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We study the dynamics of observables that are conserved under the Hamiltonian
evolution of a closed quantum system, but cease to be conserved when the system
is coupled to a Markovian environment and described by a Lindblad master equa-
tion. Starting from the adjoint Lindblad equation, we derive elementary expressions
for the time derivatives of the expectation value and second moment of an observ-
able O, with particular emphasis on the case [H,0] = 0 but £T(O) # 0. These
formulae provide a direct assessment of how collapse operators break Hamiltonian
conservation laws and generate fluctuations of formerly conserved quantities. The
discussion is illustrated by analytic examples: one-qubit amplitude damping, a two-
qubit excitation-number model, a momentum-diffusion model in which the mean is
conserved while the variance grows, and the Jaynes—Cummings model. The latter
also shows the complementary case of a reservoir coupled through a conserved quan-
tity, where dephasing can occur without changing the statistics of that quantity. We
finally comment on the relation between Lindblad source terms and idealized wave-
function reduction models in which local conservation may hold only statistically.

I. INTRODUCTION

Conservation laws play a central role in the analysis of closed quantum systems. If a
system evolves unitarily under a Hamiltonian H, an observable O is conserved whenever

it commutes with the Hamiltonian,
[H,0] = 0. (1)

Equivalently, its expectation value is constant for all initial states,

d
—(0) = 0. 2

£(0) )
This elementary statement is no longer sufficient for open quantum systems. In the pres-
ence of an environment, the reduced density matrix of the system may obey a Lindblad
master equation, and the dissipative part of the generator can break a conservation law
that is present in the Hamiltonian sector [1H4].

The purpose of this work is to discuss this loss of conservation in a simple and opera-

tional way. We consider observables O which are conserved by the Hamiltonian evolution,
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but not by the full Lindblad dynamics. Rather than focusing only on the expectation

value (O), we also consider the second moment (O?) and the variance
Var(0) = (0%) — (0)*. (3)

This gives a minimal description of the time-dependent statistics of an observable which
would be conserved in the corresponding closed system. In this sense, DT(O) will be
interpreted below as the open-system source term associated with the observable O.

The relation between symmetries and conserved quantities in Lindblad master equa-
tions has been analyzed in detail by Albert and Jiang [5]. One of the important lessons
of that work is that the usual unitary correspondence between continuous symmetries
and conserved quantities is modified in dissipative dynamics. In the present paper we
address a narrower question: given a simple Hamiltonian conservation law, how do the
expectation value, second moment, and variance of the corresponding observable evolve
once Lindblad collapse operators are added?

It is important to stress that the aim of this paper is not to provide a new classifi-
cation of invariant operators or of stationary subspaces of a Lindblad semigroup. Such
structural questions are treated in greater generality in the literature on quantum dy-
namical semigroups and dissipative symmetries [6H8]. Our more modest goal is to isolate
a simple moment-based diagnostic for the transient statistics of a Hamiltonian conserved
observable once it is subjected to dissipative dynamics. In this sense the paper should
be read as complementary to the rigorous theory of Lindblad symmetries: it focuses on
the drift, second moment, and variance generated by the dissipative part of the adjoint
generator, in analytically transparent models.

Our discussion is intentionally elementary. We first derive the formal identities for
the time derivatives of (O), (O?), and Var(O). We then illustrate them with two simple
examples: a one-qubit amplitude damping model and a two-qubit model in which the
total excitation number is conserved by the Hamiltonian but not by local decay processes.

We also add a momentum-diffusion example, which realizes explicitly the case in
which the mean value of an observable is conserved while its variance grows. Finally,
we discuss the Jaynes—Cummings model, where the closed Hamiltonian has a conserved
total excitation number. This example is useful because it shows both possibilities:
a dephasing reservoir coupled through the conserved excitation number preserves its

statistics, whereas photon loss or atomic decay makes the same quantity non-conserved.



A further motivation for studying not only the first moment but also the second mo-
ment is that, in stochastic or reduction-like descriptions, a conservation law may hold
only after statistical averaging. In the language used below, the non-Hamiltonian part
of the evolution can act as an effective source or sink for the observable under consider-
ation. For a local density this would correspond to the analogue of a source term in a
continuity equation; for a general observable it simply means that DT(O) is nonzero. In
such situations the average source contribution to (O> may vanish, whereas fluctuations,
second moments, or correlations can still carry information about the underlying stochas-
tic processes. This point is relevant, for example, in idealized wave-function-reduction
models in which local charge conservation can be violated event by event while being
restored after statistical averaging in suitable situations [9]. The Lindblad framework
offers a simple setting in which the analogous distinction can be analyzed at the level of
observables and their moments.

The paper is organized as follows. In Sec. |II| we recall the Lindblad equation and its
adjoint form, emphasizing the condition for an observable to be conserved by the full
open dynamics. In Sec. [[II] we derive the evolution equations for the second moment and
the variance. In Sec. [Vl we summarize the role of the initial statistics of the observable.
Sections [VI and [VII] present two elementary spin examples, including the explicit solution
of the two-qubit moment equations. Section [V] gives a simple variance-only example
based on momentum diffusion. Section [VIII| discusses the Jaynes—Cummings excitation
number and contrasts dephasing through a conserved quantity with dissipative channels
that destroy it. In Sec. [X] we comment on the relation with local non-conservation in

wave-function-reduction models. The main conclusions are collected in Sec. [X|

II. LINDBLAD DYNAMICS AND ADJOINT EVOLUTION

We consider a finite-dimensional quantum system whose density matrix p(t) evolves

according to a time-independent Lindblad master equation,
. : 1
p=L(p) = —i[H,p| +> (LkaZ -5 {LZLk,p}) , (4)
k

where we set h = 1. Here H = H' is the system Hamiltonian, L, are the Lindblad
or collapse operators, and v, > 0 are the corresponding rates. This is the standard

time-homogeneous GKSL form of a Markovian quantum master equation [T, 2, TOH13].



For an observable O = Of, the expectation value is

(0)(t) = Tr(p(t)O). ()
Taking the time derivative and using Eq. , one finds

%(0) = Tr(p0) = Tr(L(p)O). (6)

Using the cyclic property of the trace, this can be written as

d

0) = Tr(p£1(0)) = (£1(0)). (")

where L is the adjoint Lindblad generator,
£Y(0) = i[H,0]+ 3 % <LLOLk - % {L;Lk, O}) . (8)
k
Thus the condition for O to be conserved for all states is not simply [H, O] = 0, but
o) =o. (9)
It is useful to separate the Hamiltonian and dissipative contributions,
L1(0) = i[H,0] + D'(0), (10)

with
1
i _ i - T
D'(0) Ek Vi (LkOLk 5 {LkLk,O}) ) (11)

If [H,0] = 0, then O is conserved in the closed system. In the open system, however,

d
2(0) = (D1(0)). (12)
Therefore the collapse operators determine whether and how the Hamiltonian conserva-
tion law is broken.

A sufficient, though not necessary, condition for preservation of the observable under

the dissipative dynamics is
[0,L) =[0,LI] =0  for all k. (13)

In that case also

[0, LI L] =0, (14)

and the dissipative contribution in Eq. vanishes. In general, however, conservation

is controlled by the full condition @



III. SECOND MOMENT AND VARIANCE

The same formalism applies to any function of the observable. In particular, for the

second moment one has

(0%)(t) = Te(p(t)0?), (15)
and therefore
d, o 2
(0% = (£1(07). (16)
Explicitly,
%«)2) =i ([H,0%) + zk:vk <L202Lk - % {L;Lk, 02}> . (17)

If [H,O] = 0, then also [H,0?] = 0, and the evolution of the second moment is entirely
due to the dissipative part.
The variance is

Var(0) = (0?) — (O)2. (18)

Taking the time derivative gives

d d, d
ZVar(0) = (0% = 2(0) 7 (0). (19)
Using Eqs. (7) and (16), this becomes
%Var(@) = (L10?%) —2(0) (£M0)) | (20)

If, in particular, [H, O] = 0, then also [H, 0% = 0, and Eq. reduces to

%Var(O) = (D'(0%) - 2(0) (D'(0)) . (21)

It is useful to give this quantity a name. We shall refer to
To(t) = (£1(0%) ~ 2(0) (£}(0)) (22)

as the variance-production rate of the observable O. For a Hamiltonian conserved ob-
servable, [H, O] = 0, this rate is generated entirely by the dissipative part of the adjoint

generator,

o (1) = (D'(0%) — 2(0) (D'(0). 23)

The content of Eq. is therefore not the chain rule itself, but the separation between

dissipative drift of the mean and dissipative production or suppression of fluctuations.



This identity is the basic tool used in the following. It shows that the loss of conser-
vation of O can manifest itself both as a drift of the mean value and as a change in the
width of the distribution.

There are several possible cases. If
Li0)=0, LI(0* =0, (24)
then both the expectation value and the variance of O are conserved. If
LH0) #0, (25)
then the mean value is generally not conserved. Finally, the case
LI0)=0, LI(O0*#0 (26)

would correspond to conservation of the mean value but not of the fluctuations. This
distinction is useful because conservation of an expectation value does not necessarily

imply conservation of the full statistics of the observable.
IV. INITIAL VALUES AND INTERPRETATION

The formal derivatives derived above have to be interpreted together with the initial

statistics of 0. Given an initial density matrix pg, one has
<O>0 = Tr(poO), <O2>0 = Tl"(p002), (27)
and
Var(0)y = (0*)¢ — (O)3. (28)

If the initial state is an eigenstate of O,

O|vo) = ooltbo), po = [vo) (¢ol, (29)

then

(O)o = 09, (O = 0}, Var(O)y = 0. (30)
In this case any subsequent nonzero variance is generated dynamically by the open-
system evolution.

On the other hand, if the initial state is a coherent superposition of different eigen-

states of O,
|tho) = Z Calon), Olon) = onlon), (31)



then

(O)o = Z |cn|*0n, (0%)o = Z |enl?03, (32)

and the variance is already nonzero unless the superposition contains only one eigenvalue

of O. Similarly, for a mixed initial state,
Po = Zpa!¢a><¢a|7 (33)

the initial variance contains both quantum and statistical contributions.

Thus the dynamics of a formerly conserved quantity should be described not only
by whether (O) changes, but also by whether the state starts from a sharp or broad
distribution of O.

V. A VARIANCE-ONLY EXAMPLE: MOMENTUM DIFFUSION

The distinction between conservation of the mean and conservation of the full statistics

can be illustrated by a simple diffusion model. Consider a particle with Hamiltonian

p
H=— 34
om’ (34)
and take as observable
O =np. (35)

The Hamiltonian part conserves p, since [H, p] = 0. Let the dissipative part be generated

by a Lindblad operator proportional to position,

L=z, (36)

where 1 > 0. The corresponding dissipator is

1
D@ﬁw(mm—gfmﬂ, (37)
and its adjoint action can be written in the double-commutator form

DH(A) = —J[z [z, A (38)

Such double-commutator dissipators are standard in simple models of position decoher-
ence and momentum diffusion [3, [14].

For the first moment one has

[z, [2,p]] =0, (39)



and hence

Li(p) =0. (40)

Thus the mean momentum is conserved. However, using [z, p] =i with h = 1,

[I’,p2] = 22]), [SC, [.CC,pZ]] = _27 (41)
so that
Lp*) =n. (42)
Consequently,
d d
) =0, —Var(p) = 1. (43)

This example realizes explicitly the case L£T(O) = 0 but £7(O?) # 0. The dissipative
dynamics produces no drift of the mean momentum, but it produces a linear growth of

momentum fluctuations.
A. Relation with fluctuation—dissipation balance

The momentum-diffusion example also clarifies the relation between the present
moment-based description and fluctuation—dissipation ideas. A generic Lindblad gener-
ator need not satisfy a fluctuation—dissipation theorem: this requires additional physical
input, such as a thermal environment, a detailed-balance condition, or a prescribed ther-
mal stationary state. Nevertheless, the quantities considered here are precisely those
which enter such a balance.

In the pure diffusion model considered above, the mean momentum is conserved, while

the variance grows according to

%Var (p) =n. (44)

This represents the fluctuation-producing part of the dynamics without a compensating

dissipative relaxation. In a thermal Brownian model one would also have a friction term,

schematically
d
—Ap) = —T 45
7 P) (p), (45)
and
d
4 %) = —2r(s?) + 20, (16)
For states with (p) = 0, this gives
d
—Var(p) = —2T' Var(p) + 2D, (47)

dt



At equilibrium the left-hand side vanishes, so that

Vare,(p) = %. (48)

If the stationary state is thermal in the high-temperature limit, Vare,(p) = mkgT, and
therefore

D, = TmkyT. (49)

This is the usual fluctuation—dissipation balance in moment form: the same environmen-
tal coupling that produces damping also fixes the strength of the fluctuations required

to reach thermal equilibrium. From this perspective, the variance-production term
To(t) = (£1(0%) — 2(0) (£1(0)) (50)

is the natural object through which fluctuation—dissipation relations appear at the level
of a chosen observable.

Thus the present formalism does not by itself imply a fluctuation—dissipation theorem
for arbitrary collapse operators. However, when the Lindblad generator has a thermal
origin, the equations for the first and second moments provide the direct route by which

the dissipative drift and the fluctuation-producing terms are related.
VI. ONE-QUBIT CASE: AMPLITUDE DAMPING

As a first example, consider a two-level system with Hamiltonian

w

H = Eaz. (51)
We take
O=o,. (52)
Then
[H,o0,] =0, (53)

so o, is conserved in the closed system.
We now add a single amplitude-damping collapse operator, a standard elementary

dissipative channel in open two-level systems [4],
L=o_, v > 0. (54)
We use the convention

or = (A =[0){0], o =]0)(1],  or =]1)(0]. (55)



Thus |1) is the excited state and |0) the ground state.

The adjoint dissipator acting on o, is

1
Di(c,) = v (0+020 b {o,0_,0.}

Since
oro- = [1)(1,
one obtains
oyo,0- = —|1)(1],
and
[o20,0.} = 2]1)1].
Therefore
D'(0.) = —29[1)(1.
Using
141 = 5 T+ 02,
we get
Di(o,) = —y(+0,).
Thus

G o = (1 +0)).

The solution is

(0.)(t) = =14 (1 + (0.)0) e .

For an initially excited state,
<Jz>0 = 17

this gives

(0)(t) = =142

The second moment is trivial in this case, because

Therefore

)

10

(60)

(61)

(62)

(67)

(68)
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for all normalized states and at all times. Consequently,
Var(o,) = 1 — (0.)>. (69)
For the initially excited state,
Var(o.)(t) = 1 — (=1 4 2¢77)*. (70)

The variance starts from zero, becomes nonzero during the decay process, and returns
to zero asymptotically as the system approaches the ground state.

This example is analytically transparent, but it is also somewhat special because
O? = 1. For this reason the second moment does not provide independent information. A
richer example is obtained by considering a two-qubit system with a conserved excitation

number.
VII. TWO-QUBIT CASE: CONSERVED EXCITATION NUMBER

We now consider two qubits with an exchange Hamiltonian,
Heyen = g (053)0(_2) + 0(_1)053)> : (71)
Equivalently, up to conventional factors,
H.pon = % (03(61)05(52) + 051)01(12)) ) (72)
The total excitation number is
N=ni+ny, n;=0Pa? =101 (73)
The operator N has eigenvalues 0, 1,2, corresponding respectively to the states
|00), |10), |01), |11). (74)
The Hamiltonian ([71)) conserves the total excitation number. Indeed, using
.01 =0, [n;,0%] = —0", (75)
and the fact that operators acting on different qubits commute, one finds

[N, O'S_I)O'(E)] = [n1 + no, 053)0(2)]

(1) (1) (2)

= [n1,0} ]0(,2) + 0 [ng, 0]

= a(j)a(f) = 05:)0(_2) =0. (76)
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Similarly,
N, e = 0. (77)
Therefore
[Heen, N| = 0. (78)
In the closed system,
%(]\0 =0, %<N2> =0, %Var(]\/) 0. (79)

We now add local (i.e., acting separately on the two qubits) amplitude-damping col-
lapse operators,

Li=oV,  Ly=0", (80)

with rates v, and 7,. The dissipator acting on the density matrix is

Z% (0208 = 5 (301 ) 1)

The adjoint dissipator is

2
. L1
=3 (a$>00—9> — 5 . 0}) . (82)
j=1
We first compute the evolution of the mean excitation number. Since
N = ny + Nno, (83)

and the decay of qubit j only changes n;, one obtains

DI(N) = —y1n; — Yana. (84)
Therefore
d
2 WV) = —mln) = plng) | (85)
For equal rates,
=" =7 (86)
this reduces to
d
—(N) = —y(N). 87
ZAN) = (W) (57)

Hence
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for equal local decay rates.

The second moment is more informative. Since n? =n;,

N2 = (m + n2)2 =ny+n9g + Qnmg =N + 2n1n2. (89)

The operator niny projects onto the doubly excited state |11). Equation shows that
this sector contributes specifically to the second moment through the term 2n,n5. A local
decay maps |11) into one of the one-excitation states, [10) or |01), so that N changes
from 2 to 1 and N? changes from 4 to 1. This is the origin of the n;ny contribution in
the evolution equation for (N?) below.

A direct application of the adjoint dissipator gives

DI(N?) = —yini(1 + 2ny) — yana(1 4 2ny). (90)
Equivalently,
DT<N2) = —Y1N1 — 72N — 2(’}/1 + ’72)711712. (91)
Thus
d
%<N2> = —’Yl<n1> - 72<n2> - 2(’71 + ’72)<”1”2> . (92)

For equal decay rates,

M=7"2=7 (93)
this becomes
SN = =1 (V) = (s (94
Using Eq. ,
(mams) = 7 (IN%) — (V) (95)
we get
SN = 7(N) — 24N, (96)
Together with
d
CIN) = i, (o7)

this gives a closed system of equations for the first and second moments.

The variance obeys

Z Var(N) = —(N2) — 2(N)—(N). (98)
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For equal rates, using the previous equations,

%Var(]\f) = (N) — 2y(N?) + 2¢(N)?| (99)

For equal rates the closed system of moment equations can be solved explicitly. Let

No = (N)o, Moy = (N?). (100)
Then
(N)(t) = Noe ™, (101)
and
<N2>(t) = Noeﬂt + (MO — N0)€727t. (102)
Therefore
Var(N)(t) = Noe " + (My — Np)e 27" — NZe . (103)

For an initial eigenstate of N with eigenvalue ng, so that Ny = ng and My = n?, this

reduces to

Var(N)(t) = nge " (1 — e ). (104)

In particular, for the initially doubly excited state |11),
Var(N)(t) =27 (1 — e, (105)

which reaches its maximum value 1/2 at t = (In2)/~.

vt
FIG. 1. Dynamical generation of the excitation-number variance for the initial state |11) in

the equal-rate two-qubit model, Eq. (105).

The equal-rate assumption is essential for the closure of the moment equations in

terms of (N) and (N?) alone. For unequal rates, Eq. depends separately on (n;) and
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(ng). Their Hamiltonian evolution is coupled to the exchange coherence. For example,

defining
Y = z< We® _ a$)a£2)> , (106)
one obtains schematically
d d
—(n1) = gY — 71 (n1), (n2) = —gY — 12(na), (107)

dt dt
together with an additional equation for Y. Thus, for v; # s, the population moments
do not form a closed two-equation system. The equal-rate case is therefore the minimal
case in which the moment dynamics of N and N? closes analytically.

This model displays more structure than the one-qubit example. In the closed system,

the Hamiltonian exchanges an excitation between the two qubits but preserves the total

number N. The local collapse operators, instead, connect different excitation sectors,
|11) — |10), |01), |10), |01) — ]00). (108)

Thus the same observable that is exactly conserved by the Hamiltonian becomes a fluc-
tuating, decaying quantity in the Lindblad dynamics.
For example, if the system is initially in the state [11), then

(N)o =2, (N*o=4,  Var(N),=0. (109)

The subsequent dynamics generates a distribution over the sectors N = 21,0, and the
variance becomes nonzero at intermediate times.

If instead the initial state is in the one-excitation subspace, for example

1
|tho) = NG (110) +01)), (110)

then
(N)o =1, (N*o=1,  Var(N)y,=0. (111)

The exchange Hamiltonian preserves this subspace, but the local decay operators transfer
population to |00). Therefore the variance of N is again dynamically generated by the
dissipative evolution.

These examples illustrate the central point: a quantity may be exactly conserved by
the Hamiltonian and nevertheless acquire nontrivial statistics under Lindblad evolution.
The first moment measures the dissipative drift of the quantity, while the second moment

and variance measure the broadening or narrowing of its distribution.
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VIII. JAYNES-CUMMINGS MODEL: CONSERVED AND
NON-CONSERVED EXCITATION NUMBER

A standard physical example of a Hamiltonian conserved quantity is provided by the
Jaynes—-Cummings model [I5]. In the rotating-wave approximation, the Hamiltonian of

a two-level atom coupled to a single quantized mode is
€
Hye = woa'a + 50+ +g (a0+ + aTa_) , (112)

where a, a’ are the annihilation and creation operators of the field mode, while o1 and
o, act on the two-level atom. The interaction term describes the absorption of a photon
accompanied by atomic excitation, and the emission of a photon accompanied by atomic
de-excitation.

The total excitation number is
N=d'a+o,0_. (113)
The Jaynes—-Cummings Hamiltonian conserves IV,
[Hjc, N| = 0. (114)

Indeed, the operator ac. annihilates one photon and excites the atom, while a'o_ creates
one photon and de-excites the atom. In both processes the total number of excitations
is unchanged.

This conserved quantity is closely related to the solvability of the closed Jaynes—
Cummings model. The Hilbert space decomposes into invariant subspaces of fixed NV,
each of which is two-dimensional, apart from the ground sector. This allows the model to
be solved analytically. In open versions of the model, however, the fate of this conserved
quantity depends on the structure of the system—environment coupling.

A useful contrast is given by a pure-dephasing coupling through the conserved quan-
tity N itself. In the exact open Jaynes—-Cummings model studied by Watanabe and
Nakazato [10], the reservoir interaction is mediated by N. Although the general dis-
cussion above was introduced for a time-homogeneous generator, the adjoint identity

extends directly to time-local generators. If

p(t) = L(p(2)), (115)

then for a time-independent observable O one has

£y = (o). (116)
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Thus the same adjoint reasoning applies also to the exact time-local master equation
used in this example. The resulting reduced master equation has a dissipative term of

the form
. . 1
5= —ilHyc+ fiN? ] + 20 (NpN e p}) | (117)

with time-dependent coefficients. In this case the Lindblad operator is effectively pro-

portional to NV, and therefore
LI(N)=0,  LI(N?)=0. (118)

Thus the reservoir can destroy coherences between different N sectors, but it does not
change the statistics of IV itself.

The situation is different for the more usual dissipative channels of cavity photon loss
and atomic spontaneous emission. These may be modeled phenomenologically by the

collapse operators

L, = a, L,=0_, (119)
with rates x and -, respectively. The dissipator is
t_Lps 1
D(p) = r ( apa’ — S{ala,p} |+ {0-poy — S{ovo,p} ). (120)

Let
n=ala, e=o0,0_, N=n+e. (121)

The adjoint dissipator gives

DI(N) = —kn — ve. (122)
Therefore
d
S(N) = —win) — o) (123)

Although N is conserved by the Hamiltonian, it is not conserved by the open dynamics
when photons can leak out of the cavity or the atom can decay into external modes.

2

The second moment is also simple to analyze. Since e = e and n commutes with e,

N? =n? + e+ 2ne. (124)

A photon-loss event changes IV into N — 1 with rate proportional to n, while an atomic

decay event changes N into N — 1 with rate proportional to e. Hence

DI(N?) = kn [(N —1)> = N?] + e [(N — 1)> = N?]. (125)
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Equivalently,
DI(N?) = (1 — 2N)(kn + ve). (126)
Thus
%(NQ) = {(1 —2N)(kn + ve)). (127)
The variance of the total excitation number obeys
%Var(]\f) = ((1 —2N)(kn +ve)) + 2(N) (k(n) + v(e)) . (128)

This example shows explicitly the distinction between Hamiltonian conservation and
conservation under the full Lindblad generator. The Jaynes-Cummings Hamiltonian
preserves the total excitation number, but standard dissipative processes such as cavity
loss and atomic decay do not. Conversely, a reservoir coupled through N itself produces
dephasing without changing the first and second moments of N. The same closed-system
conserved quantity can therefore be either preserved or destroyed by the environment,

depending on the structure of the collapse operators.

IX. RELATION WITH LOCAL CONSERVATION AND WAVE-FUNCTION
REDUCTION

The discussion above concerns observables which are conserved by the Hamiltonian
part of the dynamics but not necessarily by the full Lindblad generator. Although this
setting should not be confused with a fundamental model of wave-function collapse, it is
useful to compare it with another context in which conservation laws may fail, namely
idealized state-reduction processes [9].

In a closed Schrodinger dynamics, local charge conservation follows from the equations
of motion and from the global gauge symmetry of the action. If, however, the wave

function is assumed to undergo an instantaneous state reduction at time ¢y,

¥ =1 O(t —to) +1-O(to — 1), (129)

then the usual Noether current need not be locally conserved during the reduction event.

In such an idealized description one obtains a distributional source term of the form

A" = q (|4 * = |p-|?) 8(t — to). (130)

This expresses the fact that the charge density changes discontinuously between the pre-
reduction and post-reduction states, without the corresponding change being accounted

for by the divergence of the ordinary Schrodinger current.
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The Lindblad collapse operators considered in the present work have a different sta-
tus. They are not assumed to represent a fundamental instantaneous collapse of the wave
function, but rather define an effective Markovian evolution for the density matrix. Nev-
ertheless, at the level of expectation values, the dissipative part of the adjoint Liouvillian
plays a role analogous to a source term for the observable under consideration.

To make the analogy more explicit, consider a lattice or few-mode system with local
number operators n;. If the Hamiltonian contains coherent hopping terms between dif-
ferent sites or modes, the Hamiltonian part of the evolution of (n;) can often be written
in the form of a discrete continuity equation,

d

_ (H)
@l == 2 ), (131)
JEN()
where N (i) denotes the set of sites or modes coupled to i, and Jff} is the Hamiltonian-
generated current operator from ¢ to j, with the convention Ji(f])- = —J](iz The sum

over j is the lattice analogue of the divergence of a current: it is the net current leaving
site ¢ due to the Hamiltonian dynamics.

When dissipative Lindblad terms are added, the same local balance becomes

S+ 3 ) = (D). (132
JEN (i)

The right-hand side is therefore an effective source or sink for the local density n,. If

it vanishes, the local change of (n;) is entirely accounted for by Hamiltonian currents

to neighbouring sites. If it does not vanish, the dissipative dynamics creates or removes

occupation locally, in the same formal position as a source term in a continuity equation.

Thus the condition
Di(n;) =0 (133)

is the Lindblad analogue of local conservation for the corresponding density.

The comparison is especially useful when considering fluctuations. In state-reduction
models, event-level violations of local conservation may cancel in the statistical average,
while still leaving possible signatures in fluctuations, correlations, or detector responses.

The same distinction appears naturally in the Lindblad framework. Even if
(D'(0)) =0 (134)
for a certain state or ensemble, the second moment may still evolve,

(D1(0?%)) # 0. (135)
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In that case the mean value of O is conserved, but its variance is not. This provides
a simple open-system analogue of the distinction between statistical conservation and

event-level non-conservation.

X. CONCLUSIONS

We have analyzed the statistics of observables that are conserved by the Hamiltonian
dynamics of a closed quantum system but not necessarily by the full Lindblad evolution.
The basic point is that the Hamiltonian condition [H,O] = 0 is not sufficient in an
open system: conservation of the expectation value for all states requires the stronger
condition £7(0) = 0. When this condition fails, the dissipative part of the adjoint
Liouvillian acts as an effective source or sink for the observable.

The same adjoint formalism gives an equally simple expression for the second moment
and for the variance. This is important because a dissipative process may affect not only
the mean value of a formerly conserved quantity, but also the width of its distribution.
Conversely, there can be situations in which a mean value is conserved for symmetry or
statistical reasons while fluctuations still change, as explicitly shown by the momentum-
diffusion example in Sec. [V| The pair of quantities (O) and Var(O) therefore provides a
minimal statistical assessment of the breaking, preservation, or statistical restoration of
a conservation law.

The examples considered here illustrate this assessment in simple analytic settings.
In one-qubit amplitude damping, ¢, is Hamiltonian conserved but relaxes under the
dissipator, while the second moment is trivial because 0> = I. The two-qubit exchange
model gives a less degenerate example in which the total excitation number is conserved
by the coherent exchange Hamiltonian but is depleted by local decay, with a nontrivial
evolution of the second moment and variance. The Jaynes—Cummings model provides a
standard quantum-optical example: its closed Hamiltonian conserves the total excitation
number, but photon loss and atomic decay destroy this conservation, whereas a pure-
dephasing reservoir coupled through the excitation number itself preserves the statistics
of that number.

Finally, we have emphasized that the Lindblad collapse operators used in open-system
master equations should not be identified with a fundamental state-reduction process.
Nevertheless, the adjoint dissipator provides a natural effective source term for local

observables, and this makes contact with discussions of event-level non-conservation in
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idealized wave-function-reduction models. This analogy is particularly useful at the

level of fluctuations: even when a source vanishes in the mean, second moments and

correlations may retain information about the underlying stochastic non-conservation

events.
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