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THE MAXIMUM CODIMENSION OF A SALEM
SUBMANIFOLD

JACOB DENSON*

ABSTRACT. We determine a geometric condition necessary and sufficient for an
m-~dimensional manifold in Euclidean space to support a probability measure
u satisfying the Fourier decay bound |a(¢)] <. |¢|57™/2 for all ¢ > 0. As a
result, for each m > 0, we explicitly determine the largest codimension of an
m-dimensional smooth submanifold M of Euclidean space which is a Salem set.
This largest codimension is precisely expressible in terms of the Radon-Hurwitz
numbers. In particular, we find that the only odd dimensional manifolds which
can be Salem sets are hypersurfaces, and that the largest codimension of an m-
dimensional manifold which is a Salem set is upper bounded by 21g(m/2) + 3,
and equal to 21g(m/2) + 3 when m is a power of 16. The proof strategy,
which involves covering manifolds by certain stationary sets associated with
the Fourier transform on that manifold, is robust, and we demonstrate its
use by proving that all nondegenerate curves in R™ have Fourier dimension
equal to 2/n, and find an alternate proof of a result of Junjie Zhu on the
Fourier dimension of hypersurfaces with a fixed number of vanishing principal
curvatures.

1. INTRODUCTION

The Fourier dimension of a set S C RY, denoted dimg(S), is the supremum
of all s € (0,d] for which there exists a finite, non-negative Borel measure pu
satisfying |7(¢)| < |¢|7*/? uniformly for all ¢ € R%. The Fourier dimension of
a set is always smaller that its Hausdorff dimension, and a set is Salem if it’s
Fourier dimension and Hausdorff dimension coincide. This paper investigates the
Fourier dimension of submanifolds of Euclidean space.

Among sets of a given Hausdorff dimension, Salem sets exhibit subtle structural
properties, reflecting their lack of correlation with plane waves. The Fourier
dimension of hypersurfaces is often characterized by the curvature of the surface.
For instance, hyperplanes have Fourier dimension zero, whereas hypersurfaces
with non-vanishing Gauss curvature are Salem sets. Between these two extremes
lie manifolds of higher codimension, where curvature is not the only property
determining Fourier decay. The connection between geometric properties and
Fourier decay then becomes quite delicate.

While the Fourier transform of smooth densities on manifolds can be analyzed
using the well-developed body of techniques for the analysis of oscillatory inte-
grals, such analysis does not preclude the existence of singular measures that may
have faster Fourier decay than any smooth density. This possibility is difficult
to eliminate, which makes obtaining upper bounds on the Fourier dimension of
manifolds quite difficult.
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Nonetheless, the existence of singular measures on a manifold with faster
Fourier decay than smooth densities would have significant analytic consequences.
In Fourier restriction theory, such decay properties would give rise to stronger
Stein-Tomas type restriction estimates [3, [I8, [19]. In number theory, such decay
would show that lattice points distribute non-homogeneously on the manifold
[12, 13]. And in spectral theory, such measures would give rise fractal uncer-
tainty principles on their support [4, B]. So identifying whether such measures
could exist is of interest in analysis.

The main result of this paper is a simple geometric condition that characterizes
when a smooth submanifold of Fuclidean space is Salem. It implies that if a
manifold is Salem, then smooth volume densities always have the fastest Fourier
decay among all measures supported on the manifold.

Theorem 1.1. Let M be a smooth, m-dimensional submanifold of Euclidean
space. Then M is a Salem set if and only if there exists a point zg € M so that
for each (s € (T, M)*, the function z + (- (2 — 20) on M has a non-degenerate
critical point at zo. In particular, if no point in M has this property then it can
have Fourier dimension no greater than m — 1/3.

Remark 1.2. The upper bound in Theorem[1.1] is sharp, as one may verify that
the graph of the function ¢(x,t) = |z|?> + > on R™ ' x R is an m-dimensional
hypersurface of R™ with Fourier dimension m — 1/3. See Proposition for
details.

Remark 1.3. In Section[3, we see that standard methods for analyzing oscilla-
tory integrals justify that if the geometric condition in Theorem 1s satisfied,
then appropriately localized smooth volume densities p on the manifold M satis
17(6)| < |€]F7™/2 for all ¢ > 0. The main difficulty in the proof of Theorem
1s instead justifying that manifolds which are Salem sets must satisfy the given
geometric condition.

As a result, for each m we determine explicitly the largest integer k for which
there exists an m-dimensional smooth submanifold in R™* that is a Salem set. It
turns out that these quantities can be expressed precisely by the Radon-Hurwitz
numbers. For each m > 1, let p(m) denote the mth Radon-Hurwitz number. If
2¢+4d ig the largest power of two dividing m, where 0 < ¢ < 3, then p(m) is defined
to be equal to 2°+8d. Such numbers famously arise in the classification of division
algebras and the problem of determining the study of the maximal number of
linearly independent vector fields on S™~!. It is interesting that these quantities
also determine precisely the threshold for the codimension of submanifolds which
are Salem sets. To simplify the statement of the main result of the paper, we will
also define p(a) = 0 if a ¢ N, though this is non-standard.

Theorem 1.4. Ifm and k are positive integers, then there exists an m-dimensional
smooth submanifold of R™™ which is a Salem set if and only if k < p(m/2) + 1.

If k > p(m/2 + 1), then any smooth m-dimensional submanifold of R™* has
Fourier dimension at most m — 1/3.

In Figure [T we provide a table explicitly computing for each m the largest
Euclidean space R? which contains an m-dimensional submanifold that is a Salem
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m | 1 2 3 4 5 6 7 8
Rd R2 R4 R4 R7 R6 R8 R8 R13

F1cURrE 1. For m € {1,...,8}, this table lists the largest ambient
space R? containing an m-dimensional submanifold which is a
Salem set.

set. If a is the largest power of 2 dividing m, then one may check explicitly that

p(m/2) +1 < 2lg(a/2) + 3 < 21g(m/2) + 3. (1.1)
The upper bound 21g(m/2) + 3 in is achieved precisely when m is a power
of 16. When m is any other power of two, p(m/2) + 1 = 21g(m/2) + 1, which
is still close to achieving the upper bound in (1.1). However, for a typical m
the maximal co-dimension is much smaller than this upper bound, unless m is
largely a power of 2. In particular, when m is odd, hypersurfaces are the only
m-dimensional submanifolds which are Salem sets.

The proof of Theorem is geometric in nature. We show that a finite mea-
sure u supported on a manifold can exhibit large Fourier decay only if it assigns
small measure to certain tubes covering the manifold. By covering the manifold
with such tubes, we deduce that 1 = 0. The argument is robust and may ex-
tend to yield sharp upper bounds for the Fourier dimensions of other classes of
submanifolds.

We provide two results that provide evidence that sharp bounds can be ob-
tained with this method. We begin by applying the method to obtain a simple
proof of a theorem of Junjie Zhu [27], who obtained sharp Fourier dimension
bounds for hypersurfaces of constant nullity, that is, hypersurfaces in Euclidean
space with a fixed number of non-vanishing curvatures at each point. This built
upon the techniques of earlier work in [26] for analyzing conic and cylindrical
hypersurfaces, further inspired by work of Jonathan Fraser, Terence Harris, and
Nicholas Kroon [9], who showed the light cone in R"*' has Fourier dimension
n— 1.

Theorem 1.5. Suppose M is a smooth hypersurface in R™™, and ezactly k
principal curvatures vanish at each point of M. Then dimg(M) =n — k.

The methods of [9], [26] and [27] rely on an ‘affine smoothing strategy’. The idea
is to exploit the symmetries of the underlying manifold to reduce the study of the
Fourier decay of singular measures to the Fourier decay of smooth measures, where
one can use standard oscillatory integral techniques. In contrast, our argument
directly exploits the geometry of hypersurfaces with a fixed number of vanishing
principle curvatures, i.e. that they can be locally foliated by n — k dimensional
hyperplanes. This yields a substantially simpler proof.

Our methods also yield sharp bounds on the Fourier dimensions of nondegen-
erate curves. Recall that a curve parameterized by a function v : I — R" is
non-degenerate if at each ty € I, the vectors 0yy(t), ..., 0/ y(to) are linearly inde-
pendent. This class of curves possesses fewer structural properties that the class
of surfaces covered in Theorem [L.5

Theorem 1.6. If C' C R" is a smooth, non-degenerate curve, dimg(C) = 2/n.
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Note this result aligns with the results of Theorem which guarantees that
all curves in R" for n > 3 must have Fourier dimension at most 2/3.

Finally, we remark that the only smooth diffeomorphisms of R? that preserve
the geometric property in Theorem for all submanifolds M are affine trans-
formations. As a corollary, we conclude that the only smooth diffeomorphisms
on R? for d > 1 that preserve Fourier dimension are the affine transformations.
This contrasts strongly with the study of subsets of R', where it remains an open
question if all smooth diffeomorphisms preserve Fourier dimension [7].

2. REQUIRED SMOOTHNESS IN MAIN RESULTS

The results proved in this paper become slightly more convoluted to state if
we quantify the required smoothness of the manifolds we are studying, but this
may still be of interest to some readers.

Theorem [1.1} When m € {1, 2,3, 4}, the proof of Theorem desribed here
carries through when M is assumed to be a C*T®-submanifold for some a > 0.
When m > 4, the proof of Theorem carries through only when M is a C™-
submanifold for some integer N > [m/2]. The additional regularity when m > 4
is needed to prove the required lower bounds on the Fourier dimension of M,
i.e. to integrate by parts sufficiently many times to get Fourier decay away from
stationary points in the oscillatory integrals considered in Section [3]

Theorem [1.4t The proof of Theorem described here shows that if & >
p(m/2+1), and o > 0, then any C?**-submanifold of R™* has Fourier dimension
at most m — 1/3.

Theorem [L.5} The proof of Theorem [I.5] described here carries through when
M is assumed to be a C? manifold of constant nullity and n — k € {1,2,3,4}.
For n — k > 4, the proof shows C? manifolds of constant nullity have Fourier
dimension at least n — k, but to obtain the lower bound we must assume M is
CY for N > [(n — k)/2]. Again, the trouble is obtaining enough regularity to
perform integration by parts, justifying the required lower bounds.

Theorem (1.6 the proof of Theorem given here carries through for all
nondegenerate C™-curves in R". It is difficult to change this level of regularity
significantly because the usual definition of a nondegenerate curve requires a curve
to have at least n derivatives at each point.

We remark that if one reformulates Theorems and [L.5] to only discuss
Fourier decay in directions normal to the manifolds in study, then one need not
use the principle of non-stationary phase at all in the proofs of lower bounds (all
oscillatory integrals considered will have stationary points), and then Theorems
and follow for all C?T*-submanifolds, and Theorem holds for all C-
submanifolds.

3. LOowER BounDs FOrR THE CODIMENSION THRESHOLD

In this section, we prove the required lower bounds required in Theorem
That is, for m > 1 and k = p(m/2)+1 we prove the existence of an m-dimensional
submanifold of R™"™ that is a Salem set. The process of proof also provides



THE MAXIMUM CODIMENSION OF A SALEM SUBMANIFOLD 5

significant motivation as to why these lower bounds are also the relevant upper
bounds, and leads to a discussion as to why the Radon-Hurwitz numbers appear
in Theorem [L.4

Let M be an arbitrary m-dimensional smooth submanifold of R®. Tt is a
heuristic in harmonic analysis that Fourier decay and smoothness are closely
intertwined. This leads us to conjecture that the optimal decay of measures
supported on M may be achieved by a smooth volume density on M, i.e. by what
might be called a Knapp type example in restriction theory. Working locally, we
may write M as the graph of a function ¢ : R™ — R". If u is supported on M,
then we may find a smooth, compactly supported function @ on R™ so that

) = / a(z)e?™EHA) dr where ¢ = (€,7). (3.1)

Conversely, for any a € C2°(R™) we can find a finite Borel measure p on M such
that j1 is expressed as . To study optimal Fourier decay we are thus lead to
the analysis of a standard oscillatory integral with smooth amplitude and phase,
and so we may employ the principles of stationary and non-stationary phase.

Naively, stationary phase tells us that if the Hessian of the phase is non-singular
at any critical point of the phase, then we can obtain an estimate |7i(¢)| < |¢]7™/2,
which is sufficient to conclude that M has Fourier dimension m, and is thus a
Salem set. For any point xq in the support of a, and any 7, setting & = —Dg(xq)'n
in gives rise to an oscillatory integral with a critical point at xy. Define

H(g.nx) =3 niHess(6:)(x0). (32)

where Hess(f)(zo) denotes the Hessian of a function f at a point zo. Then the
Hessian of the phase at the critical point xy above is a multiple of H(¢,n, x¢). In
order to assume all critical points are non-degenerate, we are thus forced to make
the assumption that for any z, in the support of a, and all non-zero n € R”,
H(¢,n,x0) is non-singular. Conversely, under these assumptions we obtain the
required Fourier decay.

Lemma 3.1. Let ¢ : R™ — RF be a smooth function, and a € C*(R™), and
define

1€ = [ aw)emiesone .

Suppose that H(¢,n,x) is non-singular for all x € supp(a) and all n # 0, where
H is defined in (3.2). Then

11O < ICF™2 for alle > 0 and all { = (€,7) in R™.

Proof. Let A = |¢|]. If A < 10, then the trivial bound |I(£,7n)| < 1 proves what
is required, so we may assume in what follows that A > 10, and also that ¢ < 1.
By assumption, any critical point of the oscillatory integral is non-degenerate.
Therefore, by breaking up a into O(1) functions supported on smaller sets, we
may assume without loss of generality that, if a critical point for the oscillatory
integral exists, then it is unique. We then consider two regimes:

The Non-Stationary Regime: Suppose
|€ + Do(x)tn| > A/*71 for all z € supp(a). (3.3)
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Then successive integration by parts yields that
1) Sy AN forall N >0, (3.4)
which is a sufficient bound if N > m/2 —e.

The Stationary Regime: Suppose that

€ + Dp(z0)in| < X271 for some zy € supp(a). (3.5)
Let & = —Do(xo)tn. If we define ag(z) = a(x)e?™*(E—)= then (3.5) implies
10%a| < MNPE/2 for all multi-indices 3. (3.6)

We should therefore view ay as smooth, up to a e-loss in A\. We can then write
I(¢) = /ao(x)e%i’\(go'””"z’(z)) dx. (3.7)

The phase of this oscillatory integral has a unique non-degenerate critical point
at xo. The principle of stationary phase (see, for instance, Theorem 7.7.5 of
[15]), together with (3.6]) thus implies

(O] S [SUPm\gz HaﬂGOHLW(Rd)] Wﬁmﬂ S AE!HI””/Q- (3.8)
Since implies
A< e+ Il < X274 | Do) n| + n| < A2+ O(In]) (3.9)
we conclude since A > 10 and € < 1 that A < ||, and thus from that
OIS A2, (3.10)

which is sufficient for our purposes.
Combining (3.4) and (3.10]) yields the claim. O

We now apply this result to smooth volume densities supported on manifolds,
and obtain the following claim.

Proposition 3.2. Suppose M C R™* is the graph of a smooth function ¢ :
R™ — RF. Suppose that there exists a point xo € R™ so that H(p,n,z) is
non-singular for all n # 0, where H is defined in (3.2)). Then M is a Salem set.

Proof. The assumption, by compactness, continuity, and homogeneity of H in n,
implies that there exists a neighborhood U of zy so that H (¢, n, z) is non-singular
for all z € U and n # 0. If a € C2°(R™) is supported on U, and I is defined as in
Lemma , then that lemma implies |1(¢)] <. [¢|5™/2 for all ¢ > 0. But there
exists a finite-nonnegative measure p supported on M such that 7i(¢) = I(¢) for
all ¢ € R?, and so we have proved that M has Fourier dimension at least m. The
Hausdorff dimension of M is m, and always upper bounds the Fourier dimension,
and so it immediately follows that M is a Salem set. O

To determine how large the codimension of a manifold must be before it fails
to be Salem, we are thus lead to the following question: for a given m, what is
the largest k such that there exists a function ¢ : R™ — R* and z € R™ so that
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H(¢,n,x) is non-singular for all x # 0. Given any symmetric m X m matrices

Ay, ..., A, if we define
P(x) = (2" Az/2,... 2" Ay /2), (3.11)

then H(¢,n,z) =mA; + -+ + ngAg. We thus see our problem is equivalent to a
completely algebraic problem: for a given m, what is the largest k& so that there
exists k symmetric m X m matrices Ay, ..., Ay, so that for any 1 # 0, the matrix
mAL + -+ + N Ag is non-singular. Equivalently, what is the largest dimension
of a subspace of the space of all m x m symmetric matrices so that all non-zero
elements of this subspace are non-singular. Fortunately, this problem has been
fully resolved by methods of representation theory and algebraic topology, and
we briefly indulge in an outline of the history of this problem.

The original incarnation of the problem, connected with the theory of qua-
dratic forms in number theory, was to find the largest k such that there exists k
orthogonal m x m matrices Oy, ..., O so that 7,01 + - -+ + 1Oy is orthogonal
whenever |n| = 1. In 1898, Adolf Hurwitz [16] proved that k was equal to m only
when m € {1,2,4,8}, and two decades later Johann Radon [2I] extended this
method to prove that k was always at least p(m) for all m, where p(m) are the
Radon Hurwitz numbers defined in the introduction.

To obtain the required upper bounds, algebraic topology enters the picture.
To get a feeling why the problem has a topological nature, let us consider a short
proof as to why k£ = 1 when m is odd. Consider any two non-singular matrices A;
and Ay. We will show some non-trivial linear combination of the matrices must
be singular. Consider the continuous matrix-valued function

A(n) = mAz + 124 (3.12)
defined on S*. If f(6) is the determinant of A(cos(6),sin(6)), then
f(0) =det(A;) and f(7m) = —det(A4;). (3.13)

The intermediate value theorem implies there exists some 6y € [0,7] so that
f(6p) = 0, and so we conclude cos(6y)A; + sin(fy) A, is singular, as required.

Of course, the analysis of the more general result, where £ can be arbitrarily
large, requires a much more robust set of topological machinery In the 1940s Beno
Eckmann [6] and Heinz Hopf [14] independently made the following observation.
Suppose Ay, ..., A are matrices such that A(n) = > n;A; is non-singular when
n # 0. By multiplying each A; on the left by Ay, we may assume without loss of
generality that A, = I. It then follows that the vector fields

X1, X1 8™ 5 R? defined by X;(z) = I1,(Ax) (3.14)

are everywhere linearly independent, where II, is orthogonal projection onto
T,5™"1 ¢ R™. Indeed the vectors Az, ..., A,z must be linearly independent,
and since Ayz = z it follows that no linear combination of {A;x : ¢ < k} can
be a multiple of . So we obtain a family of & — 1 vector fields on S™ ! that
are everywhere linearly independent. We thus see that to control the maximum
k for which A, ..., Ay exist, we are forced to understand how vector fields on
S™=1 can remain linearly independent. This problem can be viewed in terms of
K -theory, the topological study of vector bundles defined on S™ 1.
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Following work of Norman Steenrod, John Whitehead, and Hirosi Toda [22], 25],
in 1962 John Adams [I] was able to show that for £ > p(m) there does not exist
a family of £ — 1 everywhere linearly independent continuous vector fields on
S™m=1 This completed the proof that p(m) was exactly the largest dimension of
a subspace of matrices any non-zero element of which was non-singular for any
m. Via a simple reduction to the non-singular case, in 1965 John Adams, Peter
Lax, and Ralph Phillips [2] then showed that p(m/2)+ 1 is the largest dimension
of the subspace of m x m symmetric matrices such that any non-zero element is
non-singular.

Using Proposition [3.2] the following results thus immediately follow.

Proposition 3.3. If k < p(m/2) + 1, then there exists a smooth m-dimensional
submanifold of R™™ which is a Salem set.

Lemma 3.4. If k > p(m/2) + 1, and M is any m-dimensional C*-submanifold
of R™* then for each 2y € M, there exists ¢ € (T, M)* and v € T,y M so that
the function ¢ - (z — zo) vanishes to order three at zy in the direction v.

We have seen how the study of smooth volume densities on a manifold leads to a
conjecture on the largest codimension of a Salem m-dimensional manifold. Using
Lemma (3.4} it is not too difficult using standard oscillatory integral techniques
to show that no smooth volume density p on an m-dimensional C2-manifold M
of codimension k& > p(m/2) + 1 can satisfy a Fourier decay bound of the form
72(0)] < [¢]7%/2 for s > m — 1/3. However, the difficulty in the remainder of the
argument is showing that one cannot get this decay for any measure, no matter
how non-smooth. The remainder of the argument consists of showing directly
that no finite Borel measure supported can have faster Fourier decay then one
obtained by a smooth volume density.

To prove this, we will take an arbitrary Borel measure 1 on M, and show that
the only way to have an estimate of the form |(¢)| < [¢|~*/? for s sufficiently
close to m is if p = 0. We will do this by showing ; must assign small measure
to a family of elongated tubes on the set M, which efficiently cover M, and
the only way this is possible if s > m — 1/3 is if 4 = 0. The upper bound
dimg (M) < m — 1/3 immediately follows.

To conclude this section, we provide two additional propositions relevant to
Remark [1.2] and Theorem [L.6

Proposition 3.5. The graph of the function ¢(x,t) = |z|>+t> on R™ ' x R has
Fourier dimension at least m — 1/3.

Proof. As above, we reduce to the analysis of oscillatory integrals. We may find
a measure 4 supported on the graph so that

aE,w,n) = /a1(:c)a2(t)eQ”i(é'““H""’ﬁ(x’t)) dz dt, (3.15)

where a; and ay are smooth and compactly supported. This integral tensorizes,
i.e. we can write (&, w,n) = I1(&,n)Ix(w,n), where

L(&n) = /al(x)e2m(£'””x|2) dr and Ir(w,n) = /aQ(t)eQ’”(“H”tg) dt. (3.16)
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If €] Z |n| and |£] > |w]|, the phase of the oscillatory integral I; is non-stationary,
and we can integrate by parts to conclude that |I;(&,n)| Sy |7V for arbitrarily
large N > 0. Combining this with the trivial estimate |I2(w,n)| < 1 we conclude
that [7(¢Q)] <y [¢|™V. A similar analysis works if |w| 2> |n| and |w| > |£], so
we may assume that || 2 |£| and || 2 |w|. The stationary phase principle
then justifies that |I;(&,n)| < 9|~ Y72, and the Van der Corput Lemma (see
Chapter VIII, Proposition 2 of [23]) justifies that |Iy(w,n)| < |n|~'/%. Combining
these estimates yields that |(¢)| < |¢|7™/2+1/6. Since —m/2 +1/6 = —s/2 with
s =m — 1/3 this completes the proof. O

Proposition 3.6. If C' C R" is a smooth, nondegenerate curve, dimg(C') > 2/n.

Proof. Let v : I — R" be a smooth parameterization of some portion of the
curve, such that the vectors e;(ty) = Oy(to),...,en(to) = O7y(to) are linearly
independent. We may find a measure supported on C' so that

(&) = /a(t)e%”f”(t) dt forall £ € R",

where a is smooth and compactly supported in I. We claim that |z(¢)] < [£]7Y/7,
which would suffice to complete the proof. Since the vectors {e;(t)} are spanning
for each t € I, we may find 6 > 0 so that for all t € I and all ¢ € R, there exists
i € {1,...,n} so that |[£-e;(t)] > 6|¢|. By breaking up a into O(1) functions
supported on smaller regions, we may assume without loss of generality that
le;(t) — e; ()| < /10 for all ¢ and ¢’ in the support of a. It then follows that
for any ¢ € RY, we may find some i € {1,...,n} so that |€ - e;(t)| > §|¢| for
all ¢ in the support of a. If i = 1, then integration by parts then justifies that
2(&)| Sy [€]7N for all N > 0. For i € {2,...,n}, the Van der Corput lemma
justifies that |(€)] < [€]7YF < €]~/ In either case, we conclude that the
measure g has the required Fourier decay. 0

4. BOUNDS ON THE MEASURE OF STATIONARY SLABS

In this section, we study an arbitrary Borel measure p supported on a set S.
Under the assumption that p has Fourier decay, we take a slab © supported on a
small neighborhood of the set S pointing in some direction (y. Under the assump-
tion that S is suitably transverse to the direction ¢y, we show that x(©) must be
small. When using these results in the sequel, we will take S to be a manifold,
and (y a vector normal to the manifold at some point (from which the transver-
sality assumption then follows). It is possible, however, the Lemma may still
have some application when S is a more general set for which transversality still
makes sense, such as a rectifiable surface.
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FIGURE 2. An illustration of the setup to Lemma Here V is
the z-axis, V* the y-axis, and S is the curve through zy. The
vector (j is ‘transverse’ to the set S at zg, in the sense that within
the dashed box with height R°R™!, the set S only contains points
in the shorter solid box with height R™!.

Lemma 4.1. Let p be a finite Borel measure supported on a set S C R? such
that |fi(€)| < C(&)~%/2 for all ¢ € RY. Fize >0, R >0, and 20 € S, let V be a
subspace of R, and for = € R?, let II and II*+ be the orthogonal projections onto
V and V* respectively. Consider a unit vector (o € V*, and suppose Q C V is a
symmetric ellipsoid so that

1Co- (z—2)| < 1/R when TI(z —z) € Q* and |II-(z — 2)| < R°/R,
where Q* is a dilation of Q by a factor of 2. Then if we consider the slab
O={zcR": 1(z — %) € Q and |I*(z — 2)| < 1/R},
then (©) < CR™%/2, with an implicit constant depending only on d and .

Remark 4.2. Lemma 15 a refinement of the Esséen Concentration Inequal-
itf], and thus results to a general scheme in harmonic analysis which relates
bounds for oscillatory integrals to control on the size of the stationary sets asso-
ciated with such oscillatory integrals. For any symmetric ellipsoid Q C 'V, if ©
is defined as in Lemmal4. 1], then applying the Esséen Concentration Inequality to
© shows that

we s f e (a.1)

where Q* s the dual ellipsoid to () centered at the origin, and BEL 1s the ball
centered at the origin in V* of radius R. Substituting the bound |ji(€)| < 1+|€]7%/2
into (4.1)) and integrating, we find that

1(O) < R—dim(V4) (1 I Rdim(VL)fs/2) . (4.2)

The Esséen Concentration Inequality thus implies Lemma when s < 2dim(V 7).
The transversality assumptions in Lemma allow us to obtain the required
bounds in the case s > 2dim(V+) as well, which is necessary in what follows.

*See e.g. Lemma 7.17 of [24] for the full Statement and proof of the Esséen Concentration
Inequality, the method first appearing in a 1966 paper of Carl-Gustav Esséen [8]. Taking
e = 1/R in the version of the inequality stated in Lemma 7.17 of [24], and rescaling the
inequality non-isotropically so it applies to ellipsoids rather than just balls gives .
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Proof of Lemma[f.1. If R < 2'/¢  then the bound
wO) <R <C S COR? (4.3)

follows trivially, so we may assume that R > 2'/¢ in what follows. Let A: V — V
be a linear isomorphism mapping the unit ball to ). Consider a symmetric
Schwartz function

X(2) = (x1 0 A7 o I (2 — 20) (x2 0 TIV) (R4 (2 — 20)), (4.4)
where
x1(x) =0 for || >2 and xo(y) =0 for |y| > 1, (4.5)
and such that
Ix1(@)], [x2(y)] =1 for |z[ < 1and |y| <1/2. (4.6)
Define
n(z) = oty (=2), (4.7)

We will bound p(©) by studying the convolution 7 * p.
We calculate directly that

(1% 1) (0) = / n(—2)dp(z) = / G 20 () dp(2). (48)

On the support of the integrand, z € S, II(z — zp) € Q and |II*+(z — )| < R*/R.
By assumption, this means that |(y - (z — 29)| < 1/R, and thus that
Re (e‘iRCO'(Z_ZO)) = cos (RCy - (z — 2zp)) > cos(1) > 1/2. (4.9)

Thus the real part of the integrand in (4.8)) is non-negative. Moreover, we conclude
from (.6 and that R > 2'/¢ that

x(z)>1 ifz€0, (4.10)
and so
Re(n0(0) > [ Re (e ™) \(2)du(z) > w(@)/2 (4.11)
Since 7 * p is a smooth funct?on, rearranging gives
4(©) < 207 * e (412)

In the remainder of the argument, we use the Fourier transform to justify that
the upper bound ||n * p||Loo(Rd) < R™*/? holds, which will complete the proof.
Define

Q= {¢: IT(Q)] < R/10}, (4.13)
Symmetries of the Fourier transform, and the smoothness of y, imply that
17l Sy RN forall N >0, and |7z S 1, (4.14)

where the implicit constants in (4.14])) depend only on d and €. Combining these
two estimates with the bounds

[Allzeie S € and [l @) S CR™ (4.15)

which follow from the Fourier decay of p, Holder’s inequality implies that
7% Aill oy gy = 117 Aill ey S B2 (4.16)
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The Hausdorff-Young inequality, (.12)) and ([#.16) imply u(©) < CR™/2, O

Our stategy to upper bounding the Fourier dimension of a manifold M involves
taking a measure p with |[7(¢)| < [¢|™/? on M, and to cover M by a family of
N(R) slabs {©;} to which we can apply Lemma for appropriate ¢; and R;.
Then we conclude from Lemma [4.1] that

p(M) <> p@) > R (4.17)

If for each € > 0, we can choose {©;} with ). Ri_s/2 < ¢, then taking ¢ — 0
yields that p(M) = 0. We thus conclude that dimg(M) < s.

One might compare this process to another notion of dimension, known as affine
dimension, introduced by Daniel Oberlin [20], which is sensitive to the same kind
of geometric features of a manifold as the Fourier dimension. The affine dimension
is defined very similarly to the Hausdorff dimension — for a particular s > 0, we
define an outer measure, A°(E) for a set £ C R?, by setting

A*(E) = lim inf {Zi yQi|s/d} , (4.18)

where the infimum is taken over all families of ellipsoids {@Q;} which cover E, with
each ellipsoid in the cover having diameter at most . The main distinction here
between Hausdorff measure is that the sets {Q;} are allowed to be ellipsoids rather
than just balls. The affine dimension of a set E, which we denote by dima (F),
is then the supremum of all s > 0 so that A*(E) = 0. The quantity is natural
to consider when studying bounds on convolution and restriction operators, but
has slightly unusual geometric properties — in particular, the affine dimension of
a submanifold of Euclidean space is always less than it’s dimension.

When M is a manifold, all efficient covers of M by ellipsoids are covers by
slabs {©;} of the form covered in Lemma . Now suppose that in our proof
of the Fourier dimension bounds, there is some quantity a > 0 so that a generic
slab ©; in the covers we consider has |©;| ~ R;“. This is the case in both
the proofs we give in this paper utilizing Lemma in Proposition [5.1| we have
a =m/2+k—1/6, where d = m+Fk, and in Theorem[L.F| we have a = (n—Fk)/2+1,
where d = n + 1. Under this assumption,

Zi R~ Zi [EARES (4.19)

Thus, heuristically, if our method gives a Fourier dimension bound dimg (M) < s,
then M should also satisfy an affine dimension bound dima (M) < ds/2a. If one
is to investigate the limitations of the method of this paper as to obtaining sharp
Fourier dimension bounds for manifolds, a natural question to investigate is as to
whether there exists a manifold M such that whenever we consider a cover {©;}
of M such that a generic slab has |©;| ~ R;“, then dima (M) < (d/2a) dimg (M ).
We are unaware if such a manifold exists at this time.

5. MANIFOLDS OF HiGH CODIMENSION CANNOT BE SALEM

Using the bounds obtained in Lemma [4.1} we now prove the only if condition
in Theorem [I.1], which as a result also finishes the proof of Theorem
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Proposition 5.1. Let M be an m-dimensional C*T®-submanifold of R™ ™, where
0 < a < 1. Suppose that for each zy € M, there exists (o € (T,,M)* and
vg € T,,M so that the first and second directional derivatives of the map z +—
Co - (2 — z0) vanish in the direction of vy at zy. Then M has Fourier dimension
at most m — o/ (o + 2), and thus is not a Salem set.

Proof. Let pu be a finite Borel measure supported on M, and suppose there exists
C >0and s >m—a/(a+2) so that |f(¢)| < C[¢|~*/2 for all € # 0. Our goal is
to show that this can only hold if u = 0.

If x € C®(R%), then

X (O] = |7+ )] < 1¢172, (5.1)
By replacing p with py for some y > 0 if necessary, using we may assume
without loss of generality that p is compactly supported on an arbitrarily small
subset of M. In particular, we may assume that p is supported on a closed ball
By € R™™" small enough that for each z, € M, the map

I, : M — T, M (5.2)

given by orthogonal projection onto zo+1%, M is a diffeomorphism when restricted
to M N Bj, where Bj is a ball with the same center as B, but twice the radius.
By rescaling, we may assume without loss of generality that B is a unit ball.
Later, we will also use the projection

I« M — (T,,M)* (5.3)

of M onto 29 + (T.,M)*. We let
L., :B,— M (5.4)
denote the inverse of IL,,, restricted to the unit ball B, in T, M. Then L, (B.,,)

contains M N By, and since M is C**, we have the Holder-space norm bound
| L2llc2e(5.,) S 1, where the implicit constant is uniform for 2o € M N By.

Let 8 = (a +2)"'. Then we claim that for all radius R~* balls B ¢ R™"*
with center in M,

w(B) < Rm=1)(1/2=p)=s/2 (5.5)
Since the support of p is covered by O(R™?) such balls, it follows from ([5.5)) that
(M) < Rms+m=1)(1/2-5)=s/2 (5.6)

If s >m—a/(a+2), then mg+ (m —1)(1/2 — ) — s/2 < 0, so taking R — oo
in vields u(M) = 0, as was required. We will obtain this bounds on B by
further decomposing B into grains, i.e. thin tubes to which we can apply Lemma
and which are parallel, thus efficiently covering B (see Figure [3)).

Let B € R™" be a radius R~? ball, and let zz € M denote it’s center. By
assumption, we can find unit vectors (g € (1., M)+ and vg € T,, M so that the
first and second directional derivatives of the function z +— (g - (2 — zp) vanish in
the direction of vp at zp. For each z; € B, find a unit vector (, € (T,,M )+ such
that HjB (o is parallel to (g, and find a unit vector vy € T, M such that 1I,,v, is
parallel to vg. Then define A : B,, — R by setting A(z) = (g - (L., (z) — 20).
To simplify notation, let H(x) denote the Hessian of f at x. By construction,
DA(0) =0 and if L,,(zp) = zp, then H(xp)vy = 0.
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FIGURE 3. We cover our manifold by balls of radius R=?. To
bound the measure of each ball, we further decompose the balls
into grains, families of parallel R~%/2 x R tubes.

Using the C? control on L, we find that for any ¢t € R and w € T,, M,
|(tvg + w)H (zp)(tvy + w)| = |wH (z5)w| < |w|?. (5.7)

Since |z — 20| < R7P, it follows that |zg| < R7P. So by the C?% control on L.,
we conclude that if |2| < 2R, then for any vector w € T,, M,

\w'(H(z) — H(zp))w| S R *P|w. (5.8)

Combining (5.7) and (5.8)), we conclude that if ¢ is sufficiently small, and we
consider the ellipsoid

Q = {tvg+ sw: |w| =1 and vy - w = 0 and (R"t)* + (RY?s)* < ¢}. (5.9)

then for x,v € Q¥ the ellipsoid obtained by dilating ) by a factor of two,
|v'H(z)v] < 1/R. And so if z € Q* then by Taylor’s theorem

IA(z)] < /0 1 o7 H(tx)z| dt < 1/R. (5.10)

This is sufficient control on A to verify the assumptions of Lemma 4.1
Let S = M N By. Then if z € SNIT"YQ*), then z = f(x) for some x € Q*,

and so implies |Co - (2 — 20)| = |A(z)| < 1/R. Thus Lemma [4.1] applies,
with ¢ some fixed positive value, and we conclude that u(0) < R™*/2, where
© is the tube defined in Lemma [£.1] For each zy, the tube © is centered at
2o and pointing in the direction vy, where II, v, is parallel to vg. This means
that the tubes have the property that either © and ©' are disjoint, or M N O’ is
contained in M N ©*. But this means we can find a family of tubes {©} of the
form above covering B such that {M N ©} has the finite intersection property.
Since H™(M N ©) ~ R=m=1/2-8 and H™(B) ~ R, a volumetric argument
tells us that it takes O(R™~V(1/2-5)) such tubes to cover B, and so we conclude
that p(B) < RM~D0/2=8)=5/2 a5 was required, which completes the proof. [

Remark 5.2. If M is a C? manifold, but not C?**® for any a > 0, then a
modification of the method of Proposition [5.1] can be used to argue that M does
not support a probability measure p such that |f(¢)| < [¢]~"/? for all ¢ € R™.
But this is insufficient to show M is a Salem set since it does not contradict that

17(Q)| < \C|5_m/2 for all € > 0.

Since Lemma implies any m-dimensional C%®-manifold in R™* for k >
p(m/2)+1 satisfies the assumptions of Proposition , this proposition, combined
with Proposition 3.3, completes the proof of Theorem
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6. THE FOURIER DIMENSIONS OF NONDEGENERATE CURVES

We now use the methods used in the proof of Theorem to obtain an alter-
nate proof of a result of Junjie Zhu [27] on the Fourier dimension of hypersurfaces
with a fixed number of principal curvatures, using the fact that such hypersur-
faces are efficiently covered by k-dimensional hyperplanes. As mentioned in the
introduction, Zhu’s proof uses a ‘affine smoothing argument’; given a measure
with a given Fourier decay, the method utilizes the approximate invariance of
the manifold under affine symmetries to obtain a smooth function with the same
Fourier decay, to which we can employ the theory of oscillatory integrals.

To demonstrate the affine smoothing strategy, and discuss it’s limitations, we
use the method to determine the Fourier dimension of the moment curve in R3,
i.e. the curve parameterized by the function y(t) = (¢,¢%,¢*), a model example
of a nondegenerate curve. The method of proof given here emerged from discus-
sions with Kyle Hambrook, Chun-Kit Lai, and Jaume de Dios Pont at the 2023
Harmonic Analysis and Fractal Sets conference at The Ohio State University.

Proposition 6.1. The moment curve in R® has Fourier dimension at most 2/3.

Proof. Consider the parameterization v(t) = (¢, ?,t%). It suffices to show that for
all s > 2/3, no measure p on the real line satisfies a bound of the form

‘/ ezmg'qb(t)d,u(t)‘ < |¢|7*/* for all ¢ € R, (6.1)

Suppose such a measure existed. We note that v(t +s) = vy(s) + M (s)y(t), where
1 0 0

M(s)=1|2s 1 0. (6.2)
35 3s 1

It follows that if we fix a non-negative, smooth, compactly supported function y;,
and define the smooth function f = x * u, then

/eQWiC-w(t)f(t) dt‘ _ ‘/62wi§~7(t+s)x(s)du(t) ds
< [x@)[ et as
< /X(S) /e%M(S)tM(”du(ﬂ‘ ds (03

S [x@s)e

<S¢

Now that we have a smooth meaure with the appropriate Fourier decay, we may
apply a localization argument to assume this function is supported on an arbi-
trarily small subset of space. Once this localization is done, and t, is chosen so
that f(t9) > 0, then the method of stationary phasdﬂ implies that for all vectors

tSee, e.g. Chapter VIII, Proposition 3 of [23].
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¢ with ¢ -7/ (to) = ¢ -7"(ty) =0,

[ ) a1 (6.4

Since ((6.4)) contradicts (6.3]) if s > 2/3 and |(| is taken appropriately large, this
completes the proof. O
The proof clearly generalizes to the moment curve y(t) = (¢,,...,t") in R".

However, it is difficult to see how it could apply to other nondegenerate curves,
since these do not have the property that they can be parameterized by a function
v such that for each s, the curve ¢t — (¢t 4 s) is an affine transformation of the
curve t — 7(t). The methods considered thus apply in certain situations where
the affine smoothing strategy seems impractical.

Proposition 6.2. Ifn > 2, and if C C R" is a C™-curve, then dimg(C) < 2/n.

Proof. Let C' be a curve in R", and let u be a measure supported on C' such
that |2(¢)] < |¢|7*/2, where s > 2/n. Our goal is to show that u = 0. By
localization, we may assume p is supported on a small ball By, small enough
that for the maps L., : B,, — C as defined in the proof of Proposition are
immersions, and C' N By C L(B,,) for each zy € C'N By. For each zy € C'N By,
pick {; € R? so that the function z — (- (2 — 2p) vanishes to order n at z. If
we define A : B,, — R by setting A(z) = (o - (L,,(z) — 20), then 9/A(0) =0
for 0 < j < n, and so it follows that if ¢ > 0 is suitably small, and we consider
the interval I C T.,C of length cR™Y/" then |A(x)| < 1/R for all x € I. Thus
Lemma applies, with € to an arbitrary positive value, and we conclude that
w(©) < R™/2 where O is the tube defined in Lemma 4.1, The section of the
curve upon which p is supported is covered by O(Rl/ ") such tubes, and so it
follows that u(C) < RY"=%/2. 1If s > 2/n, then it follows that u = 0, as was
required. O

Combining the lower bound of Proposition with the upper bound of Propo-
sition [3.6] completes the proof of Theorem

7. THE FOURIER DIMENSION OF HYPERSURFACES OF CONSTANT NULLITY

Finally, we obtain the new proof of upper bounds for the Fourier dimension of
hypersurfaces of constant nullity.

Proposition 7.1. Let M C R™ be a C? hypersurface, such that at each point
of M, exactly k principal curvatures vanish. Then M has Fourier dimension at
most n — k.

Proof. We employ the geometric aspects of the hypersurface M. It is a well
known fact in the differential geometry literature that locally, a manifold M with
the properties above can be foliated, or ruled, by k-dimensional planes, and the
normal vector to M is constant along each foliation. Such a manifold is called a
manifold of constant nullity in the literature. A proof of this fact can be found
in Lemma 3.1 of [10].

Now suppose 4 is a finite Borel measure supported on M with |7i(¢)| < C|¢|%/2,
with s > n — k. As in Proposition [5.1, we may localize y, and in what follows
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7=

FI1GURE 4. This diagram is a projection of the tangent
developable of the helix ¢t — (cos(t),sin(t),t), i.e. the ruled surface
given by the envelope of tangent lines to the helix. We use Lemma
to bound the measure of the strips between any two tangent
lines coming from a R~'/? separated family of points on the curve,

which efficiently bounds the measure of the entire surface.

we assume the support of p is compactly contained within a subset of M small
enough that the entirety of the support of u can be foliated by k-dimensional
planes. We may also assume that p is supported on a ball By ¢ R™™ with small
enough radius that the maps L., : B,, — M as defined in the proof of Proposition
are immersions which satisfy M N By C L,,(B.,,) for each zy € M N By.
Given zy € By, write T,)M = U., ® U, where U, is the k-dimensional space
of tangents to the foliation of M, and let (; be the normal vector to M along
U.,- Then the function z — (y - (2 — zp) vanishes to order two at all points
along the k-dimensional plane M N (zyp + U,,). Define A : B, — R by setting
A(z) = (o (Ly(z) — 29). Then A(z) =0 and DA(z) =0 for z € U,, N B,,. So
it follows that if ¢ > 0 is suitably small, and we define the ellipsoid () C T,,M by

Q={tv+sw:veU,and we U, and t* + (RY?w)? < ¢}, (7.1)

then |A(z)| < 1/R for all x € Q*. Thus Lemma applies, with € to an arbitrary
positive value, and we conclude that x(©) < R™*/2, where © is the slab defined
in Lemma . Now © contains a strip with length (1) along U, and length
O(R~'/2) in orthogonal directions. A volumetric argument shows that By can be
covered by O(R™%)/2) such strips, and so it follows that

n—k—s

u(M) S R* (72)
Since s > n—k, taking R — oo in (7.2)) yields that u(M) = 0, as was required. O

That the Fourier dimension of hypersurfaces of constant nullity & is at least n—k
is classical, and obtained by much the same reasoning as was performed in ({3), i.e.
taking a smooth volume density on M, and using the theory of oscillatory integrals
to analyze it’s Fourier transform. The result was first obtained by Walter Littman
[17], who used it to analyze the Sobolev mapping properties of convolution with
such measures, following analysis of Carl Herz [11] and Edmund Hlawka [12] [13]
for hypersurfaces with positive Gaussian curvature. Combining this lower bound
with the upper bound of Proposition completes the proof of Theorem
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