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Abstract. We study intersections of conjugacy classes of square matrices
over a finite field with affine coordinate subspaces, or equivalently matrices
in a fixed adjoint orbit with prescribed entries. Our main result treats the
case of prescribed columns: for a partially defined linear map we give a
Hall scalar product formula for the number of extensions to an endomor-
phism with prescribed similarity invariants. This formula is expressed in
terms of skew modified Hall–Littlewood functions and q-Whittaker func-
tions. As applications, we count monic matrix polynomials over Fq with
prescribed Smith normal form and with prescribed determinant, and re-
cover the Gerstenhaber–Reiner formula for the number of square matrices
with a fixed characteristic polynomial. We also note that known point-count
formulas for Hessenberg varieties imply related formulas for Hessenberg sup-
ports involving chromatic quasisymmetric functions, motivating polynomi-
ality questions for more general supports and prescribed affine slices.
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2 SAMRITH RAM

1. Introduction

Let n be a positive integer and let Fq be the finite field with q elements. Write
Mn(Fq) for the algebra of n× n matrices over Fq and GLn(Fq) for its group of
units. The conjugacy classes in Mn(Fq) are the orbits under the adjoint action
of GLn(Fq) on Mn(Fq). Green [22] parametrized these classes by functions
from the set of monic irreducible polynomials over Fq to integer partitions;
this parametrization is closely related to the theory of Hall polynomials and
Hall–Littlewood symmetric functions as treated by Macdonald [30].

The object of this paper is to enumerate matrices in a fixed adjoint orbit
after constraining specified entries. Let [n] = {1, . . . , n} and let S ⊆ [n] × [n].
We regard the entries in S as free and prescribe the entries outside S.

Definition 1.1. Given a function φ : ([n]× [n])\S → Fq and a conjugacy class
C of Mn(Fq), let N(C;S;φ) denote the number of matrices A = (aij) ∈ C such
that aij = φ(i, j) whenever (i, j) /∈ S.

Equivalently, the prescribed entries determine an affine coordinate subspace
AS,φ ⊆ Mn(Fq), and N(C;S;φ) = |C ∩AS,φ|. When φ = 0, we write VS := AS,0

for the coordinate subspace consisting of matrices whose support is contained
in S.

Example 1.2. Let n = 3 and q = 5. Take

S = {(1, 1), (1, 3), (2, 2), (3, 2), (3, 3)}
and define φ on the complement of S by

φ(1, 2) = 1, φ(2, 1) = 4, φ(2, 3) = 3, φ(3, 1) = 0.

Then N(C;S;φ) is the number of matrices in the conjugacy class C of the form∗ 1 ∗
4 ∗ 3
0 ∗ ∗

 .

We are primarily interested in the following problem.

Problem 1.3. Given C, S and φ, determine N(C;S;φ).
In the affine-coordinate formulation above, Problem 1.3 may be viewed as a

finite-field point-counting problem for affine-linear slices of adjoint orbits.
We first recall several closely related enumeration problems that have ap-

peared in the literature. In the specialization where φ is identically zero, a
support S determines the coordinate subspace VS , and Problem 1.3 asks for
the size of the intersection of a conjugacy class with a structured linear sub-
space of Mn(Fq). This zero-prescription point of view is closely connected with
a substantial literature on finite-field matrix enumeration. Counting matrices
of fixed rank with prescribed zero entries is a q-analogue of counting permu-
tations with restricted positions, or equivalently rook placements [28]. For a
coordinate subspace VS ⊆ Mn(Fq), the number of matrices in VS of rank r may
be written as ∑

C⊆Mn(Fq)
rank(C)=r

|C ∩ VS |,
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where the sum is over adjoint orbits of rank r. Thus orbit-support intersections
refine the usual restricted-rank enumeration problem. Haglund [23] proved
polynomiality and positivity results for Young-diagram supports using q-rook
polynomials; related questions for restricted entries were studied by Lewis, Liu,
Morales, Panova, Sam and Zhang [28]. Klein, Lewis and Morales [26] extended
these ideas to complements of skew Young diagrams and Rothe diagrams, and
emphasized that for arbitrary supports one should not expect polynomiality
in q: Stembridge [43] had already found examples, related to a conjecture of
Kontsevich, where the corresponding point counts are not polynomials in q.
Our results suggest analogous questions in which rank is replaced by the datum
of conjugacy-class type (Definition 2.18).

Another important family of examples comes from triangular and Hessenberg
supports (Section 5.1). The distribution of Jordan forms among upper triangu-
lar nilpotent matrices has been studied from several viewpoints, including the
work of Kirillov and Melnikov [25], Ekhad and Zeilberger [13], Yip [46], and
Fuchs and Kirillov [15]. Hessenberg varieties (Definition 5.6), introduced by
De Mari, Procesi and Shayman [10] and developed in works of Tymoczko [44]
and Brosnan and Chow [7], connect these enumeration problems with chromatic
quasisymmetric functions of Shareshian and Wachs [39] (defined in Section 5.1).
This connection is made explicit in recent point-counting formulas for Hessen-
berg varieties due to Abreu, Nigro and Ram [1], Gagnon [16], and Bardestani,
Mallahi-Karai, Ram and Salmasian [5].

We now describe the main result of this paper. It treats Problem 1.3 in
the case where the prescribed entries consist of specified columns. If a subset
C ⊆ [n] of columns is prescribed, then the support of the free entries is S =
[n]×([n]\C), and the prescribed columns define a linear map on the coordinate
subspace spanned by {ej : j ∈ C}. Thus this part of Problem 1.3 becomes
one of counting extensions of a partially defined linear transformation to an
endomorphism with prescribed similarity invariants. For an ordinary operator
over Fq, rational canonical form says that its similarity class is encoded by a
function from Irrq to Par, where Irrq is the set of monic irreducible polynomials
over Fq and Par is the set of partitions. The classification for linear maps defined
only on a subspace is less standard, so we spell out the notation used below;
see Section 2, especially Theorem 2.2 and the notation following Equation (1),
for details. If T is such a partial linear map, then T has a maximal invariant
subspace, and its operator part is simply the operator obtained by restricting T
to this subspace. The similarity invariants of T consist of an integer partition
µ, called the sequence of defect dimensions, and the ordinary operator invariant
M of its operator part. Thus M is a function from Irrq to Par. Since M(f) is
empty for all but finitely many f , we write M = {(f1, µ1), . . . , (fr, µ

r)} when
M(fi) = µi and M(g) is empty for every other irreducible polynomial g.

Let T be a linear map defined on a subspace of Fn
q with similarity invariants

(µ,M), and let η((µ,M),L) denote the number of extensions of T to an operator
on Fn

q with similarity invariants L. The following theorem is our main result.
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Theorem (Theorem 2.31 below). We have

η((µ,M),L) =
1[
n
µ1

]
q

|C(L)|
π(µ,M)

⟨ALM(x; q), Bµ(x; q)⟩.

Here C(L) is the conjugacy class indexed by L, and
[
n
µ1

]
q
is a q-binomial

coefficient. The factor π(µ,M) is an explicit normalization factor counting maps
with similarity invariants (µ,M) (Proposition 2.14). The symmetric functions
in the Hall scalar product are as follows. If L = {(f1, λ1), . . . , (fr, λ

r)} and M =
{(f1, µ1), . . . , (fr, µ

r)} with di = deg fi, allowing empty partitions as needed,
then

ALM(x; t) =
r∏

i=1

pdi ◦ H̃λi/µi(x; t),

where H̃λ/µ(x; t) is a skew modified Hall–Littlewood polynomial (Definition 2.26)
and ◦ denotes plethystic substitution. The second factor is

Bµ(x; t) = (−1)
∑

j≥2 µj t
∑

j≥2 (
µj
2
)W̃µ(x; t),

where W̃µ is the dual q-Whittaker function, defined in terms of the Hall–

Littlewood P -function by W̃µ = ωPµ′ . Here ω denotes the standard involution
on symmetric functions. In matrix language, Theorem 2.31 gives the num-
ber of matrices in a conjugacy class whose first k columns are prescribed (see
Theorem 2.33 below); by replacing the coordinate subspace, the same formula
applies to any fixed set of k prescribed columns.

Several applications of Theorem 2.31 stated above are developed in Section 4.
First, we count monic matrix polynomials of fixed degree and prescribed Smith
normal form (Section 4.2). Second, by summing over conjugacy classes with a
fixed characteristic polynomial, we obtain a symmetric-function formula for
the number of extensions of a partial map with a prescribed characteristic
polynomial. In the case where no columns are prescribed, this gives a new
proof of the Gerstenhaber–Reiner formula for the number of matrices over Fq

with a fixed characteristic polynomial.
The paper is organized as follows. Section 2 recalls the similarity classification

of linear maps defined on subspaces, formulates the basic extension-counting
problem, and introduces the symmetric-function notation used throughout the
paper. It culminates in the Hall-scalar-product formula of Theorem 2.31, to-
gether with its interpretation as a prescribed-column matrix count in Theo-
rem 2.33. In Section 3 we discuss connections to certain induced represen-
tations, and irreducible unipotent characters of GLn(Fq). Section 4 develops
applications to matrix enumeration, including monic matrix polynomials with
prescribed Smith normal form, and matrices with prescribed columns and char-
acteristic polynomial. The last application recovers the Gerstenhaber–Reiner
formula for the number of matrices with a given characteristic polynomial as
a special case. Section 5 turns from prescribed columns to more general coor-
dinate supports. There we discuss connections with chromatic quasisymmetric
functions and formulate polynomiality questions for N(C;S;φ). Finally, Sec-
tion 6 concludes with natural questions arising from this work.
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2. Preliminaries

In this section we recall some enumerative results of Arora and Ram [3] on
conjugacy classes of linear maps that are defined on subspaces of a finite vector
space. Let Irrq denote the set of all monic irreducible polynomials over Fq in
the variable x. A partition of a nonnegative integer n is a weakly decreasing
sequence λ = (λ1, λ2, . . .) of nonnegative integers satisfying |λ| :=

∑
i≥1 λi = n.

As is customary, one omits trailing zeros while writing partitions; for exam-
ple, (4, 2, 2, 1, 0, 0, . . .) = (4, 2, 2, 1). Denote by Par the set of all partitions of
nonnegative integers.

Throughout this paper, V denotes a vector space of dimension n over Fq

and W denotes a subspace of V . Denote by L(W,V ) the space of all Fq-linear
transformations from W to V .

Definition 2.1. Two linear transformations T and T̂ defined on subspaces W
and Ŵ of V are similar if there exists a linear isomorphism S : V → V such
that S(W ) = Ŵ and S ◦ T = T̂ ◦SW , where SW denotes the restriction of S to
W. In other words, the following diagram commutes:

W V

Ŵ V

T

SW S≃

T̂

Note that the above definition coincides with the usual notion of similarity
in the case W = V .

We now give a complete set of invariants which characterize the similarity
class of a map defined on a subspace (see Gohberg, Kaashoek and van Scha-
gen [21, Sec. III.1]). Given T ∈ L(W,V ), define a sequence of subspaces Wi(i ≥
0) by setting W0 = V,W1 = W and, for each i ≥ 1, Wi+1 = Wi ∩ T−1(Wi),
where T−1 denotes the inverse image under T. We therefore have a descending
chain W0 ⊇ W1 ⊇ · · · of subspaces which eventually stabilizes. For each i ≥ 0,
write di = dimWi and let ℓ = min{i : Wi = Wi+1}. It then follows that Wℓ

is the maximal T -invariant subspace. The linear operator T ′ obtained by re-
stricting T to Wℓ is called the operator part of T . Let µj = dj−1 − dj for each
j ≥ 1 and write µ = µ(T ) := (µ1, µ2, . . .). It is known that µ is an integer parti-
tion, called the sequence of defect dimensions of T (see Gohberg, Kaashoek and
van Schagen [21, pg. 52]). The similarity class of T is then uniquely determined
by the integer partition µ and the similarity invariants of the operator T ′ as
the following theorem [21, Thm. III.1.4] shows.

Theorem 2.2. Two linear maps T and T̂ defined on subspaces W and Ŵ of
V are similar if and only if µ(T ) = µ(T̂ ) and their operator parts T ′ and T̂ ′ are
similar.

Remark 2.3. The integers dj above are given by dj = dim(W ∩ T−1W ∩ · · · ∩
T−(j−1)W ) for each j ≥ 1.

Similarity of linear operators on Fn
q is well-studied and can naturally be iden-

tified with similarity of square matrices. It is known (Stanley [42, Sec. 1.10.1])
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that conjugacy classes of n × n matrices over Fq are indexed by functions
L : Irrq → Par which satisfy

(1) ∥L∥ :=
∑

f∈Irrq

|L(f)|deg f = n.

The sum above is finite as L necessarily maps all but finitely many elements
of Irrq to the empty partition. The conjugacy class indexed by L is denoted
C(L).

Remark 2.4. The conjugacy classes can be described by the structure theo-
rem for finitely generated modules over a principal ideal domain. Each linear
operator T on Fn

q defines an Fq[x]-module structure on Fn
q where the action of

x on a vector is that of T . This module is isomorphic to a direct sum

r⊕
i=1

⊕
j≥1

Fq[x]

(f
λi,j

i )
,

where the polynomials fi ∈ Irrq are distinct and the sequence λi = (λi,1, λi,2, . . .)
is an integer partition for each 1 ≤ i ≤ r. The function indexing the conjugacy
class of T is simply L = {(fi, λi)}1≤i≤r.

If {f1, . . . , fr} is a finite subset of Irrq such that L(g) is the empty partition for
every polynomial g ∈ Irrq \{f1, . . . , fr} we also write L = {(f1, λ1), . . . , (fr, λ

r)}
where λi = L(fi) for 1 ≤ i ≤ r. It will occasionally be convenient to allow some
of the partitions λi above to be empty. By a slight abuse of notation, we write
∅ for the function indexing the conjugacy class of the unique operator on a
zero dimensional space (this seems natural since it corresponds to the function
which assigns the empty partition to each irreducible polynomial).

Philip Hall’s explicit formula, as stated by Stanley [42, Eqn. 1.107], for the
size of the conjugacy class indexed by L = {(f1, λ1), . . . , (fr, λ

r)} is

|C(L)| = |GLn(Fq)|∏r
i=1 cq(di, λ

i)
,

where di = deg fi for 1 ≤ i ≤ r and

(2) cq(d, λ) := qd
∑

i≥1(λ
′
i)

2 ∏
i≥1

(q−d; q−d)mi(λ).

Here λ′ denotes the partition conjugate to λ and (q; q)k :=
∏k

j=1(1 − qj) is a

q-Pochhammer symbol while mi(λ) denotes the multiplicity of the integer i as
a part of λ. The quantity c(L) :=

∏r
i=1 cq(di, λ

i) represents the cardinality of
the GLn(Fq)-centralizer corresponding to the class L.

In view of Theorem 2.2 each similarity class of linear maps in L(W,V ) is
indexed by a pair (λ,L), where λ is an integer partition with λ1 = dimV −
dimW and L indexes a conjugacy class of operators satisfying |λ| + ∥L∥ = n.
When ∥L∥ = dimV, the conjugacy class C(L) has similarity invariants (∅,L),
where ∅ denotes the empty partition of 0.
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Example 2.5. Let V = F6
q and let ei(1 ≤ i ≤ 6) denote the standard ba-

sis vectors of V. Consider the linear map T defined on the subspace W =
span{e1, e2, e3, e4} by

e1
T−→ e2

T−→ e5 e3
T−→ e4

T−→ 0.

Then dimV = 6,dimW = 4. We have

dim(W ∩ T−1W ) = dim span{e1, e3, e4} = 3,

dim(W ∩ T−1W ∩ T−2W ) = dim span{e3, e4} = 2.

Since span{e3, e4} is T -invariant, the defect dimensions of T are given by λ =
(6− 4, 4− 3, 3− 2) = (2, 1, 1). The operator part of T is nonzero and nilpotent;
therefore it has similarity invariants L = {(x, (2))}.

Definition 2.6. For a map T ∈ L(W,V ) with similarity invariants (λ,L), let{
λ,L

µ,M

}
res

denote the number of subspaces U ⊆ W such that the restriction TU : U → V
has similarity invariants (µ,M).

If either λ or µ is the empty partition we omit it from the notation. For

example, we write
{

L
µ,M

}
res

for
{ ∅,L
µ,M

}
res
. We are interested in the following

problem.

Problem 2.7. Given (λ,L) and (µ,M), find an explicit formula for{
λ,L

µ,M

}
res

.

The restriction relation also defines a partial order on similarity-invariant
pairs.

Problem 2.8. Declare (µ,M) ⪯ (λ,L) if (µ,M) occurs as the similarity invari-
ants of the restriction of some map with similarity invariants (λ,L). Describe
the combinatorial properties of this poset.

Finding an explicit answer to Problem 2.7 even in the case L = M = ∅
appears to be open. Theorem 2.29 gives an explicit formula involving symmetric
functions to Problem 2.7 in the case where λ is the empty partition.

Example 2.9. The identity operator on Fn
q lies in the conjugacy class corre-

sponding to L = {(x− 1, (1n))}. If M = {(x− 1, (1k))}, then we have{
L

(n− k),M

}
res

=

[
n

k

]
q

,

a q-binomial coefficient, defined as the number of k-dimensional subspaces of
Fn
q .

Definition 2.10. A linear map T defined on a subspace of V is said to be
simple if, for each T -invariant subspace U , either U = {0} or U = V .
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Example 2.11. The linear map T defined on the subspaceW = span{e1, e2, e3}
of F6

q by

e1
T−→ e2

T−→ e4

e3
T−→ e5

is simple with defect dimensions λ = (3, 2, 1) and has similarity invariants (λ, ∅).

Remark 2.12. If W is a proper subspace of V , then a map T ∈ L(W,V ) is
simple precisely when T has similarity invariants (λ, ∅) for some partition λ of
dimV. On the other hand, an operator on V is simple precisely when it has an
irreducible characteristic polynomial.

Lemma 2.13. Given a linear map T : W → Fn
q , the number of extensions

of T to all of Fn
q with similarity invariants L depends solely on the similarity

invariants of T .

Proof. Suppose T1 : W1 → Fn
q and T2 : W2 → Fn

q have the same similarity
invariants. By Theorem 2.2, the maps T1 and T2 are similar. Hence, by Defini-
tion 2.1, there exists g ∈ GLn(Fq) such that g(W1) = W2 and

T2g = gT1 on W1.

If A is an extension of T1 to an operator on Fn
q , then gAg−1 is an extension

of T2. Conversely, conjugating by g−1 sends extensions of T2 to extensions
of T1. These two operations are inverse bijections, and conjugation preserves
similarity invariants. Hence the number of extensions with prescribed similarity
invariants L is the same for T1 and T2. □

The following result of Arora and Ram [3, Cor. 4.7] gives a formula for the
number of maps which have specified similarity invariants.

Proposition 2.14. For each subspace W ⊆ V , the number of maps T ∈
L(W,V ) which have similarity invariants (λ,L) is given by

π(λ,L) = qd(k−d)

[
k

d

]
q

|C(L)| π(λ, ∅),(3)

where d = ∥L∥ and k = dimW . Here

π(λ, ∅) = γq(k − d) q
∑

j≥2 λ
2
j

∏
i≥1

[
λi

λi+1

]
q

,

where γq(r) := |GLr(Fq)| =
∏r−1

i=0 (q
r − qi).

Remark 2.15. If λ has a single part equal to dimV − dimW , then W is T -
invariant and k = d. In this case Proposition 2.14 reduces to π(λ,L) = |C(L)|.

Definition 2.16. Let T : W → Fn
q be a linear map with similarity invariants

(µ,M). Define η((µ,M),L) to be the number of extensions of T to all of Fn
q

which have similarity invariants L.

The quantity η((µ,M),L) will prove useful in counting various classes of
matrices over Fq.
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Proposition 2.17. If ∥L∥ = n, then

η((µ,M),L) =
1[
n
µ1

]
q

|C(L)|
π(µ,M)

{
L

µ,M

}
res

.

Proof. Count pairs (W,T ) where W is a k-dimensional subspace of Fn
q and T is

a linear operator on Fn
q which lies in C(L) with the property that the restriction

TW of T to W has similarity invariants (µ,M) (with µ1 = n − k). For a fixed

T ∈ C(L), the number of choices for W is clearly
{

L
µ,M

}
res
. Therefore the total

number of such pairs is given by∑
T∈C(L)

{
L

µ,M

}
res

= |C(L)|
{

L

µ,M

}
res

.

On the other hand, if W is fixed, first choose a linear map T ′ : W → Fn
q

with similarity invariants (µ,M) and then extend T ′ to all of Fn
q in η((µ,M),L)

ways. Since there are
[
n
k

]
q
subspaces W of dimension k, it follows that the

desired number of pairs (W,T ) is given by[
n

k

]
q

π(µ,M) η((µ,M),L),

and the proposition follows. □

Note that for µ = (n) and M = ∅ the formula of Proposition 2.17 reduces to
η((µ,M),L) = |C(L)| as expected. In view of Proposition 2.17, it is desirable to

have an explicit formula for
{

L
µ,M

}
res
. Our immediate goal is to derive a formula

involving symmetric functions for the coefficient
{

L
µ,∅

}
res

when ∥L∥ = |µ|.

2.1. Symmetric Functions. We begin with a brief overview of symmetric
functions; the reader is referred to Macdonald [30] for the details. Denote by
Q(t) the field of rational functions in an indeterminate t. Write Λt for the
algebra of symmetric functions in infinitely many variables x = (x1, x2, . . .)
with coefficients in Q(t). The algebra Λt admits several natural bases indexed
by integer partitions such as the monomial (mλ), complete homogeneous (hλ),
elementary (eλ), power sum (pλ) and Schur (sλ) symmetric functions. There
exists an involutory automorphism ω of Λt satisfying ωeλ = hλ. The algebra Λt

is also equipped with the Hall scalar product ⟨·, ·⟩, a symmetric bilinear form
characterized by the property ⟨mλ, hµ⟩ = δλµ, where δ denotes the Kronecker

delta function. Two bases bλ and b̃λ indexed by integer partitions are dual with
respect to the Hall scalar product if ⟨bλ, b̃µ⟩ = δλµ.

The Hall–Littlewood Pλ(x; t) and q-Whittaker functionsWλ(x; t) are two fur-
ther parametric bases for Λt. Both these bases occur as specializations of the
two-parameter Macdonald polynomials Pλ(x; q, t); the Hall–Littlewood func-
tions are the q = 0 specialization while the q-Whittaker functions are obtained
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by setting t = 0 and q = t. The basis dual to Pλ(x; t) is Hλ(x; t), the trans-
formed Hall–Littlewood polynomials, given by

Hλ(x; t) =

∏
i≥1

(t; t)mi(λ)

Pλ

[
X

1− t

]
,

where f [g] (also written f ◦ g) indicates plethystic substitution of g into f (see
Macdonald [30, p. 135] for the definition of plethysm). The function Hλ(x; t)
also satisfies the relation Wλ(x; t) = ωHλ′(x; t). The modified Hall–Littlewood

polynomials H̃λ are defined by

H̃λ(x; t) = tn(λ)Hλ(x; t
−1),

where n(λ) =
∑

i≥1(i − 1)λi. The modified Hall–Littlewood polynomials are
more combinatorial in nature, being the Frobenius image of a graded vector
space. The basis dual to Wλ(x; t) with respect to the Hall scalar product is

denoted W̃λ(x; t) and satisfies W̃λ(x; t) = ωPλ′(x; t).
The following notion of class type goes back to Green [22].

Definition 2.18. If L = {(f1, λ1), . . . , (fr, λ
r)}, then the class type of the

conjugacy class C(L) is the multiset τ = {(d1, λ1), . . . , (dr, λ
r)}, where di =

deg fi. The size of τ is

∥τ∥ :=
r∑

i=1

di|λi| = ∥L∥.

For a class type τ = {(d1, λ1), . . . , (dr, λ
r)}, define

Fτ (x; t) :=
r∏

i=1

pdi [H̃λi(x; t)],

where the square brackets denote plethystic substitution. After specializing

t = q, one has pd[H̃λ(x; t)]|t=q = pd[H̃λ(x; q
d)]. If τ is the class type of L, we

also write FL(x; t) := Fτ (x; t).

Definition 2.19. Given a linear operator T on Fn
q and a partition ν = (ν1, ν2, . . . , νℓ)

of n, let Eν(T ) denote the number of flags

(0) = V0 ⊂ V1 ⊂ · · · ⊂ Vℓ = Fn
q

of T -invariant subspaces Vi such that dim(Vi/Vi−1) = νi for 1 ≤ i ≤ ℓ. The
invariant flag generating function of T is the symmetric function given in the
monomial basis by

FT (x) =
∑
ν⊢n

Eν(T )mν .

Suppose T has similarity invariants L = {(f1, λ1), . . . , (fr, λ
r)}, and let τ be

the class type of L. The invariant flag generating function depends only on τ .
More precisely, by [36, Prop. 2.11],

FT (x) = Fτ (x; q) = FL(x; q).(4)
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Thus Fτ (x; t), equivalently FL(x; t), is the universal class-type version of the
invariant flag generating function, and the concrete invariant flag generating
function of a matrix over Fq is obtained by specializing t = q.

Example 2.20. We have the following specializations of Equation (4).

(1) If T is primary of type (f, λ), where d = deg f , then

FT (x) = pd ◦ H̃λ(x; q
d).

In particular, if T is nilpotent with Jordan form partition λ, then f = x,

d = 1, and FT (x) = H̃λ(x; q). Thus a regular nilpotent operator has

FT (x) = H̃(n)(x; q) = hn, while the zero operator has

FT (x) = H̃(1n)(x; q) =
∑
ν⊢n

[n]q!

[ν1]q! · · · [νℓ(ν)]q!
mν ,

where [a]q! =
∏a

j=1(1 + q + · · ·+ qj−1).

(2) If T is semisimple and the distinct irreducible factors fi of its charac-
teristic polynomial have degrees di and multiplicities mi, then

FT (x) =
∏
i

pdi [H̃(1mi )(x; q
di)].

For a split semisimple operator with eigenspace dimensions m1, . . . ,mr,
this reduces to

FT (x) =
r∏

i=1

H̃(1mi )(x; q).

The scalar case is the special case r = 1.
(3) An operator T is regular if its minimal and characteristic polynomials

coincide. If T is regular semisimple, write its squarefree characteristic
polynomial as a product of distinct irreducibles f1 · · · fr and set di =
deg fi. Then

FT (x) = pd1pd2 · · · pdr .

Hence a regular semisimple split operator has FT (x) = pn1 = hn1 , while a
regular semisimple operator with irreducible characteristic polynomial
has FT (x) = pn = mn.

(4) More generally, if T is regular with similarity invariants {(fi, (mi))}ri=1,
then

FT (x) =
r∏

i=1

pdi [hmi ], di = deg fi.

In the regular split case, where fi = x − ai for distinct ai ∈ Fq, this
becomes FT (x) = hm1 · · ·hmr .

Definition 2.21. Given a linear operator T on V , we say that a subspace
W ⊆ V has T -profile µ = (µ1, µ2, . . .) if

dim(W + TW + · · ·+ T j−1W ) = µ1 + µ2 + · · ·+ µj for j ≥ 1.
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Let σ(µ, T ) denote the number of subspaces with T -profile µ. In 1992, Ben-
der, Coley, Robbins and Rumsey [6, pg. 2] proposed the problem of finding
a formula for σ(µ, T ). Specific instances of this problem for various types of
operators have been studied [18, 19, 9, 4, 2, 34, 32, 33, 37] and the following
general solution was obtained in [36, Thm. 1.4].

Theorem 2.22. For each integer partition µ and linear operator T over Fq

with similarity invariants L = {(f1, λ1), . . . , (fr, λ
r)},

σ(µ, T ) = (−1)
∑

j≥2 µjq
∑

j≥2 (
µj
2
)⟨FL(x; q), W̃µ(x; q)hn−|µ|⟩.

Here FL(x; t) is the universal invariant flag generating function from Equa-
tion (4).

Theorem 2.22 will be used to derive an explicit expression for the coefficients{
L
µ,∅

}
res
. The following result of Ram [35, Cor. 2.4] relates subspace profiles to

defect dimensions.

Lemma 2.23. For each linear operator T on V , the number of subspaces W
such that the restriction of T to W has defect dimensions µ is given by σ(µ, T ).
In particular, given a conjugacy class C(L) over Fq and a partition µ with
|µ| = ∥L∥, we have{

L

µ, ∅

}
res

= (−1)
∑

j≥2 µjq
∑

j≥2 (
µj
2
)⟨FL(x; q), W̃µ(x; q)⟩.

Our next objective is to derive a formula for
{

L
µ,M

}
res

for arbitrary values of

the parameters. We begin by recalling some basic facts about Hall polynomials
(see Macdonald [30, Sec. II.1] for the details). Let R be a discrete valuation
ring with maximal ideal m such that the residue field R/m is finite of order q.
Let M be a finite R-module. Suppose the maximal ideal m of R is generated by
an element π (a uniformizing element or uniformizer). The structure theorem
for finitely generated modules over a principal ideal domain implies that each
finite R-module M is isomorphic to a direct sum

M ≃ R/(πλ1)⊕R/(πλ2)⊕ · · · ⊕R/(πλℓ),

for some integer partition λ = (λ1, . . . , λℓ), called the type of M .
Each submodule of M has type µ for some partition µ ⊆ λ (defined as

µi ≤ λi for each i ≥ 1). The Hall polynomials gλµν(t) are characterized by
the property that the number of submodules N of M such that N has type µ
and the quotient M/N has type ν is given by gλµν(q). The polynomial gλµν(t)
vanishes unless |λ| = |µ|+ |ν| and both µ, ν ⊆ λ. A product of Hall–Littlewood
polynomials can be expressed in the Hall–Littlewood basis as in Butler [8, p. 2]:

(5) Pµ(x; t)Pν(x; t) =
∑
λ

gλµν(t
−1)tn(λ)−n(µ)−n(ν)Pλ(x; t),

where n(λ) =
∑

i≥1(i− 1)λi for each partition λ.

Example 2.24. Suppose L = {(x, λ)}, corresponding to a nilpotent operator
on Fn

q with Jordan form partition λ. If M = {(x, µ)} for some partition µ ⊆ λ
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with |µ| = k, then {
L

(n− k),M

}
res

=
∑
ν

gλµν(q),

where the sum is taken over all partitions ν. The sum above was studied
independently by Delsarte [11], Djubjuk [12] and Yeh [45]. It admits a compact
product formula: ∑

ν

gλµν(q) =
∏
i≥1

qµ
′
i+1(λ

′
i−µ′

i)

[
λ′
i − µ′

i+1

µ′
i − µ′

i+1

]
q

,

where λ′ denotes the partition conjugate to λ.

Example 2.25. Suppose L = {(f, λ)} is primary with deg f = d. This corre-
sponds to an operator T on Fn

q where the associated Fq[x]-module is isomorphic

to a direct sum
⊕

i≥1 Fq[x]/(f
λi). If M = {(f, µ)} where µ ⊆ λ and ∥M∥ = k,

then {
L

(n− k),M

}
res

=
∑
ν

gλµν(q
d),

since Fq[x]/(f
r) is isomorphic to Fqd [x]/(x

r).

Given a pair M = {(f1, µ1), . . . , (fm, µm)} and L = {(f1, λ1), . . . , (fm, λm)},
define M ≤ L if µi ⊆ λi for 1 ≤ i ≤ m. Since the operator part of a restriction is
a T -invariant submodule of the original operator, its elementary divisors must
be contained in those of L; hence{

L

µ,M

}
res

= 0 unless M ≤ L.

By considering all possible restrictions of an operator on Fn
q with similarity

invariants L to subspaces of dimension k, we obtain the following generalization
of the identity in Example 2.9:∑

(µ,M)
µ1=n−k

|µ|+∥M∥=n

{
L

µ,M

}
res

=

[
n

k

]
q

.

Let P̃λ(x; t) = t−n(λ)Pλ(x; t
−1). Then the duality of Pλ and Hλ implies

⟨H̃µ(x; t), P̃ν(x; t)⟩ = δµν .

Definition 2.26. The skew modified Hall–Littlewood function H̃λ/µ(x; t) is
defined by

⟨H̃λ/µ, P̃ν⟩ := ⟨H̃λ, P̃µP̃ν⟩.

By Equation (5) we have P̃µ(x; t)P̃ν(x; t) =
∑

λ g
λ
µν(t)P̃λ(x; t). It follows that

⟨H̃λ/µ(x; t), P̃ν(x; t)⟩ = gλµν(t).

Therefore
H̃λ/µ(x; t) =

∑
ν

gλµν(t)H̃ν(x; t).
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Note that H̃λ/µ(x; t) vanishes unless µ ⊆ λ. When µ is the empty partition,

we have H̃λ/µ(x; t) = H̃λ(x; t). On the other hand H̃λ/µ(x; t) = 1 if µ = λ.

Conjecture 2.27. In the Schur expansion H̃λ/µ(x; t) =
∑

ν a
ν
λµ(t)sν , the coef-

ficients aνλµ(t) are nonnegative integer polynomials in t.

Problem 2.28. Find a combinatorial formula for the coefficients in the Schur
expansion of H̃λ/µ(x; t).

A solution to Problem 2.28 would be significant as the special case µ = ∅
would recover the celebrated cocharge formula of Lascoux–Schützenberger [27].

Theorem 2.29. If L = {(f1, λ1), . . . , (fr, λ
r)} and M = {(f1, µ1), . . . , (fr, µ

r)}
where deg fi = di for 1 ≤ i ≤ r, then{

L

µ,M

}
res

= ⟨ALM(x; q), Bµ(x; q)⟩,

where

ALM(x; t) :=
r∏

i=1

pdi ◦ H̃λi/µi(x; t),

Bµ(x; t) := (−1)
∑

j≥2 µj t
∑

j≥2 (
µj
2
)W̃µ(x; t).

Proof. Let T ∈ C(L) and suppose ∥L∥ = n. By definition,
{

L
µ,M

}
res

is equal

to the number of subspaces W such that the restriction TW : W → V has
similarity invariants (µ,M). Consider a T -invariant subspace U ⊂ V such that

(1) the restriction TU of T to U has similarity invariants M,

(2) the map T̂U : V/U → V/U defined by T̂U (α+U) = Tα+U has similarity
invariants N = {(f1, ν1), . . . , (fr, νr)}.

The number of such subspaces U is given by
r∏

i=1

gλ
i

µiνi(q
di).

Once U has been chosen, a subspace W counted by
{

L
µ,M

}
res

is characterized

by the property that W ⊇ U and the restriction of T̂U to W/U has similarity
invariants (µ, ∅). By Lemma 2.23 the number of such subspaces is given by{

N

µ, ∅

}
res

= ⟨FN(x; q), Bµ(x; q)⟩,

where Bµ(x; t) = (−1)
∑

j≥2 µj t
∑

j≥2 (
µj
2
)W̃µ(x; t). Therefore,{

L

µ,M

}
res

=
∑

(ν1,...,νr)

⟨FN(x; q), Bµ(x; q)⟩
r∏

i=1

gλ
i

µiνi(q
di),

where the sum is over all tuples (ν1, . . . , νr) of partitions with N = {(f1, ν1), . . . , (fr, νr)}.
Since FN(x; t) =

∏r
i=1 pdi [H̃νi(x; t)], it follows that{

L

µ,M

}
res

= ⟨ALM(x; q), Bµ(x; q)⟩,
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where

ALM(x; t) =
∑

(ν1,...,νr)

r∏
i=1

gλ
i

µiνi(t
di) pdi [H̃νi(x; t)]

=
r∏

i=1

∑
νi

gλ
i

µiνi(t
di) pdi [H̃νi(x; t)]

=
r∏

i=1

pdi
[∑

νi

gλ
i

µiνi(t)H̃νi(x; t)
]

=

r∏
i=1

pdi ◦ H̃λi/µi(x; t),

proving the result. □

Remark 2.30. The symmetric function ALM(x; t) is homogeneous of degree
∥L∥ − ∥M∥ and vanishes unless M ≤ L. We have AL∅(x; t) = FL(x; t).

Theorem 2.29 together with Proposition 2.17 yields the following result.

Theorem 2.31. Let L index a conjugacy class in Mn(Fq), and let (µ,M) be
the similarity invariants of a linear map defined on a subspace of Fn

q . Then

η((µ,M),L) =
1[
n
µ1

]
q

|C(L)|
π(µ,M)

⟨ALM(x; q), Bµ(x; q)⟩.

Corollary 2.32. If L indexes a conjugacy class in Mn(Fq) and µ is a partition
of n, then

η((µ, ∅),L) = 1[
n
µ1

]
q

|C(L)|
π(µ, ∅)

⟨FL(x; q), Bµ(x; q)⟩.

Let Mn,k(Fq) denote the space of n × k matrices over Fq. The similarity
invariants of a matrix A ∈ Mn,k(Fq) are defined to be the similarity invariants

of the corresponding linear transformation from Fk
q to Fn

q . Theorem 2.31 can
be recast in the setting of matrices as follows.

Theorem 2.33. Suppose k ≤ n and let A ∈ Mn,k(Fq) have similarity invariants
(µ,M). Then the number of matrices in Mn(Fq) which have similarity invariants
L and whose first k columns are given by A equals η((µ,M),L).

We consider applications of this theorem in the next sections.

3. Induced representations and irreducible unipotent characters

The extension counts above also have a natural representation-theoretic in-
terpretation. In this section we explain how orbit intersections determine in-
duced character values, and how Schur expansions connect the invariant flag
generating function with irreducible unipotent characters.
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3.1. Orbit intersections and induced characters. Let m < n be a positive
integer and suppose H denotes the subgroup of G = GLn(Fq) consisting of
matrices of the form (

Im A1

0 A2

)
,

where Im denotes the m × m identity matrix, A1 is m × (n − m) and A2 ∈
GLn−m(Fq). Then H is isomorphic to the semidirect product Mm,n−m(Fq) ⋊
GLn−m(Fq), where GLn−m(Fq) acts on the additive group Mm,n−m(Fq) by right

multiplication. Let ch(IndGH1) denote the character of the induced representa-
tion of the trivial representation from H to G. For g ∈ G let ZG(g) denote the
centralizer of g in G and write ClG(g) for the conjugacy class of g in G. Then

ch(IndGH1)(g) = #{xH ∈ G/H : gxH = xH}

=
#{x ∈ G : x−1gx ∈ H}

|H|

=
|ZG(g)|
|H|

|ClG(g) ∩H|.

Thus the intersection size |ClG(g) ∩ H|, which can be computed by Theo-
rem 2.31, determines the induced character value up to an explicit factor.

3.2. Schur expansion and irreducible unipotent characters. Let B de-
note the Borel subgroup of G consisting of upper triangular matrices.

Definition 3.1. The irreducible unipotent characters of G are the irreducible
constituents of the character of the permutation representation of G acting on
G/B. Let χλ

G denote the irreducible unipotent character indexed by λ.

For instance, χ
(n)
G denotes the trivial character while χ

(1n)
G denotes the Stein-

berg character.

Definition 3.2. Let α = (α1, . . . , αr) be a composition of n and let Pα ≤ G
be the standard parabolic subgroup stabilizing a partial flag of type α:

0 = V0 ⊂ V1 ⊂ · · · ⊂ Vr = Fn
q , dim(Vi/Vi−1) = αi.

Let

ξα := IndGPα
1

be the permutation character of G = GLn(Fq) acting on the coset space G/Pα

(equivalently, on partial flags of type α). Note that for g ∈ G, the value ξα(g)
equals the number of g-stable flags of type α which only depends on the partition
obtained by sorting the parts of α in weakly decreasing order.

The Kostka numbers Kλµ appear as transition coefficients in the Schur to
monomial and complete homogeneous to Schur expansions:

sλ =
∑
µ

Kλµmµ and hµ =
∑
λ

Kλµsλ.

We require the following decomposition of permutation characters into irre-
ducible unipotent characters; see Ernst and Schmidt [14, Lemma 2.3].
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Lemma 3.3. For each partition µ of n, we have

ξµ =
∑
λ⊢n

Kλµχ
λ
G,

where Kλµ denotes a Kostka number and χλ
G denotes the irreducible unipotent

character of G indexed by λ.

Remark 3.4. Ernst and Schmidt use the convention in James [24] for irre-
ducible unipotent characters in which the trivial character is indexed by (n);
this agrees with the convention used here. In Macdonald [30], the partition
indexing the character is conjugated.

Proposition 3.5. For each g ∈ G, we have the following Schur expansion of
the invariant flag generating function:

Fg(x) =
∑
λ

χλ
G(g)sλ.

Proof. By Definition 2.19,

Fg(x) =
∑
µ

ξµ(g)mµ.

By Lemma 3.3, we have ξµ(g) =
∑

λKλµχ
λ
G(g) =

∑
λ⟨hµ, sλ⟩χλ

G(g). Therefore

Fg(x) =
∑
µ

∑
λ

⟨hµ, sλ⟩χλ
G(g)mµ

=
∑
µ

〈
hµ,

∑
λ

χλ
G(g)sλ

〉
mµ

=
∑
λ

χλ
G(g)sλ,

where the last equality follows from the fact that the monomial and complete
homogeneous bases are dual with respect to the Hall scalar product. □

When g is unipotent with Jordan form partition µ we have Fg(x) = H̃λ(x; q)

and in this case χλ
G(g) coincides with a modified Kostka–Foulkes polynomial

K̃λµ(q). This was already observed by Lusztig [29, Eq. 2.2].

4. Applications to matrix enumeration

4.1. Simple linear transformations. Recall that a linear map T defined on
a subspace of V is simple if each T -invariant subspace is either the zero subspace
or all of V .

Example 4.1. The linear map T defined on the subspace W = span{ei}1≤i≤8

of Fn
q (n ≥ 11) by

e1
T−→ e2

T−→ e3
T−→ e4

T−→ e9

e5
T−→ e6

T−→ e7
T−→ e10

e8
T−→ e11
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is simple with defect dimensions µ = (n− 8, 3, 2, 2, 1).

The above example can be generalized to obtain the following result.

Proposition 4.2. Given a partition λ = (λ1, . . . , λℓ), let {eij}(1 ≤ i ≤ ℓ, 1 ≤
j ≤ λi+1) be a linearly independent subset of vectors in V = Fn

q . Let W denote
the span of the vectors {eij} for 1 ≤ i ≤ ℓ and 1 ≤ j ≤ λi. Then the linear
map T ∈ L(W,V ) whose action on the basis of W is specified by Teij = ei,j+1

is simple with defect dimensions (n− |λ|, λ′
1, λ

′
2, . . .).

Proof. Let Wj = W ∩ T−1W ∩ · · · ∩ T−jW . A basis vector eab ∈ W lies in
Wj precisely when its first j iterates under T remain in W , equivalently when
b + j ≤ λa. Thus Wj is spanned by the vectors eab with 1 ≤ b ≤ λa − j, and
hence

dimWj =
ℓ∑

a=1

max(λa − j, 0) = |λ| − (λ′
1 + · · ·+ λ′

j).

It follows that the successive defect dimensions are n − |λ|, λ′
1, λ

′
2, . . .. Since

these intersections eventually become zero, the map T has no operator part
and is simple. □

4.2. Matrix polynomials with prescribed Smith form. We give an ap-
plication of our results to matrix polynomials over a finite field. Given positive
integers m and d, define

Mm(d; q) := {xdI + xd−1Cd−1 + · · ·+ C0 : Ci ∈ Mm(Fq) for 0 ≤ i ≤ d− 1}.
Here I denotes the identity matrix. Elements of Mm(d; q) are polynomials
whose coefficients are matrices, often referred to as matrix polynomials. Any
matrix polynomial in Mm(d; q) can also be viewed as an element of the algebra
Mm(Fq[x]). Let GLm(Fq[x]) denote the subset of all elements of Mm(Fq[x])
whose determinant is a nonzero scalar in Fq. The elements of GLm(Fq[x]) are
the unimodular polynomial matrices, and they form a group under matrix mul-
tiplication. Two matrix polynomials P,Q ∈ Mm(d; q) are said to be equivalent
if there exist elements g1, g2 ∈ GLm(Fq[x]) such that g1Pg2 = Q. Each ele-
ment P ∈ Mm(d; q) is equivalent to a diagonal matrix diag(pm, . . . , p1) where
pj(1 ≤ j ≤ m) are monic polynomials satisfying pj+1 | pj for 1 ≤ j < m.
This diagonal form is called the Smith normal form of P while the polynomials
p1, . . . , pm are called the invariant factors or Smith invariants of P. Note that
for any matrix polynomial in Mm(d; q), the product of diagonal entries in its
Smith form has degree md.

Remark 4.3. If we write G = GLm(Fq[x]), then we have an action of the direct
product G × G on the set {g1Pg2 : P ∈ Mm(d; q) and g1, g2 ∈ G} defined by
(g1, g2) ∗ P = g1Pg−1

2 . The orbit of an element P under this action consists
of all polynomial matrices equivalent to P . Note that G has infinite order for
m > 1 and, consequently, the orbits are infinite in general.

We are interested in the following problem.

Problem 4.4. Determine the number of polynomial matrices in Mm(d; q) with
a given Smith form.
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For d = 1, this problem reduces to determining the number of square matrices
in a conjugacy class, since matrices A,B ∈ Mm(Fq) are similar if and only if xI−
A is equivalent to xI−B. Given a matrix A ∈ Mm(Fq) with similarity invariants
L = {(f1, λ1), . . . , (fr, λ

r)}, the Smith form of xI −A is the polynomial matrix

diag(pm, . . . , p1), where pj =
∏r

i=1 f
λi
j

i for 1 ≤ j ≤ m. This correspondence
defines a bijection Θm from the functions L which index conjugacy classes of
m × m matrices to the m-tuples (pm | pm−1 | · · · | p1) of monic polynomials
over Fq such that the product p1 · · · pm has degree m.

Theorem 4.5. Let (pm | · · · | p1) be an m-tuple of monic polynomials in Fq[x],
with product of degree n = md. The number of elements in Mm(d; q) whose
Smith form has diagonal entries pj for 1 ≤ j ≤ m is

η((µ, ∅),L),

where L is the unique function for which Θn(L) = (1, . . . , 1︸ ︷︷ ︸
n−m

, pm, . . . , p1), and

µ = (md) denotes the rectangular partition with d parts equal to m.

Proof. Let N(p1, . . . , pm) denote the number of elements in Mm(d; q) whose
Smith form has diagonal entries pj(1 ≤ j ≤ m). It is easy to verify (see
Gohberg, Lancaster and Rodman [20, Thm. 1.1]) that the matrix polynomial
P = xdI+xd−1Cd−1+ · · ·+C0 has the same nonunit invariant factors as xI−A
where A is the block companion matrix

(6)


0 0 0 · · · 0 −C0

I 0 0 · · · 0 −C1

0 I 0 · · · 0 −C2
...

...
...

. . .
...

...
0 0 0 · · · I −Cd−1

 .

Here 0 and I denote the zero and identity matrices of size m. Therefore
N(p1, . . . , pm) is equal to the number of n × n matrices of the above form
that lie in the conjugacy class indexed by

L = Θ−1
n ((1, . . . , 1︸ ︷︷ ︸

n−m

, pm, . . . , p1)).

This number is η((µ, ∅),L), where (µ, ∅) are the similarity invariants of the map

T : Fm(d−1)
q → Fmd

q whose matrix, with respect to the standard bases, consists
of the first m(d − 1) columns of Equation (6). Since Tei = ei+m for each
1 ≤ i ≤ m(d − 1), successive applications of T to ei, for 1 ≤ i ≤ m, give the
chains

ei → ei+m → ei+2m → · · · → ei+(d−1)m.

By Proposition 4.2, the map T is simple with defect dimensions µ = (md), and
the result follows. □
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4.3. Matrices with prescribed columns and characteristic polynomial.
The counting formula of Theorem 2.31 can be used to enumerate various classes
of matrices with some specified columns (or rows); for instance, matrices with a
given rank, or minimal or characteristic polynomial, or other conjugacy class in-
variants. We illustrate this by computing the number of matrices with specified
columns and characteristic polynomial.

Definition 4.6. Let T be a linear map defined on a subspace W of V with sim-
ilarity invariants (µ,M). Given a monic polynomial f ∈ Fq[x], let Φ((µ,M), f)
denote the number of extensions of T to all of V which have characteristic
polynomial f .

The characteristic polynomial of an operator with similarity invariants L =

{(f1, λ1), . . . , (fr, λ
r)} is

∏r
i=1 f

|λi|
i . Therefore, if f =

∏r
i=1 f

ni
i denotes the

canonical factorization of f into distinct irreducible polynomials fi, then

(7) Φ((µ,M), f) =
∑
L

η((µ,M),L),

where the sum is taken over all L = {(f1, λ1), . . . , (fr, λ
r)} satisfying |λi| = ni

for 1 ≤ i ≤ r. We will see that the sum above admits a nice closed form in the
case M = ∅. Recall the definition of cq(d, λ) from Equation (2). We require the
following lemma.

Lemma 4.7. We have ∑
λ⊢n

H̃λ(x; t)

ct(1, λ)
= hn

[
X

t− 1

]
,

where H̃λ(x; t) denotes a modified Hall–Littlewood polynomial.

Proof. We begin with the identity (Macdonald [30, Example III.6.1])

hn =
∑
λ⊢n

tn(λ)Pλ(x; t),

where n(λ) =
∑

i≥1(i − 1)λi and Pλ denotes a Hall–Littlewood polynomial.
From the plethystic relation

Hλ(x; t) =

∏
i≥1

(t; t)mi(λ)

Pλ

[
X

1− t

]
,

it follows that

hn

[
X

1− t

]
=

∑
λ⊢n

tn(λ)Pλ

[
X

1− t

]
=

∑
λ⊢n

tn(λ)
Hλ(x; t)∏

i≥1(t; t)mi(λ)
.

Replacing t by 1/t, we obtain

hn

[
tX

t− 1

]
=

∑
λ⊢n

t−n(λ) Hλ(x; t
−1)∏

i≥1(t
−1; t−1)mi(λ)
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=
∑
λ⊢n

t−2n(λ) H̃λ(x; t)∏
i≥1(t

−1; t−1)mi(λ)
.

Therefore,

hn

[
X

t− 1

]
=

∑
λ⊢n

t−n−2n(λ) H̃λ(x; t)∏
i≥1(t

−1; t−1)mi(λ)
.

Since n+ 2n(λ) =
∑

i≥1 λ
′
i + 2

(λ′
i
2

)
=

∑
i≥1(λ

′
i)
2, it follows that

hn

[
X

t− 1

]
=

∑
λ⊢n

H̃λ(x; t)

t
∑

i≥1(λ
′
i)

2 ∏
i≥1(t

−1; t−1)mi(λ)

=
∑
λ⊢n

H̃λ(x; t)

ct(1, λ)
,

completing the proof. □

Theorem 4.8. If f =
∏r

i=1 f
ni
i where the fi are distinct irreducible polynomials

over Fq with deg fi = di and µ is a partition of n, then

Φ((µ, ∅), f) = γq(n)[
n
µ1

]
q
π(µ, ∅)

⟨Cf (x; q), Bµ(x; q)⟩,

where

Cf (x; t) :=
r∏

i=1

pdi ◦ hni

[
X

t− 1

]
.

Proof. From Equation (7) and Corollary 2.32,

Φ((µ, ∅), f) = 1[
n
µ1

]
q
π(µ, ∅)

∑
L

|C(L)|⟨FL(x; q), Bµ(x; q)⟩,

where the sum is taken over all functions L = {(f1, λ1), . . . , (fr, λ
r)} satisfying

|λi| = ni for 1 ≤ i ≤ r. If we write c(L) =
∏r

i=1 cq(di, λ
i), then

Φ((µ, ∅), f) = γq(n)[
n
µ1

]
q
π(µ, ∅)

∑
L

⟨FL(x; q)

c(L)
, Bµ(x; q)⟩

=
γq(n)[

n
µ1

]
q
π(µ, ∅)

⟨Cf (x; q), Bµ(x; q)⟩,

where, with L varying as before,

Cf (x; t) =
∑
L

FL(x; t)∏r
i=1 ct(di, λ

i)
(8)

=
∑
λi⊢ni
1≤i≤r

r∏
i=1

pdi

[
H̃λi(x; t)

ct(1, λi)

]

=

r∏
i=1

pdi

[ ∑
λi⊢ni

H̃λi(x; t)

ct(1, λi)

]
,
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=

r∏
i=1

pdi ◦ hni

[
X

t− 1

]
.

Here the last equality follows from Lemma 4.7. □

Corollary 4.9. Let m and d be positive integers, and let f =
∏r

i=1 f
ni
i be a

monic polynomial of degree md, where the fi are distinct irreducible polynomi-
als over Fq and di = deg fi. The number of matrix polynomials P ∈ Mm(d; q)
with determinant f is

γq(m)⟨Cf (x; q), B(md)(x; q)⟩,
where

Cf (x; t) :=
r∏

i=1

pdi ◦ hni

[
X

t− 1

]
.

Proof. Let n = md and µ = (md). As in the proof of Theorem 4.5, each
polynomial P = xdI + xd−1Cd−1 + · · · + C0 ∈ Mm(d; q) determines the block
companion matrix in Equation (6). This gives a bijection from Mm(d; q) to the
set of extensions of the partial map T defined by the first m(d− 1) columns of
Equation (6). By Proposition 4.2, the map T is simple with defect dimensions
µ = (md), so its similarity invariants are (µ, ∅). Moreover, the characteristic
polynomial of the block companion matrix is detP . Therefore the number of
elements of Mm(d; q) with determinant f is exactly Φ((µ, ∅), f).

Applying Theorem 4.8 gives

Φ((µ, ∅), f) = γq(md)[
md
m

]
q
π((md), ∅)

⟨Cf (x; q), B(md)(x; q)⟩.

By Proposition 2.14, π((md), ∅) = γq(m(d− 1))qm
2(d−1). Using the identity[

md

m

]
q

=
γq(md)

γq(m)γq(m(d− 1))qm2(d−1)
,

the prefactor simplifies to γq(m), as claimed. □

Remark 4.10. The case of Corollary 4.9 in which f is irreducible is connected
to a problem of Niederreiter arising from pseudorandom number generation.
Through the block companion construction in the proof, counting matrix poly-
nomials in Mm(d; q) with a fixed irreducible determinant is equivalent to count-
ing block companion matrices with a fixed irreducible characteristic polynomial.
For the original motivation and the solution, see Niederreiter [31] and Chen–
Tseng [9], respectively.

The following result was originally proved independently by Gerstenhaber [17]
and Reiner [38].

Corollary 4.11. For each monic polynomial f =
∏r

i=1 f
ni
i of degree n, the

number of matrices in Mn(Fq) with characteristic polynomial f is given by

γq(n)q
−n∏r

i=1(q
−di ; q−di)ni

,

where di = deg fi for 1 ≤ i ≤ r.
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Proof. Taking d = 1 in Corollary 4.9, the number of n× n matrices with char-
acteristic polynomial f equals

γq(n)⟨Cf (x; q), B(n)(x; q)⟩.

Since B(n)(x; t) = W̃n(x; t) = hn, it remains to compute ⟨Cf (x; t), hn⟩, which is
equal to the coefficient of mn(x) in the monomial expansion of Cf (x; t) (since
mλ and hλ are dual bases). Since Cf (x; t) =

∏r
i=1Cf

ni
i
(x; t), it can be seen, by

comparing coefficients, that

⟨Cf (x; t), hn⟩ =
r∏

i=1

⟨Cf
ni
i
(x; t), hdini

⟩.

We claim that

(9) ⟨pd ◦ hk
[

X

t− 1

]
, hkd⟩ =

t−kd

(t−d; t−d)k
.

To see this, begin with the identity hk =
∑

λ⊢k pλ/zλ, where zλ = ⟨pλ, pλ⟩ =∏
i≥1 i

mi(λ)mi(λ)!. We have

hk

[
X

t− 1

]
=

∑
λ⊢k

1

zλ

1∏
j≥1(t

λj − 1)
pλ.

Therefore

pd ◦ hk
[

X

t− 1

]
=

∑
λ⊢k

1

zλ

1∏
j≥1(t

dλj − 1)
pdλ,

where dλ denotes the partition (dλ1, dλ2, . . .). The coefficient of mkd in the
monomial expansion of the sum above is given by∑

λ⊢k

1

zλ

1∏
j≥1(t

dλj − 1)
=

∑
λ⊢k

1

zλ

t−kd∏
j≥1(1− t−dλj )

= t−kd
∑
λ⊢k

1

zλ
pλ(1, t

−d, t−2d, . . .)

= t−kdhk(1, t
−d, t−2d, . . .)

=
t−kd

(t−d; t−d)k
,

where the last equality follows from the stable principal specialization identity
for hk (see Stanley [41, Prop. 7.8.3]). The result now follows from the claim
and the fact that

∑
nidi = n. □

5. Matrices with given support in a conjugacy class

In this section we consider the problem of counting matrices in a conjugacy
class with some entries specified to be zero. More precisely, given a subset
S ⊆ [n] × [n] and a conjugacy class C of Mn(Fq), we would like to enumerate
the number of matrices A = (aij) ∈ C such that aij = 0 whenever (i, j) /∈ S. Let
N(C;S) denote the number of such matrices; this is N(C;S; 0) in the notation of
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Definition 1.1. To each such support S, we associate a directed graph D = DS

with vertex set [n] and edge set S. Let AS denote the adjacency matrix of DS .

Example 5.1. Let n = 5 and consider the support

S = {(1, 2), (1, 5), (2, 3), (3, 1), (4, 4), (5, 2), (5, 5)}.
In this case DS is the following digraph, with adjacency matrix AS :

1

2

3

4

5 AS =


0 1 0 0 1
0 0 1 0 0
1 0 0 0 0
0 0 0 1 0
0 1 0 0 1

 .

Definition 5.2. Two supports S and S̃ are permutation similar if there exists
a permutation matrix P such that AS̃ = PASP

−1.

Since conjugation of the adjacency matrix by a permutation matrix corre-
sponds to the natural action of the symmetric group by permuting vertex labels
of the digraph, it follows that the digraphs DS and DS̃ are isomorphic if and

only if S is permutation similar to S̃.

Proposition 5.3. If S and S̃ are permutation similar, then N(C;S) = N(C; S̃).
Proof. Follows from the fact that C = PCP−1 for each conjugacy class C of
Mn(Fq) and every n× n permutation matrix P . □

Problem 5.4. Given C and S, determine N(C;S).
Though the general case of the above problem is open we now discuss some

cases where an answer can be gleaned from known results.

5.1. Hessenberg spaces and adjoint orbits. One can give a symmetric
function formula for N(C;S) for a specific class of supports S. We begin with
some definitions. A generalization of the chromatic polynomial of a graph,
called the chromatic symmetric function was originally introduced by Stan-
ley [40]. A one parameter deformation of this function called the chromatic
quasisymmetric function was defined by Shareshian and Wachs [39]. Let G be
a graph with vertex set [n]. Let P denote the set of positive integers and con-
sider functions κ : G → P defined on the vertex set of G. Denote by asc(κ),
the number of edges {i, j} of of G with i < j and κ(i) < κ(j). The chromatic
quasisymmetric function of G is defined by

XG(x; t) :=
∑

κ:[n]→P
κ proper

tasc(κ)xκ(1)xκ(2) · · ·xκ(n),

where the sum is taken over all proper colorings (adjacent vertices do not receive
the same color) of the vertex set of G.

Definition 5.5. A Hessenberg function is a weakly increasing function m :
[n] → [n] satisfying m(i) ≥ i for each i ∈ [n].



ENUMERATING MATRICES WITH PRESCRIBED ENTRIES IN AN ADJOINT ORBIT 25

It will be convenient to represent a Hessenberg function m defined on [n] by
the tuple (m(1), . . . ,m(n)). To each such Hessenberg function m, we associate
an indifference graph G(m) which has vertex set [n] and edge set {{i, j} : 1 ≤
i < j ≤ m(i)}. For this specific class of graphs it is known that the chromatic
quasisymmetric function XG(m)(x; t) is in fact symmetric.

Definition 5.6. Given an operator T : Fn
q → Fn

q , the Hessenberg variety
H (m, T ) is defined as the collection of all complete flags V1 ⊂ V2 ⊂ · · · ⊂
Vn = Fn

q such that TVi ⊆ Vm(i) for each i ∈ [n].

The following result was recently proved by Abreu, Nigro and Ram [1,
Thm. 1.1].

Theorem 5.7. For each operator T on Fn
q with similarity invariants L, the

number of Fq-rational points on the Hessenberg variety H (m, T ) is given by

|H (m, T )| = ⟨FL(x; q), ωXG(m)(x; q)⟩.
To each Hessenberg function m defined on [n], we associate the Hessenberg

space Hm = Hm(q) which consists of all matrices in A = (aij) ∈ Mn(Fq)
satisfying aij = 0 whenever i > m(j).

Example 5.8. If m = (2, 2, 3, 4), then Hm(q) consists of all matrices over Fq of
the form 

∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
0 0 ∗ ∗
0 0 0 ∗

 .

The associated unit interval graph G(m) has edge set {{1, 2}}:
1 2 3 4

In this case XG(m)(x; t) = (1 + t)e211.

The space Hm consists of matrices with support S = {(i, j) : i ≤ m(j)}. We
refer to such a support as a Hessenberg support.

The following result is the matrix version of Theorem 5.7.

Theorem 5.9. The number of n× n matrices in Hm(q) which have similarity
invariants L is given by

|Hm(q) ∩ C(L)| = q(
n
2)(q − 1)n

c(L)
⟨FL(x; q), ωXG(m)(x; q)⟩,

where c(L) denotes the centralizer size corresponding to L.

Recall Definition 2.18 of class type. For a fixed class type τ of size n there
always exists a matrix of type τ over Fq for sufficiently large prime powers q.

Definition 5.10. Let S ⊆ [n] × [n], and let VS(q) ⊆ Mn(Fq) denote the coor-
dinate subspace of matrices supported on S. We say that S has the class type
polynomiality property if, for every class type τ of size n, there exists a poly-
nomial PS,τ (t) such that, for every sufficiently large prime power q and every
conjugacy class C ⊆ Mn(Fq) of class type τ ,

|VS(q) ∩ C| = PS,τ (q).
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Theorem 5.9 implies that every Hessenberg support has the class type poly-
nomiality property. Indeed, for a given class type τ , the number of matrices in
the Hessenberg space Hm(q) which lie in a conjugacy class of class type τ is a
rational function in q and, therefore, a polynomial in q (since it takes integer
values for sufficiently large prime powers q).

Problem 5.11. Determine all supports which have this class type polynomi-
ality property.

Corollary 5.12. Let m be a Hessenberg function on [n] and suppose f =∏r
i=1 f

ni
i where the fi are distinct irreducible polynomials over Fq with deg fi =

di for 1 ≤ i ≤ r. The number of matrices in Hm(q) with characteristic polyno-
mial f is given by

(q − 1)nq(
n
2)⟨Cf (x; q), ωXG(m)(x; q)⟩,

where

Cf (x; t) :=
r∏

i=1

pdi ◦ hni

[
X

t− 1

]
.

Proof. Sum Theorem 5.9 over all conjugacy classes with characteristic polyno-
mial f ; the resulting symmetric function sum is Equation (8). □

5.2. Ad-nilpotent ideals and adjoint orbits. Let bn(Fq) denote the Lie
algebra of n × n upper triangular matrices over Fq and let un(Fq) denote its
nilradical, the Lie algebra of strictly upper triangular matrices. An ad-nilpotent
ideal of un(Fq) is an ideal of un(Fq) which is stable under the adjoint action of
bn(Fq). In type A, these ideals are parametrized by Hessenberg functions: if m
is a Hessenberg function on [n], then

um(Fq) := {(aij) ∈ un(Fq) : aij = 0 whenever j ≤ m(i)}
is an ad-nilpotent ideal, and it is known that every ad-nilpotent ideal arises
uniquely in this way. For instance, if m = (2, 3, 4, 4), then um(Fq) consists of all
matrices over Fq of the form 

0 0 ∗ ∗
0 0 0 ∗
0 0 0 0
0 0 0 0

 .

The next result follows from Theorem 4.4 and Corollary 4.5 in Gagnon [16].

Theorem 5.13. The number of nilpotent matrices with Jordan form partition
λ that lie in the subspace um(Fq) is given by

q(
n
2)−e(q − 1)n

cq(1, λ)
⟨H̃λ(x; q), XG(m)(x; q)⟩,

where e denotes the number of edges of the graph G(m).

Another proof of Theorem 5.13 and a tableau formula for the count was given
by Bardestani, Mallahi-Karai, Ram and Salmasian [5].
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Remark 5.14. When e = 0, the formula above agrees with Theorem 5.9 for the
number of nilpotent upper triangular matrices in the conjugacy class {(x, λ)}
since m = (1, 2, . . . , n) in this case and XG(m) = e1n = h1n .

6. Conclusion

Several classes of symmetric functions, such as Hall–Littlewood polynomi-
als and their variants, q-Whittaker functions, and chromatic quasisymmetric
functions, appear in the enumeration formulas for matrices with prescribed en-
tries in an adjoint orbit. It would be interesting to identify further symmetric
functions that occur in this setting.

The open problems raised above can be organized by theme:

• Affine slices and supports: Problems 1.3 and 5.4;
• Restrictions of partial linear maps: Problems 2.7 and 2.8;
• Symmetric-function positivity : Conjecture 2.27 and Problem 2.28;
• Polynomiality of counting functions: Problem 5.11.

With these themes in mind, the following questions seem natural.

Question 6.1. For which supports S and prescriptions φ can the affine-slice
counts N(C;S;φ) be expressed as scalar products of symmetric functions?

Question 6.2. Do the extension counts η((µ,M),L) admit combinatorial for-
mulas, for instance in terms of tableaux?
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