target so that the localised surrogate density spans roughly the
combined support of both modes. Figure 3 shows trace plots alongside the target density
(grey) and, for the DART variants, the localised surrogate densities at each tempering
level (dashed, coloured), evaluated at x = 0. Each trace is annotated with its integrated
autocorrelation time estimate and its number of mode transitions.

On the moderate target (A = 4, 0% = 0.4) MRW takes steps larger than the mode separation
and tunnels across the barrier, transitioning freely. MALA crosses only a handful of times,
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since its gradient drift pulls each proposal toward the nearest mode. The drift that speeds
within-mode mixing impedes transitions between modes, and its autocorrelation time is
large as a result. Both DART variants cross freely. On the harder target (A = 8, % = 0.2), the
modes are too far apart to tunnel at any feasible step size, so MRW fails alongside MALA,
each confined to a single mode. Two-level DART still transitions but with visible periods of
entrapment, while three-level DART mixes freely, showing that the flatter additional level
is what carries the chain across the deeper barrier.

MRW IAT 9 5MRW IAT 5
2.5 511 crossings 0 crossings
0.0 0
-2.5
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MALA IAT 295 5{MALA IAT 2
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Figure 3: Trace plots (first 5000 post-burn-in iterations) for MRW, MALA, two-level DART, and
three-level DART on bimodal Gaussian mixture targets with (A, o) = (4, 0.4) (left) and
(A, %) = (8, 0.2) (right). Side panels show the target density (grey) and, for the DART
variants, the localised surrogate densities at each tempering level (dashed, coloured),
evaluated at x = 0. Each trace is annotated with its IAT (estimated from 50 000 post-burn-
in iterations) and mode-transition count. Acceptance tuned to MRW 0.3, MALA 0.5, and
the pCN root 0.3. Two-level DART: 6 = 0.5, n = 20. Three-level DART: 6; = 0.25, 6, = 0.5,
n; = 20, np = 10. Regularisation: y = 0.05 (moderate), y = 0.01 (harder).

5. Spatial Generalised Linear Mixed Models

We now present the novel Gaussian process parametrisation based on Dirichlet-Neumann
Averaging (DNA) [KS26] and show its synergy with DART on a hierarchical SGLMM
problem. For background on SGLMMs and extensions to other observation models, see
[DTM98; BC93].

5.1. Latent Field Inference

We consider a SGLMM with Poisson response. Let the spatial domain be Q := (0, 1)P c RP,
with N observation locations {s;}}¥, C Q. At each location we observe the count y; € Ny of
a spatially varying phenomenon. The underlying intensity is modelled by a latent, centred
GP u on Q. Conditional on this latent field, observations are assumed independent and
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Poisson distributed:
Vi | u(s;) ~ Poisson(e”"), ni = Po + u(sp), i=1,...,N, (5.1)

where S € R is a known mean log-intensity.

Covariates are omitted from (5.1) to streamline the exposition. We equip the latent field u

2 correlation

with a GP prior whose covariance function is Matérn with marginal variance o
length p, and fixed smoothness v = 5/2, and collect the free covariance parameters in
¥ = (p, o?). Together with the Poisson likelihood arising from (5.1), this prior defines
a posterior density over u. As the Poisson likelihood is not conjugate to the GP prior,
closed-form updates are unavailable and MCMC transitions are required. In Section 5.2 we
extend this model by placing a hyperprior p(¢/) on ¢ and targeting the full joint posterior

over u and .

MCMC transitions require repeated evaluations of the latent field u at the N observation
sites. A naive Cholesky parametrisation of the latent field values assembles and factors
the N x N covariance matrix at cost O(N*), making each such evaluation prohibitively
expensive even at moderate N.

5.1.1. Latent Field Parametrisation

The DNA framework of [KS26] represents the latent field u as the scaled average of 2°
independent GPs, each satisfying a different combination of homogeneous Dirichlet and
Neumann conditions on 9Q. The boundary artifacts introduced by any single choice of
boundary conditions cancel exactly under this averaging, yielding a genuinely isotropic
field on Q. We refer to [KS26] for details in simulation and error analysis, and present
mainly the novel elements pertaining to inference.

Boundary conditions are encoded in a vector b € {0, 1}D , where b; = 0 prescribes Neumann
and b; = 1 Dirichlet conditions on the j-th pair of opposing faces. For a spectral resolution
q € N, define the index sets I, = I, x - x I, with Iy = {0,...,q} and I, = {1,..., q}.
Let ¢, denote the Fourier transform of the Matérn covariance function with parameters
¥ = (p, 0?) (see [Gra+18, Eq. (2.22)]), and write w, = @, (}) := \/¢,(v/2) for the spectral
weights at frequency v. The DNA parametrisation of u is then given by

u(s, x) = 27P/2 Z Z xfwv ef(s), sEQ, (5.2)

be{0,1}P vel,

b

where the basis functions e;

are tensor products of cosine (b; = 0) and sine (b; = 1) modes,
and the parameters x = (xb)be{o’l}p € R¢, with total dimension d = (2¢ + 1)P, have prior
x ~ N(0,1;) (for details, see [KS26, Section 3]). Since each of the 2P component fields
carries its own coefficient vector but is evaluated on the same grid, d exceeds the number

of grid points Q = (g + 2)” by a constant factor.

To evaluate the latent field at the N observation sites, we introduce an equispaced grid G on
Q with q + 2 vertices per dimension. On this grid, each inner sum in (5.2) is computed via
the appropriate combination of discrete cosine and sine transforms, encoded in a matrix Wj.
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A sparse bilinear interpolation matrix Ir € RN*? maps the grid values to the observation
sites (c.f. [Gra+15]), giving

u(x) =270/ IF< > WbAbxb> e RY,
be{0,1}P

where Ay = diag(a)v)v
O(Qlog Q + N).

- and u;(x) := u(s;, x). The total cost per evaluation is therefore

5.1.2. Surrogate Construction

For fixed hyperparameters 1/, the posterior over the latent field in its DNA parametrisation
is 7(x) o« e f®) with potential

N

[ = LG+ 1B, L0 = Y () — 1), 53)

i=1

where L is the Poisson log-likelihood and #;(x) := Sy + u;(x) is the linear predictor at site
si. The gradient of f with respect to each block x? is available at cost O(Qlog Q + N) via
the adjoint of the interpolation and transform operators.

The structure of (5.2) provides a natural partition of the parameters. Fix a coarse resolution
qc < q and define coarse index sets I; ¢ by replacing g with gc. Each block decomposes as
xb = (x¢, x¢), where x€ collects modes with indices in I, c and x{ collects the remainder.
A coarse approximation to the log-likelihood is obtained by replacing the field evaluation
in (5.3) with its coarse-grid analogue, using W}, ¢ and I¢ in place of W}, and Ir, and acting
only on xc. We denote this coarse log-likelihood by L¢(z¢). Provided gc is chosen large
enough that the high-frequency modes carry negligible likelihood information, a natural
choice is to let these modes contribute only via the prior. When at state x = (xc, xg), the
localised surrogate potential used for DART is

1
Vi(2) = =0 Le(ze) + Llze—xcly + S|zl (549

where 6 € (0, 1) tempers the coarse likelihood and the quadratic penalty localises only the
coarse component. Since the parameters are independent under the prior, the prior density
factorises across the partition, giving the |zc|3 + | z¢|5 = |z|5 decomposition in (5.4). A
proposal z = (zc, zr) is drawn by running a root chain targeting the coarse component of
I1,, giving zc, and drawing zr from a pCN step targeting N(0, I, ).

The acceptance probability (3.2) for this construction simplifies considerably. We track
three cancellations in turn.

« Quadratic penalty. As in Section 3, the symmetry V,(z) — V,(x) = —0(Lc(zc) —
Le(xe))+ %(||z||§ — | x|%) eliminates the quadratic localisation term from the proposal
density ratio; the prior difference that remains is cancelled below.
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« High-frequency block. Since xf is not localised in V, the dependence of the normal-
isation constant on the state enters only through the low-frequency component. We
leverage N, = Ny c - Cg, where Cr is the Gaussian integral over zp and is independent
of x. The ratio reduces to N;/N, = Ny c/N,c, which is a problem in significantly
lower dimension than then initial one.

« Low-frequency prior. Both f and V carry the prior term |-|3. The contribution to
m(z)/n(x) is exp(—%(||z||§ — |x[%)). The contribution to p,(x)/px(z) is its inverse,
and the two cancel. This cancellation is structurally the same as in pCN [Cot+13],
with the localisation parameter y playing no role in the preconditioned step.

Incorporating these three cancellations, the acceptance probability reduces to

@62) = min { b (L(z) = L)+ 0(Lelx) = Lc(zc))>ll:]fx€ } '

5.1.3. Experiment

The Hyperparameters are fixed at ¢ = (p, 6%) = (0.1, 1.25) and we consider D = 1 spatial
dimension. We begin in a regime where the coarse surrogate captures most likelihood
information at the chosen correlation length. We compare DART against three alternatives:
MALA on the posterior under a Cholesky parametrisation, MALA on the DNA paramet-
risation (5.3) of the full posterior, and MLDA on the DNA parametrisation using the same
surrogate as DART but without regularisation or tempering. We deliberately do not include
the INLA [RMC09] and stan [Car+17] HMC software routines in the comparison, as these
occupy different points on the trade-off between cost, accuracy, and scalability.

Figure 4 presents three diagnostic views. The worst- and average-case IAT bars reveal a
monotone hierarchy, from Cholesky, to DNA with MALA, to DNA with MLDA, to DNA
with DART. The DNA parametrisation alone reduces the worst-case IAT over Cholesky; the
surrogate hierarchy in MLDA buys a further factor over MALA on DNA, and regularisation
and tempering bring DART to the lowest IAT. The best-case bars do not follow this order,
nor is this expected: the best-mixing location is governed by the high-frequency blocks
xr, which carry negligible likelihood information and so mix at essentially the prior rate
for every DNA variant. The best-case summary therefore reflects prior mixing common
to all three DNA methods and cannot separate them, but gives a clear advantage over the
Cholesky parametrisation. The posterior mean and 95% credible band from DART (right
panel) track the ground truth closely.
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Figure 4: Good-surrogate regime. Ground truth is generated once at high resolution (g = 500) and
held fixed. N = 100 observation sites are drawn uniformly on (0, 1) and Poisson counts
are simulated from (5.1) with intercept fy = 1.5. DNA methods use fine resolution g = 100
and coarse resolution gc = 20. DART and MLDA run n = 25 root chain steps per proposal,
with DART using y = 0.25 and 6 = 0.75. Each method is run for 150 000 iterations over
3 independent replications. The respective first 50 000 iterations are discarded as burn-
in. Left: ACF at worst-case (solid) and best-case (dashed) spatial locations. Centre: IAT
summary (best, average, worst); error bars show standard errors. Right: posterior mean
and 95% credible band from DNA with DART, with ground truth (black) and observation
locations (ticks).

5.2. Hierarchical Inference

We extend the SGLMM from Section 5.1 to joint inference over the latent field and the
covariance hyperparameters ¢ = (p, ), now in D = 2 spatial dimensions. We place a
hyperprior on ¢ and use a Metropolis-within-Gibbs sampler alternating between the latent
and hyperparameter blocks.

Placing a hyperprior p() on the covariance parameters, the full joint posterior has density
7(x, ) o e T&Y) with potential

fCe ) = =L0e, ) + 5lx[3 —log p(¥),

extending (5.3) to include the hyperprior. Here L(x, ¢) is the Poisson log-likelihood
from (5.3), now written with its dependence on ¥ through the spectral weights w, (/)
in (5.2) made explicit. The full conditionals for the two Gibbs blocks have potentials

folx) :==L0e,y) + 5lxlz, and  fi() = —L(x, ¥) — log p(y),

where f; coincides with (5.3) for fixed /. The coupling between the two Gibbs blocks is
implicit, mediated through the spectral weights w, (¢/).

Under DNA, the per-sweep covariance update reduces to an O(d) spectral-weight recom-
putation. A Cholesky parametrisation would instead require a fresh O(N?) factorisation
each sweep, dominating the per-sweep cost at scale. The latent block targets the same
posterior as Section 5.1.2, and the DART transition applies as in that section, with the
surrogate re-evaluated at the current ¢. Since f; is only two-dimensional, we update i/ on
the log-scale via a random walk MH step with Robbins—Monro adaptation [RM51]. For the
hyperprior we use a joint penalised complexity prior [Sim+17] on (p, 0), penalising depar-
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ture from a base model of zero variance and infinite correlation length at rates controlled
by Pr(p < py) = a, and Pr(o > 09) = a,.

We consider the SGLMM from (5.1) on the unit square Q = (0, 1)? with Matérn covariance
and a constant trend fy = 0.5. We generate a smooth (v = 5/2, p = 0.1) and a rough
(v = 3/2, p = 0.05) field as ground truth at high resolution (gt = 500). The aim of
the experiment in this section is to demonstrate robust inference of these fields and the
corresponding hyperparameters from the corresponding simulated Poisson count data.
Observation locations are drawn from a Sobol sequence on Q, providing quasi-uniform
coverage.

Figure 5 shows, for each smoothness, the ground-truth field, the DART posterior mean and
the posterior standard deviation. The posterior mean recovers the truth in both cases. The
posterior mean is slightly more regular than the truth. We attribute this to the penalised-
complexity prior reverting towards the less complex, smoother model where the likelihood
is uninformative. To guard against a single fortunate chain we run each demonstration at
three independent seeds and pool the draws, and the recovered field and its uncertainty
are stable across the three.
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Figure 5: Hierarchical SGLMM, DART posterior fidelity at N = 1024. Rows: smooth field (v = 5/2,
p = 0.1, 0% = 3/4) top, and rough field (v = 3/2, p = 0.05, 02 = 3/4) bottom. Columns:
ground-truth field, DART posterior mean and posterior standard deviation. MCMC is run
for 230 000 iterations, of which 30 000 are discarded as burn-in. Fine resolutions are g = 64
for both fields (16 641 parameters total) and the coarse resolutions are gc = 12 (smooth,
625 parameters) and gc = 28 (rough, 3 249 parameters). DART parameters: y = 5- 1073,
6 = 0.9, n = 6 for both.
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6. Proofs

The remainder of this manuscript assembles the proof of Theorem 3.4. The argument has
two stages. In the first, we analyse an idealised chain T whose proposals are drawn exactly
from the localised surrogate measures IL,. This chain is II-reversible, so its mixing time
can be bounded by the s-conductance machinery. In the second stage, we transfer the
bound to the implemented chain T, whose proposals come from a finite-length root chain.
Section 6.3 combines all of these ingredients to conclude. Standard, cited, and technical
auxiliary results are collected in Appendix A.

The first stage rests on the following result, due to [Dwi+19], which we state in notation
adapted to our setting.

Proposition 6.1. Let t > 0, ¢ € (0, 1), and let v be a probability measure on R? with density
@ < ¢ 8, where g : RY — R is A-strongly convex. Further, suppose {Ty} cpa are the transition
measures of a Markov chain with invariant measure v. If X C R? is a convex set such that for
anyx,y € K

1T = Tylw < & whenever |x—yl, <t

then for any measurable partition of R? into A; and A,,

/ T.(Ay) p(z) dz > % min{l, 1"%2 V(%K) tﬁ} min{ v(4,0%), v(A4:0%K)}. (6.1)
Ay

If, in addition, v assigns a significant fraction of its mass to K, Proposition 6.1 yields an
explicit conductance lower bound, which via (2.6) gives a mixing-time upper bound under
a warm-start assumption.

Lemma 6.2. Let v € P(RY) have density ¢ « e~8 with g : R — R A-strongly convex, and
let {T}cre be the transition measures of a v -reversible, lazy Markov chain with invariant
measure v. Suppose there exist t > 0 and a convex set X ¢ R? with

1T% = Tyl < % whenever |x — y|, < t, x,yeX. (6.2)

Let 6 € (0,1) and let u be f-warm with respect to v, with f > 1. If

1)
v(iK)>1- ﬁ (6.3)
then
2p

1
IT"u— v <6 for all nz 2 log 5

Proof. Set s := %. Since f > 1and § < 1, we have s € (0, 1), and the error budget in (2.6)

is split evenly. With ¢ = 3/4, and taking the minimum in (6.1) to be attained by its second
argument (the complementary case only strengthens the bound), (6.1) reduces to

/ T.(A2) p(z) dz > 1(1)%82 tVAVAH(K) min{v(A1 NnX), v(Azn IK)}
A
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Now let A be a measurable set with s < v(A) < 1, and set A; = A, A, = A By (6.3),
v ANK) > v(A) —v(K®) > v(A) —s,

and analogously v(A° N XK) > v(A®) — s. Since v(A) > s and v(A®) > v(A) > s, both lower
bounds are positive, so

min{ v(AnX), v(A°n JC)} =v(A)-s.
Using log2 > 1/2, v(X) > 1—sand (1—s)* > i, we arrive at the conductance lower bound

/ATx(AC)(P(x) dx > tVa

o(T) := .
(D VA, 1) v(A) —s ~ 1024

Inserting this into (2.6) and applying Bernoulli’s inequality yields
) n_ 0
IT" = vl <5 +p(1-cf2)" < + e et
where ¢ = 1/(2 - 1024?) is a universal constant. For n > ¢~ 1(t21) 7! log(2f/5) the second

term is at most /2, giving | T"u — v |y < & for all such n. The factor ¢! is absorbed into
the implicit constant of the statement.

O

The remaining ingredient is a convex set X satisfying (6.3). For strongly log-concave targets,
this is supplied by concentration of v around the minimiser of its potential [DM19; Dwi+19].
The radius of concentration is governed by

1
1 2\ 2
r: (0,00)xN—>R,  r(ed) := <1+2 lgd+21§> ,
and the concentration of measure is characterised as follows.

Proposition 6.3. Let v be a probability measure on R? with density ¢ o e~8, where g : R¢ —
R is A-strongly convex, and set X := argmings g. Then for any ¢ € (0, 1),

v(K(e) >1—¢, where K(e) := ]B(fc, r(e, d)\/TM) .

6.1. Properties of Localised Surrogate Measures

We first establish Lipschitz continuity of the map x + II, in total variation, a key ingredient
required by Proposition 6.1.

Lemma 6.4. Let {7, },cga be a collection of strongly log-concave surrogate densities (Defini-
tion 3.2). Then
I =Ty, < 5=

<—L _x—yl,
v ofytom . TP
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Proof. Pinsker’s inequality gives

I, — 10, )%, < IKL(TL, ] 1), (6.4)

vV — 2
and the identity
N.
KL(IL | 11, = log ﬁy +E,mr, (Vy(2) — Vi(2))

splits the divergence into a normalisation ratio and a potential discrepancy. As per (3.9),
the ratio of normalisation constants can be rewritten as

Ny _ S IORAC) 65)

X

Plugging (6.5) into (6.4),
KL(IL, [ T1y) = log E,opp, e Y@@ L B (V(2) - Vi(2)). (6.6)
By definition of the surrogate potentials (3.4),
Vy(2) = V(@) = L1z =yl ~ 12 = %) = y (r = 3. 2) = ey (67)
where ¢y, ‘= %(||x||§ = y||§) Inserting (6.7) into (6.6), the constants cancel, leaving
KL(IL, | IT, ) = log E,q, e VTN L y(x — ) ).

Writing z = @i, +(z— i, ) inside the logarithm, the deterministic contribution —y (x — y, @)
exits the expectation and cancels with the second term, giving

KL(IL, | T1,) = log By, e " ¥ 7%, (6.8)

Since g is m-strongly convex, we may write g = 2| + ¢ with ¢ convex. Expanding the
surrogate potential and completing the square in z shows that

_ _ytOmy 2
7u(2) o 600D g P el

where ¢, = yx/(y + 0m). The second factor is proportional to the density of I, :=
N( Ccx, (Om + y)_lll), and the first is log-concave. Hargé’s inequality [Har04, Theorem 1.1]
therefore gives, for any convex ¢,

Eoon, (2 — 2) < By, $(w — cy). (6.9)

Applying (6.9) with the convex function i : u +> e *™% ¥ and evaluating the resulting
Gaussian moment generating function yields

_ y? o2
E.ni, e V0520 SBy o (omeyym e Y = e PR (6.10)
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Inserting (6.10) into (6.8) and the result into (6.4), and taking the square root yields the
claim.

O]

Secondly, we show that the mode displacement of the localised surrogate measure is
entirely controlled by the regularisation and tempering parameters. Denote the modes
ay ‘= argmingqs V.

Lemma 6.5. Let {7, },cga be a collection of strongly log-concave surrogate densities (Defini-

tion 3.2). Then
oM

+ Om

|x — axlz < I — %2

Proof. First-order optimality for a, gives VVy(ay) = 0Vg(ay)+ y(ax —x) = 0, which yields
y(x — a) = 0g(ay). (6.11)
Since Vg(x) = 0 and g is M-smooth,
IVg(ax)lz = 1Vg(ax) = Vg(x)[2 < Mlax — x]. (6.12)
Combining (6.11) and (6.12),

OM N
Ix —axl. < o lax — %[z (6.13)

On the other hand, VV,(x) = 0Vg(x) + y(x — x) = y(x — x). Since Vy is (y + Om)-strongly
convex with minimiser da,.,

lax —x[2 < IVl = | = x]2. (6.14)

+ O0m Yy + 0m

Inserting (6.14) into (6.13) yields the claim.
O

Finally, we record a warmness estimate for a Gaussian measure centred at x € R4, with
respect to the corresponding surrogate measure I1,. The mode displacement from Lemma 6.5
governs the resulting warmness constant.

Lemma 6.6. Let {7, },cga be a collection of strongly log-concave surrogate densities (Defini-
tion 3.2), and write xky := (y + OM)/(y + Om). Then for all x € R?, the Gaussian measure
N(x, (y + 9M))‘1]I) is f-warm with respect to I1,, where

d 0> M?
log f < - log(2xv) + f Ix — %13, (6.15)
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Proof. The surrogate potential V is (y + 0m)-strongly convex and (y + 0M)-smooth with
minimiser a,. In [Dwi+19, Section 3.2.1], the authors derive bounds on the density ratio
for a Gaussian whose mean is displaced by ¢ > 0 from the target mode, where the target
density has a m,-strongly convex and L,-smooth potential. Applying their result with
€ =|x—axlz, m« =y +0mand L, =y + OM yields

d 2(y + OM)

logﬁéglog v+ om +(y+9M)||x—ax||§.

The first term is already glog(ZKv) by construction. For the second term, Lemma 6.5

bounds the mode displacement by |x — a, |2 < Yi]gm |x — x|, so that
(y + OM) 6*M? R Ky 0> M? R Ky 0> M? R
(y + M) |x — ax; < Tt ome? lx — %15 = T+ om |x — #[5 < ——— x — %[5,

where the last step uses y + 8m > y. This yields (6.15) and completes the proof.

6.2. Bounding the Acceptance Probability

The acceptance probability of DART is governed by the target potential difference f(z) —
f(x), the surrogate correction 6(g(x)—g(z)), and the normalisation constant ratio log(N, /Ny).
We begin with a bound on the normalisation constant ratio. Bounds on the potential differ-

ences are folded into the proof of Lemma 6.8.

Lemma6.7. Let y > 0 and let ¢ : R — R be convex and continuously differentiable. For
each x € RY, define the potential

Ve i RUS Ry o)+ 3 Ly -l

Let T1,. be the probability measure on (R, B(R?)) with density r, « e~"* and normalisation
constant Ny. Then, for all x, y € RY,

N,
log Fy < <Eu~nxV(p(u), x — y>.

Proof. Asin (3.9), we express the ratio of normalisation constants as an expectation over I1,:
log Ny _ log By, "7,
Ny *

Writing u — y = (u — x) + (x — y) and expanding, the difference in potentials is

Velw) = Vo) = 7 (lu—xlf = lu=yI) =~y =y, w+ y e =y, 1) = Jlx = yli

27



The constant terms coincide with the negative logarithm of the Laplace transform of
N(x, y~'I) evaluated at y(x — y), which allows us to write

N,
log ﬁy =log E,-11, e V) _ log By n(x,p-11) e Vv, (6.16)
X

We now apply Hargé’s inequality to bound the first term. Since ¢ is convex, 7y is a log-
concave perturbation of the Gaussian N(x, y '), so [Har04, Theorem 1.1] gives

Eyq, e V5% i) < EyN(xy-1D) o~V (x=y, v=x) (6.17)
Writing u = 4, + (u — @,) inside the first term of (6.16) and applying (6.17),
log Eyr, e V¥V = —y(x — y, @) + log Byqy, e V¥ 4

< —y{x =y, dx) +10g By n(x,y1) oY (x=y, v=x)
= y('x - y’ X — ax) + 10g EJ~N(X,}/_1]I) e_Y<x_y, U>. (618)

The Laplace transform of the Gaussian density in (6.18) cancels with the second term of
(6.16), leaving

N.
log ﬁy <yl{x =ity x—y). (6.19)

The proof concludes by substituting the Stein identity (3.1) into (6.19).
O

With the normalisation constant ratio under control, we can bound the expected acceptance
probability.

Lemma6.8. Let f : R — R be A-strongly convex and L-smooth with minimiser x* :=
arg minga f, and definex := L/A. Consider an m-strongly convex and M-smooth surrogate g :
R? — R satisfying A <m < M < L, and let % := arg minga g. Fix 7 € (0,1) and parameters
0 €(0,1), y > 0, and let 7, be the strongly log-concave surrogate density (Definition 3.2) using
g as the surrogate for f, with normalisation constant Ny. Define X, := ]B(x*, r(r,d) \/m)
and assume that g approximates f in the sense that

(a1) x € X;, and

(a2) sup|Vg(x) = V()] < n for some 5> 0.

xeX,

Define the acceptance probability a(x,y) = min{ 1, e Ay }, where

AGx.Y) = () = 0+ 0(50) ~ ) +log 1
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Then, for any x € K, and ¢ € (0,1), we have E,_i_ a(x,z) > 1 — ¢, provided that the
parameter choice satisfies

&2

1 Ld n*d
0 = 5 and y > c(r,d) (LK + — + ’7> , (6.20)
€

where (7, d) = 4(1 + r(7, d))>.

Proof. Fix x € K; and write ¢ := (y + 1/2)""* and A,(x,z) := max{0, A(x, z)}. Since
min{l, e’} > 1 — max{0, ¢} for all ¢ € R, it suffices to show E, ;. A;(x,z) < &. Setting
0 = 1/2, L-smoothness of f gives f(z) — f(x) < (-Vf(x), x — z) + %Hx — z|2, convexity
of g gives 1(g(x) — g(2)) < £(Vg(x), x — z), and Lemma 6.7 applied with ¢ = ] g gives
log(N,/Ny) < %(Eu~Hx Vg(u), x — z). Combining these three bounds yields

L
Ax,2) < (w, x = 2) + Zflx - z|?,

where, after regrouping the gradient terms,

w =Vg(x) - Vf(x)+ % Ey-m1, (Vg(u) - Vg(x)).
By (a2), M-smoothness of g, and Jensen’s inequality,
Iwle < 5+ 4S, (6.21)
where S :=E, 1, |z — x[%. Cauchy-Schwarz followed by Jensen’s inequality gives
E.m, Ai(x,2) < |wl;VS+ LS < pVS+1Ls, (6.22)

where the last step substitutes (6.21) and uses M < L. It remains to bound S in terms of
the algorithm parameters. The triangle inequality gives /S < |x — ax|z + E|z — ax|3.
Since both x and x lie in K; by (al), the triangle inequality yields | x — x|, < diam(X;) =
2r(r, d)\/m Combining with Lemma 6.5,

oM
Yy + 0m

Ix — axl2 <

x— %], < g o2 2r(r, DA = r(z, d)LdJA o2,

where the second inequality uses M < L/2, M < L, and (y + m/2)"! < o2 (the last since
m > 7). From [DM19, Proposition 1(ii)], E |z — a.[3 < 02d, so

\FSSr(r,d)L\/T/Aaz+G\/E=G\/E(1+r(r,d)\/17<c7). (6.23)

Write ¢; := 1+ r(z,d). We first impose y > Lk. Since 072 = y + 1/2 > y, this gives
Lx o? < 1,ie. JLx o < 1, so inequality (6.23) simplifies to /S < ¢, o v/d. Substitution
into (6.22) gives

E,m, Ai(x,2) < csp od+ cf Lo%d.
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Bounding each of the two summands by ¢/2, and again using 6% = y + 1/2 > y, yields
y > 2ciLd/e and y > 4ctntd/ e

Together with y > Lk, all three conditions are implied by (6.20), since ¢(7,d) > 1, c(r,d) >
2¢? and c(7, d) > 4c?. Therefore E, -, a(x,2) > 1 —¢.

O

6.3. Proof of Theorem 3.4

Throughout, write T for the MH transition measure that proposes from P, := Qfu, and
accepts with probability « as in (3.2) and T, for the transition measure that proposes from
I1, and accepts with this same probability. Since « is the exact MH ratio for proposals
drawn from II,, the kernel ‘j'x satisfies detailed balance with respect to II, so the chain is
I-reversible. The proof proceeds in three stages. We first bound the mixing time of T, then
transfer the bound to T via the perturbation estimate of Lemma A.1, and finally, verify that
condition (3.7) supplies the required root chain accuracy.

Define X, := B(x*, r(5/(4B), d)\/d/2).Under the constraint log % < d we have log %/d <

1+ 1052 <1+log2, so

r(6/(4B), d)* <1+ 21 +log2+2(1+1og2) <9, (6.24)

giving r(8/(4p), d) < 3 and hence the inclusion X, ¢ XK. Consequently, Proposition 6.3
implies
)

IxK) >0(K;) >1- v (6.25)
We next establish the TV-continuity of the measures T, on K. Since T corresponds to
MH proposals from II,, the set {x} is an atom of T, with mass 1 — E,p1, a(x, z), while on
RY \ {x} the transition measure admits the density a(x,-) 7, < 7. A direct computation
gives

"‘Ix — Iy ”TV =1- IE:z~1'1x a(X, Z)~

By the triangle inequality, for yy, y» € K,
”(-Tyl - {-Tyz "TV < 2(1 - ;icIelJfCEZNHx a(x, Z)) + ||Hy1 - Hyz "TV

[N
11

I

It suffices to show that each term is at most 1/4, so that || ‘j'yl - ‘j'yz v < 1/2.

For Term I, choose 7* € (0,1) so that r(z*,d) = 3, whence X, = X and c(7*,d) =
4(1 + 3)? = 64. The gradient fidelity condition (3.5) supplies 7? < Lmax{1, x/d} in assump-
tion (a2), and the localisation condition (3.6) gives 6 = 1/2 and y 2 Lmax{k, d}. Applying
Lemma 6.8 with ¢ = 1/8, the requirement (6.20) reads y > 64(LK + 8Ld + 64 n* d), and
since n?d < Lmax{d, k}, each summand is bounded by a multiple of L max{x, d}. Thus (3.6)

30



implies the requirement. We obtain

[CNEEN|

inf E, -1, a(x,z) >
xeX

and therefore I < 2(1—-7/8) =1/4.

For Term II, Lemma 6.4 gives

||Hy1 - Hyz ”TV <

Y _
= ZW ”)’1 )’2"2-

Since y 2 L > m = 20m, the Lipschitz constant satisfies —— < Jy,soII < 1/4

2\/y+6m

whenever

Iy = yel Sy V2= 1,

Collecting the two bounds establishes | ‘j’yl - ‘j'yz lv < 1/2 whenever | y; — y2|» < ¢ with
t = y~ /2 for all y;, y, € K. A lazy version of T (cf. Appendix A) satisfies continuity
with constant 3/4, which is the hypothesis (6.2) of Lemma 6.2. Since T is II-reversible, lazy,
and (6.25) supplies the mass requirement (6.3) at level §/2, Lemma 6.2 applies to T with
tolerance §/2, giving

. 5
TNy ~Tlly < = forall N>Nj = |Ct 22 log %], (6.26)

[\

where C > 0 is the universal constant of Lemma 6.2. Since t =~ y‘l/z and y ~ L max{k, d},

p

4 b
5

Ns <
S~

4
log FIB ~ k max{k, d}log (6.27)

Both chains, T and T, accept with the common probability a(x,-). Hence, for each meas-
urable A, T,(A) is the integral of the [0, 1]-valued function z — a(x,z)d,(A) + (1 —
a(x, z)) x(A) against Py, and ‘j'x(A) the integral of the same function against II,. The
functional bound (2.1) and a supremum over A give

[T¢ = Tl < [Py = M. (6.28)

Define the enlarged region Ky := ]B(x*, r(8/(4pNs), d)m) Proposition 6.3 gives
II(KN®) < /(4P Ns). Applying the perturbation estimate of Lemma A.1 to the lazy chains,
whose per-step difference halves that of the kernels T, Ty (Appendix A), with X = Ky,
v =1II, and N = Ny, and substituting (6.28),

) . Np 5
| TN‘sll - TN(S/J"TV < Ns sup % 1T% = Telw + BNs (KN < — sup 1Px = ey + -
foKN JCGSKN 4

(6.29)
It remains to make the first term at most § /4. Under (3.6), the condition number of each
surrogate density r, is uniformly bounded:
Y+ oM M

Ky <1+ — <1, 6.30
x y+0m ™~ 2y ™ ( )
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< 1. For x € Ky, the triangle inequality

~

since y 2 L > M and in particular K := sup, ky
through x*, using x € Ky and the standing assumption x € X, gives

2d < d + log(2Ns)
A A ’

where the last step uses r(6/(48Ns), d)* < 1+ log(48Ns/5)/d and log(48/5) < 2d (valid
for all d > 1 under log(28/8) < d). Lemma 6.6 then gives, with x, < 1and 0°M?/y <
L?/(4y) < L/ max{x, d} from (3.6),

Ix — %[2 < (r(8/(4BNs), d) +3)

Ky 02 M? L d + log(2Ns)

max{x, d} A

lx -2l < d+

d
log fx < - log(2kx) +

Since L/(A max{k, d}) = k/ max{k, d} < 1, the second term is < d + log(2Njs), so

sup log fx < d + log(2Ns). (6.31)

XEKN

Now apply Condition 3.3 at each x € Ky, with the Gaussian initial measure p, of Lemma 6.6
and accuracy €00t := 9/(2Ns). A common root chain length n is admissible provided

. 2B,
n> do%% sup log 2% < a°(d +log(2Ny) + log %), (6.32)

xeXn Eroot

where we used € < 1 and (6.31). By (6.27) and max{k, d} < kd, log(2f/5) < d, we have
Ns < k?d?, so log(2Ns) < 1 +log x + log d and log(Ns/5) < 1+ log(x/8) + log d. Since
6 < 1 gives log k < log(x/8), and 1,logd < d, both terms are < d + log(x/§). Hence
the right-hand side of (6.32) is < d“(d + log(x/J)), which is exactly (3.7). With this n,
SUp egcy | Px — Miclrv < 8/(2N5), so the first term in (6.29) is at most % -8/(2Ns) = 6/4.

In summary, the first term in (6.29) is at most §/4, so together with its second term,
|TNo yp — TNo i)y < §/2. Combining with (6.26) at N = N,

[e9)

. A 6
T = Tl < I T = Tl + | TV =Tl < 2 + 5 = 6.

Hence t5(u) < N5 ~ k max{x, d}log(2f/9) by (6.27), completing the proof.
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A. Technical Auxiliary Results

Laziness is required by the conductance bound (2.6). The %—lazy version of a Markov chain
with transition measures {J},ge has transition measures %53( + 37, which preserves the
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invariant measure and reversibility while forcing a non-negative spectrum and removing
periodicity. It rescales the constants of Section 6 in two elementary ways.

Comparing two lazy chains at the same state x, the shared atom %Sx cancels, so
||(%5x + %Tx) - (%5x + %Tx)”w = %"‘Ix — Tl

This is the halving used in (6.29). Comparing a single lazy chain at two states y; # y», the
atoms do not cancel, and [ J,, — dy, v < 1, so

”(%5% + %(‘Tyl) - (%5)’2 + %{Iyz)“w S %”5)’1 = Oy v + %”(‘TJH =Tyl < % + % ’ % - %'

A continuity constant of 1/2 for the underlying kernels therefore becomes 3/4 for the lazy
chain, as used before Lemma 6.2. See [LS93] for further detail.

The transfer from the idealised to the implemented chain rests on the following perturbation
estimate, obtained by a standard telescoping argument with localisation to X in the spirit
of [PS14].

LemmaA.L. Let T and T be transition operators on P(R?) with transition measures {T}, cga
and{T .}, egd, let v be invariant under T, and let i1 be f-warm with respect to v, with § > 1.
Then for any measurable X C R? and any N € N,

I TV = TN e < N sup [T = Tyl + BN v(XO).
xeX

Proof. Writing v := Tky, define p := TN Fyi for k = 0,..., N, so that gy = TNy and
un = TNy The triangle inequality gives
R N-1
T = TNy < 3 Ik = prre b (A1)
k=0

Consecutive interpolants differ only in their (k + 1)-st step, px = TV -1k (Tvk) and pq =

TN-1-k ( ka). Both are images of Tvy and Tvk under the common operator TN=1=k which
is non-expansive in total variation by (2.1), so

k= s by S N Tvie = Tl
For the single-step difference and any measurable A,

(7 = (P < [ | TA) = T dwio) < supITs = Tob + X7,

splitting the integral over X and X¢, bounding v¢(X) < 1 on the first part and |Ty(A) —
‘j'x(A)| < 1 on the second. Taking the supremum over A,

I Tvi = Tvil < sup [Ty = Tl + vi(X©).

xe€X
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Finally, warmness is preserved under the v-invariant operator T. With an analogous
argument to (2.5), for every measurable A,

@) = [T ) < [ T dv) = BN = oA

using T-invariance in the last step, so vi(X€) < B v(X°). Summing the N terms in (A.1)
yields the claim.

O]
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