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ABSTRACT

Frontier large language model training consumes massive accelerator fleets and
long wall-clock computation, making stability failures costly when they occur.
After a numerical or a hyperparameter fault has already destabilized the training
dynamics, it may continue for thousands of steps while loss and gradient norms
still appear normal. We study mechanism-driven detection of training instabil-
ity by deriving internal monitors from the functional role of each critical module
and from the earliest computational sites where failures are expected to produce
measurable signatures. For low-precision flash attention, we monitor the spectral
entropy of a QK bilinear decomposition, whose first-order term becomes abnor-
mal before the loss fully collapses. For MoE routers, we derive indicators from
their role in expert selection. Our fault-injection experiments on low-precision at-
tention, large learning-rate, and combined faults show that these signals provide
distinct signatures for different failures, triggering thousands of steps before loss
divergence.

1 INTRODUCTION

Frontier large language model (LLM) training typically occupies thousands of accelerators for
weeks to months (Chowdhery et al., 2022; Smith et al., 2022). Parameter counts now reach hun-
dreds of billions to over a trillion (Yang et al., 2025; Kimi Team, 2025; DeepSeek-AI, 2026); pre-
training corpora span tens of trillions of tokens (GLM-4.5 Team, 2025; Meituan LongCat Team,
2025; Qwen Team, 2026). DeepSeek-V3 gives an explicit cost accounting, where 14.8T pre-training
tokens required 2.788M H800 GPU-hours and a reported $5.576M in direct rental cost, excluding
prior research and ablation experiments (DeepSeek-AI, 2024). At this scale, training stability has
become an engineering concern of the training system. GLM-130B describes unexpected 100B-
scale training challenges, especially loss spikes and divergence (Zeng et al., 2023); DeepSeek-V3
highlights FP8 mixed-precision training and explicitly reports no irrecoverable loss spikes or roll-
backs (DeepSeek-AI, 2024); and Kimi K2 introduces MuonClip with QK-clip to address training
instability and reports 15.5T-token pre-training with zero loss spike (Kimi Team, 2025).

The risk of training instability often comes from two sources. The first is numerical precision error.
For example, flash attention (FA) exhibits substantially larger BF16 numeric deviation than baseline
attention in isolated forward passes (Golden et al., 2024), and low-precision FA can corrupt weight
updates through biased rounding errors and gradually derail training dynamics (Qiu & Yao, 2026).
The second is hyperparameter interaction, such as the coupling among global batch size (GBS),
learning rate schedule and MoE auxiliary loss. However, before the global symptoms appear, a
training run may already have entered an unstable state in its weights or optimizers, while training
silently continues for thousands of steps before the symptoms become visible. Exhaustive ablation
only increases these sunk costs. A useful monitor should therefore identify which subsystem has
been destabilized before loss divergence appears.

Current training stability monitoring mainly relies on global training curves and symptom-level in-
dicators. Loss, gradient norms, and weight norms are the most delayed indicators. Once a loss spike
or divergence appears, the fault may already have been written into weights or optimizer state. At-
tention entropy, maximum attention logit, and spectral indicators further characterize attention-side
instability symptoms (Zhai et al., 2023; Takase et al., 2025; Golden et al., 2024; Kimi Team, 2025).
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(a) LM loss (b) |WQKV |F

(c) Gradient norm (d) ∆WQKV spectrum

Figure 1: Monitoring signals over the first 25,000 steps of a training run. (a)–(c) are standard
symptom-level indicators: LM loss, QKV weight norm, and gradient norm. (d) shows an internal
update monitor used in this paper. In (b) and (d), the solid curve is the layer-wise average and the
shaded band spans the 10th–90th percentile across all layers.

Edge-of-stability analysis explains high-level loss dynamics, but does not identify which module
failed first (Cohen et al., 2021). Max-logit signals are difficult to expose in production FA because
they require kernel modification and recomputation (Kimi Team, 2025). Hessian or curvature di-
agnostics can provide finer geometric information, but are too expensive to run as routine online
checks at frontier scale (Yao et al., 2020; Kalra et al., 2026).

Our core idea is mechanism-driven monitoring. For each critical module, we ask what is this module
supposed to compute, and where would a malfunction first leave an attributable trace. We apply this
principle to two modules. For low-precision FA, we monitor weight updates, where low-precision
backward errors first enter the model state (Section 3). We decompose the two-snapshot increment
of the QK operator and monitor the spectral entropy of ∆W . Figure 1 shows an example under
low-precision FA training, where the ∆W spectrum collapses thousands of steps earlier than loss,
gradient norms and weight norms.

For MoE routers, the intended computation is discriminative and non-collapsed expert selection
(Section 4). Therefore, we monitor router weight similarity and centered conditioning as weight
indicators that characterize whether the effective expert-selection axes become redundant. For the
behavior, we monitor per-token routing entropy. It reads the full softmax distribution and can there-
fore capture the collapse of routing behavior before downstream discrete quantities such as top-k
counts, capacity overflow, or load-balance statistics change.

We further analyze how learning rate and GBS interact through stable-winner reinforcement. A
larger learning rate amplifies coherent margin growth, while a smaller batch size increases margin
noise; both can reduce router entropy and accelerate expert-use collapse. Our fault-monitoring ex-
periments demonstrate the separate roles of the two monitor families, and combined faults inherit
both signatures without obscuring their attribution.
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2 RELATED WORK

Training-stability monitors. Existing work has proposed monitors to detect or mitigate train-
ing instability. On the attention side, max-logit clipping, introduced for ViT-22B (Dehghani et al.,
2023) and studied through small-scale Transformer proxies (Wortsman et al., 2024), catches soft-
max explosion directly. Kimi K2 adds QK-clipping and per-head MuonClip (Kimi Team, 2025).
Other approaches target attention-entropy collapse via σReparam (Zhai et al., 2023), loss spikes via
spectral-norm control (Takase et al., 2025), or Flash-Attention output distributions (Golden et al.,
2024). On the MoE router side, LongCat-Flash monitors the average cosine similarity among expert
router weights and the gradient-norm ratio between the load-balancing objective and the language-
modeling objective on average expert probabilities (Meituan LongCat Team, 2025).

Attention Circuit Analyses. The attention QK-circuit has been analyzed primarily as a static
object. Bao et al. (2024) characterize attention localization through the eigenspectrum variance of
W⊤

q Wk, and Pan et al. (2024) examine singular-vector correspondence on the QK kernel for vision
transformers. Researches show that attention maps and QK kernels can exhibit strong low-rank
structure. Bhojanapalli et al. (2020) study the rank-deficiency bottleneck of WqW

⊤
k at small dk,

while Dong et al. (2021) prove doubly-exponential rank collapse in pure self-attention with depth.
Recent works also show that weight updates contain informative low-rank structure. LoRA (Hu et al.,
2022), GaLore (Zhao et al., 2024), and the Muon optimizer family (Liu et al., 2025) exploit low-rank
or spectral structure in updates for parameter-efficient adaptation or optimization, and Yunis et al.
(2024) survey spectral evolution of weights as a window onto training dynamics. Mechanistically,
Qiu & Yao (2026) identify low-precision FA failure as biased rounding accumulating into similar
low-rank update directions. These works motivate using ∆W itself as an analysis object.

3 ATTENTION UPDATES MONITORING

Flash Attention (Golden et al., 2024) fuses the softmax-scaled QK⊤ computation in on-chip mem-
ory and not materializes the full N ×N logit matrix. This brings dramatic memory and throughput
gains, and modern LLM training and inference now rely on it as the prevalent attention implemen-
tation. However, FA is reported as a source of training instability, where low-precision arithmetic in
its backward pass can deposit persistent, biased errors into weight updates (Kimi Team, 2025; Qiu
& Yao, 2026). Moreover, the fused implementation blocks the most natural symptom-level monitor
used at scale, namely tracking the maximum attention logit (max-logit) to catch softmax explo-
sion (Kimi Team, 2025). Reading max-logits out of a production FA kernel requires either invasive
kernel modification or a recompute pass, both unacceptable in a large training run.

Runtime training monitors are viable only for quantities that require no kernel modification or activa-
tion recomputation. For instance, use gradients or weights W directly (Fang et al., 2023). However,
in practice, gradient-based indicators are dominated by mini-batch noise across consecutive steps,
and W -based indicators are diluted by initialization energy. The natural remaining target is the pa-
rameter update ∆W itself, which is exactly the level at which low-precision FA faults have been
shown to deposit their persistent damage (Qiu & Yao, 2026).

In fact, modern LLMs are severely over-parameterized, with intrinsic dimension far below parameter
count (Jacot et al., 2018; Chizat et al., 2019; Lee et al., 2019), so a fault that perturbs along currently
low-impact directions is absorbed silently—loss lags not by how long corruption takes to occur,
but by how long it takes the corrupted directions to become task-loaded. Among parameter-side
quantities, the update ∆W is preferable to the raw weight W on signal-to-noise grounds: singular-
value statistics of Wt are diluted by initialization energy (Appendix A), whereas the increment
∆Wt,δ = Wt −Wt−δ removes this background and exposes the update geometry directly.

3.1 THE INTRINSIC LOW-PRECISION ISSUE OF FLASH ATTENTION

As low-precision arithmetic becomes standard in LLM training, Qiu and Yao (Qiu & Yao, 2026)
show that low-precision FA induces biased scalar errors in δ = rowsum(dO ⊙ O), and that
these biased scalars multiply structurally coherent rank-one update atoms. We adopt their per-
step source model as the basis for update-side monitoring. Following and simplifying their nota-
tion, let X ∈ RN×d be the hidden-state matrix entering the query projection, K = XWk, and
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P = softmax(QK⊤/
√
dk) be the attention probability matrix. For a token-step sample j, let Xj

and (PK)j denote the corresponding rows. Following their mechanism, index token-step samples
by j and write the update-side source as ejRj , where ej is the biased scalar error induced through δ
and Rj = X⊤

j (PK)j is the associated rank-one update atom, up to the attention scale and sign. Here
ej corresponds to Qiu and Yao’s biased coefficient (δlp−δhp)[T ], and Rj to their common low-rank
error direction R ≈ (PK)[T ]⊤X[T ] (their Claim 2, Equation 3). The monitoring premise is that
biased scalar coefficients and coherent atoms produce a low-rank mean component in accumulated
update windows:

Observation 1 (accumulation consequence of Qiu–Yao). Index token-step sam-
ples by j and write Rj = X⊤

j (PK)j ∈ Rd×dk . If M = E[ejRj ] has effective
rank r ≪ dk (this is the substantive premise; since M = E[ejRj ] ∈ Rd×dk ,
rank(M) ≤ dk automatically, supported by the empirical finding in Qiu & Yao
(2026) that the atoms Rj share common column structure across tokens and train-
ing steps; see their Figure 4) and the centered fluctuations ejRj − M are in-
dependent (or martingale-difference) with bounded second moment, then over n
samples

n∑
j=1

ejRj = nM +Op(
√
n). (1)

The coherent low-rank component grows linearly in n, while zero-mean residuals
grow sublinearly. Once n∥M∥2 dominates the residual, the singular spectrum of
the accumulated update is controlled by M .

Observation 1 is a concentration restatement of Qiu–Yao’s accumulation mechanism for the win-
dowed setting: it turns their per-step source model into a prediction that accumulated ∆W spectra
should develop a low-rank component. Its short proof and a biased-rounding perturbation note are
in Appendix B. Observation 1 predicts that spectral concentration will eventually emerge but does
not predict the detection-onset step; see Section 6 for the quantitative gap.

3.2 ∆W SPECTRAL INDICATORS

Let ∆W = Wt − Wt−δ for sampling interval δ. The structural state of ∆W can be summarized
by various mathematical quantities. Given its singular values σ1 ≥ · · · ≥ σr, the stable rank
srank(∆W ) = ∥∆W∥2F /∥∆W∥22 (Ipsen & Saibaba, 2024; Roy & Vetterli, 2007) measures the
ratio of the squared Frobenius norm to the squared spectral norm, which is the inverse of how
much the top-1 singular value dominates the spectrum. However, this metric loses information
about the rest of the spectrum, and thus lacks interpretability – reaching full stable rank requires
all singular values to be equal, which is not the case in practice. On the other hand, effective rank
Sα(∆W ) = exp

(
−
∑

i pi log pi
)

with pi = σα
i /

∑
j σ

α
j is another way of evaluating the state of

the spectrum. Empirically, to balance sensitivity and noise, we use α = 2, which is also known as
singular spectrum (Alter et al., 2000).

3.3 THE ∆W MONITOR IN PRACTICE

Following the low-precision FA mechanism of Qiu & Yao (2026), we compare the training of LLMs
between baseline and a biased low-precision fault injection described in Appendix B. As shown
in Figure 1a, the loss curve of the low-precision run diverges at ∼ 22,000, while the baseline run
remains stable. Traditionally, LLM training practitioners monitor weight-related metrics such as
∥W∥F and stable rank(W ), etc. to detect potential instability. However, Figure 2a shows that be-
cause of the lazy regime, analyzing matrix properties of W yields limited insight into the instability
of the low-precision run. We stress that the fault certificate is the deviation of the ∆W spectrum
from the healthy baseline trajectory–not low-rankness per se–since healthy updates already carry
low-rank structure that LoRA, GaLore, and the Muon family exploit; this is why we compare the
baseline and fault runs rather than reading low rank off a single trace.

The weight metrics for ∆W are plotted in Figure 2b. The singular spectrum of ∆W shows observ-
able spectrum collapse at 10,000 ∼ 14,000, thousands of steps before the loss diverges. The stable
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(a) Monitored metrics of the weight matrix W , including (1) norm, (2) stable rank, (3) singular spectrum

(b) Monitored metrics of the weight update ∆W , including (1) norm, (2) stable rank, (3) singular spectrum

Figure 2: Weight-side spectral monitors under the low-precision FA fault, over the first 25,000 steps.
(top) Metrics of the weight matrix W and (bottom) metrics of the weight increment ∆W = Wt −
Wt−δ . The raw W statistics are diluted by initialization energy and reveal little, whereas the ∆W
increment exposes the update geometry.

rank of ∆W does show some early signals, but the instability nature of stable rank adds noise to the
signal. Apart from the singular-value-based metrics, the update norm ∥∆W∥F does not show a clear
signal of instability until the loss diverges. This suggests that the low-rank structure of ∆W is not
explained by a massive energy blow-up or a few overwhelmingly large update entries, but rather a
global low-rank structure. Overall, the singular spectrum of ∆W is a more sensitive and explainable
metric for detecting early signs of instability in the low-precision FA module.

3.4 THE BILINEAR DECOMPOSITION ∆1 = ∆2 +∆3

The ∆W monitor of the previous section treats Wq and Wk as independent matrices and com-
putes spectral metrics on ∆Wq , ∆Wk, or their concatenation [∆Wq,∆Wk]. However, in FA, the
attention score QK⊤ = X(WqW

⊤
k )X⊤ depends on Wq and Wk only through the bilinear form

F (Wq,Wk) = WqW
⊤
k , so monitoring the factors separately can miss correlated drifts that cancel or

amplify in the product. A natural alternative is to track F itself, but direct spectral analysis of WqW
⊤
k

across snapshots offers limited discriminability: slow secular trends dominate, and the signal of in-
terest is buried. This motivates decomposing the increment ∆1 = Ft − Ft−δ into components with
distinct physical and spectral signatures. This increment of F admits an exact decomposition into a
first-order term ∆2 and a second-order term ∆3.

Proposition 2 (bilinear decomposition). For Wq,t,Wk,t at two time points and
∆Wq = Wq,t −Wq,t−δ , ∆Wk = Wk,t −Wk,t−δ , with the un-subscripted factors
evaluated at the base point t− δ (i.e. Wq := Wq,t−δ and Wk := Wk,t−δ),

∆1 := Wq,tW
⊤
k,t −Wq,t−δW

⊤
k,t−δ = ∆2 +∆3, (2)

where ∆2 = ∆WqW
⊤
k +Wq∆W⊤

k and ∆3 = ∆Wq∆W⊤
k .

This follows immediately from the bilinearity of F . In particular, DF [(∆Wq,∆Wk)] = ∆2 and
1
2D

2F [(∆Wq,∆Wk)
⊗2] = ∆3, with all higher derivatives vanishing identically.
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(a) ∆1: exact QK-product increment

(b) ∆2: first-order QK-product increment

(c) ∆3: second-order Q/K update interaction

Figure 3: QK-product increment monitors under the low-precision FA fault. ∆1 is the exact incre-
ment of WqW

⊤
k , ∆2 is its first-order term, and ∆3 is the second-order interaction between ∆Wq

and ∆Wk.

Magnitude regime. In the early-to-mid training regime where ∥W∥F ≫ ∥∆W∥F , and absent
cancellation between the two first-order terms ∆WqW

⊤
k and Wq∆W⊤

k , we have ∥∆2∥F ≫ ∥∆3∥F
by a factor of order ∥W∥F /∥∆W∥F . We therefore monitor shape, not magnitude: the singular-
spectrum entropy of ∆2, the dominant first-order signal. The second-order term ∆3 remains part
of the exact decomposition, but its spectral shape can still expose Q/K update coupling once the
interaction becomes coherent.

Exact low-rank spectral computation. Although ∆1, ∆2, and ∆3 are formally d×d QK-product
increments, their nonzero singular spectra can be computed exactly from small cores. For any
A,B ∈ Rd×r with thin decompositions A = QARA and B = QBRB ,

AB⊤ = QA(RAR
⊤
B)Q

⊤
B , (3)

so the nonzero singular values of AB⊤ are those of the r × r core RAR
⊤
B . Applied to a single

attention head,
∆3 = ∆Wq∆W⊤

k ,

∆2 = [∆Wq,Wq][Wk,∆Wk]
⊤,

∆1 = [Wq,t,Wq,t−δ][Wk,t,−Wk,t−δ]
⊤,

(4)

with ranks at most dk, 2dk, and 2dk, respectively. Thus monitoring does not require materializing a
dense d×d product when d ≫ dk; it only requires the singular spectrum of a head-dimensional core.
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Size Full eigvalsh (ms) Core+eig. (ms) Speedup Rel. diff

100 0.55 3.80 0.14x 9.89×10−6

200 39.23 4.54 8.64x 2.78×10−7

500 66.04 3.86 17.12x 2.52×10−7

1000 166.37 3.38 49.18x 2.50×10−7

2000 1512.59 30.09 50.26x 2.29×10−7

4000 3602.54 124.01 29.05x 2.26×10−7

Table 1: Single Ascend 910B NPU timing for full-matrix eigendecomposition versus compressed-
core computation of the same singular-spectrum quantities.

The architectural rank cap itself is not the anomaly–the signal is spectral concentration among the
nonzero singular modes. On a single Ascend 910B NPU, the compressed-core computation gives
large speedups at realistic hidden sizes while preserving the spectrum to small relative error (See
Table 1).

Empirical ordering of the QK-product increments. Empirically, ∆1 and ∆2 detect the low-
precision FA fault almost simultaneously, while ∆3 deviates later; all three precede the raw ∆W
spectrum. This ordering is consistent with the scale separation above (Figure 3). Since

∆1 = ∆2 +∆3, ∥∆2∥F = O(∥W∥F ∥∆W∥F ), ∥∆3∥F = O(∥∆W∥2F ), (5)

the early-to-mid training regime ∥∆W∥F ≪ ∥W∥F implies ∆1 ≈ ∆2. Thus the exact QK-product
increment and its first-order part expose the fault at nearly the same time. The interaction term ∆3

is weaker because it is second order, but it still lives directly in Q/K update-coupling space and can
become visible before spectral concentration is obvious in the separate factor updates ∆Wq,∆Wk.
This also explains why the QK-product increment curves are smoother: they aggregate the update
through the functional QK product, suppressing factor-wise noise while preserving coherent Q/K
drift.

4 MOE ROUTER MONITORING

The MoE module is central to the frontier transformer architecture; most >30B LLMs are now
MoE-based (Meituan LongCat Team, 2025; Kimi Team, 2025; Wang et al., 2024). In a top-k MoE
layer (Jacobs et al., 1991; Shazeer et al., 2017), a lightweight router gating function selects which
experts process each token. Concretely, with the router weight matrix WR = [w1, . . . , wn] ∈ Rd×n,
each token x receives expert scores s = W⊤

R x, a softmax produces a routing distribution, and the
top-k entries dictate which of the n experts are actually invoked. Although WR typically holds well
below 0.1% of the parameters of a single MoE layer, the choices it makes determine which of the
remaining 99.9% are exercised on any given token. This asymmetry between trivial parameter count
and outsized influence on capacity utilization makes the router the natural place to look for MoE-
specific stability pathologies. Because the router is a small linear map that is usually independent
from any parallelism scheme, its internal state, even activations, can be monitored without cross-
device communication.

A healthy router maintains diversity along both the expert and token axes. Its weight columns should
span distinct directions so that per-token routing distributions do not collapse. We study router sta-
bility through internal-state indicators that quantify this diversity directly.

4.1 ROUTER CONDITIONING AND WEIGHT SIMILARITY

The router selects experts through a softmax gate, which is shift-invariant: softmax(s) =
softmax(s − c) for any constant c. Setting c = w̄⊤x, where w̄ = 1

n

∑
i wi is the mean of

router weights, shows that the routing decision depends only on the centered weights (wi − w̄)⊤x.
The ratio between the maximum deviation of router weights and the mean of router weights, i.e.,
ε := maxi ∥wi−w̄∥

∥w̄∥ (defined for w̄ ̸= 0, with all router columns nonzero), is a natural condition-
ing ratio for the router: it measures how large the discriminative deviations (wi − w̄) are relative
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Model GPT-OSS-20b GPT-OSS-120b Qwen3-35B-A3B GLM-4.7-Flash DeepSeek-V2 DeepSeek-V4-flash DeepSeek-V4-pro

sim(WR) −0.021±0.007 0.000±0.005 0.513±0.083 0.268±0.028 0.026±0.055 0.179±0.071 0.140±0.024

Table 2: Router weight similarity sim(WR) = Ei̸=j [cos(wi, wj)] across open-source
MoE checkpoints, reported as mean±std over all MoE layers (number of experts n =
32, 128, 256, 64, 160, 256, 384, respectively).

to the common mode w̄ that softmax discards. Note that softmax removes w̄ exactly, so a small
ε does not corrupt the routing decision itself; rather, it signals an ill-conditioned, near-redundant
parameterization, in which the large common mode w̄ dominates the stored weights, leaving the dis-
criminative component (wi− w̄) with poor relative conditioning. Similarly, Meituan LongCat Team
(2025) mention that they use router weight similarity sim(WR) = Ei̸=j [cosine similarity(wi, wj)]
as an indicator during the LLM training, and we can see that the pairwise weight similarity is lower-
bounded by a monotone function of this conditioning ratio, through the following proposition

Proposition 3 (Conditioning Ratio Lower-Bounds Router Weight Similarity).

sim(WR) ≥ 1− n

n− 1
ε2 (6)

This shows that the conditioning ratio ε controls a lower bound on the router weight similarity: as
ε → 0 the similarity approaches 1, i.e. the expert columns collapse onto the common mean and
the router becomes redundant and non-discriminative (the high-similarity, low-stability regime). We
defer the proof to Appendix C.

We measure sim(WR) across open-source MoE checkpoints; results are summarized in Table 2.
It can be found that different MoE architectures have very different router weight similarity, and
the operating point is strongly architecture-dependent— from near-orthogonal router columns in the
GPT-OSS family (sim(WR)≈0) to highly aligned columns in Qwen3-35B-A3B (sim(WR)≈0.51).
Note that high similarity does not necessarily imply a collapsed prediction, but is a risk of low
stability due to high redundancies.

Its computational complexity can be reduced to O(nd) by

sim(WR) =
n∥R∥22 − 1

n− 1
, where R =

1

n

n∑
i=1

wi

∥wi∥
(7)

and is therefore a very affordable metric to monitor during training.

4.2 THE EFFECTIVE COMPONENT OF ROUTERS IS LEARNING-RATE SENSITIVE

The similarity analysis above isolates the router directions that distinguish experts. In matrix form,
let Cn = In − 1

n11
⊤ and WR,c = WRCn = [w1 − w̄, . . . , wn − w̄]. Only this centered component

changes the centered logits δ(x) = W⊤
R,cx; the common-mode component adds the same scalar to

every expert score and is removed by softmax. Token dispatch is therefore controlled by centered
margins mij(x) = (wi − wj)

⊤x, rather than by the raw router norm.

The router can fail at either extreme. When the routing distribution is nearly uniform (H(p) →
log n), many experts have nearly tied scores and the router is uncertain, a failure mode studied by
Wu et al. (2024). When the distribution is nearly a point mass (H(p) → 0), tokens are routed in
a singleton-like way and the model loses expert diversity. Modern MoE systems therefore try to
keep expert use balanced through auxiliary or loss-free balancing mechanisms and capacity con-
trols (Fedus et al., 2021; Wang et al., 2024); however, those quantities are realized only after top-k
assignment or aggregation over a batch.

Per-token entropy is a more sensitive readout because it is continuous in the full softmax distribution,

H(p(x)) = −
∑
i

pi(x) log pi(x). (8)

Maximal violation (MaxVio) (Wang et al., 2024), capacity overflow, and load-balance counts are
downstream discrete readouts: they can stay unchanged while a leading expert’s probability grows
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Figure 4: Router per-token entropy under different learning rates and GBS.

inside an already-fixed top-k set. Locally, this behavioral entropy drop is tied to centered logit en-
ergy,

log n− Ex H(p) ≈ 1

2n
tr
(
W⊤

R,cMx WR,c

)
, (9)

where Mx = E[xx⊤]. This link is used only as a local consistency check; the actual collapse certifi-
cate is the behavior-side entropy on current tokens.

When a stable-winner feedback loop is present, a large learning rate amplifies it. For a softmax gate
with MoE output y(x) =

∑
i pi(x)Ei(x), define qi(x) = ⟨∂ℓ/∂y,Ei(x)⟩ and ri(x) = ∂ℓ/∂si =

pi(x)(qi(x)−
∑

j pj(x)qj(x)), so 1⊤r = 0 and ∇WR
ℓ(x) = x r(x)⊤ (Jacobs et al., 1991; Shazeer

et al., 2017). We analyze this mechanism under the dense-softmax relaxation of the gate, treating
y(x) =

∑
i pi(x)Ei(x) as a mixture over all experts and thus setting aside top-k hard selection,

expert-capacity limits, and the fact that some implementations route gate gradients only through the
selected experts. The margin-feedback argument then applies to the soft gate scores si that drive
selection. Consider a coherent token region Ω in which expert j⋆ is already a slight winner, and let
h be any competing expert. Define the time-indexed winner–competitor margin on a probe token x′

as
mj⋆h(x

′, t) = sj⋆(x
′, t)− sh(x

′, t) = (wj⋆(t)− wh(t))
⊤x′.

For the strongest competitor h⋆ in this local window, mj⋆h⋆ is the top-two margin. For the mecha-
nism sketch, write one plain stochastic-gradient step on token x as wi(t+ 1) = wi(t)− ηxri(x, t);
adaptive optimizers replace this by their preconditioned effective step, but the same margin-
coherence argument applies. This update changes the margin on x′ by

∆mj⋆h(x
′, t) = −η(x′⊤x)

(
rj⋆(x, t)− rh(x, t)

)
.

Therefore define the time-dependent reinforcement coefficient

γh(t) = −Ex,x′∈Ω

[
(x′⊤x)(rj⋆(x, t)− rh(x, t))

]
. (10)

When γh(t) > 0, the update reinforces the current winner on average over nearby tokens in Ω
instead of pulling it back toward its competitors. Summing the one-step recurrence gives

E[mj⋆h(x
′, T )] ≳ mj⋆h(x

′, 0) + η
∑
t<T

γh(t). (11)

So η scales each reinforcement increment directly. For the strongest competitor, write the gap as
GT = η

∑
t<T γh⋆(t), so mj⋆h⋆(x′, T ) ≳ mj⋆h⋆(x′, 0) +GT . Since

1− p(1)(x
′, T ) ≤ (n− 1)e−mj⋆h⋆ (x′,T ) ≲ (n− 1)e−mj⋆h⋆ (x′,0)e−GT , (12)

the residual routing mass shrinks exponentially in the accumulated margin gain. This conditional
mechanism is supported by Figure 4(a): at fixed GBS, larger learning rates consistently reduce
the layer-average router per-token entropy, and the reduction is strongest when the auxiliary load-
balancing loss is removed. Figure 4(b) shows a similar pattern for the GBS sweep. Even at a fixed
learning rate, decreasing GBS lowers router entropy, with the ordering GBS = 384 > 96 > 24
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(a) Router entropy (b) Singular spectrum of ∆W under different LRs

(c) Singular spectrum of ∆W under different GBSs

Figure 5: Visualization of the fault signatures of the two modules. (a) shows the router per-token
entropy under low-precision FA, while (b) and (c) show the singular spectrum of ∆W under different
learning-rate and GBS settings. The router indicator is insensitive to the low-precision attention fault
(a), whereas the ∆W spectrum is insensitive to LR/GBS variation (b, c); the two signatures are
therefore separable.

visible for both learning-rate settings. To make the LR–GBS coupling explicit, for global batch size
B write the empirical reinforcement coefficient as

γ̂h,B(t) = γh(t) + ξh,B(t), E[ξh,B(t)] = 0, Var[ξh,B(t)] ≈
σ2
h(t)

B
.

Then the stochastic component of the one-step margin update obeys

Var[∆mj⋆h(t)] ≈ η2 Var[ξh,B(t)] ≈
η2σ2

h(t)

B
.

Thus a smaller GBS increases the per-step margin variance at fixed LR. The local expansion proved
in Appendix D shows why entropy drops: near uniform routing, if the centered-logit perturbation
induced by mini-batch noise is ϵ with E[ϵ] = 0, then

EϵH(softmax(δ + ϵ)) = H(softmax(δ))− 1

2n
E∥Cnϵ∥22 +O(∥δ, ϵ∥3).

Smaller GBS therefore lowers average router entropy at fixed LR. If the trajectory additionally
enters the positive-γh(t) stable-winner regime above, these noise-induced margin excursions may be
reinforced over subsequent steps; the current GBS sweep supports this as a conditional mechanism
rather than a standalone proof of collapse.

5 DESIGNING MODULE-SPECIFIC MONITORS FROM FIRST PRINCIPLES

The two monitor families developed in Sections 3 and 4 target different modules with different fail-
ure mechanisms. We advocate that the design principle is to understand the module’s failure mecha-
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nism and derive the corresponding monitor, rather than to seek a universal monitoring architecture.
The two case studies below illustrate this principle.

Operator-level faults (Flash Attention). Under the biased low-precision injection described in
Section 3, the attention-side indicators exhibit observable spectrum collapse in a consistent order:
∆2 spectra show observable spectrum collapse at ∼5,000 steps, ∆W entropy collapses at ∼13,000
steps, and loss spikes only at ∼22,000 steps – a lead time of thousands of steps for the earliest indi-
cator. Throughout, the router indicator remains in its healthy ranges until the loss diverges as shown
in Figure 5a. The fault selectively damages the attention update path without disturbing routing.

Hyperparameter sensitivity (MoE router). The stable-winner feedback loop derived in Section 4
predicts that larger learning rates and smaller global batch sizes amplify router entropy collapse.
Figure 4 confirms this: at fixed GBS, larger learning rates consistently reduce layer-average per-
token entropy, and the effect is strongest when the auxiliary load-balancing loss is removed. In our
observed runs the singular spectrum of ∆W remains in its healthy ranges under hyperparameter-
driven routing changes, as shown in Figure 5b and 5c. These signatures are consistent with the two
indicator families responding to disjoint failure mechanisms.

From case studies to a design principle. These two cases are illustrative, not exhaustive: large-
model training admits many more failure modes – data distribution shift, optimizer state corruption,
depth-scaling instabilities, communication faults – each with its own mechanism. The transferable
lesson is not a fixed monitoring architecture but a design principle: each fault class has a physical or
algorithmic mechanism, and the mechanism determines which internal observable will fire first. A
practitioner who understands a module’s failure mechanism can derive the corresponding monitor.
This argues for systematic investment in internal training metrics grounded in module-level mecha-
nisms – interpretability and observability of training dynamics – rather than reliance on loss curves
and gradient norms alone.

6 LIMITATIONS

We discuss four open directions. Attention variants. The bilinear decomposition in Proposition 2
assumes the explicit Wq,Wk parameterization of multi-head attention. For MLA, GQA, MQA, and
DSA, the effective QK operator is mediated by compression projections, shared heads, or dynamic
routing, so the ∆2 proxy must be re-derived for each variant. Low-rank update drift is a system-
atic consequence of biased backward rounding in low-precision FA, not an artifact of MHA; the
spectral monitoring principle transfers, but the concrete algebra and detection thresholds remain
variant-specific. Precision and fault coverage. The validation suite covers one fault class per cate-
gory (BF16 bit-shift for operator-level faults, uniform learning-rate scaling for hyperparameter-level
faults). Broader coverage of FP8 training, stochastic rounding, and gradient-clipping interactions is
future work. The forward-error closure to κ(W⊤

k Wq) also has a dimensionality mismatch (operator-
space D × D vs. head-space dk × dk) that we have not yet resolved. Two-stage timing. The ≈
8,000-step gap between ∆2 and ∆W entropy collapse is empirically robust but lacks a closed-
form prediction. Weyl amplification accounts for the order of the gap but not its precise magnitude,
which likely requires anisotropic noise statistics. A quantitative detection-onset analysis via spiked
random-matrix theory is ongoing. Router indicators. The algebraic reduction of Equation 9 to a
purely weight-only quantity ∥WR,c∥2F /(2n) requires activation isotropy Mx ∝ I . RMSNorm en-
forces only tr(Mx) = d, and trained Transformer activations are anisotropic. The resulting diver-
gence between weight-side and decision-side router indicators in concentrated-activation regimes is
itself diagnostic, but is not currently used by the monitoring stack.

7 CONCLUSION

We derived internal training monitors for two stability-critical modules of modern LLMs by asking
what each module is supposed to compute and where damage from its known failure mechanism
would first appear.

For FA, the answer is the spectral geometry of ∆W . Biased low-precision backward errors pro-
duce coherent low-rank drift in accumulated weight updates (Observation 1), and the QK-product
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decomposition (Proposition 2) exposes this drift through the first-order term ∆2, computable from
head-dimensional cores without materializing full d × d products. In our controlled fault injection,
∆2 spectral collapse preceded loss divergence by approximately 17,000 steps, and ∆W singular-
spectrum collapse preceded it by approximately 9,000 steps. Router indicators did not respond to
this fault.

For MoE routers, the answer is per-token entropy and weight similarity. The conditioning-ratio
bound (Proposition 3) and the local weight-entropy link (Equation 9) connect weight-side redun-
dancy to decision-side entropy drop. Learning-rate and batch-size sweeps confirmed the predicted
sensitivity: larger learning rates and smaller batch sizes amplify entropy collapse, while ∆W spec-
tral indicators remain unchanged. The two fault signatures do not cross-contaminate.

The design principle itself is the transferable part of this work. Modern LLM architectures con-
tinue to introduce modules with their own internal dynamics: persistent memory stores such as En-
gram (Cheng et al., 2026), manifold-constrained residual connections (Xie et al., 2025), attention-
based residual gates (Chen et al., 2026), and learnable structured-sparsity mechanisms (Fang et al.,
2024) each carry failure modes that loss curves and gradient norms cannot attribute to a source. As
these modules enter production training, each will need monitors derived from its own mechanism,
not borrowed from attention or routing. The methodology demonstrated here provides a template for
that derivation.
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APPENDIX

A INITIALIZATION DOMINANCE AND RAW-WEIGHT MONITORING

We justify the initialization-dominance claim used in Section 3. Let Wt = W0+Et, where Et is the
total displacement from initialization. Weyl’s singular-value perturbation inequality gives, for every
singular index i,

|σi(Wt)− σi(W0)| ≤ ∥Et∥2 ≤ ∥Et∥F . (13)

Thus, when ∥Et∥F ≤ ε∥W0∥F with ε < 1, every singular-value statistic of the raw weight is
observed through an initialization-dominated background. This does not say that the network is not
learning: in lazy or NTK-like regimes, function values can change while parameter displacement
remains small. It only says that a raw-weight monitor has poor signal-to-noise for faults that first
alter the update geometry. The update increment ∆Wt,δ = Wt − Wt−δ removes W0 exactly, so
spectral concentration in the update is not diluted by initialization energy.

B ACCUMULATION CONSEQUENCE FOR FLASH ATTENTION

This appendix proves the concentration form of the accumulation consequence (Observation 1) used
for the monitoring window. The source model is their per-step mechanism: low-precision FA sup-
plies biased scalar coefficients ej multiplying coherent rank-one update atoms Rj = X⊤

j (PK)j .
This appendix does not introduce a new FA failure mechanism; it only records the accumulation
consequence used by the ∆W monitor.

Index token-step samples by j and set Rj = X⊤
j (PK)j ∈ Rd×dk . Assume Yj = ejRj − M are

independent or martingale-difference fluctuations with M = E[ejRj ] and E∥Yj∥2F ≤ ν2. Then

An :=

n∑
j=1

ejRj = nM + Zn, Zn :=

n∑
j=1

Yj . (14)

By orthogonality of the centered increments,

E∥Zn∥2F ≤ nν2. (15)

Markov’s inequality implies ∥Zn∥F = Op(
√
n), hence ∥Zn∥2 = Op(

√
n). This proves Equa-

tion (1). The biased mean nM grows linearly, while the zero-mean residual grows sublinearly.

Finally, suppose M has rank r and singular gap σr(M) > 0. Weyl’s inequality gives

|σi(An)− nσi(M)| ≤ ∥Zn∥2. (16)

When nσr(M) ≫ ∥Zn∥2, the top r singular values of An are controlled by M and the remaining
singular values are residual-scale. Consequently, stable rank and singular-spectrum entropy of the
accumulated update converge toward those of the low-rank mean M . This is the formal sense in
which biased low-precision arithmetic becomes a low-rank ∆W fault only under coherence of the
rank-one atoms.

For the biased rounding-error injection used in our experiments, each selected BF16 entry is reinter-
preted as its unsigned 16-bit storage word u. The implementation computes

ũ = (u ≫ n) ≪ n, (17)

and then reinterprets ũ as a BF16 value before the backward expression consumes it. This low-bit
masking operation removes the lowest n storage bits, thereby discarding low-order significand in-
formation and inducing a deterministic biased rounding error rather than additive real-valued noise.
For example, with n = 3,

original value 1.1015625 : 0|01111111|0001101BF16 = 0x3f8d
↓ (uint16 >> 3) << 3

attacked value 1.0625 : 0|01111111|0001000BF16 = 0x3f88.
(18)
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The exact tensor and mask width are experimental knobs, but the resulting tensor-level error has the
same algebraic role. If the backward path uses attacked tensors Ô = O+EO and d̂O = dO+EdO,
the scalar source can include perturbations to both O and dO:

δ̂ − δ = rowsum(dO ⊙ EO + EdO ⊙O + EdO ⊙ EO). (19)

This implementation-specific expansion only changes what contributes to the scalar ej . Perturbing
dO also induces a direct perturbation of dP = dOV ⊤, so the main text uses only the abstract source
form ejRj rather than treating the O, dO expansion as a separate mechanism.

C ROUTER SIMILARITY BOUND

Proof of the conditioning-ratio similarity bound. Let

ε =
maxi ∥wi − w̄∥

∥w̄∥
, ui =

wi

∥wi∥
, e =

w̄

∥w̄∥
.

The statement is meaningful when w̄ ̸= 0 and all router columns are nonzero, which we assume
below. Writing the pairwise similarity as the average over ordered distinct pairs,

sim(WR) =
1

n(n− 1)

∑
i̸=j

u⊤
i uj =

∥
∑

i ui∥2 − n

n(n− 1)
. (20)

If ε ≥ 1, then Equation (20) gives sim(WR) ≥ −1/(n − 1), and since 1 − n
n−1ε

2 ≤ 1 − n
n−1 =

−1/(n− 1) (using ε2 ≥ 1), the desired bound follows. It remains to consider 0 ≤ ε < 1. Let θi be
the angle between wi and w̄. Because ∥wi− w̄∥ ≤ ε∥w̄∥, the point wi lies in the ball of radius ε∥w̄∥
around w̄. This ball does not contain the origin, so θi < π/2. For an acute ray making angle θi with
w̄, the closest point on that ray to w̄ has distance ∥w̄∥ sin θi; hence sin θi ≤ ε and

e⊤ui = cos θi ≥
√
1− ε2.

Therefore ∥∥∥∥∥∑
i

ui

∥∥∥∥∥ ≥ e⊤
∑
i

ui ≥ n
√
1− ε2.

Substituting this into Equation (20) yields

sim(WR) ≥
n2(1− ε2)− n

n(n− 1)
= 1− n

n− 1
ε2,

which proves the proposition. □

D THE ROUTER WEIGHT–ENTROPY LINK

We derive Equation (9). Let z = W⊤
R x ∈ Rn be the expert logits and δ = (In − 1

n11
⊤)z = W⊤

R,cx

the centered logits (1⊤δ = 0); softmax is invariant under the centering shift, so p = softmax(δ).

Lemma (local expansion). For centered δ,

H
(
softmax(δ)

)
= logn− ∥δ∥22

2n
+O(∥δ∥3). (21)

Proof. With Z =
∑

j e
δj and

∑
j δj = 0, expanding to second order gives Z = n + 1

2∥δ∥
2
2 +

O(∥δ∥3), hence logZ = logn+∥δ∥22/(2n)+O(∥δ∥3). Writing H = logZ−
∑

i piδi and expanding
pi = eδi/Z to the same order gives

∑
i piδi = ∥δ∥22/n+O(∥δ∥3). Subtracting yields Equation (21).

Equivalently, the Hessian of −H at the uniform point is 1
n (In − 1

n11
⊤), i.e., I/n restricted to the

centered subspace. □

Corollary (weight–entropy link). Substituting δ = W⊤
R,cx and taking expectations over the token

distribution,

log n− Ex H(p) =
1

2n
tr
(
W⊤

R,cMx WR,c

)
+O

(
E∥δ∥3

)
, (22)
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with Mx = E[xx⊤], since E∥W⊤
R,cx∥22 = tr(W⊤

R,cMxWR,c). Under second-moment isotropy
Mx ≈ Id this reduces to the weight-only quantity ∥WR,c∥2F /(2n).

Corollary (mean-zero logit perturbations). Let F (z) = H(softmax(z)) and Cn = In − 1
n11

⊤.
For centered logits δ near zero and a mean-zero perturbation ϵ with Eϵ[ϵ] = 0,

EϵF (δ + ϵ) = F (δ)− 1

2n
Eϵ∥Cnϵ∥22 +O(∥δ, ϵ∥3), (23)

where the remainder is local and third order in ∥δ∥+ ∥ϵ∥.

Proof. Softmax shift-invariance gives F (z) = F (Cnz). Applying Equation (21) to δ + ϵ and to δ
gives

F (δ + ϵ)− F (δ) = − 1

2n

(
∥Cn(δ + ϵ)∥22 − ∥Cnδ∥22

)
+O(∥δ, ϵ∥3).

Expanding the quadratic term,

∥Cn(δ + ϵ)∥22 − ∥Cnδ∥22 = 2(Cnδ)
⊤Cnϵ+ ∥Cnϵ∥22.

Taking expectation over ϵ, the cross term vanishes because Eϵ[Cnϵ] = CnEϵ[ϵ] = 0. This yields
Equation (23). □

Scope. Three caveats bound the use of this link. First, RMSNorm fixes only the trace tr(Mx) = d,
not isotropy, so the weight-only reduction is an extra assumption – this is the fourth limitation in
the main text. Second, the expansion is local: it is quantitative near uniform routing (all logits O(1))
and degrades to a qualitative, direction-wise monotone statement in the collapsed regime H → 0,
where the quadratic form underestimates the true entropy drop. Third, Equation (23) is a second-
order perturbative explanation of why zero-mean logit noise can lower expected entropy; it is not,
by itself, a global proof of router collapse. The link is therefore a consistency check between the
weight-side and decision-side indicator families, not a substitute for either.
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