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Abstract

We continue the study of particle production from gravitational inhomogeneities in the early
Universe. Focusing on sources active on sub-horizon scales, we derive general expressions
relating particle production to the unequal-time two-point function of the stress-energy
tensor sourcing scalar, vector and tensor metric perturbations. The resulting particle yield
probes the time-like support of this correlator, and in the tensor case the same object con-
trols gravitational-wave emission when evaluated on the light-like support. This establishes
a phenomenological link between dark matter production and gravitational wave signals,
allowing the dark matter mass to be related to the amplitude of the stochastic gravitational
wave background. Our results show that, on sub-horizon scales, particle production from
inhomogeneous metric backgrounds practically reduces to gravitational scattering. This
directly connects the formalism to gravitational freeze-in from the Standard Model thermal
bath, while extending it to non-thermal and out-of-equilibrium sources. We apply the for-
malism to first-order phase transitions and discuss the associated production from scalar
and tensor perturbations. The mechanism can efficiently populate gravitationally coupled
dark sectors, especially when the perturbations are generated shortly after inflation.
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1 Introduction

The existence of primordial perturbations is of fundamental importance for our understanding the
universe as it sets up the initial conditions for the evolution. According to the prevailing picture,
inflation produces small inhomogeneities that are adiabatic and with an almost flat power spectrum.
These seeds grow under the pull of gravity eventually forming the complex structures that we observe
in the universe today. Large inhomogeneities could also be produced from local processes inside the
horizon, such as phase transitions or even by inflation for short scale modes that are not observed in
cosmology. Tensor inhomogeneities have in particular received a lot of interest recently as they lead to
potentially observable gravitational wave (GW) backgrounds.

In this work we explore effects related to the ubiquitous metric perturbations and in particular the
generation of spectator particles in a perturbed Friedman-Lemaitre-Robertson-Walker (FLRW) metric.
Particle production from inhomogeneities was first considered [1-3], see [4] for review. More recently
the subject was reconsidered in [5-7], in particular in connection with the possibility to produce dark
matter (DM) . In [8] we studied in great generality the production of a dark sector only coupled
through gravity to the Standard Model (SM). The result turns out to be very simple. The production
of particles from inhomogeneities is efficient when their mass is negligible, i.e. the momentum of the
particles produced is larger than the mass. In this regime the abundance can be computed in closed
form from the two-point function of the metric perturbations. In particular both scalar and tensor
perturbations can lead to significant abundances. The result becomes extremely simple for conformally
coupled sectors where the abundance of particles is just proportional to the central charge cj of the



CFT. This encompasses in one shot fermions, gauge fields and even strongly coupled CFTs in terms of
single number c;.

One source of inhomogeneities is inflation that explains the structure of the universe at large
scales observed in Cosmic-Microwave-background and in the galaxy distribution. In [7] we studied
DM production induced by scalar perturbations finding that it can be significant if the perturbations
become large towards the end of inflation. In this case particle production can be related to the power
spectrum at the end of inflation and it behaves differently for scalar and tensor perturbations. As
an application one can construct scenarios where the DM is only gravitationally coupled to the SM.
Because the nature of the effect is quantum, the abundance generated is small so that to reproduce
the observed DM density the mass turns out to be very heavy, in the PeV range or larger.

Let us mention relation to other work. An extended literature exists on particle production due to
the expansion of the universe during inflation or thereafter [9]. Minimally coupled scalars or massive
dark photons lead to light DM scenarios while particles such as fermions can only reproduce the
cosmological abundance if they are very heavy. We emphasize that the nature of this effect is different
from the production from inhomogeneities we discuss. The key of the previous mechanism is the explicit
breaking of Weyl invariance that arises due to the mass or kinetic terms of elementary particles. For
example a massless free fermion is described by a Weyl invariant action and as consequence is not
produced — up to anomalies — in the homogeneous expanding universe. On the other hand a minimally
coupled scalar is not Weyl invariant even in the massless limit, explaining the completely different
behaviour. In the presence of inhomogeneities the situation is vastly different and all particles are
produced. Depending on the details either inhomogeneities or the expansion might dominate the
production but they are clearly independent.

In this work we extend our previous study focusing on sources that produce inhomogeneities inside
the horizon. This includes cosmological phase transitions and preheating, topological defects or thermal
plasmas. In the sub-horizon regime it is simple and illuminating to write the formulas in terms of the
energy momentum tensor that generates the metric perturbation. One finds, similarly to the production
of GW, that the abundance is determined by the two-point function of the energy momentum tensor.
While GW production depends on the two-point function in the light-like region of momenta, g,,¢* = 0,
particle production is determined by the time-like region, g,¢* > 0, corresponding for elementary
particles to real production of particle pairs.

This analysis unifies and extends several previous computations. A mechanism widely discussed in
the literature is the production of a dark sector from the SM thermal plasma, also known as gravitational
freeze-in [10]. In [11, 12] we showed that this is also controlled by the central charge of the sector,
hinting to a relation to particle production from inhomogeneities. Indeed in this work we show explicitly
that gravitational freeze-in is equivalent to production from finite temperature scattering. Another
important connection that we uncover is with GW. For tensor perturbations the production of the
dark sector depends on the same two-point function of the energy momentum tensor that determines a
stochastic background of GW, see [13] for a review. This implies a relation between the abundance of
GW and of the one of dark sector particles that is of extreme interest. This opens the way to numerical
study in realistic scenarios such as first order phase transitions or preheating using the tools employed
for stochastic GW background.

The organization of the paper is as follows. In section 2 we review the approach of [8], writing
the explicit and general formula for the production of conformally coupled matter from gravitational
inhomogeneities. In doing so, we highlight the role of the symmetries of the dark sector and clarify
the question of finiteness of the result. While the formulas of section 2 are completely general, they



can be further simplified when the inhomogeneities are generated by physics within the horizon. In
this limit, that is discussed in section 3, we are able to connect the expressions of the gravitational
inhomogeneities with the form of the stress-energy tensor of the system that is actually sourcing them.
This discussion is inherently on sub-horizon scales, where we can explicitly relate the gravitational
inhomogeneities (fluctuations) to the stress-energy tensor, solving the GW equations of motion. Using
our formalism we give a novel derivation of gravitational freeze-in in section 4. In sections 5 apply
our results to first order phase transitions. We conclude in section 6 with future directions. In the
appendix we outline the generalization of our formulas to include the expansion of the universe during
production.

2 Production of conformally coupled sectors from Inhomogeneities

To set the stage we start reviewing the main results of [12] for gravitational production of confor-
mally coupled matter from inhomogeneities. We consider an FLRW gravitational background with
inhomogeneities described by,

ds®> = aQ(T)[nW + hy (2, 7)]d2"dx” (1)

and a spectator sector made of massless particles. Assuming that the sector is conformally coupled to
the background it is possible to rescale the metric eliminating the scale factor from all computations®.
We can then easily compute the effective action as a function of background external field h,,(z) to

second order in perturbations,
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where the expectation value is time-ordered. Following Schwinger [14] twice the imaginary part of
the effective action is just the probability of vacuum decay. As a consequence we can determine
the inclusive number of particles produced by just computing the two-point function of the energy
momentum tensor of the spectator sector in vacuum. What is remarkable for conformally coupled
sectors is that the two-point function is fixed up to an overall constant, (see for example [15])

(T (@) Ty (d)) = 1276 (0 + ) 25 o () log(—4%). 3)

where
0 (4) = 2T Tpe — 3MppTue — 3MueTup) Ty = 77Wq2 — quqy - (4)

The structure of the two-point function is completely determined by conformal invariance up to the
constant c; that is known as the central charge of the CFT. In our normalization, co = 4/3, ¢1/5 = 4
and ¢; = 16 respectively for conformally coupled scalars, Weyl fermions and massless gauge fields.
Using (3) we obtain,
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'For production inside the horizon that we will mostly consider in this paper the assumption of conformality can be
relaxed and one obtains completely analogous formulas with a different value of ¢;. We focus on massless particles because
the production mechanism is strongly suppressed for massive particles requiring g, ¢ > m? where g, is the momentum
of the perturbation.



In weakly coupled theories the energy momentum tensor is quadratic in the fields so that per each
decay event two particles are produced. As a consequence the number of particles is just twice this
result. However, our derivation also applies to the class of interacting CFTs, since all that is needed is
just cy. In this case the imaginary part of the effective action counts the number of CFT shells being
produced.

The formula above is general. When the perturbation h,, has stochastic nature, we need to take
the average (h,u.,(q)hpe(—q)) in eq. (5). In real time the result thus depends on the unequal time two-
point function of the metric perturbation. Note that for a static background h,, (¢q) o« 6(go) so one can
no particles are produced. Time dependence can either arise due to the cosmological evolution of the
gravitational field or due to the presence of sources. In [8] scalar perturbations of the metric and GW
from inflation were considered. Inflation produces a power spectrum of perturbations that are frozen
once the exit the horizon during inflation and start to evolve when the modes re-enter the horizon.
In this case the time dependence is exactly known and depends only on the cosmological evolution.
In particular while tensor perturbations are always small, scalar perturbations can be large at short
scales, leading to significant production of particles. In this note we will generalize this analysis to
perturbations produced after inflation inside the horizon.

Weyl tensor and Schwinger pair production
Not surprisingly given Weyl invariance of the action the formula (5) can also expressed in terms of the
(linearized) Weyl tensor. One finds,
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This makes manifest the geometric nature of particle production from metric inhomogeneities.

This formulation allows to draw a close analogy with particle production from a varying electro-
magnetic background. At quadratic order in the external field A, the effective action can be written in
terms of the two-point function of the electro-magnetic current, (J,(q)J,(—q)) = (¢*nuw — ¢uq.)1(¢?).
Considering for simplicity the massless case I1(¢?) = €2 /(1272)¢? log(—¢?), see also [16] for the massive
case.. The imaginary part of the 1PI effective action at leading order in the external field A,, is explicitly
given by,
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One can quickly check E? > B2 for ¢®> > 0 so that the integrand is positive. This implies that the
effect is electric.

One can show that very similar results hold for gravitational inhomogeneities, see [17] for a related
discussion. The Weyl tensor can be expressed in terms of its electric and magnetic components,

WinpoeWH? = 8(E}; — B;),  Eij = Woioj,  Bij = s€raWhijo- (8)

N

The electric and magnetic components are traceless, and the magnetic contribution is transverse thanks
to the Bianchi identity. Exploiting these properties together with the Bianchi identities for the Weyl
tensor, we can show that the square of the Weyl tensor is positive for electric configurations, by using



qBi; = %(eiqukElj + €191 1), which is the analouge of the Maxwell’s equation qog = ¢x E. Indeed
we can show
q? 3 4 1
WiwpeWHP? =8 (1 - q) E} - 22 4iEiq;Ejr = 3 710% +2(q5 — 7P RWT + ( % —q°)’hi; . (9)
0 0
In the last step we have expressed the Weyl tensor in terms of scalar, ©, vector, W, and tensor,
h, perturbations defined precisely below. In the first equality the first term is positive on time-like
supports (and there is a complete analogy with electromagnetism by replacing the Weyl tensor with
the photon field strength), while the second term depends on the actual perturbation, as shown in the
second equality. Scalar and tensor contributions are always positive (with the scalar one being purely
electric). Vector contributions are positive on the time-like support. Notice that null-like tensor and
vector perturbations do not produce particles. 2

2.1 Production from Stochastic backgrounds

The master formula of eq. (5) can be specialised to various backgrounds. Perturbations of the metric,
that can be classified into scalar, vector and tensor helicity components and their parametrization
depends on the gauge choice. We will mostly employ the conformal Newtonian gauge where,

ds? = a®(7)[1 + 20(&, 7)]d7? — a®(7)[6:(1 — 29(Z, 7)) — hij (&, 7)]d2"dz? . (10)
The metric perturbations are then organized in
e Scalar ® and V. For later convience we define the two perturbations
0=0+7, Y=oV, (11)

which are sourced respectively by d,,T"" and by the trace 7,,T*”. Notice that ¥ vanishes in
absence of anisotropic stress. We will make use of perturbations in Fourier space, such as

. d4q . iqoT i E
oz, 1) —/W@(q,%)e TTE (12)
The reality of the perturbations implies that the Fourier modes O(q, q0)* = ©(—qo, —¢), and
similarly for >.

e Tensor h;;. These are transverse traceless perturbation. Here and in the following we use the
Fourier and helicity decomposition

d —iqoT+iq-T
hij (T, 7) Z/ LM (@hA(3. qo)e 07T (13)

Notice that they are not necessarily on-shell. Reality of the perturbations implies that h3(q,qo) =

hx(—q, —qo) provided that E;»k;t (7) = ;(=q), and ;§(q) = €i;(—q). The e - are the two symmetric

transverse traceless polarization matrices for a GW of wavenumber ¢, see appendix [12].

2Explicitly for scalar perturbations, the electric and magnetic components of the Weyl tensor are Eij = %(quq]' -
¢%6:;/3)© and B;; = 0. For scalar perturbations we see that the presence of spatial gradient is essential to have particle
production.



e Vector W,;. We choose a gauge where this are described by the spatial part of the metric as,

hij =0V +o;vi", oV =0, (14)
that can expanded as,
T/~ d*q + - —iqoT+HiG-T i+
V; (.1‘,7') = Z (271’)46i (@Wj:((],(](])e qe = 0. (15)
+

In this work we will be interested in stochastic backgrounds that are translationally and rotationally
invariant. The statistical properties of a stochastic variable X are then encoded in their two-point
functions at unequal times. Invariance under space translations and rotations implies that the two-
point function of each helicity perturbation has the form,

2
(X(37)X (@, 7)) = (@m0 G+ a')zinx(qm ). (16)

The central object that is needed to compute particle production is the (anti-)Fourier transform of this
un-equal time two-point function. We thus introduce,

(X(7.90)X(7" ) = (2m)*6 (G + 7)) Ax (¢, 90, 40 »

Ax(q, q0,q) = /dT/dTleiquiqéT/Ax(q,T, ). (a7)
In what follows with abuse of notation we denote the power spectrum in frequency space with the
same Ax of the power spectrum at unequal time. The function Ax(q, qo, q)) encodes all information
of the two-point function, but only a smaller set of kinematic configurations is relevant for particle
production. Just by comparing with the master formula in eq. (5), we see that the relevant quantity is
the equal frequency two-point function,

2
(X(7, 40)X(~7> —q0)) = (27)%6® <o>2;;AX<q 0s—0). (18)

Here (27)36(0) should be identified as the three-dimensional volume factor V3 so that, as expected to
an isotropic source, what makes sense is the number density of produced particles.
In complete generality from (5) one obtains,

d(nja3) N Cjy
dgo 32072

/0‘10 d(log ) Ax (g, 90, —q0) fx(q,q0) (19)

where the extrema of integration were enforced by 6(¢?) and we integrated only over positive gq including
a factor 2. Here the kernel function fx(q,qo) is a function that depends on the better spin of the
fluctuation that follows from (5) when specialized to the corresponding (unpolarized) perturbation,
4 2 2\2 2202 2
q (% —a°) %9° (96 — q°)
fole:00) =5 falga0) = =5,  fwlgq0)="—— (20)
We emphasise that any conformally coupled matter or sector, described by a central charge cj, is
produced gravitationally with this mechanism. These formulas only differ for the kernel fx(qo,q)



that multiplies the power spectrum of the relevant perturbation. The power spectrum Ax(q,qo,—qo)
encodes the spatial and time evolution of the perturbations that we assume to vanish in the far past and
in the far future. There is then necessarily a period where the fluctuations grows and then eventually
decreases. Both these transient epochs can contribute to particle production as we will show in the
following.

The expression of the kernels in eq. (20) make clear that GW in flat space does not produce particles
because g3 = ¢? so that f; in (20) vanishes. Physically this can be understood as follows. Particle
production from inhomogeneities can be interpreted as decay of perturbations in flat space. Since GWs
have g, q"* = 0 it will not produce particles. What will generate particles is the non-adiabatic process
of building up the gravity wave signal and its cosmological evolution.

The total number of particles is obtained integrating the differential density (19). These integrals are
finite, for reasonably well behaved fluctuations. Let us discuss the convergence of the integral. For ten-
sor perturbations because the kernel grows as qé finiteness of the integral requires that Ax(q,qo, —qo)
goes to zero faster than 1/ qg for large ¢o. On the other hand for scalar perturbations the kernel is
constant in g so it is sufficient that the power spectrum goes to zero faster than 1/gg. These conditions
are actually automatic if the background is smooth. After all, as per eq. (6), particle production is just
an integral of the Weyl tensor squared so that UV divergences cannot arise if the geometry is regular,
i.e. if the metric is differentiable. Indeed for a smooth function g(x) the Fourier transform goes to
zero exponentially at large frequencies. More in general the asymptotic behaviour is just related to the
regularity of the function and of its derivatives 2. In physical systems we expect the geometry away
from singularities to be C* so that all the integral will be just finite. We further elaborate on this
point in the appendix with explicit examples. We thus emphasize that the particle production leads to
a finite result with no need of regularization. Moreover the formulas above may lead to the impression
gravity wave perturbations are more sensitive to the UV behaviour than scalar perturbations. This
intuition however turns out to be misleading once we consider how the background is generated. In the
next section we will see in particular how scalars and tensor perturbation behave similarly in terms of
the energy momentum tensor that creates the background.

2.2 Unequal time correlators: estimates

Particle production from metric perturbations strongly relies on the presence of a non-trivial unequal
time correlations Ax (g, 7, 7). Having clarified the origin and validity of eq. (5) we can now discuss the
impact of realistic perturbations. Let us notice that in [7, 8] the main focus was on perturbations with
spatial and time dependence generated by the inflaton and then evolving in standard cosmology. Most
of the results were therefore based on the time-evolution of perturbations controlled by the Hubble
expasions, therefore with a typical momentum scale ~ H(t). Unsurprisingly, particle production was
then localized in time and space to scales comparable to the momentum mode of a perturbation
experiencing a large time evolution (for example scalar fluctuations re-entering the horizon in radiation
domination [7]).

3Consider a function with continuous n-th derivatives at the origin,

170 = [ G2 gw)e (21)

Convergence of the integral requires g(w) ~ 1/w™. Therefore the Fourier transform of function C™) (a function with
continuous n-th derivative) must go to zero faster than 1/w"™*! at infinity.



We emphasize however, that since a perturbation has to be generated by some microphysics, each
cosmological fluctuations in reality will have at least two unavoidable time dependencies: one associated
with its build-up, on a time scale 371, and the other associated to its damping, often on scales of order
H~'. Tt is interesting to explore scenarios where 3 > H, in search for larger production rates.

With this mindset, we can now discuss on general grounds what are the expected size of the power
spectra Ax(q,7,7") of eq. (17). Time dependence is essential, otherwise the inclusive formula will
contain 6(qo) leading to no production on the time-like support. If Ax (g, 7, 7") enjoys time-translational
invariance, in addition to the spatial one, it follows that the production rate will be extensive in time
(a situation that we will encounter in section 4). However in many other context we do not expect
time-translation be preserved, but rather the perturbations will be coherent in time, so that the power
spectrum and its fourier transform read

Alg,7,7') = A(QT (¢, )T*(q.7"),  Alg, 90, —q0) = A(@)|Z(q, ), (22)

where Z(q, qo) = [ drexp(—igo7)T (¢, 7). For coherent sources, given the expressions in (20), the parti-
cle production abundances can be constructed with the moments computed for time-like configurations

gn(q) = 2/ 43" |Z(q, 90)|*dgo, (23)
q
leading to
. 2 [ d(logq)A(q) [92(a) — 24°g1(q) +a*go(a)] , tensor,
nja® = Wk(])ﬁz 2 [d(log 9)A(q) [a*90(9)] , scalar, (24)
2¢* [ d(log q)A(q) [92(a) — ¢*91(q)] vector.

These moments contain energy scales associated to both S, the build-up, and H, the cosmological
redshift. They are generated by the non-adiabatic time evolution of the background, a key ingredient
for particle production. As we are going to stress in this work, the non-adiabaticity may come from
cosmological expansion as it may come from physics inside the horizon. The two have qualitatively
different behavior that we are going to explain.

Production inside the horizon
For the production inside the horizon we can in first approximation neglect the cosmological evolution
at production and work in flat space’. The main feature we are interested in is the time scale over
which the gravity wave signal is built. Following the standard notation of first order phase transitions
we denote this as 371. As explicit example we can choose to approximate the transfer function on the
time scale of its non-adiabatic evolution as

T(g,7) = 51+ tanh(B(r))] — T(ao0, ) =

TN (25)

where we neglected 0(qp) in the Fourier transform irrelevant for particle production. This corresponds
to a perturbation built over a time 8~!. Since the transfer function is C*° its Fourier transform is
exponentially suppressed for ¢yg — oo. This guarantees that the integral is finite. The integral can be
carried out analytically. In the limit of a fast transition, i.e. 8 > ¢ one finds,

4 1 1
gQZBwB3+..., =gt Go="F (26)

4The momenta in the estimates based on flat space throughout the paper are physical rather than co-moving.



Different transfer functions would give different coefficient but same parametric dependence on § that
follows essentially from dimensional analysis. Notice that each perturbation will evolve differently after
the build-up when the source is no longer active, following their typical mostly adiabatic free evolution
as in standard cosmology (see eq.s (41)). Particle densities are then typically created at a scale factor
ax, and then redshift with the volume exploiting particle number conservation. To leading order today’s
abundance is found to be

¢ rad B3 [ dlogqAsz(q),  tensor,
o J dlog qg® Ai(q), scalar,

"™ 1980m2
B2 [ dlogqq®Ao(q), vector.

These formulas might give the impression that GW lead to larger abundance of particles for fast
transitions. In realistic situations however the peak of the power spectrum also occurs on spatial
momenta of order g, ~ . As a consequence the precise abundance depends on the details on the
transfer function, but production from scalar and tensor perturbations inside the horizon gives overall
similar estimates of the type

5)3ai’H3A<q*> (27)

ny ~10"%¢c; (Ba.)’ A(g.) = 1073¢, (H

From this we see that production inside the horizon from a perturbation of the type (25) depends on the
combination scale factor times Hubble at the epoch of production a4 H,. The other quantities do not
depend on the cosmological evolution since both 8/H, and A(q.) are related to intrinsic parameters
of the source leading to perturbations. Notice that the quantity a®H(a)® is maximal at the end of
inflation, therefore the largest production happens right after the end of inflation when the comoving
Hubble radius starts increasing, for a fixed A(gy).

To compare with other production mechanisms we can define the yield Y = n;/sg, where sg is the
today’s entropy density. If a, is an epoch during radiation dominance, we estimate

3 3
Yj‘rad. ~ 10_20J ([5) <]\74_;1;1> A(q*) . (28)

If we allow for a finite duration of reheating — matter dominated — leaving the possibility that a, < ag,
where ar denotes the scale factor at the onset of radiation dominance with temperature Tr. The yield

becomes . 5 3/2
—2 B Tr ar
Wlawsns 107 (57) (3) (22) 40 )

For fixed 5/H, and A(q.), the abundance Y is larger if it is produced during reheating despite the
fact that entropy injection dilutes the number density. This happens because a?H? compensate for
the dilution. Thanks to this, particle production is particularly efficient when it takes place right after
the end of inflation. The boost factor in that case is (as/ag)®/?, related to the evolution of Hubble as
a~3/2 in a phase of matter dominance.

The expert reader may have noticed that the formulas above look similar to gravitational freeze-in
production of DM from the Standard Model thermal bath. For freeze-in, which is a thermal process, the
abundance produced during reheating is negligible and thus it is mostly determined by the reheating
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temperature. In that case one finds [11]

6 Tr ’
Yorr = 5 x 10 ¢y <) . 30
Mo (30)
As we will show in the next section 4 the similarity with eq. (28) is not accidental and indeed we will
be able to derive gravitational freeze-in from particle production due to inhomogeneities.

Production from cosmological evolution
Cosmological evolution also leads to particle production. This is the main mechanism that was studied
in [7, 8] where perturbations produced during inflation were considered to populate DM. Usually
perturbations start evolving when the modes re-enter the horizon and the evolution is controlled by
the Hubble parameter. Note that also GW can produce particles in this case because their wave-
function is not purely a plane wave. This situation can again be captured with the simple transfer
function (25) with the only difference that § ~ —H because the perturbation dies out rather than
growing. This however makes no difference for what concerns particle production so that in particular
the estimate (27) applies. Here however differences will appear between tensor and scalar perturbations.
Tensor perturbations start to evolve as soon as they are produced so that production is maximal at the
initial time where Ha is maximal. Given that 8 > H for production inside the horizon it follows that
the cosmological evolution will typically give a small correction to the number of particles produced.

However, there is an interesting exception for scalar perturbations that re-enter the horizon in a
matter dominated era, as in that case the perturbations remain constant even inside the horizon. This
situation is realized during reheating where the energy density approximately redshifts as matter. In
that case the evolution of scalar perturbations takes place at the onset of radiation domination so that
the particles are produced well after perturbations have re-entered the horizon. The delayed production
generates a larger abundance, unaffected by dilution approximately given by (29) with a. = ag, i.e.
the scale factor at reheating time.

The precise evolution of scalar perturbations can be computed following [8], see appendix for a
more general derivation. In absence of sources and neglecting anisotropic stress, scalar perturbations
satisfy the simple equation,

/
6'(q.7)+3%(1+ )0/ (g,7) + c2’6(q.,7) = 0, (31)

where ¢ is the adiabatic speed of sound. During radiation ¢ = 1/3 this the equation of a damped
harmonic oscillator, leading to © oc 1/(csq7)? so that scalar perturbations become quickly suppressed
inside the horizon. On the other hand during matter domination the solution is,

C1

Gmat = Cp + 5 (32)

T
As a consequence scalar perturbations do not decay and remain constant even for modes that are
already deep inside the horizon. Denoting with Ag(q) the amplitude of the equal time power spectrum
produced during the reheating phase one obtains the abundance

na® ~5x 1071 x CJ/d(log 0)¢>Ao(q) . (33)

The result is only approximate because the integral mildly depends on 7x. This should be compared
with the result from the production of the perturbation during the build-up phase in eq. (27). The two
contributions can be comparable.
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3 Particle Production inside the horizon

The formulas of section 2 acquire a particular simple if the pertubation of the metric is generated
inside the Hubble horizon so that the cosmological evolution can in first approximation be neglected
at production. In this section we will relate the particle production to the two-point function of the
energy momentum tensor that produce the perturbations.

3.1 Production of matter and GW

At distances shorter than the Hubble radius one can treat the system in flat space and make a stronger
connection with the microphysics responsible for the generation of the fluctuations. This will also
uncover the correlation between particle and GW production.

To be concrete, we consider a sector § with non-trivial dynamics (be it a phase transition, a
thermal sector, etc...) happening on scales shorter than the Hubble radius. Its dynamics provides a
stress-energy tensor T;f,,(:i", 7), that is responsible for the generation of the perturbations of eq. (1), that
we label as hﬁu, to make their origin manifest. Inside the horizon, hfl, is just the solution of linearized
Einstein’s equations in flat space, therefore the computation relies on determining the background
geometry g, = N + hl‘f,/ at leading order in the source. In the harmonic gauge, we can write

S, = o T D)= g TS (0) (34)
v M}Q)] uv o nv (qg I iGQO)MF%l nv )
where we the ie prescription selects the retarded Green’s function. Plugging the solution above into
eq. (5) we thus obtain a formula for the particles produced in terms of the energy momentum tensor
of the source.

To see how this works explicitly let us now generalize the derivation of the effective action to
include also fluctuations of the metric on top of the classical background. Thus we consider as quantum
dynamical fields both a generic CFT and gravitons ,,. Their action in the background of (34) is

1 y 1 v :
S[CFT;vu; S) = Scrrly + / §hfl,TgFT + / 5;2; TE" + (free 7, action) + - - (35)
where to leading order all indexes are lowered and raised with 7,,,.

As in section 2 the 1PI effective action is obtained in terms of T-ordered two-point functions
(TEpr (2)TER(y)) and (v*(x)y*? (y)). The former is again fixed by conformal symmetry as in (3),
while the latter is the graviton propagator. The 1PI effective action — in the background of S — is then

1 d4q S S 4 Qv po v o
Iip1[S] = 8Ml§1/ (27T>4TW(Q)TW(—Q) M<TCFT(Q)TCFT(_Q)>+<7M (@)Y (=) | - (36)
where,
43 1
0% po( — PHYPT — (P VT Lo VP o WV, PO
(@)Y (—q)) i e 5 (177 ™ — ) (37)

and the two-point function of Thp is given in (3). The factor of 4 in the graviton propagator arises from
the fact that the coupling to T}, corresponds to a non-canonically normalized v, = 27,5". Crucially
here the graviton propagator here has the ie Feynman prescription for T-ordering. The different tensor
structure is due to the fact that the metric perturbations are not conformally coupled. As expected,

both the new sector (CFT) and gravitons contribute to the effective action.
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By taking the imaginary part of I'1p1[S] in eq. (36), we compute the inclusive production probability
of the CFT sector and gravitons. Using the identity 1/(¢? + i) = PV(1/¢?) — ind(¢?) the inclusive
probability is then

4
2Im|[T'1p1[S]] = —Mlgl / (3754 (T5,(@)T5,(—q))in. Mql‘*nwme(qz) + P S| (38)
This formula is completely general. The first term describes particle production while the second
corresponds to production of gravitons®. GWs are produced provided that the source has a non-zero
anisotropic stress with time dependence on a null-like support. Particle production instead requires
less: only time dependence of the source on a time-like support.

The two-point function of the initial source (which need not to be time-orded) is usually computed
as an expectation value on the initial state, therefore we have included the notation (--- )i, . For our
derivation, the initial state can be generic (quantum, statistical, thermal, etc.) provided that we are
doing a sub-horizon calculation.

The expression above invite for a derivation in terms of Feynman diagrams as shown in Fig. 1.
Particle production corresponds to the inclusive production of the spectator field through graviton
exchange. On the other hand production of GW is associated to the single production. Both quantities
can be obtained as the imaginary part of the associated forward diagram.

Differential number and energy densities
From the previous formulas we can also derive the expression for the differential distributions. Assuming
an isotropic source we obtain,

AN 1 e ¢ S S L S/ \psS )
Tdiors = TG * [T () = SIS 0] % ola)otad — ). "
dEgW 1 q3 S

dlog ¢ = Miglﬁ X <Ej,TT(Q)E§,TT(_Q)> qo=ld|
where the first equation refers to the number of events while in the second we have integrated &(¢?) for
GW and reported the energy density.

Importantly both CFT and GW production are controlled by the two-point function of the stress-
energy tensor of the source for the kinematic configuration g9 > ¢ and g9 = ¢ respectively. In presence
of extensive sources — as when there is spatial translational invariance — one can definite the number
and energy density.

The formula for gravitational wave production agrees with the standard formulas in literature
derived classically, see [13]. Here we have shown that it can be derived using the quantum formalism
of the effective action.

Computation of the two-point function on the initial state
Particle and GW production depend on the expectation value of (T/‘fy(q)Tfa(—q»in. properly con-
tracted with the corresponding projectors. Such a function can be computed classically, thermally

SUpon wusing the on-shell condition ¢* = 0, and the conservation of T),, one can show that
(T/f,,((j',q)Tps(,(—(f, —q))PH7P7 = (T{;TT((I7 q)T{j,TT(—(j', —q)), where TT now refers to the transverse traceless spatial
components of the metric. This allows to compute the inclusive production of GW without explicitly imposing the TT

projection on the source.
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Figure 1. Contributions to the I';py effective action sourced by the sector S. On the left, leading order
contribution from the two-point functions of the CFT in the metric background sourced by Tfu- On the right,
leading order tree-level contribution from the graviton propagator in the background of the source Tfy.

or quantistically provided we know the density matrix of the initial state of the source. Conceptu-
ally this is no different from computing expectation value tracing over a density matrix p, namely
(-) = tr[p---], for microphysics happening inside the horizon. For example, for computation in the
Bunch-Davies vacuum we have p = |0)(0], for a thermal state p = e=#H or for a 2-particle initial state
p = |p1,p2; ¢ = p1 + p2){P1,p2;9 = p1 + p2|. Or in general, the two-point function correspond to a clas-
sical and conserved stress-energy tensor. We consider explicit applications in section 4, gravitational
freeze-in of DM from the thermal SM bath mediated by graviton exchange, and 5, first order phase
transitions with generation of anisotropic stress.

3.2 Production from Scalar, Vector and Tensor perturbations

From the derivation so far we have seen that the production of particles and GWs takes a universal
form in terms of the two-point function of the stress-energy tensor of the source. In particular eq. (39)
is really everything we need to compute inclusive production rates.

However, to make contact with the nomenclature often used in the literature, in this subsection we
are going to derive more exclusive formulas that will relate the stress-energy two-point function of the
source with the power spectrum of the generic perturbations as introduced in section 2, see eq.s (17),
for the typical choice of the conformal-newtonian gauge. For example we will see that the source for
GWs corresponds to the usual TT-gauge tensor contribution.

In particular having outlined the derivation inside the horizon, we can compute the Ax(q, g0, —qo)
for X = O, h, W including the universe expansion and connecting them to the two-point function of
the source. By doing so, we loose the compactness of eq. (39) but we could use the general formulas of
section 2 informed by microphysical processes. For doing so, we use the linearized Einstein’s equations
for the conformal-newtonian gauge following the standard derivation of Ma and Bertschinger [18]. In
general, the components of the stress-energy tensor of the source, T, relevant for us, are encoded in

T =p, T.=-3p, TY Xi=T,— %%-T,f, (40)
where we have defined the anisotropic stress-tensor 3;; (traceless). Expanding around an FLRW
background, in the gauge (10), the linearised Einstein’s equations, in Fourier space ¢4 take the form
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a2

2 /
—¢*U — 3H (U P)=—06 41
q H (V' + HP) oI, P, (41a)
7 / / / 2 q2 a?
U+ H (D +20) + 2H +H) D — (D — V) = — Ip, (41b)
3 2ME,
3a®
2 _ _
¢ (®-V)=—5 (p+D)o, (41c)
2M2,
2
2 TT
DY+ 2HIL + hyy = e T, (41d)
2
W' = 5 a* (p+p) 0T ", (41e)
MPl

We have introduced the conformal Hubble scale H = a’/a?, while for tensor perturbations we conve-
niently introduced the rescaled perturbation H;; = ah;;. In this set of equation, the average energy p
and pressure p appear as well as the scalar anisotropic stress o. Explicitly, the matter sources appear-
ing on the righ-hand side of the above equations are extracted from eq. (40) by means of the spatial
projector PT( 7) = 6ij — q;‘;{j . This allows us to identify the following scalar, vector and tensor sources

T = (PLP} PTPkl)Ekl, 9" =PI, (5+p)o=PLy,;. (42)

3.2.1 Flat space limit

While the formulas above can be solved in general they become extremely simple in the sub-horizon
regime where we neglect the expansion of the universe, a — 1 and H — 0, and they reduce to (34) when
we switch it from deDonder to conformal-newtonian gauge. The Fourier space solutions for ©,V, h are

B 1 . 3
O(7,q90) = 2M2T o(7, ), T@E<5T%—§(p+p)07 (43)
Pl
-2
W' C.T7 qo = 7TOT C_T7 qo0) 44
(7, q0) WME, (7, 9) (44)
. -2 .
hij(7,00) = 7555115 (d5q0)- (45)

In the flat space limit there are just three possible source functions.® And by taking the square of the
above solutions, we can compute the power spectrum of all the perturbations. Using some standard
notation, we define the two-point function of the unpolarized source as

(To(7,90)To(q",q0)) = (2m)%6°(7+ ¢")le(q, @0, q0) - (46)
(TG a0)T(T",q0)) = (2m)8°(§+ ¢)w (g, 90, 90) » (47)
(TG a0) TS (G q0) = (2m)*6% (7 + ) aw (g, 90, q0) - (48)

Notice that for vector and tensor sources the above spectra are related to helicity components (see
the decomposition in eq. (13)). We these expression we can then complete the relation between per-
turbations and sources in flat space as summarized by table 1. From table 1 we notice that all the

5For non-conformally coupled massless particles the derivation can be immediately extended to & = & — W.
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d
Type Power spectrum Abundance g
]
3 q0
¢ 1 / cj 1 / dg ¢*
@ A ) 9 —— 1 ) ) H ) s
o(4,90,9) = 272 Mgt o(4,90,9) 96072 Mf»ﬂ o e(4,40, —q0)
3 q0
q 2 2 dq % -9 ¢
V A ’ ’ 0 IT ’ ) —I1I ) y
; v(¢,90,9%0) = 55 M2 v(¢: 90, 90) 158072 Mm 2 2 v(¢: 90, —q0)
3 q0
q 1 cJ dq ¢
hii | A ()= 5 ——s——=511 ( — —1I1 —
ij h(Qa (IOJJO) 72 Mfl)l(qg — q2)2 GW(QaQUaQO) 64072 Mé] q 272 GW(Q7q0> C]o)

Table 1. Flat-space relations between metric perturbations, their power spectra, and particle production
densities. The final abundances are computed with the master formula of eq. (19) and the expressions of the
power spectra of the perturbations derived in this section. For vector and tensor perturbations we consider an
unpolorized background and the number densities include a factor 2 multiplicity.

particle abundances are similar once expressed in terms of the two-point function of the corresponding
source I1(q, qo, —qo). This explains the origin of the different kernels in (20). Once expressed in terms
of the energy momentum tensors there is no structural difference between different perturbations. In
particular the abundance remains finite even if the energy momentum tensor is discontinuous.

3.3 Correlation between DM abundance and GWs

The connection unveiled by our derivation relates the spectrum of the GW produced by the phase
transition to the DM abundance (or in general any relic abundance). This is due to the fact that they
both depend on the power spectrum Ilgw (g, 90, —qo), although sampled in different kinematic regions.
Explicitly, taking into account cosmological redshift in (39), for tensor perturbations we find,

daw (e \E L a (49)
legq - ao M1%12 D) cw\q,4,—q),
dnow (@) eow 1@ 2 0 0
dgodlog g ao) 640m2 M, 22 WD 40 A0 4 TRA0)

where in the second formula we assume that each event produces two DM particles. Assuming the
integral over qq is saturated at ¢ these formulas imply a relation between the abundance of GW and
the one of particles. In particular for a spectrum peaked at gy ~ 8 we find

npMm ,8 T, 3 QGW
YoMy = — 1 1
DM = S ~ b X 0 CDM (H ) (MP1> ny (5 )

where 0, = 5 x 10~° and we assumed the production to take place during radiation domination. This
estimate can be checked in explicit examples such as phase transitions, see section 5.

The energy fraction of DM is given by Qpy = 2.7-108YpyM/GeV. From a given GW background
we find that the DM abundance is reproduced for,

6 107\ (10%GeV\® / 4 \ [H.
o (1T (105G (1) (11, 2
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Figure 2. Equivalent representations of thermal gravitational freeze-in into the CFT sector that contains the
dark matter.

The peak frequency of the GW spectrum today is also determined as fy ~ Bax, see section 5.

If the production happens during reheating it will be further enhanced for fixed Qgw. This happens
since M o a, once the DM abundance is fixed. However a phase of matter domination will reduce
also Qqw from its maximal value of ~ 10~7 by an additional redshift of (a./ar)* where R stands for
the onset of radiation dominance where the usual estimates applies. Physically, since this production
happens inside the horizon, it will be diluted by any additional redshift originating from a primordial
phase of matter dominance while the universe is reheating.

4 Gravitational Freeze-in

An application of our formalism inside the horizon is the calculation of gravitational freeze-in of DM.
This process corresponds to the production of DM from the SM thermal bath from 2 — 2 scatterings
mediated by an s-channel exchange of gravitons. This type of freeze-in was first introduced in [10], where
the Boltzmann equations for DM production were solved with annihilation cross-sections computed
exclusively for each channel. The resulting DM mass is highly sensitive to the reheating temperature of
the universe, and we do not reiterate its derivation here. In [11, 12] the same calculation was done by
exploiting the approximate scale invariance of the SM and DM sector, relating the inclusive annihilation
rate to the central charges of the dark and SM sectors. So far in the literature, gravitational freeze-in
was computed by the thermal average of the (inclusive) cross-section.

In this section we emphasize that the same exact result as in [11] can be derived by treating the
thermal production of gravitationally coupled DM as a specific case of particle production inside the
horizon. Our aim here is to compute the rate (per unit time and volume) of the thermally average
inclusive production of DM (treated as relativistic ad production, and therefore only described by its
central charge). The two possible computations are depicted in figure 2.

Doing the calculation in flat space is a very good approximation since the thermal production is
happening on short scales 7~! < H~!'. For gravitational freeze-in the temperatures are usually so
large that also the source S (the SM at finite temperature) can be approximated as a free relativistic
sector (CFT-like). This amounts to neglect the trace of the stress-energy tensor of the source T = 0.
The use of such a formula implies that we are considering the generation of metric fluctuations h‘sy
due to the thermal bath linking them to the stress-tensor of the source. As far as we are aware, this
approach was never used in the literature for the calculation of the freeze-in rates.
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This leads to the inclusive production of the DM as
117 (g)
(¢*)?

We just need to compute the thermal average of T iVTS M therefore we need to derive

0(4°).- (53)

Nestom = =z / L7875 (~0)
SMEDM = a6gon2, | (2m)d e et

(T (@) Tpo (=) 7 = / d*ad'ye 1V i pr Ty (2) T (y)] = Va / d*xetr[pr T (2)Tye ()] (54)

where pr = e H/T ig a thermal state at equilibrium temperature T, and in the second step we have

exploited that translational invariance is preserved at finite temperature. Here V} is a four-dimensional
volume factor. As self-evident, the calculation requires the knowledge of the two-point function of the
energy momentum tensor at finite temperature in real space, tr[prT}, (2)T),(0)]. It can be computed
taking the trace over a complete set of energy eigen-states. Also, by including a complete set of
(momentum) eigen-states | P), including vacuum, single-particle and multi-particle states etc., we arrive
at the following formal expression

4 4 D/
tr[pr Ty (2)Tpe(0)] = / (;754 é 7546Ep/T<p|TW(x)\P')(P’]TpU(O)\p>. (55)

By means of translational invariance (p|T},,(z)|P") = e!®=F)%(p|T,,(0)|P'). This, together with the
fact that from the completeness relation we just retain the vacuum contribution, allows us to eventually
land on the following expression

(T (@) Tpo (—a))7 = Vie /T (q|T0|0) 0 Tpo la) + - - = Vae™®/T 2Im[i(T T, () Ty (=a))] + -~ (56)

By neglecting the corrections represented by the dots,” we can just plug the above expression into
eq. (53) and read out the particle number. We notice that Ny is extensive, being proportional to Vj,
so that it makes sense to compute the production rate per unit time and volume, v = Ngy—pwm/Va, as
follows

4
oM =~z | G e AT T () T (o)) (6)
We see that in this expression there is no footprint of the quantum statistics of the fields, which can
be captured by retaining the full two-point function. In presence of a weakly coupled description this
can be done as in [12]. In the special case where the thermal state is a CEF'T with central charge cgu,
as it is the case for the SM at very high temperatures, the production rate of the dark sector can be
read out as

1 2cy 2c¢csm dq
Mf%l 76807 76807 J (2m)

1 2¢; 2¢sm dq
M, 76807 76807 J (2m)*

_ao ITMP7 (q)11 1006 (q
49(612)6 20 (()14/1P ()

YSM—DS =

0(q%)e™ T 180¢* .

"These terms are associated the quantum statistics. In [11] it was found that they lead to correction of the abundance
0(10)%. A complete thermal computation will appear elsewhere.
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To perform the integral we introduce s = ¢2. Integration over gy gives,

2 2y 2csu dss5/2TK1 (Vs/T)  3cjesm T®

- . 58
M, 76807 76807 8 128075 M, (58)

YSM—DS =

This agrees with the gravitational freeze-in computation [11], and demonstrates the equivalence of
gravitational freeze-in with production from inhomogeneities.

As a cross-chek we can show that for a free thermal sector, the production of GWs is negligible
at this level. The thermal two-point function is zero on a null-like support and the rate of graviton
production vanishes. This is consistent with the findings of [19, 20]. Indeed to produce GW from the
thermal SM we need to identify contributions to the anisotropic stress: they can arise from interactions
on short distances or from the hydrodynamics limit at large scales. At weak coupling the largest
contributions arises from two-loop corrections to the graviton propagator, which from the point of view
of our computations correspond to adding a dissipative term: it is possible to emit gravitons on the
time-like support of (T;?V (p)Ti,(—p)) if they are produced in association with extra radiation [20]. It
would be interesting to extend the results of [20] in a more general context.

5 First order phase transitions

In this section we apply our results to first order phase transitions that are widely studied in the context
of stochastic GW backgrounds. This allows to explicitly check the relation between particle and GW
production.

Cosmological first order phase transitions are violent events in the early universe that could have
generated significant inhomogeneities in the metric of spacetime. When the phase transition proceeds
on a fast time scale 371, much faster than a Hubble time 3/H >> 1, the dynamics effectively develops
in flat space. A first order phase transition is often described by a scalar field ¢ tunneling to its true
vacuum from a metastable minimum gaining an energy AV (¢). The time scale 37! of the transition
is then related to the time variation of the bounce action in proximity of the nucleation time, when
bubbles of true vacuum are created. The transition completes when bubbles collide and the universe
is eventually in the true vacuum.

Collision of bubbles, possibly affected by plasma, sound and turbulence effects corresponds to our
source sector S in section 3. We are interested in the two-point function of the stress-energy tensor at
bubble collisions (T, (¢, 7)Tpe(—¢, 7')). This is known to generate a non-zero TT Ilgw power spectrum
that sources both GWs and in our context also particle production. The presence of a GW background
from bubble dynamics is one of the strongest motivation to study first order phase transitions, since
they predict a unique spectrum with amplitude Qgw and with a peak frequency observable in GW
experiments. The abundance of GW is given by,

1 dpcw a1 1 ¢
Qow = — (%) —— 2 igw(g,q— 59
aw ) oo ME 27 aw(4, 4, —q) (59)

The power spectrum today is peaked at frequency fpeax that is directly related to the temperature or
scale factor of the universe when the background was produced. At production the peak frequency is
of order 5. Assuming that the phase transition occurs during radiation domination one finds,

g T

~ 1074 mHz— ——* 60
Tpeak M 100 GeV (60)
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Figure 3. Fqual frequency power spectrum for first order phase transitions. Top panels correspond to template
1 and bottom panels to template 2. Blue, red, and dashed red curves refer to qo/q = 1,2,5. Left panels use the
discontinuous function g1(7) while right panels use the C° function go(7) from eq. (64).

The crucial parameter that characterizes the phase transition is its duration, typically of order 1. In
particular the amplitude of GW produced is suppressed for large 8 while the frequency is enhanced. The
other important parameter is velocity of the walls v,, that can be subluminal or reach relativistic speed
depending on the interactions with plasma of other particles. As we mentioned, the GW signal has
several contributions that depend on the details of the phase transition and have different dependence
on the parameters. However, here we focus on the collision of bubbles that can lead to strong gravity
wave production.

As discussed in the previous sections the knowledge of the power spectrum Ilgw in its full phase
space, not only allows to compute gravity waves (59) but also particle production. The power spectrum
Mew(g, 7,7'), can be determined through simulations or analytically using approximations such as the
envelope approximation. Here will use the results in [21, 22] where several templates for Ilgw were
studied that capture the main features obtained in simulations. The purpose of this analysis is to show
that the GW spectrum controls the abundance of spectator particles produced. We here focus on a
coherent source, where the unequal time two-point function factorizes

Hew(q,7,7") = f(q,7)f(q,7). (61)

Using the appropriate templates for f(g,7) we can directly compute the double Fourier transform in
time, and use Igw(q, 90, —qo) to compute GW and particle production using eqs. (50). We expect
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f(q,7) to have a time support comparable to the duration of the phase transition ~ =1, with a build
up of the signal over such time scale that can be smooth or abrupt. In Ref. [21] the following form for

f(g, 7) was advocated
kL(r)\ 2
1+ (*452)

fla,m)=G(7) 1+(%“))2+(%(*>)67 (62)
where G(7) and L(7) are functions that grow on a time scale 3=, We consider two cases
case 1) G(r) = L(1)\/v/B,  L(7) = (v/B)gn(7), (63)
case 2) G(7) = gno(r)L(T)¥?,  L(r)=wvr.
The functions g, (7) have support 7 € [0, 37!] and are defined by
gn(7) = [46°7(1/8 = 7)]"10(7)6(1/5 — 6). (64)

Notice that the case n = 1 correspond to a discontinuos f(g,7) that only last 37!, while for n > 1 the
function describes a signal that is built on a time scale 1//.

With these parametrization we can determine numerically the power spectrum in Fourier space.
In Figs. 3 we show the power spectrum obtained from (62 ) for different values of ¢p/q. The black
curve corresponds to gg = ¢ that determines the production of GW. On the other hand ¢g > ¢ is what
determines particle production. The abundance remains finite even for a discontinuous transition.
Indeed for the templates in eq. (62), f(q,7) goes to zero for large ¢ as 1/¢?. Given that the time
Fourier transform goes as 1/qq it follows that the total abundance is finite.

The analysis was carried out for GW where particle production is directly related to production of
GW. In phase transition scalar perturbations are also produced. On general grounds we do not expect
a large difference between scalar and tensor perturbations but a detailed analysis would be needed. In
fact production of tensor modes requires the existence of anisotropic stress to produce a quadrupole.
This can be suppressed by interactions, i.e. a perfect fluid has no anisotropic stress. As a consequence
scalar perturbations could be more important in realistic scenario of phase transitions. This question
could be studied with existing numerical simulations.

Let us briefly discuss incoherent backgrounds. In [21] it was considered the possibility that the two-
point function of the anisotropic stress is fully incoherent so that it is proportional to §(7—7") that leads
to consistent results for gravity wave production. In this case however II(q, gy, —qo) does not depend
on gy so that the total number of particles is divergent. A fully incoherent background is unphysical as
it corresponds to at a singular spacetime. It is however possible that incoherent backgrounds enhance
the signal.

6 Conclusions

This work together with [8] lays out the general formalism to compute the abundance of a dark sector
that is only coupled to the SM gravitationally. This encompasses in a simple framework gravitational
production from the SM thermal bath as well as recently discussed particle production from inhomo-
geneities. One general result emerging is the equivalence between particle production as propagation
in inhomogeneous background and gravitational scattering.
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In general particles can be produced due to cosmological evolution of perturbations or local non
adiabatic processes such as first order phase transitions or preheating. We have shown that for sources
well inside the Hubble horizon the result can be related to the expectation value of the two-point
function of the energy momentum tensor that creates the perturbations. Moreover for conformally
coupled sectors the abundance is proportional to the central charge of the sector c¢;. This provides
an unavoidable mechanism to produce DM of a dark sector that can dominate compared to other
contributions discussed in the literature.

Remarkably for tensor perturbations this mechanism is closely related to the production of GW
being determined by the very same two-point function of the transverse traceless components of the
energy momentum tensor, albeit in a different kinematical regime. This allows to relate the abundance
of the dark sector to the energy fraction and frequency of GW today. In order to obtain cosmologically
significant abundances the frequency must be very large, corresponding to production at early times.
Indeed the numerical abundance scales on general grounds as f? making it negligible in the region for
f < 100 Hz, relevant for current gravitational wave experiments.

Scalar and vector perturbations of the metric lead to particle production while they do not source
GW. Such perturbations are expected to be produced along with tensor perturbation in realistic scenar-
ios that lead to significant inhomogeneities. Our estimates indicate that the abundance is comparable
or larger to tensor perturbations but scalar and vector perturbation are poorly studied in the literature
since they do not produce GW. This motivates the study of these modes in explicit examples such as
first order phase transitions or preheating. We are planning to study these effects with numerical and
analytical methods in future work [23]. In the context of first order phase transitions, it is also inter-
esting to study the two-point function of the transverse-traceless part of the energy-momentum tensor
in the full phase space. This information could, in principle, be extracted from existing simulations.

For production from a thermal bath the result is controlled by the thermal two-point function of the
energy momentum tensor in real time for which powerful methods have been developed in the context
of GW production, see [19, 20]. We are planning to extend these results to particle production allowing
to capture the effect of interactions and quantum effects.
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A Metric perturbations in FRW

In this appendix we derive the full unequal time correlators for scalar ©, vector V and tensor h
perturbations in the FLRW background, generalize our derivation in flat space of section 3. In FLRW,
the simplicity of the connection between the sources Ilg y,gw and the power spectra Ag v,gw is lost
due to the appearance of Hubble and scale factors in the Einsteins’ equations of eq. (41).

The approach here is that, once we neglect the primordial fluctuations generated by inflation, the
solutions for the perturbations are just the convolution of the retarded Green’s functions Gg’w’h (¢,
and the sources Se w(¢,7'), which may differ from the ones in flat space. The retarded Green’s

functions instead are solutions form the cosmological perturbations in FLRW in response to a Dirac
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delta function in cosmological time per each Fourier mode for positive time difference. We aim at

- - - dg -

or) = [d'chrridSe@r). O@m) = [ GECSw diDSe@—a) (3
) ) ) df )

War) = [#Gernsw@r). Vidw = [ G5CH . didsv@—dg). (69
) ) ) daf )

war) = [arGh i as@e). iw = [ GECHw didsia—g). (o7

In FLRW, due to the Hubble friction, the Green’s function is not conformal time-translational invariant,
therefore G® is not proportional to a &(go — q¢()- By manipulation of the linearized Einsteins’ equations,
combining eq.s [(41a) - ¢2 (41b)] using the constraint in (41c), we have

O"(q,7) +3(1 + AYH O/ (q,7) + [c2* + 2H + (1 +3c2)H?] ©(q,7) = Se(d,T), (68)
—?Wl' = Sy (69)
i+ 2Hh; + ¢*hyy = SP (70)

The retarded Green’s functions are solutions to this equation where the source is 6(7 — 7’) for 7 > 7/.
Notice that here # and the adiabatic sound speed ¢2 = p'/p’ depends on all the contributions (including
the source). The explict expressions for the sources are the following

a?(dp — c2dp) 9 9 9 2. 9 3a%6
= L el 1 . D —o2H1 — (1 2742 1
Se 7z, + 02+ (1 4+ 3c2)HO- + (ca+3)q H —( +30a)7-[” (2M§1q2)(7)
Sw = gz (@+p)ITT, (72)
Pl
2
Sy, = —TiT. (73)
Mg,

where we have defined 6 = (p + p)o. Here Sg is generic, we can however assume that only the source
sector has non-negligible non-adiabatic components and anisotropic stress. We can check that we get
the correct flat space limit by enforcing a — 1, H — 0. The solution in Fourier transform is

w‘o o

[529 —cadp+ (1+ 3¢5 — %Z )G| grmv—o 1 (6 3 5) (74)
_= p — —0
(=3 + caq®) M, > Mg, 2

a~>1,_’H—>0

@((T, CIO)

where in the second step we have used flat-space stress-energy tensor conservation, dp = q% /q*5p — 6.
We see that the apparent acoustic pole at gy = ¢4|q| is unphysical and we recover the Poisson equation
of (43), once the conservation of T},, is considered.

A.1 Scalar fluctuations: single fluid dominance

In the limit where the source is a small perturbation to the background geometry, we can write c2 =
w = constant and 2H' + (1 + 3c2)H? = 0 if only one barotropic component is dominating the universe.
For scalar perturbations the left-hand side becomes ©” + 3(1 + w)HO' + wq?©. This allows us to
construct the Green’s function more easily for radiation or matter dominance. Also the source term
Seo simplifies in this limit, as it depends on background quantities.

23



¢ Radiation dominance. Here w = ¢2 = 1/3 and H = 1/7. The retarded Green’s function is

GR‘ =0(r—1") 77, Kl + q27_7_,> sin(q(T — 7'/)) — i(7' -7 cos( (r—1' )}
O |rad. (q2/3)3/2 7_3 3 \/g \/g
(75)
While the expression of the source simplifies to

2

a 2
2
Mg,

3a
(op —
2M1%1q2

1
S6lrad. = =0p) + [02 + 2HO, + ¢*] (

! (o+1)0) (76)

e Matter dominance. Here w = 0 and H = 2/7. The retarded Green’s function is

/ AN
R B NT T
G@‘mat' = 9(’7' — T )g [1 — <7_) (77)
While the expression of the source simplifies to
Solma. = o bp+ 102+ 1O + 271 (2% (o + p)o (78)
O|mat. — M}%] p 3q 2M1%1q2 pTp
A.2 Tensor Perturbations
Using the rescaled field H;; = ah;; the equation (72) becomes,
" 2 a" 2 TT
Hij + (q — CL2> Hz'j M}gl T (79)
so that,
hij(q,7) = 2 dT Gy(T — a(TTE (¢, 7) (80)
1] q7 M2 ( ) 1] q7
p1@ —o0

where G4(7 — 7') is in general the Green’s function with retarded boundary conditions. In radiation

domination a = a.7 so the left hand side is just a free harmonic oscillator. The Green’s function is

then, .

sin ¢
2q

Gyd(r) = 6(r) (81)

This allows to write,

4
M41a277

sinq(7 sing(r' —t')

An(q,7,7") = / dtdt'(t — )2q_t)9(’r/—t,)2qHGW(Q>tvt/> (82)

This equation is on the same footing of the general expression for the production of stochastic GW
backgrounds, see [13] The Fourier transform determines exactly particle production including the cos-
mological expansion.

24



References

[1]

2]

[3]

[4]

[5]

[6]

[7]

8]

[9]

[10]

Y. B. Zel’dovich and A. A. Starobinsky, Rate of particle production in gravitational fields, JETP Lett. 26
(1977), no. 5 252.

A. Campos and E. Verdaguer, Production of spin 1/2 particles in inhomogeneous cosmologies, Phys. Rev.
D 45 (1992) 4428-4438.

J. Cespedes and E. Verdaguer, Particle Production in Inhomogeneous Cosmologies, Phys. Rev. D 41
(1990) 1022.

B.-L. B. Hu and E. Verdaguer, Semiclassical and Stochastic Gravity:
Quantum Field Effects on Curved Spacetime. Cambridge Monographs on Mathematical Physics.
Cambridge University Press, Cambridge, 1, 2020.

A. Maleknejad and J. Kopp, Gravitational- Wave Induced Freeze-In of Fermionic Dark Matter, Phys. Rev.
Lett. 136 (2026), no. 13 131501, [arXiv:2405.09723].

A. Maleknejad and J. Kopp, Weyl fermion creation by cosmological gravitational wave background at
1-loop, JHEP 01 (2025) 023, [arXiv:2406.01534].

R. Garani, M. Redi, and A. Tesi, Stochastic Dark Matter from Curvature Perturbations, Phys. Rev. Lett.
134 (2025), no. 10 101005, [arXiv:2408.15987].

R. Garani, M. Redi, and A. Tesi, Particle production from inhomogeneities: general metric perturbations,
JHEP 08 (2025) 037, [arXiv:2502.12249].

E. W. Kolb and A. J. Long, Cosmological gravitational particle production and its implications for
cosmological relics, Rev. Mod. Phys. 96 (2024), no. 4 045005, [arXiv:2312.09042].

M. Garny, M. Sandora, and M. S. Sloth, Planckian Interacting Massive Particles as Dark Matter, Phys.
Rev. Lett. 116 (2016), no. 10 101302, [arXiv:1511.03278].

M. Redi, A. Tesi, and H. Tillim, Gravitational Production of a Conformal Dark Sector, JHEP 05 (2021)
010, [arXiv:2011.10565].

M. Redi and A. Tesi, General freeze-in and freeze-out, JHEP 12 (2021) 060, [arXiv:2107.14801].

C. Caprini and D. G. Figueroa, Cosmological backgrounds of gravitational waves, Class. Quant. Grav. 35
(2018), no. 16 163001, [arXiv:1801.04268].

J. S. Schwinger, On gauge invariance and vacuum polarization, Phys. Rev. 82 (1951) 664-679.

S. S. Gubser and I. R. Klebanov, Absorption by branes and Schwinger terms in the world volume theory,
Phys. Lett. B 413 (1997) 41-48, [hep-th/9708005].

L. Vicente Garcfa-Consuegra and A. Maleknejad, The stochastic Schwinger effect, JHEP 03 (2026) 043,
[arXiv:2510.14468].

A. Boasso, S. Franchino-Vinas, and F. D. Mazzitelli, Nonlocal effective action and particle creation in D
dimensions, Phys. Rev. D 111 (2025), no. 8 085023, [arXiv:2412.03340].

C.-P. Ma and E. Bertschinger, Cosmological perturbation theory in the synchronous and conformal
Newtonian gauges, Astrophys. J. 455 (1995) 725, [astro-ph/9506072].

25


http://arxiv.org/abs/2405.09723
http://arxiv.org/abs/2406.01534
http://arxiv.org/abs/2408.15987
http://arxiv.org/abs/2502.12249
http://arxiv.org/abs/2312.09042
http://arxiv.org/abs/1511.03278
http://arxiv.org/abs/2011.10565
http://arxiv.org/abs/2107.14801
http://arxiv.org/abs/1801.04268
http://arxiv.org/abs/hep-th/9708005
http://arxiv.org/abs/2510.14468
http://arxiv.org/abs/2412.03340
http://arxiv.org/abs/astro-ph/9506072

[19] J. Ghiglieri and M. Laine, Gravitational wave background from Standard Model physics: Qualitative
features, JCAP 07 (2015) 022, [arXiv:1504.02569].

[20] J. Ghiglieri, G. Jackson, M. Laine, and Y. Zhu, Gravitational wave background from Standard Model
physics: Complete leading order, JHEP 07 (2020) 092, [arXiv:2004.11392].

[21] C. Caprini, R. Durrer, T. Konstandin, and G. Servant, General Properties of the Gravitational Wave
Spectrum from Phase Transitions, Phys. Rev. D 79 (2009) 083519, [arXiv:0901.1661].

[22] C. Caprini, R. Durrer, and G. Servant, Gravitational wave generation from bubble collisions in first-order
phase transitions: An analytic approach, Phys. Rev. D 77 (2008) 124015, [arXiv:0711.2593].

[23] A. Maleknejad, M. Redi, G. M. Salla, and A. Tesi, in preparation, .

26


http://arxiv.org/abs/1504.02569
http://arxiv.org/abs/2004.11392
http://arxiv.org/abs/0901.1661
http://arxiv.org/abs/0711.2593

	Introduction
	Production of conformally coupled sectors from Inhomogeneities
	Production from Stochastic backgrounds
	Unequal time correlators: estimates

	Particle Production inside the horizon
	Production of matter and GW
	Production from Scalar, Vector and Tensor perturbations
	Flat space limit

	Correlation between DM abundance and GWs

	Gravitational Freeze-in
	First order phase transitions
	Conclusions
	Metric perturbations in FRW
	Scalar fluctuations: single fluid dominance
	Tensor Perturbations


