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Abstract

We study the fundamental problem of learning a high-dimensional Gaussian truncated to
an unknown halfspace. Lee, Mehrotra and Zampetakis (FOCS'24) recently obtained the first
polynomial time algorithm for this problem, but their resulting sample and time complexity
bounds are not optimal. Under non-trivial truncation, for any target accuracy ¢ > 0 and
dimension d we give an efficient algorithm that uses n = O(d?/?) samples and learns the
underlying Gaussian to error ¢ in total variation distance. Our algorithm is also fast: its
runtime is dominated by the cost of computing the empirical covariance matrix. Both our
sample and time complexity are optimal in terms of d and ¢ even without truncation: in this
regard, we can learn a Gaussian under halfspace truncation for free.

The key ingredient behind our result is a novel reinterpretation of the low-degree moments
of the truncated Gaussian in terms of a relative truncation parameter. This relative truncation
parameter uniquely determines the parameters of the untruncated Gaussian and enables direct
parameter recovery. This reinterpretation allows us to circumvent the time intensive projected
stochastic gradient descent procedure that is widely used in learning under truncation.
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1 Introduction

We study statistical estimation under truncation. In this setting, data is only observed when
it falls in some survival set. There is a long line of work on learning based on truncated or
censored samples; dating back to at least the work of Daniel Bernoulli [Ber60]. Bernoulli studied
the effectiveness of the smallpox vaccination and encountered the problem of missing data from
people who died of smallpox; thus he only had access to ‘truncated” data. Since then, statistical
estimation from truncated or censored samples has been studied by numerous scientists, including
[Gal98], [Pea02], [PLO8], [Leel4], [Fis31], and [BS37]; we refer the reader to the book [Coh91] for
a more comprehensive treatment. Importantly however, all these works either study the one-
dimensional setting or utilize methods that are not computationally efficient in higher dimensions.

In the last decade, the following setting has received renewed attention: Given samples from
a multivariate Gaussian with unknown parameters truncated to some set S, learn the Gaussian in
total variation (TV) distance. We note that for this, it is enough to learn the mean and covariance up
to small error. [DGTZ18] showed that, given oracle access to the truncation set, the parameters can
be learned in TV-distance up to error ¢ in polynomial time and in sample complexity O(d?/¢2). This
sample complexity is optimal up to logarithmic factors since already for learning the covariance of a
Gaussian, even without truncation, n = Q(d?/¢?) samples are information-theoretically necessary
(cf. [CZZ10]).

If the truncation set is unknown and arbitrary, [DGTZ18] also showed that learning up to arbi-
trarily small error in TV-distance is impossible. [KTZ19] studied the more tractable setting where
the truncation set is unknown but belongs to some well-behaved class of possible truncation sets.
They are able to learn the parameters of a Gaussian with diagonal covariance matrix given a bound
on the Gaussian surface area of the truncation set. If the Gaussian surface area is at most I, then
they can learn the Gaussian up to TV-error ¢ with time and sample complexity 4Poly(1/¢ T Without
further assumptions on the truncation set, [DKPZ24] showed that the exponential dependence on
1/¢ is necessary in the SQ model.

More recently, [LMZ24] extended the result of [KTZ19] to general Gaussians. Furthermore,
they showed that for two simple classes of truncation sets, namely, axis-aligned rectangles and
halfspaces, one can even learn in time and sample complexity poly(d/¢). This is the first algorithm
that achieves fully polynomial runtime for learning a Gaussian under truncation to some unknown
survival set.

In this work, we continue the investigation of learning from truncated samples for ‘simple’
survival sets. We focus on the case of halfspace truncation. For halfspaces, the result by [LMZ24]
needs at least Q(d) samples and might not be practical. This is because an important step of
their algorithm is based on projected stochastic gradient descent, for which they use the ellipsoid
method for the projection step. It is important to note that the projection is not to the survival set,
but instead to some set in the parameter space. Therefore, even for simple classes it is unclear
whether this step can be made fast. Concretely, a direct application of the ellipsoid method
(without using any specifics about the problem) yields a lower bound of Q(d'°) on the runtime
of their algorithm ([LMZ24, Algorithm 3]).! Thus, their paper leaves open the following natural
question for halfspace truncation:

Avre there fast algorithms with optimal sample complexity, matching the untruncated setting?

L Algorithm 3 in [LMZ24] runs the ellipsoid method on a problem in m = @(d?) dimensions. The ellipsoid method
needs Q(m?) iterations to terminate and each iteration takes Q(m2) operations (as we need to update the m X m matrix
describing the ellipsoid). Thus, one run of the ellipsoid method needs Q((d%)*) = Q(d8) time. Finally, they run the
ellipsoid method Q(d?) times, giving a runtime lower bound of Q(d19).



Naturally, the best one could hope for is to match the results of the untruncated setting — which
has been studied for decades and is well-understood. There, the best known algorithm is to
compute the sample mean and the sample covariance; see e.g. [CZZ10]. To achieve error ¢, one
needs N = ©(d?/&?) many samples. The time needed to compute this estimator is asymptotically
the same as the time needed to multiply a d X N matrix with its transpose, which we denote by
T(N,d). Currently, the best-known runtime for this is O(d®>?%9 /¢2) as a result of recent advances
in fast matrix multiplication due to [ADVW™*25].

1.1 Main contributions

In this paper, we answer the above question in the affirmative by designing an algorithm that
acheives the following guarantees.

Theorem 1.1 (Informal, see Theorem 5.1). There is an algorithm with the following guarantee: The
algorithm takes as input N samples from a d-dimensional Gaussian N (u, ) truncated to some halfspace
of mass & as well as a lower bound ag on a. If N = d? - poly(1/¢,log(1/ao)), the algorithm outputs fi and

Y. such that, with probability at least 0.99, we have:
dry (N (1,2), N (1,5)) < e

The time complexity of the algorithm is O(T(N, d)) < O(d>%%95%) . poly(1/¢,log(1/ay)).

Remark. If & < 0.99, then our algorithm needs only N = d?/&? - polylog(1/ag) samples; otherwise it
needs N = O(d?/ e*) many samples. The algorithm is the same for both cases.

We also note that the ‘0.99" both in the condition on a and in the success probability can be replaced by
arbitrary constants ¢ < 1.

Our algorithm is the first algorithm that achieves optimal sample complexity dependence on d.
The runtime of our algorithm matches the runtime of computing the sample covariance in the
untruncated setting and hence is also optimal in terms of d. Furthermore, the dependence of the
sample and time complexity on ¢ are optimal whenever there is non-trivial truncation (meaning,
a < 0.99).

Regarding our dependence of the sample complexity on ap, we remark that all prior works,
including inefficient algorithms, also have a dependence on ay. In fact, under the assumption that
the set is unknown, all previous efficient algorithms incur either an exponential dependence on
1/ap or work under the assumption that ag > €)(1) (information-theoretically, [KTZ19] showed that
one can achieve polynomial dependence). Interestingly, in the case where the set is known, more
recently, [KKT25] showed that one can achieve polylog(1/ap) dependence on «g for the sample
complexity (their runtime dependence on 1/ag is polynomial). In the case of halfspaces, our
algorithm matches this guarantee even when the set is unknown. This is the first efficient algorithm
to get better than exponential dependence on 1/a when the set is unknown. An overview of the
known algorithms for learning a Gaussian under halfspace truncation can be found in Table 1. We
note that all of these cited results are more general than halfspaces; in order to be able to compare
them to our result, the results mentioned in the table are specialized to the case of halfspace
truncation.



Table 1: Overview of efficient algorithms for learning a Gaussian under halfspace truncation

Paper Truncation set Underlying | Sample complexity | Dependence
P (known/unknown) | distribution (ind and ¢) on ag
~ Assumption:
2.2 p
[DGTZ18] Known N (4, %) O(d?/e?) 2 > Q1)
[KTZ19] Unknown N (#’ z) dpoly(1/e) exp(1/ao)
for = diagonal
[LMZ24] Unknown N (1, %) poly(d, 1/¢) exp(1/ap)
[KKT25] Known N (u,X) O(d?/€?) polylog(1/ap)
. O(d?/&?) if a < 0.99
This work Unknown N (1, %) O(/e%) otherwise polylog(1/ay)

High-level overview of our techniques and comparison to prior work. At a high level, our
algorithm is based on the method of moments. We use the first three moments of the distribution
N (i, D)l xy<:> to estimate a relative truncation parameter. Our key insight is that this relative
truncation parameter fully characterizes how truncation changes the moments compared to the
untruncated distribution. This enables us to directly estimate the parameters y and X of the
Gaussian from the moments themselves.

We now compare our approach to [LMZ24], who gave the first efficient algorithm for learning
the parameters of a Gaussian under halfspace truncation. They use the method of moments to
first learn the truncation set. Then, they apply projected stochastic gradient descent to estimate the
parameters. At a high level, their proof can be divided into the following four steps:

1. First, they use the third central moment to find a vector close to u = Hg_zll

2. Then, they compute a vector close to the vector w of the halfspace.’

3. Next, they find a value close to 7 by picking the smallest threshold such that the resulting set
contains all the samples.

4. Finally, given the estimate for the truncation set, they use their general projected stochastic

gradient descent procedure to learn the parameters.

While our approach is also based on the method of moments, we use the moments for a different
purpose: rather than estimating the truncation set as in [LMZ24], we use the moments to directly
estimate the parameters of the underlying Gaussian. By using the method of moments for direct
parameter recovery, we are able to get a fast algorithm: crucially, we can avoid the time-consuming
projected stochastic gradient step (step 4) and achieve optimal runtime in terms of d.

2Here, N(u, I)l(w,x)<r denotes the Gaussian distribution N(p, L) truncated to the halfspace {x : (w, x) < 1} for some
unit vector w.
31n their paper, [LMZ24] claim that the third central moment M3 is proportional to

M3 = B[(X - B[X])®®] « w®3.

They use this to determine w. However, there is small gap in this argument: As we show later, the third central moment
is in fact proportional to (Zw)®? (and not w®3); see Lemma 4.2. Since our goal is to estimate £, the third central moment
therefore cannot be directly used to estimate w. Instead, one can compute a vector u proportional to Zw using the third
central moment. Then, one can solve the following linear system involving the second central moment M to recover
w. Namely, it holds that

My Ly ocw,

We include a proof of this for completeness in Appendix C.



As a first step in our algorithm, we also estimate a vector 7 as [LMZ24] do in step 1. However,
we then do not use it to estimate the vector w. Instead, the key insight in our algorithm is that
the first non-central moment and the second and third central moments all share an important
structural property: They are equal to the untruncated moments plus an additional term involving
only the following vector Zw/ ||Zl/ 2w” and the same relative truncation parameter y. Importantly,
we show that the first three moments uniguely determine y and [|[Zw]||/ IZ1/2w)||. This allows us to
use the moments to get an estimate for y and ||Zw||/ 1=/ 2. Combining this with our first step
enables us to directly compute estimates for the parameters. Together, these ideas yield a simple
and fast algorithm for estimating the parameters of a halfspace truncated Gaussian.

Regarding the sample complexity, [LMZ24] require a high-accuracy estimate of the third mo-
ment in their step 2. This step requires at least ()(d°) samples. In contrast, for our algorithm,
when computing a vector close to u = Zw/||Zw||, we use a random contraction of the third central
moment and then use a spectral decomposition of the resulting matrix, which allows us to get
optimal sample complexity.

Robustly learning the parameters of a Gaussian under halfspace truncation. In contrast to the
algorithm by [LMZ24], we utilize the moments of the truncated distribution to directly estimate
the parameters. Motivated by this, we introduce the problem of robust estimation of a truncated
Gaussian. We consider the following corruption model: First, samples from a halfspace truncated
Gaussian N(u, Z)|w,x)<r are drawn. Then, an adversary is allowed to modify an n-fraction of the
samples arbitrarily; in particular the samples do not need to lie in the set {x € R? | (w,x) < 1}
anymore. The adversary is computationally unbounded, knows the truncation set as well as the
parameters and can adaptively change the samples after they have been drawn. We believe that
this corruption model, which is analogous to the strong contamination model in robust statistics
[DK23], might be of independent interest for learning under truncation.

Given that our algorithm only uses the first three moments, we can robustify it by using robust
estimates for the moments instead of relying on the sample moments. Our robust algorithm
uses a black-box robust estimator due to [KSS18] and the fact that the truncated distribution is
sub-Gaussian. We prove the following result. To simplify the exposition, we state our result for
constant a and for X > Q(1) - I;. The full result can be found in Theorem 6.8 in Section 6.

Theorem 1.2 (Informal, see Theorem 6.8). Consider the truncated distribution N(u, Z)|(w x)<<, Where
the mass « of the survival set satisifies (1) < a < 0.99. Assume £ > Q1) -I;. Let 0 < 6 < 1/2 be an
arbitrary constant. Let 1 > 0 be the corruption parameter and assume that n < 1/d'=2°. For n = poly(d),
given an n-corruption Xy, ..., X, of N(u, L)|wrx<}, we can compute, in polynomial time in d and with
probability at least 0.99, estimators i and Y. such that

=261 ol < 05 (V- )

and R
I 2R~ gyl < Oy (VA 20

While our algorithm can only tolerate a very small amount of corruption, we believe that
already this is non-trivial because we are not trying to estimate the moments of the distribution to
which we have (sample) access to (which would be the typical goal in robust statistics) but instead
of the underlying untruncated distribution. In particular, the adversary can place samples outside
the survival set. Thus, it is unclear if one can even estimate the truncation set. We remark that
previous work in truncated statistics cannot (easily) be made robust. For example, even if one
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could learn the truncation set under adversarial corruption, it is unclear whether the algorithm of
[LMZ24] can be made to succeed, since it is not clear how to robustify their final step involving
projected stochastic gradient descent.

That being said, we believe that it is likely that the amount of corruption and the error rate can
be improved. We leave it as an open question for future work whether using a more specialized
robust estimator for the moments can improve Theorem 1.2. We believe that our result can act
as a starting point for further investigation of robust estimation given only truncated samples. In
particular, our result also leaves open what happens in weaker corruption models (e.g., a model
where only oblivious corruptions are allowed).

Extensions to other truncation sets. Finally, we show that our techniques can be used beyond
halfspace truncation. In Theorem 7.1, we show that using similar ideas we can also learn the mean
of an identity-covariance Gaussian N (u, I;) truncated to an intersection of two orthogonal halfspaces.
Similar to our main result, we can achieve sample complexity O (‘:—i) - polylog(1/ap) + O (‘Z—i) Our
algorithm for this case also works using only the first three moments of the truncated distribution.
At a very high level, instead of recovering one relative truncation parameter, for the case of
truncation by an intersection of two orthogonal halfspaces, we recover two relative truncation
parameters; one for each truncation direction. For details, we refer to Section 7.

While we only prove the case of truncation by an intersection of 2 orthogonal halfspaces, we
believe that our proof can be extended to an intersection of k (pairwise) orthogonal halfspaces,

yielding a sample complexity of O (%) - polylog(1/ag) + O (%) ; see Remark 7.2.

1.2 Related work

Method of Moments. Solving problems in statistical estimation using the Method of Moments
(MoM) has a long history. It can be dated back to the famous statistician Karl Pearson [Pea94].
This method has led to several recent advances in high-dimensional parameter estimation tasks,
including those involving learning mixture models [MV10, LL22] and independent component
analysis (ICA) [BRV13, BCV14]. In this work we adopt the MoM for learning the parameters of a
halfspace truncated Gaussian.

Truncated Learning. Beyond the results described earlier, estimation under truncation has seen
applications to differentially private statistical estimation [2Z25]. There has also been recent work
on mean testing under truncation [CGWY25] and on detecting truncation [DNS23, DLNS24]. A
recent work [LMZ26] studies learning under positive and imperfectly labeled samples and extends
the general learning algorithm of [LMZ24] for learning under general truncation sets.

Robust Estimation. Robust parameter estimation has a long history in statistics [Hub92,
HRVF04]. Recent algorithmic breakthroughs by [LRV16, DKK*19] have led to the new subfield
of algorithmic robust statistics, which primarily deals with parameter estimation in the presence
of adversarial outliers (see the textbook [DK23] for a comprehensive treatment). A very useful
method that has emerged for robust statistical estimation is the powerful Sum-of-Squares hier-
archy of semi-definite programs [BS16] that often efficiently achieves the best possible statistical
guarantees for a large range of robust estimation tasks (see e.g. [KSS18]). In this work, we use
Sum-of-Squares based robust moment estimation algorithms as a black-box to solve the robust
version of the learning under truncation problem that we introduce.



2 Technical overview

In order to prove our main result Theorem 1.1, we want to use the moments of the truncated
distribution to estimate the parameters. Consider the distribution N(u, X)|(y7x<7}, Where w is a

unit vector. Recall that our goal is to find estimates {1 and % such that

dry (N ({.1,2) SN (ﬁ,i)) < €.
To show closeness in total variation distance as above, it is enough to show
IZ 2@ -l <e and [[Z72EEV2 - Illr <,

see e.g. [DKK"19]. To achieve this, on a high level, we first determine the moments of the truncated
distribution. Then, we observe that the moments are determined by u and X as well as a relative
truncation parameter y and a certain vector. We show that if we can determine this parameter
and vector, then based on the first non-central and the second central moment of the truncated
distribution, we would be able to determine the u and X. Finally, we show how to determine y
and this vector based on the second and third central moment.

The moments of the truncated distribution. Asawarm up, we start by considering the truncated
distribution Y ~ N(0, Id)|{e17x<y}- Intuitively, the moments of this distribution should be the ones

of the standard Gaussian, but shifted in the direction of e?k since e; is the direction in which
the distribution is truncated.* For example, E[Y] = cje; since in all but the first coordinate, Y is a
standard Gaussian. More precisely, c; = x1(y) is the first cumulant® of a one-dimensional standard
Gaussian truncated to (—oo, y]. More generally, higher moments can be related to the higher order
cumulants of this one-dimensional distribution.

To compute the mean (and more generally the moments) of a general truncated Gaussian
X ~ N(u, Z)lwrx<r}, our goal is to relate it to the mean (and the corresponding moments) of Y. To
this end, consider the linear transformation

y o Y(y) = p+ X2y,

where U is a rotation matrix. For any U, this map transforms a standard Gaussian N (0, I;) to
N (1, X). We want to pick U and y in a way such that the truncation set of ¢ (Y) is equal to the
truncation set of X. This will show that 1(Y) and X have the same distribution, thus allowing us
to express the moments of X in terms of the moments of Y.

First, we show how to pick U such that the direction of truncation of i(Y) is equal to w. Since
Y is truncated to {x | e] x < y}, Y(Y) is truncated to the set

{¢(y) | y such thate]y < y} = {x | engb_l(x) <y}
={x| elTU_lz_l/z(x - <y}
={x|efUTE2x <y +efUTZ 2} (2.1)

“We remark that this is only true since the coordinates are independent. As we will see later, for N (i, Z)| {eTx<y} the

moments would be shifted in the direction of (Ze1)®¥ and not ei@k.
5The first and second cumulants are just the mean and the covariance. The third cumulant is the third central
moment. For more details, see Definition 3.1.



Thus, we want to pick U such that
2_1/2U61 xw = Uey x 2.
As a rotation matrix, U preserves the norm and hence

y1/2y

= —. 2.2
2] 22

U€1

In order to determine the value of y needed such that 1(Y) has the same distribution as X, we
want to write (2.1) in the form {x | w"x < 7}. By (2.2), we can write the truncation set for Y as

{(y) |y suchthat e] y < 7} = x| 0" x < £ 2wl + 7).

Hence, we need that

T-w'y
1Z12w]|
For U asin (2.2) and y asin (2.3), Y(Y) ~ N(u, Z)l{wTx<}- In particular, we can now compute E[X ]
using this transformation 1 and E[Y]:

y = (2.3)

Yw

_ 1/2 _ .y 1/2 = " —_—
E[X] = u+ZV7UE[Y] = p+x1(y) - Z/Uey = p + x1(y) =20

Analogously we can also compute the higher moments of Y and use them, together with the the
transformation ¢ to compute the moments of X. Namely, we have that

Yw

E[X]=p+xi(y)- W (2.4)
®2
E[(X -E[X])**| = Z - (1 —xa(y)) - (||Z?/Z20w||) (2.5)
s\
E[(X - E[X])®] = x3(y) - (m) (2.6)

For more details on this computation, see Lemma 4.2. In particular, these moments are determined
by the parameters of the untruncated Gaussian, the vector Zw / |Z1/2w]| and y defined asin (2.3). We
will refer to y = y(u, L, w, 7) as the relative truncation parameter of the distribution N(u, L)l x<r}-
In particular, since the third moment is rank 1, if we would know the relative truncation parameter,
then we could use (2.6) to estimate Zw/||Z!/2w]||. Once we determined this vector, we could then
use (2.4) and (2.5) respectively to estimate y and X. To summarize, since we can approximate the
moments of N (i, Z)|{y7x<r} by the sample moments, the main question is how to estimate the
relative truncation parameter defined in (2.3).

First three moments determine the relative truncation parameter. Before showing how we
estimate the relative truncation parameter y, we want to establish that the information in the
first three moments is in fact enough to uniquely determine y. For this, consider two truncated
Gaussians N(u1, 21)|{w1T r<ryy and N(uz, Z2)lgwTr<r,}- We want to show that if the first non-central
moment as well as the second and third central moments of these two distributions are identical (cf.
(2.4),(2.5)and (2.6)), then we need to have y1 = ;. This will show thatitis information-theoretically
possible to determine the relative truncation parameter based only on these low-degree moments.

7



To formally show that the first three moments of the two distributions N(u1, Zl)|{w{x<r1} and

N(u2, 22)|{wzr x<1,} being equal implies that y1 = 7, consider first the second moment. By assump-
tion, we have that

®2 ®2

L1 (- xa2()-

quz

Yowy

1 —(1-x2001))- HZUZ

By multiplying from the left by wl and from the right by w, as well as identifying a®2 with aaT™,
we get that

1-x 1-x
wlT)lez - w TZ 1W1 wl Zﬂl)z ZUIZZZUQ - w TZQZUQ wz Zzﬂ)z
21/2 21/2
1 w1 o [1%)
Using that w Zyw; = HZUZ
K2(y1) - w] Tywy = x2(y2) - wy Lows. (2.7)

Our goal now is to relate the two numbers wlT Yiwy and wlT Yowy. We do so using the third central
moment (cf. (2.6)). Since we assumed that the third moments also agrees, we have that

®3 ®3
K(y)(zlwl) K(y)(zzwz)
3\)/1) =K3\)V2) | ——F7—
=120 125 2w,

This is a rank-1 tensor, so by considering the diagonal elements, we get that also the corresponding
vectors need to agree, i.e., that

Yiwn :(K3(V2))1/3. Yowy
T IO C

By multiplying by w, from the left, we can get an expression for w]Xw; = w, Xjw;. By mul-
tiplying instead by w, from the left, we can get an expression for w] Xow,. Using again that

2
1/2
ZUZTZZ'ZUZ' = HZ/ wi

(20 o= e et = (202)
x3()2) 27 1 172 x3()1) pe

We can now use this equality in (2.7) to get

and combining these we get that

() x2(r2) Ka()  _ x3(y2)
k3(y1)?3 wa(y2)?? ka(y1)3/2  wa(y2)??
We now observe that the function «3())/(k2(y))*/? is the skewness of the one-dimensional standard

Gaussian truncated to (—co, y]. We denote this function by skew(y). Thus, we have that if the first
three moments of N(u1, Zl)l{wlTx<T1} and N(uz, ZZ)|{w;x<T2} agree, then we need to have

skew(y1) = skew()2).

The key argument in this proof now is that for our specific case this function skew is monotonic (cf.
Lemma 3.17) and thus the above implies that also y1 = y».
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Estimating the relative truncation parameter algorithmically. We now want to show how we
can use the proof above to determine the parameters p and X given samples from the distribution
T—w"
E]
The above also lays down a clear path: first, estimate y and then determine the parameters u
and X. To do this, we first compute skew(y) based on the moments. Then, using the fact that
skew is monotonic, we can invert this one-dimensional function and recover the relative truncation
parameter. This then allows us to use (2.4) and (2.5) to recover the parameters.

It thus remains to show how to determine y algorithmically based on the first three moments.
Define the vector

N(u, Z)lgwrx<7)- We showed above that the first three moments uniquely determine y =

Yw
* 1/3
u =x3(y)”” — .
7]
The third central moment equals #*®* and hence, we can use it to obtain a unit vector i in the
direction of u*, that is, i = (Xw)/||Zw||. By computing the inner product of the third central
moment with the tensor 7i®3, we can even get the norm of u* since

|Zew|

(8% E[X ~EIX)™]) = (@1, 0')’ = x3(0) - 157 15

(2.8)

We now want to use the second central moment to compute a similar expression involving the
same norms but k() instead of x3(y). Combining this with the above then allows us to compute
skew(y). It turns out that we can do so by computing ii" M;'ii, where M, is the second central
moment. Since M, differs from X only by a rank-1 term, we can use the Sherman-Morrison formula
to compute its inverse

-1_Jw L_w'E oyl
G R
MZ =YX+ (1 - KZ(?)) ' 1 1 wTY y-1 Lw
—(1-x2y))- T=172a]] =720
ww’

=X+ (1- ' |
+(1-x2(y)) Hzl/zw”z-m(?/)

Now, left-multiplying by ii " and right-multiplying by i, we get that

5T M7 = wTZZ‘lzzw + (1= 12(y) wTwaTZZw
[IZw]l [Zw]® - |=V2w]|” - x2(p)
o N L
G I Rl )
N .
k()  |Zw|? '

Now, combining (2.9) with (2.8), we get that

3/2 _ ©3(y)
Ka(y)3/2

We remark that we can compute both quantities on the left-hand side of the above equation using ii
(that we computed using the third moment) and the moments. Hence, we can compute skew(y).

(%%, E[(X — E[X])®°]) - (1" M, 1) = skew(y).



We now crucially use the fact that skew is monotonic, which allows us to recover y. As already
discussed before, this allows us to recover the parameters: we can use the third moment to recover
the vector (Xw)/ “21/ 2w” (which we do implicitly in our algorithm) and then use the first and
second moment to recover u and X.. Our algorithm is summarized in Algorithm 1.

Algorithm 1: Parameter estimation of a halfspace-truncated Gaussian based on first three
moments
Input: First non-central moment i, second central moment M; and third central moment
M3 of the distribution N(u, X)|iwmx<q}
Output: Mean u and covariance X.
1. Compute i from the third central moment M3.

2. Compute the relative truncation parameter: y = skew ™' ((ﬁTMZ' 151)3/2 : <ﬁ®3, M3>).

500 (7).

Vi2(y) 2

4. Compute the covariance of the Gaussian: £ = M, + (#}/) - 1) : (ﬁTMglﬁ)_l am’.

3. Compute the mean of the Gaussian: u = p —

We emphasize here that our particular choice of expressing both the second and third moment
in (2.5) and (2.6) in terms of the same relative truncation parameter y is precisely what enables
direct parameter recovery without having to learn the truncation set — deviating from existing
approaches in the truncated statistics literature [DGTZ18, LMZ24]. An important upshot is
that this also enables us to design simple and fast algorithms, making learning under truncation
potentially practical.

Sample complexity. In Section 5, we will show how to implement the above strategy when only
having access to the sample moments. We now give a brief overview how the errors in estimating
the sample moments influence the sample complexity of our algorithm.

The main bottlenecks for the sample complexity are the approximation il to i and the approx-
imation M> to M. We need to ensure that the expressions in (2.8) and (2.9) are close to their true
values. If we have sufficiently good approximations to these, then with O,(d?/¢?) extra samples
we can get good approximations to the mean and covariance of the truncated distribution and use
the strategy described above to get estimators for u and ¥ with error ¢. We show in Section 5 that
it is sufficient to get estimates

*

u
[l

A

u—

< Oue) and ||M;"PMyM;Y? = Il < Oale). (2.10)

2

We note that our algorithm contains a preconditioning step that allows us to reduce our problem
to a well-conditioned one. This allows us to invert the matrix M, without incurring an error that
depends on the condition number of X.

Achieving the estimate of M, as in (2.10) is possible with O,(d?/&?) samples by standard
concentration bounds. For the estimate of ii, we could estimate it by estimating the diagonal
elements of the third moment tensor. However, the diagonal elements of the third moment tensor
are (u;‘)3 (and not ). Using this strategy would lead to suboptimal sample complexity in d since
we would need a very good approximation to each entry (u})*. This is because (1})* can be small
and thus taking the cube-root can amplify the error.

10



To improve the sample complexity, we instead compute a random contraction of the third
moment tensor.® Then, on the resulting matrix we can compute the largest eigenvalue (in absolute
value) and compute the corresponding vector. This vector is close to ii since in expectation (over
the samples) this random contraction will yield a rank one matrix proportional to iii ". We show
in Lemmas 5.5 and 5.8 that this strategy allows us to get an estimate I satisfying the guarantee in
(2.10) using O,(d?/e?) samples. This allows us to get optimal sample complexity in d.

Putting it together, we show that using "gl—i -poly(1/x2(y), 1/x3(y)) samples, we can get estimates
fi and % such that
||Z_1/2(ﬁ - y)” < ¢ and ”Id - 2—1/222—1/2”F <&

We show in Section 3.2 that for a < 0.99 we can bound 1/x2(y),1/x3(y) < polylog(1/ag). For
a — 1, k3(y) — 0, which leads to an increase in the sample complexity. If a is very close to 1
(meaning a > 1-— O(¢)), then the sample mean and sample covariance of the truncated distribution
are good enough estimates and we show that our estimators are close to these. For the in-between
case (i.e., 0.99 < a < 1 - O(e)), we can bound x3(y) = Q(e), which gives the sample complexity
O(d?/*). This shows the sample complexity as described in Theorem 1.1.

The fact that we need more samples for the case @ > 0.99 seems somewhat artificial. The
problem is that, when « is close to 1, the norm of the third central moment tensor M3 goes to 0,
which makes it harder to estimate ii. On the other hand it seems that the problem of estimating
the parameters of a truncated Gaussian should become easier if there is less truncation. However,
it is unclear to us whether and how the sample complexity could be improved with our approach.

Runtime. We now briefly discuss the runtime of our algorithm. As a first step, we need to
compute the vector ii. For this, we need to compute a random contraction of the third central
sample moment tensor. If we first perform the contraction and then average over the samples,
we need to add N rank-1 matrices of size d2, which can be done in time O(T(N, d)) using fast
rectangular matrix multiplication. Next, we need to compute the spectral decomposition of the

resulting matrix, which can be done in time O(d®). For computing the estimate M; we need to
compute the sample covariance, which again can be done in time O(T(N,d)). We then need to
invert the matrix ZVIL which can be done in time O(d®). Next, we compute the expressions in (2.8)
and (2.9). If we again first compute the inner product and then average over the samples (for (2.8)),
these can be done in time O(N - d) and O(d®) respectively. Since T(N,d) > Q(N - d) > Q(d°),
the terms involving T(N, d) dominate and we can thus compute an estimate for skew(y) in time
O(T(N, d)).

Once we know an estimate of skew()), we use the inverse of skew to compute y. We note
that since this is a one-dimensional monotonic function, we can compute an approximate inverse
using binary search. The computational complexity of this step is negligible relative to the primary
calculations (see Remark 5.16). The final step requires adding a single term to the first and second
moments, which is achievable in time O(d?).

Hence, the dominating term in the overall runtime is the computation of the sample covariance,
which, as argued in Section 1, is O(T(N, d)) < O(d>2%%%) . poly(1/¢,log(1/ay)).

Organization. In Section 3, we cover the necessary preliminaries for our paper and in particular
prove that the function skew is monotonic. In Section 4, we compute the moments of the truncated

®Random contractions are typically used in decomposition of higher-order tensors and have seen applications in
learning Gaussian Mixture Models, Independent Component Analysis and Dictionary Learning. The specific type of
random contraction we utilize is attributed to Jennrich [Har70, LRA93].
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distribution and discuss our preconditioning. Then, in Section 5, we give a complete proof of our
main result. In Section 6, we give our result on robustly estimating the parameters of a Gaussian
under halfspace truncation. In Section 7, we prove the extension of our result to an intersection of
two orthogonal halfspaces. In Appendices A and B, we prove some facts and computations needed
for our results. Finally, in Appendix C, we show how one could get w based on the moments. This
is not needed in our proof, but we include it for completeness since this is necessary for the proof
of [LMZ24].

3 Preliminaries

3.1 Notation

We use the following convention: We denote the unit sphere in R? by S?~!. For n € N, [1] denotes
theset{1,2,...,n}. Unless explicitly stated, the base of the logarithm is e. For two vectorsa, b € RY,
we denote their inner product by (a,b) or a"b. Unless otherwise specified, all vector norms (|| - ||
or || -||l2) are the Euclidean norm. For matrices, || - || denotes the spectral norm and || - ||r denotes the
Frobenius norm, || - [|. denotes the nuclear norm. We use the notation O(-), ©(-), Q(-), <, 2 to hide
absolute constants. We use O(-) to hide logarithmic factors. We use 1[-] for the indicator variable.
For positive semi-definite (PSD) matrices A, B € R4 we use A < B to mean that A is at most B in
the Lowner order (meaning B — A is PSD). We use Anin(A) to denote the minimum eigenvalue of
a square matrix A. We denote the total variation distance by dty. We denote the density function

of the standard Gaussian by ¢(:) and its cumulative density function by ®(:).

Tensor norm. For two order-3 tensors T, S € R™#4 we define (T, S) = 2ijk Ti,jkSij k- Further-
more, we define the injective tensor norm of T as ||T|| = SUP|1y i=llyll=lizli=1 {(x RYRz, T)} Note that

if T is a symmetric tensor, as a consequence of Banach’s Theorem (see e.g. [Fril3, Theorem 1] or
[CHLZ12, Corollary 4.2]), it holds that

T = sup {(x®y®Z,T>} = sup {(x®3,T>}.
[lxlI=llyll=llzlI=1 |lx||=1

Truncated Gaussian. For a measurable set S C RY, let @ > 0 to be the probability mass of the
set S under the true Gaussian distribution N(u, L), ie., a = E,_ N(y,Z)l[x € S]. We say that a
random vector X follows a Gaussian N(u, X) truncated to S, if it follows the distribution N (u, X)
conditioned on the event x € S. For a halfspace H = {x : (w, x) < 1}, we denote a Gaussian N(u, X)
truncated to a halfspace H by

N(H, Z)|<w,x><’r

3.2 Inverse Mill’s ratio

For y € R, consider the standard Gaussian random variable N (0,1) conditioned on (—oo, y],
denoted by Z,. In this section, we introduce the first three cumulants of Z,, show how to describe
them in terms of the density function and the cumulative density function of the standard Gaussian
and give several bounds that will be needed later in our proofs.

For a general random variable X on R, the cumulants are defined as follows.

12



Definition 3.1. Let X be a random variable on R. We define its cumulant generating function by
K(t) = logEe'X. If K(t) exists and is analytic, we define the n-th cumulant of X, denoted by x,,(X)
as the n-th order derivative of K(t) evaluated at t = 0, i.e., x,,(X) = K"(0).

In particular, one can compute that the first cumulant is the mean of X, the second cumulant
is the variance of X and the third cumulant is the third central moment. Thus, the first three
cumulants of Z,, (which we denote by x1()), k2(y), and x3(y) respectively) are as follows:

x1(y) =EZ,,
2(y) =E(Z, -EZ,)’, (3.1)
k3(y) =E(Z, - EZJ/)3 .

They can be characterized in terms of ¢(y) and ®@(y) as follows.

Fact 3.2. Let y € R. We have that

1 _ o)
90 = 505 / to(a =21

(P(V) ()

R0 =150 (@(y))
(00 I PR (00 _(@(V))z
S0 =30y |1 T w0y "2 o)

The proof of Fact 3.2 follows by direct computation. We include a proof in Section A.1.
Moreover, the skewness of a random variable X, denoted by skew(X) on R, is defined as the

third moment of the normalized random variable %, where u denotes the mean of X and o the

standard deviation. This can also be written in terms of the cumulants. Namely, we have that
©3(X)

Ka(X)32

We denote the skewness of Z, by skew(y). Using Fact 3.2, we immediately get that

skew(X) =

e, e ((pm)z ¢() ((p(w)z
skew 1-vy--3 2| ——= 3.2
D=5 \' 7 a0 " em) [T e0) ~\90) 62
We now discuss some properties of k1, k2, k3 and give some estimates for them that we will need

for our analysis later. Observe that x1(x), k2(x), k3(x) can be viewed as polynomials in x and %.

We have that the ratio % ~ @(x) as x — +oo0 and thus the non-trivial case is when x — —co. To
address this latter case, as in [LMZ24], we introduce the following function, commonly known as
the inverse Mills ratio or hazard function:

__PW
M) = o0
Observe that bounds on k(x) (which typically only work for x > 0) can be related to (PE X as follows
p(=x) @)

) 1o

We will need the following three facts.

13



Fact 3.3 ([GU14]). Define the following functions for k € No and x > 0

1

2

x4+

e+ (x) = x +
X+

Then, for any m € N and x > 0 we have
7’2111—1(3() < h(x) < er(x)'
In particular, we have
1
x<h(x)<x+ e

We have that r2,,(x) N\ h(x) and 2,41 /" h(x) as m — oo for all x > 0. In particular, the above
estimates are accurate for large x > 0. Intuitively, this is because the higher-order term x + % R X
for large x. However, for small fixed k, the approximation quality of r¢(x) can be extremely poor

near x = 0. In particular, despite 1(0) = \/%, the upper bound r7,(x) — o0 as x — 0 for all fixed

integers m > 0. For x close to 0, we can instead use the following two estimates of the inverse Mills
ratio, where the second one is exact at x = 0.

Fact 3.4 ([Samb53, Bir42]). For x > 0, we have
i(\/x2 +8 +3x) < h(x) < %(sz +4 + x).

Fact 3.5 ([Boy59]). For x > 0, we have

V(= 2)2x2 + 27 + 2x
Tt

< hix) < Vx2+2n;-(71—1)x.

Based on these facts, we prove the following claims that are necessary for our analysis. We
provide proofs of these claims in Section A.1.

Claim 3.6. The function k1 as defined in (3.1) is 1-Lipschitz on R.
Claim 3.7. For every t € R, we have that 0 < x(t) < 1.

Claim 3.8. For xp and «3 as in (3.1), we have %Kz(t) = —K3(t). Moreover, x3(t) < O for every t € R and
thus 1 (t) is monotonically increasing.

Claim 3.9. For every t € R, we have |x1(t)| - m < O(1).

Claim 3.10. For every t € R, we have |%K2(t)l = |k3(t)] < O(1) and 0 < k1(t) - x3(t) < O(1).
Claim 3.11. Fort > 1, we have |x1(t)| < 1 — x2(t).

Claim 3.12. Fort < =3, we have x,(t) > ﬁ.

Claim 3.13. For t < =2, we have |x3(t)| > 50#t|3'

Claim 3.14. Fort > 1, we have 1 — x2(t) < 16 - (1 — D(t)) - log 1/(1 — D(t)).

14



. 2
Claim 3.15. For t > 2, we have 5 < log (1/(1 — ®(t))) < 2t%.
Claim 3.16. There are absolute constants m, M > 0 such that

m< |skew ()] <M
(1 - ®(t) log®? (1/(1 - D(t)))

forallt > 0.
The following lemma is central for our proof.
Lemma 3.17. The function skew as defined in (3.2) is monotonically increasing on R.

Proof. From Claim 3.8 we know that & gic2(t) = —xs(t). It follows that

4 kew(t) = (§r3(D) 12(8)% = 3ia(8) (rxa(t)) - xes(8)
a i
2 (Lies(t)) wealt) + 3rcs(t)?
2i2(£)52

Since x(t) > 0 for every t € R by Claim 3.7, it suffices to show that the numerator is positive.
D(t) D)

Defining g(t) = 7 - (2 (Lx3(t)) x2(t) + 3x3(t)?), since o > 0, it is enough to show g(t) > 0 for
all t € R. After some calculation we obtain

t) =213 — 6t + (t* + 14+ — (P()+ 213 + 20t (qo()) + (P + ((P()) 3.3

g(t) ( g+ @200 | T )+ @8 | T 63

In order to show that g(t) > 0 for all € R, we consider the following function
pi(x) = 263 — 6t + (t* + 14t = 5)x + (22 + 20t)x> + (> + 8)x°>.

p(t)

Note that g(t) = p; (qj(t)

values x¢(t) < % < xy(t). We then show that p; is monotonically increasing on [x,(f), x,(f)].

Then we lower bound

) Our argument is now structured as follows: For fixed t, we will define

o6 =p: ) > s

and argue that p;(x,(t)) > 0. In order to show that p; is monotonically increasing, we compute the
derivative of p; with respect to x:

(%pt) (x) = t* + 14> =5+ 4(+3 + 10t) - x + 3(t> + 8) - 12

and show that this is positive for x € [x(t), x,(¢)].
We distinguish the following cases: (i) 0 < ¢; (ii) =75 < t < 0; and (iii) ¢ < —g;. For each of the

cases we give values for x(t) and x,(t) based on approximations for Eg% ; and show that g(t) > 0

using the strategy described above. We will defer some of the computations to Appendix B, where
we give Mathematica code to verify the statements we need.
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o122

Case (i): 0 < t. For t > 0, we define x(t) = > 0. Note that since for t > 0 we have

\7/2+t
D(t) < \/_,we get that 28 > x¢(t) for every t > 0. Since we have 4(t3+10t) > 0 and 3(+*+8) > 0
for t > O we get that for any x > x,(t)”

(5ee) 0> (g5 o

(o) tn >0

for all + > 0. Hence, we get that for f > 0, p; is monotonically increasing on [x,(t), ). Thus, we
get that

We show in Fact B.1 that

o) = p (%) > s (xal).

In Fact B.1, we also show that p; (x¢(t)) > 0 for t > 0, which shows g(t) > 0 for t > 0.
Case (ii): —% < t £ 0. In this case, we define

V(= 2)2t2 + 2 — 2t Vi2 + 21— (= 1)t
xe(t) = - and x,(t) = - .

For t < 0, we have x,(t) > 0. By Fact 3.5 we have x,(t) ; x,(t). Since for t < 0 we have

<
4(t3 + 10t) < 0 and 3(#? + 8) > 0, we get that, for x,(t) < x < x,(t) we have®
(%pt) (x) > t* + 1442 = 5+ 4(t3 + 10t) - 2, (£) + 3(+% + 8) - x¢(t)%.

We show in Fact B.2 that
P+ 1412 — 5+ 4(2 + 108) - x,(£) + 3(£2 + 8) - x¢(£)* > 0

for —14—0 <t < 0. Thus, we have that p; is monotonically increasing on [x,(t), x,(f)] and thus in
particular

o6 =p: 55 ) > pr ).

In Fact B.2 we also show that p; (x,(t)) > 0 for —1% <t < 0and thus g(t) > 0 for —14—0 <t<O.
Case (iii): f < —14—0. In this case, we define x(t) = rg1(—f) and x,, = rpo(—t). We verify in Fact B.3

that for t < —1% we have x(t) > 0. By Fact 3.3, we have that x,(t) < o) «

o S Xu(t). We again get that®

(%Pt) (%) > 14+ 147 = 5+ 4(8 +108) - x, (1) + 3(82 + 8) - ().

In Fact B.3 we show that

tH+ 1482 =5+ 4(£3 +10t) - x,(t) + 3(E2 + 8) - x4(£)> > 0

7Since x¢(t) > 0, this also implies xZ > x(t)%.
8We are again using that since x,(t) > 0 we also have xe(t)? < x2.
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fort < —%. We thus again get that p; is monotonically increasing on [x¢(t), x,(t)] and thus

g(t) = pe (%) > pr (x¢(t))

Finally, we also show in Fact B.3 that p; (x,(t)) > 0 for t < —14—0 and thus also g(t) > 0 for these ¢.
This completes the proof. m]

In Appendix B, we will show the following bound on skew.

Claim 3.18. We have lim;_,_o skew(t) = =2 and lim;_, o skew(t) = 0. Thus, for all t € R we have
skew(t) € [-2, 0] and in particular |skew(t)| < 2.

We can even strengthen Lemma 3.17. In Appendix B, we will show the following two claims
that we need for the proofs later. For both of the claims, the idea is that the involved function are
point-wise strictly positive. Thus, since the functions are continuous, it is enough to show that
the limits as t — +oo are positive as well to conclude that we can lower bound them by a constant
C > 0. In Appendix B, we compute these limits and thus prove these claims.

Claim 3.19. There exists a constant C > 0 such that for all t € R we have
4 skew(t)
|§rr2(b)]

Moreover, |ia(a) — x2(b)| < % - |skew(a) — skew(b)| for every a, b € R.

Claim 3.20. Define ¢(t) = K:(lt()t])/z' Then, there exists a constant C > 0 such that for all t € R we have

%skew(t)
G
Y(a) - 1,b(b)| < % - |skew(a) — skew(b)| - max{xz(a)~2, x2(b)~2} for every a,b € R.

>C- Kz(t)z.

Moreover,

Furthermore, we can also show an analogous statement for the relation between x1 and «»,
which we will also prove in Appendix B. The proof idea is the same as for the above two claims
(note that «; is also monotonic by Claim 3.8).

Claim 3.21. There exists a constant C > 0 such that for all t € R we have

Lieo(t)

(b))

> C- Kz(t)z.

Moreover, [x1(a) — x1(b)] < & - [k2(a) — x2(b)| - max{ka(a) ™2, k2(b) "2} for every a, b € R.

Finally, we need tight estimates of k() and «k3(y) for our proofs later. In order to relate these
bounds to the mass « of the truncation set (the halfspace), we use the relation a = ®(y). We defer
its proof to Lemma 4.2.

Claim 3.22. Let y € R. For a = O(y), we have

x2(y) > min 11
272 20" 8log1/a "
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Proof. From Claim 3.8 we know that x5(y) monotonically increases on R. For y — oo the distri-
bution converges to standard Gaussian, and the variance goes to 1. For the case y — —co, we can
use the rational approximation of the Mills ratio from Fact 3.3. Concretely, we distinguish the two
cases Y > -3 and y < -3:

Case (i): y > —3. For y > —3 we have x(y) > x2(-3) > 1/20 by monotonocity of x».

Case (ii): ¥ < =3. For y < =3, by Claim 3.12 we have that k2(y) > 4)%. It remains to get a

bound on y in terms of a. By Fact 3.3, we know that @ = ®(y) < @;:). This implies that

> —V2ny - eV’ 125 3V2m - o2 5 072

Q|+

and thus we get that log1/a > »2/2. Combining this with bound on x,(y) from above, we get
that, for y < -3,
1 1

8 logl/a’

Combining the two cases, we get the lower bound as claimed. m]

w2(y) 2

Claim 3.23. Let y € R. For a = ®(y), we have

1 1 1 1
lic3(y)| = min ,—, —(1—-a)log®? — 1.
! 5010g*?1/a 20" 442 8 1-a

Proof. Unlike x5(y), the function x3(y) is not monotonic in y. Moreover, the function approaches 0
both for y — +o0 and y — —oo. Thus, we split our analysis in three parts: First, we consider
the two cases y — +oo where we use the rational approximations of the Mills ratio from Fact 3.3.
Finally, we bound «3(y) on a small interval around 0 by an explicit computation.

Case (i): y < —2. By Claim 3.13, for y < -2, we have the lower bound [«3(y)| > W. From
the proof of Claim 3.22 we already know that log1/a > y2/2 for y < =3 < —2. So it holds that
K3(y) = 5010g+/21/0¢ for y < -2.

Case (ii): ¥ > 2. From Claim 3.8 we know «3(y) < 0 and thus we have that
hea(r)l = h(y) (= 1+3yh(y) + 2h(y)%)
Noting that /(y) > 0 and ®(y) < 1 for all y, we have for y > 2 > V2 that

ks()l = (1) - 1) > %‘P(V)VZ-

By Fact 3.3, we have for y > 2 > O that y < 1?38/). Combining this with the above bound on |k3())|
and using a = O(y) we get
1
liea(y)] > 57/3(1 —a).
It again remains to give a bound on y in terms of a. Note that, for y > 2, a = ®(y), by Claim 3.15

we have
log1/(1-a)<2y?

Combining this with the inequality above, we get that

1(1 1 \\*? 1 )
lc3(y)l = 2 (E log (m)) 1-a)= E(l - a)log3 2

1-«
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Case (iii): y € (=2, 2). For the last case, we verify in Fact B.4 in Appendix B that for y € (-2,2),
we have |k3(y)| > 21—0.
Putting all the three cases together gives the result. m]

3.3 Gaussian concentration and anti-concentration

We will need the following two results on the concentration and anti-concentration of a Gaussian
random variable. We note that the first fact follows immediately from the boundedness of the
Gaussian density.

Fact 3.24 (Gaussian anti-concentration). For every 6 > 0, we have that

P [-6<X<d]<qf2-2
X~N(0,02) T O

Fact 3.25 (Gaussian concentration, see e.g. [vH16, Theorem 3.25]). Let ¥ : R — R be a A-Lipschitz
function. Let g ~ N(0, Iz). Then forall t > 0,

2
P[|p(9) —Ev(9)]| > t] < 2exp (_2t_)\2)

3.4 Concentration bounds for sub-Gaussian random variables

In this section, we state two concentration results for sub-Gaussian random variables. To do so,
we define the following (quasi-)norm on a random variable X. Let 1) : R*® — R>? be a non-
decreasing function that satisfies ¢/(0) = 0 and 1(x) — oo as x — oo. Then we define the following
(quasi)-norm of X as

IX]ly = inf{t >0|Ey (@) < 1}

For a constant 0 € (0,1) U {2}, let ¥g(x) = exp(x?) — 1. Setting ¢ = ¥, in the above results in the
sub-Gaussian norm. Recall that a random vector X is r-sub-Gaussian if (v, X) is r-sub-Gaussian
for every unit vector v (meaning that ||(v, X) — E[(v, X)]lly, < ).” The following fact provides a
standard concentration bound for the covariance estimation of sub-Gaussian distributions. Note
that the second part follows directly from the first one by bounding ||Al[r < Vd - ||A|l.

Fact 3.26 ([Ver18, Theorem 4.6.1]). Let y1,..., Yy, € R? be i.id. samples with covariance L. > 0 such
that ¥~y is r-sub-Gaussian. Let the sample mean be j = % Yy yi and let the sample covariance be

r =1 Y (yi — §)®2. Then, with probability at least 1 — 6, we have that

—n

Furthermore, there exists some absolute constant C > 0 such that for n > C(d + log1/6) we have with

probability at least 1 — 6
d++/dlog1/6
N .

90ften, such a random variable is also called o2-sub-Gaussian, where ¢ = r is an upper bound on the ¢;-norm of
the one-dimensional projections.

=222 — Lyl < 7%
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In the remainder of this section, we show a concentration result for cubes of sub-Gaussian
random variables. As in [KC22], we define the function wé}L(y) = +/log(1 + y) + Llog(1 + y)'/ for
all y > 0, and let ¢ 1 be the inverse function of lpélL. Note that when 6 € (0,1), [|||ly,, is not a
norm since it only satisfies sub-additivity up to a multiplicative constant depending on 6. The
norm ||-||ly,, can be related to the norm |||y, via the following theorem.

Theorem 3.27 (Theorem 3.1 in [KC22]). Fix 6 € (0, 1). Let k > 1and consider a sequence of independent
zero-mean random variables {Xi}i.;l such that ||Xi||¢ , <ooforalli € [k]. Then there exist constants
Qo, Qyp > 0 that only depend on 6 such that

]
where L = "

Finally, we have the following tail bound for a random variable with finite ||-||¢ oLt

Fact 3.28 (Proposition A.3 in [KC22]). Fix 6 € (0,1) and L > 0. Then, for a random variable X with
“X”ll’e,L < oo, we have that

B [1X1 > [1Xllyg, (VE + LtV | < 2exp(-1)

forallt > 0.

We will now put the above results together to get the following corollary about the concentration
of cubes of sub-Gaussian random variables.

Corollary 3.29 (Concentration inequality for cubes of sub-Gaussians). Let Z1, ..., Z, bei.i.d. samples
of a real-valued random variable Z such that ||Z||y, < r. Then there exists an absolute constant K > 0 such

that, for every t > 0,
n 3/2
P(%ZZ?—E? i+t—))<2e-f.
i=1

non
Proof. Since ||Z||y, < r, we have from the definition that

> K73

3 3 3
127y, 5 < 211, < 77
Also, the 1, /3-quasi-norm satisfies the triangle inequality up to an absolute constant, that is,

||Z3 - EZ3||IJ/2/3 < ||Z3||ll)2/3 + |EZ3|

We will show that | E Z3| is in fact bounded by O (||Z 3||1/;2 s ) To show this we first note by definition
of the 13 norm that

2/3
V&l )
<

E |ex
F (||Z3||¢2/3
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Using this and applying Markov’s inequality we get

/
23]
P (|Z3| >u ||Z3||¢2/3) =Plexp (||Z3|| > exp (uZ/s)
Va3

2/

| 23] ~2/3

< E|ex -ex (u /)
p(llZSllm P

< 2exp (u_2/3)

Obtaining the above bound will now enable us to apply the integral identity for expectations. We
therefore have

0 0 iy
E|Z3|:/O P(1Z3 > s)ds < ||Z3||¢2/3/0 2¢7 du 123y, -

where in the first inequality we used the substitutions = u - [|Z 3||¢2 5~ Hence, we have that
12 - B Z%ly,,, s 7°.

Now define
Y;:=Z}-EZ3.
Then, the Y3, ..., Y, are ii.d., mean-zero, and satisfy

Yillgys < 7°.

Applying the sum-of-sub-Weibulls concentration from Theorem 3.27 we get

n

PR

i=1

s Vnrd,

Y2/3.L

where L = C/+/n for some absolute constant C > 0. Using the corresponding tail inequality from
Fact 3.28 we have that
P (

Finally, dividing by 1, we conclude that

n

PR

i=1

t3/2

> K‘/ﬁr?’( t+ T)) <2t

n

which completes the proof. m]

4 Properities of halfspace truncated Gaussians

In this section, we prove several statements that we need in the proofs later. In Section 4.1, we
compute the first three moments of a truncated Gaussian. In Section 4.2, we show that halfspace
truncated Gaussian are sub-Gaussian. And finally, in Section 4.3, we show how to precondition a
truncated Gaussian such that the covariance is well-conditioned.
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4.1 The first three moments

In order to compute the first three moments, we need the following claim that shows that linear
transformations of Gaussians truncated to a halfspace continue to remain Gaussians truncated to
a halfspace albeit with different parameters. We defer the proof of this claim to Section A.2.

Claim 4.1 (Linear transformations preserve halfspace truncation). Let A € R4 be an invertible
matrix and let b € RY. Consider the random variable x ~ N (1, D)l¢w,x)<z- Then, the random variable
y = Ax + b follows the distribution N(Au + b,AZAT)|<w,,y><T/, where

' A Tw ond w2 T (A Tw, b)
A= Ta| A= Ta|
Using this claim, we can now compute the structure of the first moment as well as the second
and third central moments of the Gaussian distribution under arbitrary halfspace truncation. Each
of them can be viewed as the corresponding moment of an untruncated Gaussian and an additive
rank-1 term due to truncation.

Lemma 4.2. Let X ~ N(u, Z)|cw, x><Tf0r some unit vector w. Then, we have

EX =pu+x1(y) =7

||>:1/2 k
Yw Yw y
My, =B(X -EX)®?2 =y —(1-x .
2= B(X - EX) A=wly) ||>:1/2w||(||>:1/2w||)
Yw ®3
M;j = E(X —EX)® = =] ,
)= BX =B = a0 (o

T—(w, 1)

where y = ek

Furthermore, we have that a = ®(y).

Proof. Consider a random vector Y that follows a d-dimensional Gaussian N(0, I4)|, ;<) Since
only the first coordinate of Y is truncated (and equal to Z,, as in Section 3.2), we have that
EY =« 1 ()/)61 ,
E(Y -EY)*? =1;— (1 - xa(y)) -
E(Y —EY)®® = x3(y) - .

Consider an orthonormal matrix U such that Ue; = L% or equivalently e; = T Ele By

72w [[=2720]|"
Claim 4.1, we have that that UY follows a standard Gaussian N(0, I;) truncated to the set

21/2 T
=) *S7)

By scaling U'Y by ©!/? and shifting by 1, again by Claim 4.1, we obtain a Gaussian N(u, Z) truncated
to the halfspace

H = {x H{w,x) <y ||Zl/2w|| + (w,y)} .

Thus, we get a direct relationship between Y and X. Namely, if we have 7 = y ||Zl/ Zw” +(w, i) or
—(w, p)
[I=72e]

= E 1xeH]= E 1[{e;y<y}= E 1[y1<y]=D(y).
¢ x~N(w,L) x ] y~N(0,I,) [{ely 7] y1~N(0,1) lyr <71 )

equivalently y = then we can get X by X = ZV/2UY + u. By construction, this also implies
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Finally, from the relationship X = Z1/2UY + u we compute the moments as follows. First, the mean
of X is

EX=E[u+ Zl/ZUY] = u+ZV2U w1 (y)ey = u + Kl(y)”zi—z)w”.

Next, we can compute the second central moment of X as
E(X -EX)® = £Y2U)22E(Y —-EY)®*
= (2 (I = (1= xa(y))e?)

=X - (1-x2y)) (21/2U61)®2

®2

Finally, the third central moment equals

®3
Yw
E(X -EX)® = CPUBEY -EY)® = (ZV2U)Pk3(p)e® = x3(p) (—Hzl/zw”) ’

which completes the proof. m]

4.2 Sub-Gaussianity

For our algorithm we need high accuracy estimates of the moments of a halfspace truncated
Gaussian. To get those, we first establish the following two claims about sub-Gaussianity of the
truncated Gaussian.

Claim 4.3. Suppose X ~ N(u, L)|(w,x)<z- Then 712X is 1-sub-Gaussian and Mz_l/zX is 1/+/x2(y)-sub-
Gaussian.

Corollary 4.4. Suppose X ~ N(tt, Z)|w,xy<r- Then X is ||Z||/2-sub-Gaussian.

For the special case of the standard one-dimensional Gaussian, this was already shown in
[BMA26]. We use this fact to prove the general case.

Fact 4.5 (cf. Theorem 2.1 in [BMA26]). A random variable Z,, from the standard Gaussian distribution
N(0, 1) truncated to (—oo, y] is 1-sub-Gaussian.

Proof of Claim 4.3 and Corollary 4.4. A random vector is r-sub-Gaussian if its univariate projection
along every direction v is r-sub-Gaussian. For the first claim it therefore suffices to show that the
random variable (v, Z-1/2X) is 1-sub-Gaussian. Define Y := UTZ"1/2X. We first show that this
is 1-sub-Gaussian. Let v be a unit vector. Then, we need to show that (v, Y) is 1-sub-Gaussian.

Consider the canonical basis for R? defined using the vectors {e fi }].:1. Then, by expressing v in this
canonical basis we have
(v,Y) =

]

vjlej, Y) =

]

d d
U]'Y]‘.

=1 =1

By construction, Y7 is distributed identical to Z;. Since one-dimensional truncated Gaussians

are 1-sub-Gaussian due to Fact 4.5, Y is 1-sub-Gaussian. Now, Y>, ..., Y; are independent one-

dimensional standard Gaussians. Therefore they are also 1-sub-Gaussian. Since the density
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function is a product distribution over the coordinates, we have independence between the {Y;}!, .
Using the fact that addition of independent sub-Gaussian random variables is sub-Gaussian, and
the fact that v is a unit vector, it follows that Y is 1-sub-Gaussian.

Multiplying a random vector by a matrix A scales the sub-Gaussian parameter by ||AT|| (because
Ko, AY)| < |AT|| - (v, Y)| for v = ATv/||AT9||). Thus, we have that Z-1/2X is also 1-sub-Gaussian
(because U || = 1). Furthermore, we also get that X is |=1/2||-sub-Gaussian. Finally, by Lemma 4.2,

we have that .
1/2 1/2

[ VAN PR

B:=
We have that B~1/2571/2X is ||B~1/2||-sub-Gaussian. Since we get B by removing a rank-1 component
from the identity matrix, the eigenvalues of B are 1 with multiplicity d — 1 and x2(y). Thus,
IB~Y2|| =1/ W Finally, note that B~1/22~1/2 and M, 12 Qiffer by an orthogonal matrix (namely
B~1/2x-1/ ZM;/ %) and thus also M, V2x s 1/+/k2(y)-sub-Gaussian, which completes the proof. 0O

4.3 Preconditioning

For our algorithm, we need to estimate the inverse of M. A straight-forward application of
Fact 3.26 to get an estimate MZ for M, and then taking the inverse of Mz would yield a sample
complexity that depends on the condition number of M;. The reason for this is that from Fact 3.26
we get a bound on ||M2_1/2]\//\12M2_1/2 — I|| but we will need a bound on ||]\712_1 - M2_1||. We can relate
these two via the following inequality

IV = M3 < M5 - 1My 2 - 1 = My 2 MMy 2 (v,

but in order to make this norm small, the sample complexity will depend on the condition number
of M», which can be arbitrarily large. To avoid this additional dependency, we compute a natural
preconditioner to ensure that our problem becomes well-conditioned. The guarantee of this
preconditioning is the following, where, as before, a denotes the probability mass of the halfspace
under the target Gaussian distribution.

Lemma 4.6. Without loss of generality, given n = ©(d - max{1, log* 1/a}) samples from N (i, Z)|w x)<z,
we can assume that %Id <M < 21; and %Id <X= #}/)Id with high probability.

Using Lemma 4.6, we can obtain an inverse for M, without incurring a condition number factor
in the sample complexity. Throughout the rest of the paper, we will work with the assumption
that we have preconditioned the data as described in this lemma. The proof follows directly from
the following two claims.

Claim 4.7. Given n = ©(d - max{1,log" 1/a}) i.i.d. samples from N (i, L)\ x)<x, With high probability
the sample covariance My = % Y (xi = %)(x; — %) T satisfies

Kz(V)

Hld —M 1/2M M—l/ZH

Claim 4.8. Let M, > 0 satisfy Hld - M_1/2A7I M_l/ZH < # Then, without loss of generality, we can

assume that 1 5lg < My <21, and 1 sl X< (y)
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Proof of Claim 4.7. As long as we have n = Q(d /%) samples, we know from Fact 3.26 that

-1/2 -1/2
11s = My P MM V2| < B,

1
K2(y)
. ) 1. : _ _ . . . _ 2
since for every sample x;, M, x; is 1/4/x2(y)-sub-Gaussian by Claim 4.3. Setting f = Q(Kz(y) )

and using Claim 3.22 which lower bounds «;(y) in terms of a as k() > min { 1/20, 810g1 SToa1/a }, we

obtain the result. O

Proof of Claim 4.8. The idea of our preconditioning is to left-multiply the samples by ]\712_ 12 then
apply our algorithm and in the end undo the preconditioning by changing the estimates appro-
priately. We will first argue that the moments after this preconditioning satisfy what we claim and
then explain how to undo the preconditioning while keeping the error the same.

Moments are well-conditioned. By Claim 4.1, the covariance of the untruncated Gaussian

after this preconditioning is X" = ]\7[2_ Y 22]\712_ 2 The second central moment of the truncated

Gaussian is M} = M2—1/2M2M2—1/2‘ We want to argue that %Id < M) <2l and %Id X< KZ%V)Id'

From our assumption, we get that (since x2(y) < 1 by Claim 3.7)

1 1257 2 =172 3
1< e
ZId M, "M M, 2
Left multiplying by M 1 le/ % and right multiplying by the transpose of this matrix (which

preserves the Loewner order) we get
1 2 ~_ ~_
Sla =< Sl < My = My PMuM, 2 < 20,

which proves that M] is well-conditioned. For X/, recall from Lemma 4.2 that

T
21/2w Zl/2w
My=X—(1- X!/ r1/2
2 ( KZ(V)) (“Zl/zwn (”Zl/zwn) )

T
Zl/Zw Zl/Zw 21/2
12| | [[£1/ 2w '

=yl (Id - (1 =x20y)) - ”

We have

T

Zl/Zw Zl/Zw
[=1 /22| | [|=2220]]

<Id

k2(Y)a = Ig = (1 —x2(y)) - |

and thus, by left multiplying by ]\712_ 12512 and right multiplying by the transpose of this matrix,
we get
k()X < Mj <X

Hence, it follows that

1 1 2
“Ig<Mj) <Y < M; < I
2 ©0) 2 )
Undoing the preconditioning Assume we have estimates it and Y1 in the transformed space.
We claim that fi = 2 yT and ¥ := Ml/ Yy Ml/ % have the same error in the original space as

fir and Yr have in the transformed space. This relies on the fact that the Mahalanobis norm, in
which we measure the error, is affine-invariant, as the following claim shows. We defer the proof
to Section A.2.
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Fact 4.9. Let A, B € R™ pe positive definite matrices. Let L € R be an invertible matrix. Then, we
have that : :
12— atpad|| =

Hld - (LALTYALBLT (AL

By Fact4.9for A=Y, B = Y and L = M/, we have

Hl‘i B 2—1/2“2‘2—1/2“ _ “Id B Z’_l/ZETZ’_l/ZH .
F F
Furthermore, the mean after preconditioning is u’ = ]\712_ Y zy by Claim 4.1 and thus we also have

I= 2y - )|
:<(M‘1/22M‘1/2) i - ), (M A1) Y - u)>

=<z\712‘1/2(1\71;“2zz\712‘”2) M, (0 - ), (- u)>
= (=@ -, o - ) = =P -

Thus, both the mean estimator [I and the covariance estimator T have the same error as fir and ET.

-1/2

Hence, we can indeed precondition the samples by left-mult1ply1ng them by M , then run

our algorithm on the well-conditioned instance and output [i and %. The error does not change by
this and thus we can without loss of generality assume that our instance is well-conditioned. O

5 Proof of the main result

In this section, we prove our main result, Theorem 1.1, that we restate below.

Theorem 5.1 (Full statement of Theorem 1.1). Consider a halfspace truncated Gaussian N (u, L)l x)<z,
where X > 0. Let o be the mass of the truncation set. Then, given

~ @) (‘j—;) polylog(a™!) ifa <0.99
"o (£) if > 0.99

samples, Algorithm 2 computes estimators i, Y. such that with probability at least 0.99

dry (N3, D), N, D)) < e

The runtime of the algorithm is O(T(n,d)), where T(n, d) is the time needed to multiply a d X n matrix
with its transpose.

Remark 5.2. We do not need to know « to run our algorithm. It is sufficient that we get as input a lower bound

agon a. Then we can replace a by ag in the sample complexity bound of Theorem 5.1 (which makes the sample

complexity bound only larger) and run the algorithm with O (d?/&? - polylog(ag') + d?/e*) samples. If

we additionally know whether v < 0.9 or not, we can run the algorithm with O (d*/* - polylog(ay?)) or
O (d?/&*) samples respectively.
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Algorithm 2: Algorithm for estimating the mean and covariance of a halfspace truncated
Gaussian

Input: Dimension d, sample size 1, samples {x;}!,, target accuracy ¢.
Output: Estimated mean i € R? and covariance T € R,

1. Compute sample mean: x = % 2?21 Xi.;

2. Compute sample second central moment: ]\712 = % i (xi - %)®2,;

3. Draw a standard Gaussian vector: g ~ N(0, I).;

4. Compute the random contraction: R = (I; ® [; ®g") - Mj = % Yi(xi — %)% (g, x; — X).

5. Compute ii, the eigenvector of R corresponding to the largest eigenvalue in absolute
value (with unit norm).

_ 3/2
- (a7#;a)

6. Estimate the relative truncation parameter: $ = skew ™ (
7. Flip the sign of I if <ﬁ®3, Z\713> < 0.

8. Estimate the mean of the Gaussian: i = X +

9. Estimate the covariance of the Gaussian: ¥, = ]\7[2 + (K;?) - 1) . (ﬁTZ\’/\Iz_ 1ﬁ) an’r.

10. Return estimates (ﬁ, E)

)

Note that we argued in Section 2 that if we would have access to the exact moments, then the

estimators [i and Y are equal to p and X respectively. In this section, we prove that even if we
only have access to the sample moments, the above estimators work. The proof of this theorem is

structured as follows:

¢ In Section 5.1, we prove that I (after the potential sign flip) is good estimator for —

assuming that Msisa good estimator for Ms.

Xw

el

¢ In Section 5.2, we prove that y is a good estimator for y, given that we have a good estimator

for 7 and that M, is a good estimator for M.

¢ In Section 5.3, we prove that fi and % are good estimators for u and X, given that My, it and

y are good estimators.

¢ Finally, in Section 5.4, we put everything together: We determine the sample complexity such

that M, and Mj are good enough estimators such that the lemmas proved in Sections 5.1

to 5.3 imply the guarantees of Theorem 5.1.

We remark that the assumption X > 0 is not necessary. Suppose L is of rank 0 < r < d, then all
samples would live in a subspace of R? of dimension r. One can identify this subspace with O(d)
samples with high probability, and this reduces the original problem to an r-dimensional problem

via an appropriate linear transform (e.g., an orthogonal projection from R to the subspace).
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5.1 Recovering the direction of Xw

In order to find the direction of Lw, a natural attempt would be to consider the tensor analogue
of low-rank approximations of the sample third moment ZVI3. However, unlike the matrix case, it
is NP-hard to find the best rank-1 approximation of a general symmetric order-3 tensor [HL13].
To bypass this computational barrier, we reduce the problem to that of finding the eigenvector
corresponding to the largest absolute eigenvalue in a certain matrix. We obtain such a matrix by
contracting the tensor with a random vector. Throughout this section we will use the notation

ut = xa(y)'3 ||212/sz||' It then follows that the population third central moment M3 = (1*)®3. Our
estimator 71 will approximate ”Z—” = —”g—zw””. We will require the following claims for our proof that

will follow next. We defer the proofs to Section A.2.

Claim 5.3. Let A, B € R™% be symmetric matrices with B being an arbitrary rank-1 matrix. Consider the
spectral decomposition of A,
d
A= Z /\iviviT
i=1

where the vectors {Ui}?zl form an orthonormal basis of R and the singular values {)\i}?zl satisfy
[A1] = |A2] = -+ > |A4]. We then have that

|Moo] - B|[; < 2(A010] - B, A - B).

Claim 5.4. Leta,b € R%. Let § > 0. Suppose that |laa™ — bb™||p < B. Then, we have that, for u = a7 and

_ b
U= ol

2
min{u + oI, [l - vl2} < 8”%

The main result of this section is the following lemma that shows that given an accurate estimate
for M3, we can recover the direction of u*. We will show afterwards how many samples we need
to get such an estimate for Ms.

Lemma 5.5. Given > 0 and a symmetric tensor M3 € Rixdxd satisfying

sup <v®3,M3 - ]\713> < B,
l[oll=1

-2d

*

one can compute a unit vector il € R such that with probability at least 1 — 107 — ¢
.U
i+ —

min i+ z}w( % )

s (y)l
Proof. To compute the unit vector i, we first draw g ~ N(0, I;) and compute the matrix

*

0 u
[l

4

2

R:(Id®1d®g—r)~]\713

We then compute the eigenvector corresponding to the largest (absolute) eigenvalue of R. We will
show that this gives an estimator i with the claimed guarantees.

We begin by observing that ([; @ [; ® g7) - Ms is a symmetric matrix. Let @i be the (unit)
eigenvector associated with its largest eigenvalue in absolute value, and A be the corresponding
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eigenvalue. Then A -1 T is the best rank-1 approximation of ([; ® [; ®¢gT)- ]\713. Our goal is to show
that 7 is close to ”Z—”

First, we will show that ([; ® [; ®g ") - Msand (I; ® I; ® g ") - Ms are close in Frobenius norm.
Then, since ([; ® [; ®¢gT) - M3 = (g, u*) -u*(u*)" has rank 1, we will be able to use Claim 5.4 that
relates closeness in Frobenius norm of rank-1 matrices to the closeness of the vectors themselves
to conclude the lemma. Invoking Claim 5.3, we obtain

Maa™ = (g, u) ue)IE < 20807 = {g,w) - w' @), (g @I @ g7) - (M3 — M3))
(1) —~
<2AaaT - (g,u) - w' @) - lla @l @ g ™) - (Vs — Ma)|
(i) -~
< 2V2aaT = (g, u) - w )l - (s @ L@ gT) - (Vs - M)

In inequality (i) we used matrix Holder’s inequality. In (ii) we used that Afifi ™ — ( g, u*) u*(u*)" has
rank at most 2 and thus its nuclear norm is bounded by V2 times its Frobenius norm. We can do
the exact same computation with —g instead of g and thus we get

20"+ g, ) )l < 22| 1 @ 1y ©.97) - (W3 - My)|.
From our assumption we have

[ 91207 3 = M| < gl sup 02, 8 = ) <[] .
v||=1

Using Fact 3.25 about the norm of a Gaussian random vector we have
P |lgll > 3Vd| <P |llgll - Ellgl > 2| < e,

Thus, conditioning on the above event we have with probability at least 1 — e 2% that

IAanT™ £ (g, u)u () |l < 6V2-Vd - B.

Dividing by |< g, u*>| and choosing the appropriate sign, we get that
Mz <6V2Nap .

an’ —ut(u)’
‘ (g, u7) r g, u)

Since (g, u*) is a Gaussian of variance ||u*||?, Fact 3.24 implies that with probability at least 1 — 10~
we have [(g, u*)| > 107*||u"||. Combining this with the above using a union bound, with probability
1—e2 —10~* we have

Al

(g, u")

Using Claim 5.4 that relates Frobenius closeness to closeness of vectors themselves we obtain

0
I

an’ —uwr(u*)’

covs Vi p 10
F

24000Vd -
(R

4

min{|i — @], ||& + @[]} <
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where il = ”Z—” Now, since £ > 11;, we get that

’ lie3(y)]

22

> [k3()| - Amin(ZH2)3 >

2w
*13

u = |IK o || ————
7| = s3] H”me”

Therefore we have v
d-p
min{||& — |, [|& + @[]} $§ ——,
t S 1a0)
completing the proof.
O

So far we have shown how to recover a unit vector that is (approximately) parallel to Zw using
a random contraction on the sample third moment. To this end, we required a strong assumption
on the finite-sample error to which we learn the third moment in the weaker injective tensor norm
as opposed to the Frobenius norm. In particular, we required this error to be as small as inverse
polynomial in the dimension (up to «», k3 factors) for the statement of the previous lemma. We
will now show that we can indeed achieve such a high-accuracy estimate in the injective tensor
norm using only O(d?) samples (up to k2, k3 factors). We start with the following claim that we
will require.

Claim 5.6. Let v be the mean of N (ut, Z)|(w,x)<- Let v be a fixed unit vector. Given n i.i.d. samples {x;}!_,
from N (i, Z)lw,x)<, for every t > 0, we have that

¢ t3/2
= CKZ(y)_3/2 (\/; + 7)

Proof. The above claim follows by a direct application of Corollary 3.29 for the concentration of
averages-of-cubes of sub-Gaussian random variables that we proved earlier. Since (v, x; — v) is

sub-Gaussian with parameter O (1/ \/Kz()/)) (after preconditioning) and E [(v, Xi— v)3] = (v, u*)3,

P < 2exp(—t).

1 n
— D=y = )
i=1

for an absolute constant C > 0.

we apply Corollary 3.29 with Z; = (v, x; —v)and 0 = O (1/\/1<2(7/)) to obtain the result. m]

We remark that the above claim argues about concentration of zero-mean random variables. We
will now account for the error incurred by finite sample approximations to v. More formally we
show the following.

Claim 5.7. Let v be the mean of N (i, X)|(w,x)<<- Let v be a fixed unit vector. Let {x;}!_, be i.i.d samples
from N (i, 2)lw,vy<r and let ¥ = L 31| x;. Then, we have the following with probability at least 1 —4e~107

3/2
< Ko(y) 32 (\/%J“ (g) ) .

We defer the proof of Claim 5.7 to the Section A.3. Given the above concentration results, we
will now present the main sample complexity result for this section. For n = O(d?) (up to x2, k3
factors), the result below enables us to satisfy the requirements for the main result of this section
Lemma 5.5.

n

3w = B = (0 =)

i=1
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Ifmma 5.8. Let {x;}!, be iid.  samples from N(u, D)l xy<e- Let ¥ = %Z?zl xi. Let
Mz=1%" (xi— %)®. Then we have with probability at least 1 — 6e~7 that the following holds

T
~ 3/2
sup <v®3,M3 - M3> < 1a(y) 32 \/E+ ar )
loll=1 weon

We give a proof sketch here and show that the above holds for any fixed v with probability

1 - 6e71%. The lemma then follows by a standard e-net argument over the unit sphere. We defer
the full proof to Section A.3.

Proof sketch. For a fixed vector v, taking t = ©(d) in Claim 5.6, we have for an absolute constant

K1 > 0 that
3/2
> Ky - 1a(y) 2 (\/g+ dT)] < 2e710d

For the same fixed choice of v, we have for some other absolute constant K> > 0 from Claim 5.7

that 52
> K- -3/2, E é -10d
> Ko - x2(y) il b < 4e7 104,

1 n
” Z(U, xi— Xy — (v, x; —v)?
i=1

P

1 n
— > = (o,u)
i=1

1 n
P " Z(U,xz' — %) — (v, x; —v)?
i1

Now since we have that

KU®3,1\713 —M3>’ < +

7

1 n
n Z(U, Xi— V>3 (v, M*>3
i=1

we can conclude that

—~ 3/2
oo - o2 £+ 47

with probability at least 1 — 610 yia a union bound. So far, we have argued that for a fixed
vector v, it is the case that <v®3, ]\713 - M3> is well concentrated. What remains is to show that the

supremum of the quantity over the unit sphere can still be controlled. To this end, we construct
an ¢-net, and complete the proof with a union bound argument over this net in Section A.3. m]

5.2 Relative truncation parameter recovery

Our goal in the section will be to recover the relative truncation parameter . From the previous
section, we have a good estimate for the direction of Xw. In this section we will show how we can
use this vector to recover the relative truncation parameter y. Recovering y allows us to recover
the parameters of the Gaussian directly from the moments. We first show how to get an estimate
skew(y) for skew(y). Then, we show that this implies generally (meaning without any assumptions
except that skew(y) and skew(y) are close) that also 7 is close to y.

Lemma 5.9. Let 0 < § < ¢, where c is some sufficiently small absolute constant. Assume that

min{ }<ﬁ,
2

*

u
[lul

*

~ u
[lll

i+

’
2
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1/2 75 1/2

1M, MaM, "~ Lall < B

for a unit vector i and a symmetric matrix My > 0. Furthermore, let Mj be a symmetric tensor satisfying

sup <U®3,]\713 - M3> < B.
lloll=1

Denoting by skew ™ the inverse function of skew, consider the estimator
1 —~ 3/2 —~
7 = skew™ (— (a781;a) - |(ﬁ®3,M3>|) .
Then, we have that
skew(7) - skew()] < O (B - k2() 2]
as well as
aTM; 0 - ﬁTMz‘lﬁ‘ < Op).
At a high level, the above lemma say that we can learn the relative truncation parameter

accurately given access to high-accuracy estimates for Xw, M, and M3 by inverting the one-
dimensional skew function. We will require the following claim that bounds |||

Claim 5.10. For u* := x3(y)"/* =%~ we have %|K3()/)|1/3 < )l < V2 - |skew(y)| 3.

=/ 2w]|”
: Tw_ _ ylj2, £ 1 1/2 V2
Pl:oof. First, note that m =xl/2. ”21/23”. By Lemma 4.6, we have $Id <X < P I; and
thus
ig‘ 1/2 = “< V2 .
V2 IZ12w]l]| - x2(y)1/?
This proves the claim by recalling that skew(y) = x3(y)/ Kz(y)3/ 2, O

Proof of Lemma 5.9. The proof of the lemma has two main parts: a population level analysis and a
finite-sample error analysis. We further split the finite sample error analysis into two sub-parts.

We will now begin with a population-level analysis that will show that knowing Xw, M, and
M3 will allow us to recover y. Recalling the definition of the population second central moment
we have

1—1x2(y) _

_ E 0 (Zw) (Zw)"

My =

This implies that when applying the linear transformation M, on w, we get that
Myw = k2(y) - Lw = w =x2(y)- Mz_lZw
Now by left-multiplying both sides by (Xw)" and dividing by x»()) we obtain that

=" 2wl

(Zw) "M, (Zw) = 0
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Recall that u* = x3(y)"° s

of u* (note that x3(y) < 0 by Claim 3.8). Then we have

We define ii = ”Z—” = ngn as the unit vector along the direction

= 2wl Ka(p)P?
(IZwl?  ()llul?

"M, = (5.1)

Furthermore recalling that the population third central moment is M3 = (u*)®® and taking its
projection along i we have that

Yw Tw ||le||3

R R R = [P
RE ||2w||> N T

(M3, #%%) = (u, i)’ = —Ka(V)<

This naturally gives us the following identity that we will need for building our estimator:

x3(y)
Ka(y)3/?

In the rest of the proof, we will carry out finite-sample error analysis since we only have access
to the sample moments. We will first deal with the first term on the left hand side above.

— (a™Mz ) (M, 553 =

Error analysis for (ii" M; u)s/ ?

Observe that, since Mz_ !is symmetric, we get that

:m+aT(Mz—l—Mgl)a+(ﬁ—a)TA712—1(a+a)

We will now bound the second and third term in the last equation above. For the second term,

since (1 — B)M; < ZVIz < (1+ B)My, it follows that M < M <3 Mz‘l. Therefore we have

1+[3 1-8

vy - Mgln = 15" (M - M2>M51||
1 —1
<p- ||M I 10,1 ||M P
4P
-5 <%
as long as B < 3, where the inequality (i) follows from using our preconditioning guarantees
proved in Lemma 4.6. Therefore

—
=

i

N

" (Mt - MyY)ii| < 8.
Now for the third term we have that

(@ — ) "M@ + )| < |2 -l - |& + a@]| - | M5 Y]] < OB)
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whenever f < 1/2. Putting the two bounds together, we obtain,

AT 7 7—1n KS(V)Z/B <
-——— 1< 0B
2 PR a0y S O

We are almost done as we have shown closeness of the quadratic forms. We will now show that
raising the quadratic forms to a higher power of 3/2 still preserves closeness and conclude this part
of the proof next. We will do this by an application of the mean value theorem from univariate
calculus. To this end, we will try to obtain a bound on the range of values that the quadratic forms
can take. Firstly, it is clear that

K3(y )3

aTM; > 0, ———>0.
2 (|2 - 1e2(y)
Now since [[u*]| > [x3(7)/3] - Amin(Z1/?) we have that

Kg(y)2/3 B 1 3 1 < 2
T2 20) )2 G 20 Amn®)  0)

(5.2)

where we used the fact that = > 11;. Applying the mean value theorem for the function f(x) = x°/2,

SO o that the following holds

we know that there exists a B between a = ﬁTAzz_ lpandc = T Pea0)

F@ = f©) = f/(B)-la~cl =5 VB-lacl.

We have B = O(1/x2(y)) since

_ 2/3 2/3 _ 2/3
B<max{ﬁTM2‘1ﬁ, K32(V) }< K32()/) AT M K32()/)
[lee*[|* - xc2(y) [[oe*||* - 1c2(y) [[ee*||% - %c2(y)
@ 2 (ii) 1
<——+0 <0 .
©2(y) ® (Kz()/))

where (i) follows from inequality (5.2) and (ii) holds as long as f is at most a sufficiently small
constant. Therefore we have that

—~ 3/2
(ﬁTMz_lﬁ) _ |K3(V)| -
[l (P - x2(y)%/

concluding the first part of our error analysis.

<O(B-Kka(y) 113,

Error analysis for (M3, ii®%)

We will first consider the case that ||iI — 7i|| < p and analyze the case ||#I + ii|| <  afterwards. We
have that

(1%%, M3y = (2%, M3 — M) + (223, M3)
= (1%, M

3= M)+ [P - (1430 =, 8) + 30 — i, )" + ¢ - 7,70)°) .

=<
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By assumption, we have that sup”v”:l@@?’ , M3 — M3) < B. Thus, by applying Cauchy-Schwarz and
using || — ii|| < B, we get that

(@, M3) - w'IF| < § + O - ) < O(B),

where we also used that ||u*||3 < 2\/§|skew(7/)| < O(1) by Claims 3.18 and 5.10. Since |[u*]|* > 0, we
even get that

a2, #5)| = 1| < 066, 53)

This also holds for the case ||ii + ii|| < B by repeating the above argument for —ii instead of .

Putting the pieces together

We will now look at the total aggregate error that we incur. We begin by defining

si=(aTHa) S =|(a%, )

e k()
K3 y (13
g =5 - —F7"7""T"-7, 52252_”” ” .
| - rea(y)?/2
By our computations earlier, we know that |e1| < O (8 - k2(y)"/?) and |e2| < O (8). Now expanding
5152 we have

e ()l ) .
5SS =|—————
152 (||u*||3 v AL
B [=162] a3 a3 £216%]
- [|u|2 - x2(y)3/2 l']” + &1 - [l + &2 P 1272 + €1€2.
Now rearranging the above inequality gives us
A la(y)l
|skew(7) — skew(y)| = ‘5182 - BT
X -1/2) . *13 . |SkeW(7/)| 2. -1/2
<O (p-ra0) ) I+ O(F) - = +0 (8712 72)
. 172 Iskew(y)| 2 12 (5.4)
<O[prtn ) 0 (ﬁ o) O 0 )
<O (B (2™ + 12> + B 12y 2))

<O (ﬁ : Kz()/)_s/z) ,

where the second inequality follows from our bounds on |[u*|| (cf. Claims 3.18 and 5.10) and the
last inequality follows from |k2())| < 1 (cf. Claim 3.7) and < 1 by assumption. This completes
the proof of Lemma 5.9. ]

5.3 Relative truncation parameter recovery implies parameter recovery

In this section, we show that given an estimate for the relative truncation parameter as well as the
vector ii = _Ilg_zwull and the first three moments, we can estimate the mean and covariance of the
(untruncated) Gaussian.
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5.3.1 Mean estimation

The following lemma shows that we can recover the mean.

Lemma 5.11. Suppose thereis p > 0 such that p < c-x(y)>/?, for some sufficiently small absolute constant
¢ > 0, and there are X, My, i1,y such that the following hold

r-n-m) < p 55)

=42 (M - M) =72 < 56)

i - ”Z:” = ||a + ”;—Zw"” (5.7)
2/3

s o

skew(7) - skew(y)| < O (KZ (5 - /2) | 59)

Then the mean estimator

K 9. e -1/2
o=+ 2 (a78;1a) " a
satisfies

. p
lg—ull<O (—Kz(]/)7/2) .

Proof. First, using assumption (5.5), we have that

N _ Tw K1) (o)
— =||x — —Kl() 1() + aTM;h !
62 = T I ||21/2w|| \Fm(y)( :1)
] K1(P) (roo1ia\ V2
S|F-p-x1(V) i H r1(y) * oMy !
v |Zl/2 | ! ||Zl/2w|| \/Kz(V)( ’ )
K1(P) (v oo\
< k1(y) + M, !
s Sl \ﬁcz(ﬁ)( 1)

()

We now want to bound (x). We can furthermore split this up as follows

1Y) (sro1a\V2
x1(y) i M il

||Zl/2 I \/Kz()/)( 2 )

N -1/2 D —~ -1/2

2l (78 0) a- @) (a78;1a) 4
Vra(y) Ve2(p)
aj=
||IZwl| 4
||21/2w

(+) <

<a+

K1(y) =7 +x1(y)

IIZ”2 I

az:=

36



+ (|

y il
|21/ 2w)| Vra(y)

az=

(7) IZw| . x1(p) (ﬁU\Z;l )—1/2

Putting these together, we get that

& =l < p+ a1+ a2+ a3

and it remains to bound a1, a; and a3. We do so now.
Bounding a;. We have that

k1(y)  xi(P)
\/KZ(V) Va2 (D)

We have that [|ii|| < 1. Thus, defining ¢(t) = 20 e get that

Via(t)

[l

N -1)2
(a7 M5 a)

{11<

AT A r—1n -1/2 N
(a7#;"0) '-It,b(y) -9
By Claim 3.20, we have that

W) - ¥()| s Iskew (D) — skew(y)| - max{x2(P) 2, k2(y) 2}

We can use assumption (5.9) to bound the first term, so it remains to give a lower bound on (7).
It follows from Claim 3.19 and assumption (5.9) that

_B
Ka(y)3/2

Moreover, by choosing a sufficiently small constant in our assumption f < c - x2(y)%?, we have
that xk2(7) > x2(y) — %Kz()/) = %Kz()/). Thus, we get that

li2(y) = 12(P)] < Iskew(P) — skew(y)] <

p
Ka(y)7/?

On the other hand, by Lemma 4.6, we have that M, < 2I;, which together with assumption (5.6)

implies
—~ -1/2 ~ 11/2
< Amin (M51) = M| < VT+ M < 2

as long as § < 1. Together with the above this implies

p
n<0(7m)

[W(?) = ()] < Iskew(7) — skew(y)] - k2(y) ™2 <

-2
a7 M5 ")

Bounding a,. For a3, we have that

IIZwII
2120 ||Zw||

az < [k1(y)]-
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We have that [1(y)] < O(xa2(y)"/?) by Claim 3.9 and that ”QIZ/ZUJJ)” < x2(y)™/? by Lemma 4.6.
Together with assumption (5.7), this implies
o[ L)
K2(y)

L 80D (i)

Pl ~ a0)

IOl IZwl| (g g2
W ‘\/ x2(y) 1 20] —(u M, u) .

Now, consider f(x) = y/x. For a,¢ > B > 0, we have that, by the mean value theorem,

Bounding a3. For a3, we have that

as < (K

|f(ﬂ) - f(C)| TW —cl.

~ -1
We want to apply this for a = KZ()/)HQiZJJLZHZ and ¢ = (ﬁTMZ‘ 1ﬁ) . By Lemma 4.6, we have that
Zw

a > 1x,(y). From assumption (5.8) and using also u* = x3(y)'/3 = Ve furthermore have

|| Zw]?

1 1
N -p= EKz(V) -p= ;LKZ(V),

c > xay)

aslongas f§ < #. Hence, we can choose B = %Kz()/). Thus, we get that

Zwll  (ari5-1,) 72 1 IZwl? (aroo1s) !
N —(a™™m < : = _(a™™
KZ()/)HZl/sz (u > u) =0) KZ(y)”):l/zw”z (u 2 u)
p

<
Vra(y)

by assumption (5.8). Together with the above as well as Claim 3.9, we get that

ocn 88 <ol )

Completing the proof. Combining the bounds on a1, a; and a3, we get that

) B g g 5
o=tll<p+0 (m(y)m) +o (m(y)) +o (Kz(V)3/2) <O (mmm) ’

where we used k2(y) < 1 and k3 < O(1) by Claims 3.7 and 3.10 for the last inequality. O

5.3.2 Covariance estimation
For covariance estimation, we need the following fact, whose proof we defer to Section A.2.

Fact 5.12. For any a, b € R we have that ||aa™ — bb7||z < ||la + b|| - ||a — b]|.
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Lemma 5.13. Suppose there is f > 0 such that p < c - k2(y)*/?, for a sufficiently small absolute constant
c > 0,and My, 1, y such that

=12 (M - Mo) 212 < (5.10)
* u*
min? |t — —||, [li1 + < B, 5.11
{ el el } P G.11)
AT ar—1n K3()/)2/3 <
- I< (5.12)
2 e )| < F
B

Iskew (7) — skew(y)| < (5.13)

Ka(y)3/2
Then the covariance estimator
-~ 1 -
=M+ (— - 1) @ ™M)t anT
r2(P)
satisfies

Y128y -12 i < O _F .
[ e < 0|

Proof. By the definition of our estimator, we get that

SRRy = 2TPM T2 4 ( @My ) e P an e - .

|
2(P) )
If all ]\712, ¥ and 71 would be equal to Mj, y and ii, then this norm would be zero. The proof now
consists of accounting for the errors in these estimates. First, substituting M, by M», we get that

YV2Ey Y2 = Ay + 2V 2M 2 ( - 1) @My ') e Paa Te 2 1,

1
©2(P)
where _

A1 =X V2(My — Mp)2 ™12,

Now, we can use the formula for M, from Lemma 4.2 to get that

T2Er 2y =

A1+ (1 =xa(y))

Zl/2wa21/2 ( 1

||21/2w||2 () 1) (@TMg 8 T,

()

We now want to show that
Zl/waTzl/Z

(*) = (1 = x2(y)) ||Zl/2w||2 .

Note that if we would replace ]\712, y and il by M, y and ii, then they would be equal. We will do
so now and account for the error. Substituting 7 by y, we get that

(+) = Ay + ( - 1) @"M; ) e TE 1,

1
©2(y)

39



where

:(—1A - )(aTAZ-la)-lz-l/ZaaTz—1/2.
Ka(P)  xa(y) 2

—~ 2/3
Substituting 2T M; 1 by ”K?’L we get that

wxa(y)’
-1
- )(ﬂ) T 12Ty 12
*[12
[lu*||* - 1c2(y)

(*) =A)+ A3+ (Kz()/)

u T
=Ar+ Az + (1 —x2(p)) ”( |)|2/3 T2 Ty,

where

~ -1 % -
As = ( 1 _ 1) ((ﬁTMz‘lﬁ) _ - aly) Kz(y)) y1207Ty12,
©2(y) K3(y)2/3

¢ AZwll el
=120l — x3(y)137

Finally, substituting i with @i = and using tha we get that

IIZWII

”u*llz Zl/waTzl/Z
k3(y)23 [Zwll?

() =Ar+ Az + As+ (1 —x2(y))

21/2 Tzl/Z
= Ap + As+ A+ (1= k() =
=172
where 12 12
||u I 12 A AT Y2ww™y
As=(1-x RopTy-l2_ 2 77 =
4 ( 2(7/)) ( )2/3 ”21/2w”2

Combining all of the above we get that
TRV Iy = Ay - Ay — As - A

Thus, in order to bound ||Z‘1/2§Z‘1/2 — I||g, it is sufficient to bound the norms of A1, Ay, A3 and
Ag. We will do so now.
Bounding ||A1||r. For Ay, note that by (5.10) we have that ||A+||[r < .
Bounding ||A;||r. For A;, we can first bound
11
k2(P)  x2(y)
We bound these three terms separately. First, note that, by Lemma 4.6,

) (ﬁTMz—lﬁ)—l‘HZ 1277 Ty~ 1/2”

lA2llF <

=200 12, = [[m 2] < IR < 2. (5.14)
For the middle term, we first want to bound
= P ra(y) o a1 Il - xa(y)
aTMa)yTt - — o = (T My )T - ——————
(@M K3(y)?/3 (M0 =1/ 2w][2
where we used u* = K3(7/)1/3”212/12"w” (which implies ”l;”;j;;/(;/ ) = ”ig';ﬁg)). We have that, using

assumption (5.12),

Il - k2()| _
I 20]?

R 2

= 11 [ZwllP - xa(y)
- —— 2 @Ml e e
2 IZw]? - x2(y)

ﬁTM_lﬁ -1 _
(M0 |21/ 22| |2
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|IZw|[? - x2()
ATM; - |2V 2|2

Using (5.12) again to lower bound ﬁTl\//\IE 111, we can furthermore bound

-1
PO ] [ o et )
? 21/ 2]? [[Z1/2w] 2 IIZWII2 : Kz()/)
[baxg
_ g [zl 209 e <2)
1= 2w|2 1 _ ||)|vl)?/?z|¢|;2||2 ©2(y) - ﬁ
By L 4.6, we have that IZ0<20) « 5 1y ing th 1 h
y Lemma 4.6, we have that TREE . Thus, assuming that g < 5, we get that
v P e0)] M) [Zwl? - ()| _
(" M5 1) —K3()/)2/3 =@ i)~ —||21/2w||2 < O(B). (5.15)
Using the triangle i lity and IEUE<20) « 5 a0ain, we furth t that
g the triangle inequality and =57700= < 2 again, we furthermore get tha
o] IEwlP Ko (y)
(MTleu) 1’ < W + O(ﬁ) < O(].)
Finally, we want to bound
1 1 1

@0) ()| k) gy W) TR

As before in the proof of Lemma 5.11, it follows from Claim 3.19 and assumption (5.13) that

p

[k2(y) — k2(P)] < Iskew(P) — skew(y)| < W

As before, by our assumption < c - k2()/?, we have that x2() > x2(y) — %Kz()/) = %Kz()/) and
thus

_r (D B
a0 e ke "Z(V)'go(m(wm)‘

Combining the above, we get that
p p
A 2-01)-O|l——=5%|=0|——5|-
lA2llF < 2-O(1) - (Kz(y)7/2 O

Bounding ||As||r. For Az, note that by (5.14) and (5.15) and using that x2()) < 1 (cf. Claim 3.7),
we immediately get that

1 v\ P xa(y) e
1AsllF < m—l‘- (u leu) —W‘Hz 2Ty
L p
) OP2=0 (m(y))



Il _ =l
k3(y)?3 I 2w|

Bounding ||A4||r. For Ay, recalling that and x(y) > 0, we get that

2 1/2000,Ty1/2
1A4lle < 11 =r2(y)l- H 1P gy BPww Il

)2/3 ||Zl/2w||2 F
. ||le|| Ng2gg7ern Y1200 Ty 1/2
[|Z1/2w]2 IZwl I
2
— ”?Z’ZUH ; . 2—1/2 (ﬁﬁT _ waTZZ) 2—1/2
=120 [IEwl]] F
2 T
< ”2—1/2”2 . ”Z‘w” AanT = Lw ( rw )
|1/ 2|2 IEw]| \[[Zw]|

We now want to use assumption (5.11). Since u* o« —Xw, this assumption implies that

min{ }<ﬁ

Using Fact 5.12 on the unit vectors 7 and =% |Z 7 to get that

Yw
[IZw||]|”

R Yw

i - + =
[|IEwl]]

il

+ Iw ( Yw )T
[Zawl] \[IZwl|

[
IZ12w]p = xa(y)

Furthermore, using Lemma 4.6, we get that [|[Z77/2|]> < 2 and Combining these

with the above, we get that

1 p
AdllF < 2- 286=0 .
e <2 — -2 (W))
Completing the proof. Combining the bounds on Aj, A, A3 and A4, we get that

[ev2me2 = 1| < il + 14l + Aol + DAl

_B B B
SFrO (KZW/Z) +o (sz)) +o (m(y))

5
© (K2(7)7/2) ‘

where the last inequality follows because k() < 1. This completes the proof. m|

5.4 Proof of Theorem 5.1

In this section, we prove our main result, Theorem 5.1. We start with combining the results from
Sections 5.1 to 5.3 to give a sample complexity bound of Algorithm 2.

Lemma 5.14. Consider a halfspace truncated Gaussian N(u, Z)|(w x)<z, Where ¥ > 0. Define y = ﬁ;i;‘;;f |>|.

Then, given
d? d? d?
+ +
k2(y)8xk3(y)?  ka(y)3rs(y)t  xa(y)0ks(y)?e?
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samples, Algorithm 2 computes estimators |1, Y. such that with probability at least 0.99

drv (M@, D), N, D) < e.

Later, we will then bound this sample complexity in terms of «, as in Theorem 5.1. Finally, we
will also argue about the runtime of Algorithm 2.

Proof of Lemma 5.14. For any > 0, given n = O (m) samples, by Lemma 5.8, we have
that, with high probability,

3y B - les(y)l
sup (v*°, Ms — M3) < O (— < O(B). (5.16)
||v||:1< ) Vd
Now, we get, by Lemma 5.5, with high probability,
* u*
min{ (|t — —||, |1 + < O(B). 5.17
=gl e+ il < o 17

Next, consider the sample covariance Mz computed from O(d?/(x2(y)?p?)) ii.d. samples. From
Claim 4.3 we know each sample is 1/4/x2(y)-sub-Gaussian, hence as in Fact 3.26, we have, with
high probability

M, PVM; 2~ L < B and |12 (1\712 - Mz) T2 < B, (5.18)

where we also used that ||[Z~/ ZM;/ 2|| < % by Lemma 4.6. Using equations (5.17), (5.18) and (5.16),
we can apply Lemma 5.9 as long as < c1 (for some absolute constant c1). This shows that the

estimator 32
9 = skew™! (— (a781;1a) - |(u®3,1\713>|)

satisfies
|skew(y) — skew(y)| < O (L) . (5.19)
12(y)3/2
From Lemma 5.9, we furthermore get the inequality
- Zl/Zw”Z
aTM; - = Tl < O(B) (5.20)
T RG] S O

Aslong as f < c3 - k2(y)°/?, using (5.18), (5.17), (5.20) and (5.19), we can apply Lemma 5.13 to get
that the covariance estimator

~ o~ 1 —~
Y =M+ (— - 1) @ M)t anT
K2(7)
satisfies 5
Y128y 12 g < O [ —2—]. 5.21
I allF B (5.21)

For mean estimation, we have that x; is 4/2/x2())-sub-Gaussian since M, v in is 1/4/x2(y)-sub-
Gaussian by Claim 4.3 and ||M;/ 2|| < % by Lemma 4.6. Thus, ¥ is (y/2/%2()))/Vn-sub-Gaussian (cf.
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[Ver18, Proposition 2.7.1]). Givenn = O (d/ (Kz()/)ﬁz)) samples, we therefore have (see for example
[Rig15, Theorem 1.19]), with high probability,

Yw

X—p- Kl(V)Hzl/zw”

“ <p. (5.22)

To apply Lemma 5.11, it remains to argue that choosing the sign of ii by computing the sign of
(23, M3) indeed ensures (5.7). From the proof of Lemma 5.9, we know that

[ — il < O(p) =

(%, i) - | < O(p) (523)

2+ il < Op) =

(%, Ms) + |u'IF| < O(p). (524)

If the term O(p) on the right hand side is smaller than ||u*|]*, then only one of the two conclusions
(5.23) or (5.24) can be true. By (5.17), one of the two must hold. Thus, exactly one of the two
conclusions (5.23) or (5.24) is true. Furthermore, if the sign of (01%3, ]\713> is positive, then it must be
(5.23) (and hence we want to pick i for (5.7)). If this sign is negative, it must be (5.24) (and we want
to pick —11). Hence, if B < c3 - |k3())| (for a sufficiently small constant c3 ensuring that O(8) < |[u*|]®
by Claim 5.10), then flipping the sign of  if (2%°, Ms3) < 0 indeed ensures that (after the potential
sign flip)

*

u
[l

Thus, as long as f < c4 - ©2(y)?/?, using (5.22), (5.18), (5.25), (5.20) and (5.19), we can apply
Lemma 5.11 to get that the mean estimator

5 _ “1/2
=g+ 2P (a78;1a) 4

Vr2(P)

A

u—

< O(B). (5.25)

satisfies 5
(1—ul|<O .
||Pl [’1“ (Kz(y)7/2)
Furthermore, by Lemma 4.6 we have that I==1/2|| < O(1) and thus the above also implies
2120 - | < 0 [—E—). 5.26
=720 - | (Kz(y)m (5.26)

Thus, summarized, for § < c - min{xz(y)5/ 2, lk3(y)|} for a sufficiently small constant ¢, we have
that, with high probability,10

S B
dry (N(y, 2),/\/(“,2)) <O (W) .

The sample complexity is

IS S Y
2(y)3xa(y)2B%” w2(y)?B? x2(y)B? w2(y)Px3(y)?p%)

Thus, setting p = O (min{Kz(y)5/ 2, Iz (y)l, Kz(y)7/ 2. e}) for a sufficiently small constant, we get the
lemma. a

10For Gaussian, closeness in parameters implies closeness in TV-distance, see e.g. [AAL23, Theorem 1.8].
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The above proof is sufficient as long as « is bounded away from 1 by a constant. As @ approaches
1, we have that x3(y) — 0 and thus the sample complexity increases. To deal with this, we now
give an alterative sample complexity bound that relies on the fact that if « is close to 1, then the
sample mean and covariance are good estimators and the correction terms in Algorithm 2 are
small.
T—(w, 1)
[k
Assume that a = ®(y) > 1— c for a sufficiently small constant ¢ > 0. Then, given n = O (d?/?) samples,
Algorithm 2 computes estimators [1, Y. such that with probability at least 0.99

Lemma 5.15. Consider a halfspace truncated Gaussian N (i, L)|(w,xy<r, Where £ > 0. Define y =

dry (N(ﬁ, ), N(u, 2)) <O (e +(1-a)log (ﬁ)) .

Proof. The strategy of the proofis as follows: We want to argue that we are essentially outputting the
sample mean and covariance and that these are good estimates. First, note that given n = O(d?/f?)
samples, the sample moments satisfy, with high probability

p(y) Xw _ B
+— —— %< —= analogous to (5.22
H () " [|I=1 20| Vi (analogous to (522)
HMZ - MZ”F < B (analogous to (5.18))
sup <v®3,2\7I3 - M3> < b (Lemma 5.8)
loll=1 Vd

Note that we used that for a > 1 — ¢, we have that x2(y) > x2(®~!(1 - ¢)) can be lower bounded by
a constant by Claim 3.8.

Covariance estimation. For covariance estimation, we want to argue that M is close to X, i.e.
that the second central moment would be good estimate. Then, we will also argue that for a close
to 1, we are essentially outputting M.

First, note that, by the formula for M, of Lemma 4.2, we have

IZwwTX||F 1
120w 2E o ((1 = a)log [ —— ||,
mpp SO\ @leg |3

where we bounded 1 — x»(y) by Claim 3.14 and used ||Z]| < 2/x2(®7 (1 -¢)) < O(1) fora > 1—¢
by Claim 3.8 and Lemma 4.6. Combined with ||M; — My||[r < B from above, we furthermore get
that

Mz = Zf[p < (1 =xa(y))-

HZVIZ — ZHF <p+0 ((1 —a)log (ﬁ)) .

Recall that the estimator of Algorithm 2 is

&1 < Amin (M51) < 7M1 < A (M57) < 2 (5.27)



for appropriate constants c1,c, > 0, by Lemma 4.6, as long as § is at most a sufficiently small
constant (such that we have 2c¢; - Mz_l < ]\712'1 < 672 . Mz‘l).

Thus, it remains to lower bound «»(7) in terms of 1 — a. For this, we want to show that 7 has
to be large and use Claim 3.14. Since skew is monotonic by Lemma 3.17, if suffices to show that
skew(7) is large or equivalently that |[skew(})| is small (since skew is always negative by Claims 3.7
and 3.8). We have that, using (5.27),

—~ 3/2 —~ —~
iskew($)| = (ﬁTM;la) . ’<ﬁ®3,M3>’ < ’<ﬁ®3,M3>‘.
Furthermore, we can bound the right hand side of the above as follows

<ﬁ®3,]\713>‘ < ]<a®3,z\713 —M3>‘ + [(2%%, Ms)| < ﬁ P < % + O(lskew())),

®3

where we used the guarantee on Ms — Ms, M3 = u'®, as well as Claim 5.10 to bound [[2e*]).

Combined with the above, this gives

|skew(p)| < O (max {%, |skew(y)|}) .

By choosing f3 to be smaller than a sufficiently small constant and c sufficiently small, we can make
the right hand side arbitrarily small and get that [skew(?)| < [skew(2)|, which implies 7 > 2 (since
skew is always negative and increasing, |skew| is decreasing). Using Claim 3.16 for both y and 7,
we get that

(1-a)- 10g3/2 (%) <O (max {%, 1-a)- log3/2 (ﬁ)}) (5.28)

for & := ®(9). Since both & and « are close to 1, if the maximum is the second term, then we also

havell
1 1
<(l1-a)- — .
1_5()~(1 @) log(l_a)

If the maximum is the first term, using that logl/ 2 (= =) > 1, we get that

(1—&)~log(

1A)s£.
—A Vi

(1—07)-10g(1

Combining these two, we thus get

(1—&)-10g(1i&) < O(max{%,(l—a)-log(%)}).

. . (-a)a*
o formally prove this, define a = log ( ) i =log ( a) and r = £. We have Eig( a)ag/z < O(1) and we want to
show Eigg:g;g O(1), for which it is sufficient to show 4 o /2 < O(1). If r < 1, then this is clear. Otherwise, since y > 2,

we have 4 > log (W%Z)) > 1. Thus, by assumption, we have

exp(— 2)a3/2

-3/2 Y. =312
exp(r—1)-r <exp((r—1)a)-r p—— a2

< O(1).

Now, we have lim,_,c exp((r — 1)) - r73/2 = o0 and thus exp((r - 1)) - r=3/2 < O(1) can only be true if we also have
r < O(1).
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Thus, we have that, using Claim 3.14 in the second inequality,

1 1 n
w0 1< o) (1 -x27))

SO((l—&)-log(li&))
<O(max{%,(l—a)-log(lia)}).

This implies, noting that |42 || = [|4]* = 1,

(K;f) - 1) (a7A5a) " g

F<O(%+(1—a)'log($)).

Combined with the bound on ||]\712 — X||r we get that the estimator from Algorithm 2 satisfies

[E- 2], -
F

”E —ZHP <O (ﬁ +(1-a)-log (ﬁ))

Finally, using Lemma 4.6, we get that

e S o R e e

Mean estimation. For mean estimation, we want to similarly argue that the sample mean
would be a good estimator and that we are outputting something close to the sample mean. First,
recall that we have that the sample mean is close to the true mean, i.e.,

00) T H
+ o =gl < B
H o) =l P

By picking c sufficiently small, we can achieve y > 2. Then, we furthermore get that

H(P(V) Yw

(y) =] =2 ) < Olp (),

1
S o) |

where we again used Lemma 4.6 and the fact that x2(y) > x2(2) to bound =12 Using Fact 3.3
and Claim 3.15, we can bound

1 ] [
o) < (ﬁ;) S(1-D(y)) <2y - (1-D(y)) < 2V2- (1 - O(y)) - log’ 2(1_(1)(7/))'

Thus, we get that

oo
O(y) |2V 2wl

_a)-logt? [
<(1-a)-log (1—CD()/))

and hence

_ 5 RN Y- Y S S
||y X||<ﬁ+(1 a) -log (1—@(7/))'
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Recall that the mean estimator of Algorithm 2 is

G5+ Kl(?)(

Vr2(P)

It remains to argue that the correction term M(QTAZE 11)-1/21} is small. We can bound this,

Ve2(P)

oMy )20,

using (5.27), ¥ > 2 and Claim 3.8, as follows

@) _ (P(V)

x1(7)
1P < k(D) = oG ) Q) <

1
Vr2(P) Vr2(2)

As above for y, using Fact 3.3 and Claim 3.15, we can bound

@M )0 < P(P).

1
P(7) < 2V2- (1~ (7)) - logl/z (17()()7)) =2V2-(1-4)- logl/2 (1

Using the same argument as in Footnote 11, (5.28) also implies

(<ol - )

Thus, it follows that
~ s p 1/2( 1 ))
-X|<O0O|l—=+(0-a) 1o —].
”:u ” (\/E g 4

Combining this with the bound on ||u — ¥|| and using Lemma 4.6 again to bound IZ-12||, we get
that

N

Iz 2@ - wll < 0 (ﬁ +(1-a)-log"? (ﬁ))

Conclusion. So far, we have shown that for f smaller than a sufficiently small constant c3, we
get that, using O(d?/ ﬁz) samples, the estimators in Algorithm 2 satisfy

dry (N(ﬁ,f),N(y, 2)) <O (5 +(1-a)log (ﬁ)) .

Note that without loss of generality we can assume that ¢ < 1, otherwise any output is good
(the TV-distance is at most 1 regardless of the output). Finally, picking § = min{c3, €} proves the
lemma. The claimed sample complexity follows since this f satisfies p > Q(¢) (since € < 1). |

Using Lemmas 5.14 and 5.15, we can now prove Theorem 5.1.
Proof of Theorem 5.1. Correctness follows from Lemmas 5.14 and 5.15 if the number of samples used
by the algorithm is large enough. To determine the sample complexity, we distinguish the three
cases (i) a < aq, (i) a € (a1, @p) and (iii) @ > ap, where a1 = 1—¢ and a; = max {1 -c,1- log(ﬁ}
for ¢ as in Lemma 5.15. Again, we note that without loss of generality we can assume ¢ < 1,
otherwise the guarantees hold trivially.

Case (i): Sample complexity for &« < aj. In this case, we want to use Lemma 5.14. By
Claims 3.22 and 3.23 we get that

2(y) = Qog ™ (1/a)) and  |x3(») = Qlog™*(1/a)).
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Thus, the sample complexity in this case is

T
n=0 (; -log (1/a)) .

Case (ii): Sample complexity for a € (a1, @2). In this case, we again use Lemma 5.14. We can
bound «»(y) > Q(1) by Claim 3.22. For k3, we have that 1 —a > 1 - ay > c’bgfw. Thus, using
Claim 3.23, we have that

lk3(y) = Q ((1 -a)- log‘o’/2 (ﬁ)) > Q(¢).

Thus, the sample complexity in this case (again from Lemma 5.14) is

d2
n=0 (g) .
Case (iii): Sample complexity for a > ;. In this case, we claim that we can use Lemma 5.15.
The guarantee from this lemma is that the TV-distance is at most

@) (8 +(1-a)log (ﬁ))

and we need to show that this is at most €. Using that x — (1 —x) -log(1/(1 — x)) is decreasing for
x close to 1, we get that the TV-distance is at most

log(1/¢)
O (e + Tog(1/e) log( . )) < O(e).

The sample complexity by Lemma 5.15 is n = O(d?/&?).

These three cases together prove correctness of Algorithm 2 given the sample complexity
claimed in Theorem 5.1.12

Runtime. Finally, it remains to prove the runtime of the algorithm. We do so analogous to
the arguments presented in Section 2. The runtime to compute the sample mean is O(n - d). The
runtime to compute the sample covariance is O(T(n, d)). If we first do the contraction and then
average over the samples, then also computing the random contraction R of the third sample
moment can be computed in time T(n, d). Computing a spectral decomposition of this matrix can
then be done in time O(d%), e.g. by computing a singular value decomposition. Computing the

sign of (u®3, ]\713> can be done in time O(n - d) since
. n
<M®3, M3> = Z(ul Xi — 'f>3
i=1

Finally, computing the estimates can be done in time O(d?). Since n > Q(d?), we have that
T(n,d) > Q(n - d) > Q(d®) and thus the dominating term in the runtime is O(T(n, d)), which com-
pletes the proof. O

12The above argument shows that the TV-distance is O(¢). We can make the TV-distance ¢ instead of O(¢) by doing
the exact same argument for ¢’ = %

Also note that we can simplify the sample complexity to be O((d?/¢2) - polylog(1/a)) for @ < 1 — ¢ (or in fact for a being
at most any constant smaller than 1) and O(n? /&%) for the remaining two cases. Thus, the proof above does indeed
show correctness of the algorithm for the sample complexity as in Theorem 5.1.
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Remark 5.16. In Lemmas 5.14 and 5.15 above we have been assuming that the skew™(-) function can
be evaluated exactly and efficiently. In practice, we would instead only find an approximate inverse using
binary search. We need to ensure that we get an estimate y such that

|skew(7) — skew(y)| < ¢ - poly(min{O(1),1/log(1/a)}).

We can restrict the search to 7 > Q(+/log 1/a) (the lower bound on ). Furthermore, if y > 5(\/log(1/€))
(this implies ¢ > 1— log;l/s ), then we showed in Lemma 5.15 and the proof of Theorem 5.1 that = oo is a good

enough estimate and thus we can restrict the binary search to the interval [Q)(+/log1/a), 5(\/log(1 /eN].
The derivative of skew is upper bounded by a constant and thus it is sufficient to get an estimate of the
inverse up to

¢ - poly(min{O(1), 1/log(1/a)}).

Hence, we need to do binary search on the interval [Q(\/log 1/a), o) (\/log(l/ €))] up to the above accuracy,
which can be done in time

log(1/¢) - poly(loglog(1/¢),loglog(1/a)).

We remark that this time is negligible with respect to the other computation.

6 Robustness

In this section, we show how to extend our result for halfspaces to the robust setting. We will
present the results for the non-trivial truncation regime of a bounded away from 1. Throughout
this section as well we will assume X > 0.

6.1 Preliminaries on robustness

We consider the following definition of robustness analogous to the well-studied strong contami-
nation model in algorithmic statistics literature. We denote a distribution O truncated to the set S
by D | S.

Definition 6.1 (n-corruption of Dls). Samples Xj, ..., X, are called an n-corruption of Dl|s if they
are obtained as follows:

1. First, wedraw Y, ..., Y, ~ Djs.
2. Then, an adversary picks Xj,..., X, € R such that |[{i € [n] : X; £ Y;}| < nn.

Observe that the adversary can remove all information about the truncation set.

In particular the adversary is allowed to also pick X; such that X; € R%\S.

We require the following definition of certifiably sub-Gaussian distributions, see e.g. [KSS518,
Definition 1.1] or [DHPT25, Definition 1.3].

Definition 6.2 (Certifiably sub-Gaussian distribution). A distribution © with mean u is called
s-certifiably sub-Gaussian if for all even m € N, there is a sum-of-squares proof of the following
inequality in indeterminate v

Ex-p [(X - 1,0)"| < (Csvm)" |lo|I" ,

where C is a universal constant.
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We also require the following two theorems that we will utilize to obtain robust estimates of
the moments.

Theorem 6.3 ([KSS18, Theorems 2.2 and 2.3]). Let k > 6 be an even constant. Let C > 0. There
is a polynomial-time algorithm with the following guarantees: Let O be a C-certifiably sub-Gaussian
distribution on RY with mean y and covariance ¥.. Let M3 nc be the raw third moment of D. Let 1 > 0 such
that Ck - n'=2/% is at most a sufficiently small constant. Then given as input an n-corrupted sample of D of
sizen > (C + d)°W), the algorithm outputs estimates of the moments of D with the following guarantees:

= ll < O(CIM2 = 2
(1- O(Ck)l/Z . nl—Z/k)Z < E <(1+ O(Ck)l/Z .nl—Z/k)Z
-~ 2
Vo € Rd : <M3,nc - M3,1’1C/ U®3> < O(Ck)S/Z : T]1_3/k <M2,nc, U®2>3

where My nc corresponds to the raw second moment of D.

Theorem 6.4 ([DHPT25, Theorem 1.6]). There exists a universal constant C' > 0 such that any s-sub-
Gaussian distribution is C’s-certifiably sub-Gaussian.

Fact 6.5. The distribution D = N(u, L)|@rr<r} 15 O(||Z||1/ 2)—certiﬁably sub-Gaussian.

We note that this follows directly by combining Corollary 4.4 and Theorem 6.4. As a direct con-
sequence, we can apply Theorem 6.3 for estimating the truncated moments, even under adversarial
corruption.

6.2 Learning parameters under halfspace truncation and robustness

As a first step we begin by obtaining a robust preconditioner for our setup.

Lemma 6.6. Let n > 0 be at most a sufficiently small constant. Given an n-corruption X1, ..., X, of
N (u, E)|qwx<r}, we can efficiently compute a matrix My such that

(1-OMz < My < (14 0M,
whenever |||V k -2k < O(1) and C = |Z||M* k'/201~2/% where k is as in the above theorem of [KSS18].

The proof of Lemma 6.6 follows directly by an application of Theorem 6.3. Once we have access
to such an M, if C < w, then as discussed in Claim 4.8 in Section 4.3, we can assume that

0.51; < M, <21,
2

05I; <X <
2(y)

Iy
After transforming the samples we apply Theorem 6.3 (again) to obtain robust estimates for the
second and third moment.

Lemma 6.7. Let 6 > 0 be an arbitrary constant. Let 0 < n < O(1) for a sufficiently small constant. Given
an n-corruption X1, ..., Xy of N(i, )|wrx<r} (preconditioned as discussed above), where n = poly(d),
we can efficiently compute estimates for the first non-central moment [lgrunc as well as the second and third

(central) moments My and M3 of N(u, L)l x<r} with the following guarantees
||l1trunc - ﬁtrunc” < Os (10g1/4(1/0() : 771_6)
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(1 - Os (10g1/4(1/a) . 171_5)) My < ZVIZ < (1 + Os (log1/4(1/04) : 171_5 ) My

Vo e 8471 <M3 - ]\713,U®3> < Oy (max (log(l/a)1/4,10g(1/a)7/8) -171/2_5)

whenever 7% < Oé(log_lﬂ(l/a)).

Proof. We observe that for the estimate for pirunc and My it suffices to apply Theorem 6.3 (where C
is now at most O(k2())"'/2)) and pick k such that 6 > 3/k for some constant k to obtain the result.
Note that, by Claim 3.22, we have that x2(y)™! < O (log(1/a)).

For the estimate for the third central moments M3, we cannot directly apply Theorem 6.3 since
they only give an estimate for the non-central moments. Instead, we again use the estimate [ltunc
for the truncated mean pitrunc. We note that this satisfies, as discussed before,

||;atrunc - Htrunc” < Os (10g1/4(1/0() . nl—é) )

Then, using new samples X; (such that they are independent of [lirunc), we apply the algorithm
from Theorem 6.3 to the samples X l’ = X; — fltrunc to get an estimate Mé 1 of the third non-central

moment of the uncorrupted Y/ = Y; — ﬁtmnCB’ . We use this estimator Z\Zé 1o to estimate the third
central moment M3 of the uncorrupted Y;. We have

E[(Yi — ptrunc)®]

E[(Y; = fitrunc + fitrunc — [Jtrunc)®3]

E[(Y; - ﬁtrunc)®3 + Sym((Y; — ﬁtrunc)®2 ® ({ltrunc — Herunc))

+ Sym((Y; — firunc) ® (ferunc — ,Utrunc)®2) + (flrunc — Htrunc)®3],

M3

where we use Sym to denote all permutations (i.e., Sym(a®?®b) = a®a®@b+a®bR®a+b@a®a).
Now, Theorem 6.3 gives an estimate to M} = E[(Y; — ﬁtrunc)®3] with the following guarantee

’ YL - ~ 3/2
<M3,nc - MS,nc’U®3> < Os (log(l/a)3/8 ) 771/2 0 ”E[(Yl - Htrunc)®2]|| / ) (6-1)
for any unit vector v. We can bound

||E[(Yz - ﬁtrunc)(gz]” = ||E[(Yl - Htrunc)®2] + (Htrunc - ﬁtrunc)@)z”
< ”E[(Yz - Htrunc)®2]|| + ||({~1trunc - ‘ﬁtrunc)@Z”
2 6.2)

<2+ ||[Jtrunc - ‘atrunc|

where we used in the last step that the first term is just the second central moment of the (truncated)
Y;, which satisfies My < 2I;. We now get the following for the error of our estimate, where v is
again a unit vector,

(M - 85, 0%°) = (M3 - M3, 0%%) + (M

3,nc’ 3,nc’

— M, v®3>.

3,nc 3,nc’

We can bound the second term by (6.1). For the first term, note that

(M = Mj ., v®) = (Sym(E[(Y; — fitrunc)®*] ® (ftrunc — Herunc)), v%°)

13Recall that Y corresponds to uncorrupted samples and X corresponds to corrupted samples.
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+ <Sym(E[Yz - ﬁtrunc] ® ([:ltrunc - Htrunc)®2)/ U®3>
+ <(,atrunc - [Jtrunc)®3/ Z)®3>

<4 ||[1trunc - ,U’crunc”3 +3 ”‘ﬁtrunc - ‘utrunc” . ||E[(Y1 - [itrunc)®2]||

< 7 ||[:ltrunc - HtrunC”S +6 ”ﬁtrunc - [Jtrunc

7

where in the last step we used (6.2). Combining this with (6.1), we get

(Ms - 85, 0°°) < 05 (log(1/@)"% - /22 - @ + [|urunc = frunc] )

+7 ||[:ltrunc - Htrunc”3 +6 ||ﬁtrunc - Pltrunc”
< O (max (log(l/a)1/4,log(l/a)7/8) ‘nl/Z—é) ’

where we used 1 < 1 for the last step. m|

We now prove the following theorem.

Main robustness result

Theorem 6.8 (Full statement of Theorem 1.2). Let 0 < 6 < % be an arbitrary constant and let o < 0.99.
Define

L := max (log1/4(1/a),log7/8(1/a))

and

1 .
1, ——t-Vd-L-n/?0,
|1<3(y>|} 1

Let cs be a sufficiently small constant depending only on 6. Assume that

ﬁrobust = max{

0< L™ 1< O ((P01Y(K2(V),K3(V)) )%) 6.3)
Vd
The polynomial in (6.3) is chosen sufficiently small so that
Ln'™® < Os(Brobust),  Probust < Co - (min {122, |K3(7/)|}) ,
and so that Lemma 6.7 applies. Furthermore, assume that
110 < min {Os(10g™/(1/a)), ¢5 - I, co - IEIT* - k2()} 64)

Given an n-corruption Xy, ..., Xy of N(, L)l x<r), where n = poly(d), with high probability, we can,
in time poly(d), compute estimators [i and Y. such that

_1/2,~ 1
||Z 1/2(# - #)” < Os (W ',Brobust)

and

I=712EE 2 — Lylle < O ( 'ﬁrobust) :

_
K2(y)’/?

53



Proof. We follow the proof of Theorem 5.1 but replace the sample moments with our robust
estimates from Lemma 6.7. Note that we can do the preconditioning as discussed above by (6.4).
Also note that we can apply Lemma 6.7 by (6.4). By the robust preconditioning step and affine
invariance, it suffices to prove the theorem in the preconditioned coordinates, where

1 1
Eld <M; <2y, “I; << 1.

277 T xy)

Covariance estimation.

In order to apply Lemma 5.13 for the covariance estimation, we need to compute i and y and
bound the following four quantities ((5.10), (5.11), (5.13) and (5.12) respectively):

1 I (Mg = M) 22,

* *

. . u .U
2.m1n{u——*,u+ - },
[l [l
3. |skew(y) — skew(y)|,
R /2,112
4. |aT M0 - —”22 )
IZw][* - %2(y)

We remark that showing 3. is enough to show (5.13) by the proof of Lemma 5.9.
Bounding 1. From Lemma 6.7, we immediately get

Iz (1\712 - Mz) 2 < Vd - |Iz1? (z\712 - Mz) ol (6.5)
<Vd-0s5(n*° - L). (6.6)

The first inequality holds because for any matrix A we have that the Frobenius norm satisfies

|IAllr < yrank(A) - [|A]| and the last inequality follows from Lemma 6.7. As shown in [KS518]
the polynomial dependency on the dimension is necessary in general for certifiably sub-Gaussian
distributions.

Bounding 2. It suffices that we get a good estimate of M3. Indeed, we are promised such a good
estimate from Lemma 6.7. This directly implies that we can find a unit vector # € R such that

min{ }<oé( vd L-nl/z—é) 6.7)

sl
Bounding 3. From (6.3) we have that

*

i+ Y
(||

*

i u
[Tl

7
2

Vd 126 s s | Vi s
ma {05 ([T ) 0utr S 1y 0u o = 00 [ )

<gc,

where ¢ is a sufficiently small constant'*. This enables us to use Lemma 5.9 and compute an

estimate ¥ with § in that lemma set to O (IK;/(EV)I -L- 771/2—6)‘ Therefore we have

[skew () — skew(y)| < O; ( L n”“) ()2, (6.8)

lk3()]

4 Note that this is weaker than the condition that our theorem statement imposes on 1.
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Bounding 4. The second conclusion of Lemma 5.9, applied with

_ Vd , ,1/2—6)
ﬁ‘oé(lxs(m L)

gives

~ d
oMy~ ﬁTMz‘lﬁ‘ < oé( vd ~L.n1/2—5).

ks ()
Using (5.1), where ii = u*/||u*|| = Zw/||Zw]|

= wlP ()P

i Mt = = :
2 o(IZw|? Jlu]Pr2(y)
Therefore ) Vi
AT 1A |21 2wl ( d 1/2—0)
WM 'l—-———| <0 -L- 6.9
2 M izl Ayl " ©)

Conclusion for covariance estimation. Combining (6.5), (6.7), (6.8) and (6.9) we can apply
Lemma 5.13 with
1 ,
= O |max{1l, —— NVd-L- 1/2_5’)
=00 max {55 "

Note that by (6.3) we have < Kz(y)5/ 2. This gives us an estimator T with error

N

~ 1
=225 12 — 1|l <o~(—-ma {
R PN “Tks ()]

Mean estimation.

For mean estimation, given Lemma 5.11, we only need to argue that we can additionally bound
((5.5) and (5.7))
5. ||x —u—x1(y)

*

u
[l

IIZ”2 IIH

A

u—

6.

Bounding 5. By Lemma 6.7, we are able to get an estimate fiyrync for the mean of the truncated
distribution pgune = p + Kl(V)”le/—zzUw”' This estimate satisfies

”[Utrunc - [:ltrunc” < Os (L ) 721_6) . (6.10)

Thus we can take X = firunc and we are done.
Bounding 6. Given that we already bounded 2., we only need to determine the sign of ”Z—” We

can do so using the third moment tensor. Let

*

u

el

Since M3 = (1*)®3, we have
(Ms,5%%) = (@), 7%°) = (", @)° = |u"|* > 0.
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Let a € {1} be the sign such that

||aa—a||<oé( vd ~L~171/2‘5).

3 (p)l

from (6.7). We can compute
<A713, (aﬁ)®3> - <M3 ~Ms, (aa)®3> + (M3, (a)®®)
= <A713 - M3, (aﬁ)®3> + (M, (a)® — %) + (M3, 1%%) .
We bound the first term by Lemma 6.7:
|(#5 - M3, (@)®*)| < O (L 9"20).
For the second term, using M3 = (1*)®® and the bound on ||afl — ||, we get
(Ms, (ai)®® — a3)| = ‘<u*,aa>3 - (u*,ﬁ>3‘

Vi )
Nit113 1 1/2-6
gOJW”Qm@NL” »’

where we used that ail and ii are unit vectors and O (% -L- nl/ 2“3) < O(1). Therefore,

<Z\713,(aﬁ)®3> > || - Os (Lnl/Z—é) _0 (||u*||3(\/E/|1<3(7/)|)Lr]1/2_5) '

Hence, since by (6.3) and
1P 2 Iea(y)

in the precondition coordinates, we have

1/2-6 «(|3 Vd 7 1/2-6 1. .3
05 (Ln )+04wn(wﬂw|Ln »<2wu,

and we get
(3, (@) > 0.
Since the tensor is order three,
(M3, (-an)®*) = - (M5, (@d)®®) < 0.
Thus, we can determine the correct sign for il by choosing the sign for which
<M3 , ﬁ®3> > 0.

Recall that we need to find a vector parallel to —Xw and u* is a vector that points in the direction
—Xw. After this sign choice, we have

Yw Vd _
X 5( ‘L’nl/z 6).

i+ —=—=|<O
” [[Zaw]] lea(p)l
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Conclusion for mean estimation. Combining (6.10), (6.5), (6.7), (6.9) and (6.8), we can apply

Lemma 5.11
1 :
= Os |max{1, —— Vd-L- 1/2_0).
=0 et "
Note that by (6.3) we have f < k2(y)>/2. This gives us an estimator {1 with error

1272 = w] < Ol = uh

1 1 X
< O | ———= -max i1, Vd-L- 1/2_5’).
° (Kz()/)m { |1<3(y)|} 1

7 Extension to intersections of two orthogonal halfspaces

In this section, we show how to extend our algorithm to truncations sets that are the inter-
section of two orthogonal halfspaces. Suppose d > 2 and consider a random vector X that
follows a d-dimensional Gaussian N(u,I;) truncated to the intersection of H; and Hj, where
Hi = {x:(w1,x) < 71} and Hy = {x: (w2, x) < 12} are halfspaces with |[wi| = [w2|| = 1 and
w1 L wy. Asbefore, we define @ > 0 to be the probability measure of H; N H, under the underlying
Gaussian. We will prove the following result. For simplicity, we assume that the underlying
Gaussian has identity covariance and we only aim to estimate the mean.

Theorem 7.1. There is an algorithm (Algorithm 3) that takes n = O (‘Z—i polylog (1) + ‘:—i) i.i.d. samples
from N (u, 1) truncated to Hy N Hy as input and efficiently computes an estimate (i, such that with probability
at least 0.99 it satisfies

dTV (N(ﬁ/ Id)/ N(‘Ll, Id)) < E.

The runtime of the algorithm is O(T(n,d)), where T(n, d) is the time needed to multiply a d X n matrix
with its transpose.

Remark 7.2. Before proving Theorem 7.1, we want to briefly discuss potential further extensions:

1. While we only prove our extension for mean estimation, it seems plausible that one can also do
covariance estimation. In this case, we would want that wq and w, are “-orthogonal’, meaning that
Ywy and Yw, are orthogonal. One thing that is unclear however is whether and how we could do
preconditioning in this case to avoid a dependence on the condition number (as preconditioning need
not preserve orthogonality).

2. Finally, the correction terms in each direction are (almost) independent of each other due to orthogonal-
ity. This should enable us to generalize our estimator to an intersection of k pairwise orthogonal halfs-
paces (for k < d). The required sample and time complexity in this case would depend on the minimum

eigenvalue gap after the random contraction, which asymptotically could be as small as 0] (%) and the

sample complexity should increase by a factor that is polynomial in k. If there is non-trivial truncation
in each direction, we would thus expect a sample complexity of O(d?/€?) - polylog(1/a) - poly(k).
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Algorithm 3: Algorithm for estimating the mean of an identity-covariance Gaussian trun-
cated by two orthogonal halfspaces

n

Input: Dimension d, sample size 1, samples {x;}" ,,

target accuracy ¢.
Output: Estimated mean i € RY.

1. Compute sample mean: ¥ = 2 ¥, x;.;

2. Compute sample second central moment: ]\712 = % i (xi - %)®2,;

3. Draw a standard Gaussian vector: g ~ N(0, I).;

4. Compute the random contraction: R = (I; ® [; ® g7) - M3 = L (xi = X)®2 (g, x; — %).

5. Compute @ and @, the eigenvectors of R corresponding to the two largest eigenvalue
in absolute value (with unit norm).

6. For € € {1,2}, flip the sign of @ if <z@§?3,z\23> > 0.
7. For £ € {1, 2}, estimate the relative truncation parameters y,: 7y = x, 1 (Zfl\);,rﬁzlf)g)

8. Estimate the mean of the Gaussian: [I = X — x1(1) - @1 — x1(P2) - Wo.

9. Return estimate f1.

7.1 Moments

As for our main result, we first compute the first three moments of N(u, Ij)|n,nn,. The values
y1, 2 will be defined analogously to the relative truncation parameter in the main result.

Lemma 7.3. For a random vector X defined as above, there are real numbers y1, y such that

EX =p+x1(y1) - wr +x1()2) - wo
My =E(X -EX)** = I — (1 - k2()1)) - wiw] — (1 = x2(y2)) - wow,
M; = E(X ~EX)® = x3(01) - (w)® + x3(02) - (w2)®®

Moreover, we have
a=d(y1) D(y2).

Proof. For d > 2, since w, w; are perpendicular unit vectors, there exists an orthonormal matrix
U such that Ue; = wq and Ue, = w;. As before, we consider Y = U (X — u). This random variable
follows a standard Gaussian N(0, I,;) truncated as follows:

Since Ue; = wy and Ue, = wy, we get a simple characterization of Y: Defining y1 = 11 — (w1, 1)
and y, = 12 — (w2, u), Y1 and Y, are truncated standard Gaussian with thresholds y; and y», all
other coordinates are standard Gaussian and all coordinates are mutually independent. Thus, as
in Lemma 4.2, we get that

EY =x1(y1)er + x1(y2)ez,
E(Y —EY)®* = I; — (1 - k2(y1))ere] — (1 —xa(y2))eze, ,
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E(Y -EY)® = 1<3(7/1)e§93 + Kg()/z)ffé@g.
Using this, we can compute the moments of X as follows. First, the mean of X is
EX=UEY+u=pu+x1(y1) -Uer +x1(y2) - Uey = p + x1(y1) - w1 + x1(y2) - wa.
The covariance of X is
M, = E(X -EX)®? = U®? E(Y - EY)®?
=U (Ig — (1 = x2(y1)) - ere] = (1 —x2(y2)) -e2ey ) UT
=11 — (1 -x2(y1) - wrw] — (1 —x2(y2)) - waw, .
And the third central moment of X equals
M; =E(X -EX)®® = U E(Y - EY)®3
=u® (K3(7/1) e’ + K3(7/2) e5°)
= x3(y1) - w§ + K3(y2) - WY

Finally, define H = {y € R? | y1 < y1} and H} = {y € R? | y, < »}. Then, we have that

a = E [l[XEHlﬂHz]]

X-N(jo )

= E |1|YeH|{NH,
B LY eH nH]

= P Mm<nyl- P [Ya<
Y1~N(0,1)[ 1< 7] Y2~N(0’1)[ 2 < 2]

= @(y1) - ®(y2),

which completes the proof. m|

Since we assume that the covariance of the underlying Gaussian is the identity, we don’t need
to precondition the samples. Instead, we directly get that

min{xa(y1), x2(y2)} < Mz < 1. (7.1)

7.2 Relative truncation parameter estimation

By orthogonality between w1, w,, we could isolate them from the second central moment as long as
y1, Y2 are constantly-separated. However, this is not true in general. It might be that y1 = y», which
makes it information-theoretically impossible to identify w1, w, from M, already when d = 2.
Therefore, as in the case of a single halfspace, we use the third central moment Ms3. Note that with
probability 1, we have that x3(y1) - (g, w1) and k3()2) - (g, w2) are distinct. Furthermore, we will be
able to bound the distance between these eigenvalues using Fact 3.24. We will use the following
theorem from matrix perturbation theory (see also [Bha97, Corollary III.2.6 and Theorem VII.3.2]).

Theorem 7.4 ([DK70, Wey12]). Let A,E € R4 be symmetric matrices. Consider the eigenvalues
A = Ax > ... > Ay of A with associated orthonormal eigenvectors v; and the eigenvalues M=l > Ay
and orthonormal eigenvectors ¥; of A=A+E. Define 6; = min;x;|A;j — A;|. Then, if 6; > 0, we have

IIEII

Z

min {||0; + vill2, [|5; - vill2} <

for an absolute constant C > 0. Furthermore, we have that

i = Al < |IE]|-
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We now show the following lemma, which is analogous to Section 5.1. We note that after step 6
of Algorithm 3, the estimates @1 and @, are exactly the ones from Lemma 7.5.

Lemma 7.5. Let p > 0. Given n iid. samples from N (u, L) truncated to Hy N Hy, we can compute
orthogonal unit vectors W1, Wy such that the following hold for € € {1,2}: If

0 d2 d?
e (52K3(W)2 i K3(W)4) '

then we have with high probability that ||, — w|| < B.

Proof. We want to use Theorem 7.4 for the matrix A = ([; ® [; ® g T )Mz and A = ([; ® I; ® gT)Mg.
Let the spectral decomposition of (I; ® I; ® g7)M3 be

where ;\1 > ;\2 > e 2 ;\d. Since this matrix is symmetric, we can assume that the 0j are
an orthonormal basis of R?. To apply Theorem 7.4, we need to determine the eigenvalues and
eigenvectors of (I; ® I; ® g")M3. We have, since ~ = I,

Ms = w3(y1)ws® + k3(y2)ws?,
I ®Li®g")Ms = k3(y1) - (g, w1) - wiw] +x3(y2) - (g, w2) - wrw, .

Thus, the eigenvalues of (I; ® I; ® g " )Ms3 are k3()1) - (g, w1), k3(y2) - (g, w2) and 0 with multiplicity
n — 2. Furthermore, the corresponding eigenvectors are w; and w, (and an orthogonal basis of the
complement). Let i, ip € [d] be such that v;, = w1 and v;, = wy>. We will define our estimates as
the two eigenvectors of A corresponding to the largest eigenvalues in absolute value (up to a sign
choice that we discuss later). This already implies that they are orthogonal.

If we want one of our two estimates to be a good estimate for w;, we need to ensure that even
after the perturbation, the eigenvalue corresponding to wy is one of the two largest in absolute
value (i.e. it should be later than the perturbation of the 0 eigenvalues). We can ensure this as
follows: The eigenvalues of A that are 0 correspond to eigenvalues of A of absolute value at most
A = Al)). Thus, if the eigenvalue for wy is larger than 2 - [|[A - Al|) in absolute value, even after
perturbation it will belong to the largest two (hence, one of our estimates will be close to wy up
to sign). Hence, if we ensure that ||A — Al < % . |1<3(ye) -{g, wy)|, it suffices to argue that one of
lwe £ 9;,|| is small and how to recover the sign.

In order to apply Theorem 7.4, we also need to compute the values of 6;, and 6;,. For this, note
that (g, k3(y1) - w1 — x3(y2) - wy) is distributed identical to the Gaussian N(0, k3(y1)? + x3(72)?).
Thus, by Gaussian anti-concentration (cf. Fact 3.24), we get that, with high probability,

[k3(y1) - (g, w1) — k3(y2) - (g, w2)| > Q (\/K3(7/1)2 + K3()/2)2) :
Similarly, we get

ka(y1) - (g, wi)l > Q(jk3(y)l)  and  [x3(y2) - (g, w2)l > Q(lx3(2)).

Thus, we can lower bound

0i, 2 Q(lxa3(y1)) and  6;, > Q([x3(y2)])-
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It remains to bound ||(I; ® I; ® gT)Mg —(I; ® I; ® g ")Ms3||. First, analogous to Lemma 5.8, we get

that, with high probability,
_ 3/2
sup <v®3,M3 - M3> < \/E+ d—
non

lloll=1

Note that we get a slightly better result here since the samples x; are in fact 1-sub-Gaussian in this

case (because L = I;) and not only O(1/+/k2(y))-sub-Gaussian as before. Now, observe that with
high probability,

|0 @ 10 © g7)(Ms — Ma)|| < gl sup (0%, 45— M)
lloll=1
<3Vd- sup <v®3,1\713 - M3>
lloll=1

d
S —=+—

Vi
Applying Theorem 7.4, we conclude that, for ¢ € {1,2},
d d?
in {|Ib-5; — < Y P
Jin {Ilb - i, —well} < wa(ye) (\/ﬁ - )

Let £ € {1,2}. It remains to argue that with the claimed sample complexity, we can make this
error at most § and that we can recover the sign. Note that for the claimed sample complexity we
indeed have, using the above bound (and assuming < O(1)), that

_ 1
s ®Is®g")(Ms - Ms)|| < 7 ia(ye) - (g, we)

4

so 9;, will correspond to one of the two largest eigenvalues of A up to sign. If

42
"m0 (,6”2 - Kg(w)’
then we get that
in {1Ib- 8 —will} < 8.
To determine the sign, we again check the sign of (523,]\713). We have (w‘f’3,M3) = «x3(ye) < 0.
Denote by by € {+1} the correct sign for 7;, (i.e. the one for which ||b;9;, — w/|| < B). Then, we have
that

‘K3(V€) - <be?7§3,1\713>} < [((we - bew;,)%*, M3)| + <b05§3,M3 - 1\713»

We can bound the first term using M3 = K3(y1)w?3 + K3()/2)ZU?3 as follows, assuming " < O(1)
(such that we can bound g < O(8")),

(e = bei)%, M3)| < (i)l + I3 (p2)l) - llwe = bedi | < B

For the second term, note that the sample complexity above implies!®

‘<bﬂ~)§3, Mz — M3>) < ,6’/.

15We could even get [x3(ye)| - %, but the bounding this by ’ is sufficient.
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Thus, we get that
ko) = (e, Ms)| < .
If B’ < c-«x3(ye) for a sufficiently small constant ¢, then (bﬂ“}i"3 , ]\713> < 0 and we can determine

the sign by from (5‘5’3,M3). Summarized, for f’ < c - x3(y¢) (Which also implies ' < O(1) by
Claim 3.10), we can identify the sign b, such that ||b;0;, — wy|| < B’ if we get

d2
”‘O(ﬂlxxwﬁ)

samples. We can now pick B’ = min{g, ¢ - k3(y¢)} to get the result. ]

7.3 Proof of Theorem 7.1

With the learned normal vectors @, and @, we can compute w;z@zm, which yields an approx-
imation to x2()¢). By monotonicity of x, (cf. Claim 3.8), we obtain estimation for the relative
truncation parameters 1 and y», which allows us to compute an estimator for p. This allows us to
prove Theorem 7.1. As before, we need to be careful if a, is close to 1 as then x3(y¢) — 0.

Proof of Theorem 7.1. Recall from Lemma 7.3 that, for X ~ N(u, I;)|s,nH, we have
E[X] = u+x1(y1) - w1 + x1(y2) - wa.
We thus get

& = pl| = ||% = <1(P)d1 = k1 (P2) 2 — |
=[x = E[X] + x1(P1)D1 + x1(P2)D2 — x1(y1)wr — x1(y2)wal|
< 1% = E[X]| + llx1(P1)D1 — x1(y)wall + |lx1(P2)@2 — x1(y2)wa| -

We have that x; is 1-sub-Gaussian and thus given n = O(d/p?) samples, as in Lemma 5.14, we
have ||¥ — E[X]|| < B. For the other two terms, we need to distinguish whether «; is close to 1 or
not. Both terms are the same, so we only show how to bound ||k1(71)@1 — x1(y1)w1||. As before
in Theorem 5.1, we distinguish two cases: If a1 < a. = max{l —¢, lo;(;lljﬁ)} for a sufficiently small
constant ¢ > 0, then we use Lemma 7.5 to get an estimate ||y — w¢|| < p and use this to bound
lc1(71)@1 = x1(y1)wil]. If @1 > a., then we show that this norm is small by arguing that both x1 (1)
and «1(y) are small.

Case (i): a1 < a.. Using

2 2

0 d N d

Brrs(y1)? wa(yr)t

samples, the estimate @1 from Lemma 7.5 satisfies || — w1|| < B. Let 2\712 = % " (x; — x)* be the
sample covariance. We have

n =

B Moty = w) Maws + (@1 — w1) " Ma(1 +w1)
= w] Mowy + w] (Ma — Ma)wy + (@1 — w1) " Ma (1 + 1)
= w2(y1) + wy (Mz — Ma)wy + (@1 — w1) " Ma(d1 + w1).

By Lemma 7.5, we have
H(Zbl - wl)TMQ(zf)l + wl)H <2 HMQ“,B
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Furthermore, analogous to Claim 4.3, we get that the M, Lx; are O(1/min{v/x2(y1), Yx2(y2)})-sub-
Gaussian. Thus, using

n=0 ( d )
~ B2 min{ra(1), k2(y2)}

samples, we get by Fact 3.26 that HMZ - ]\712H < B. Since M; < Iy, this also implies that ||]\7[2|| < 2,
as long as § < 1. Putting these together, we get that

‘?f)ir]\’/\fzzf)l — Kz()/l)‘ < O(ﬁ)

Define 71 = «; 1(z?21T Mzz@l) (this inverse function exists since k; is monotonic by Claim 3.8). By
Claim 3.21, we have
lk1(P1) — k11| < Ik2(P1) — x2(y1)| - max{xa(y1) 72, x2(P1) 72}

Now assume § < ¢’ - k(y1) (for a sufficiently small constant c¢”). Then, we get x2(71) > %Kz()/l) and
thus

[K1(P1) — k1(1) S B - k2(y1) 2
We thus have that

[[1c1(P1) 1 — 11 (y1)wa|l < [[k1(P1)D1 — k1 (1) D] + |1 (Y1) D1 — 11 (1) |

<0 (%ﬂ)z) + ()l - s — i

L op),

S k(2

where we used Claim 3.9 for |x1(y1)| < %2(y1)""/2. This holds for all § < ¢’ - k2()1) and the sample
complexity needed is

d? N d? N d
BPr3(y1)?  xa(yn)* B2 -min{ka(y1), k2(y2)})

Case (ii): a1 > a.. In this case, we want to argue that both [«1()1)| and |x1(71)| are small. Note
that by picking c sufficiently small, we can achieve y; > 2 and get

n=of

lk1(y1)l < o (1) since O(y1) > D(2)

< (y1 + )/l) -(1-D()) by Fact 3.3
1
< 2y1-(1=D(yn)) since y1 > 1
1
1 el L :

<2V2-(1-®(j)) - log ( — ®(y1)) by Claim 3.15
< : _ q)( ) > 1- ﬁ
< B since a1 = P(y1) = log(l/ﬁ)'

Similarly, using Claim 3.14, we get that 1 — x»(y1) < . It remains to argue that |x1(71)] is also
at most O(B). By Claim 3.11, it suffices to show that x2(71) > 1 — Q(p), as long as f is at most a
sufficiently small constant (such that x2(7) > x(1), which implies ; > 1). Recall that

My =15 = (1 = x2(y1) - wrw] — (1 = x2(y1) - wow, .
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Thus, we have
Wy Mathy = ka(y1) - (w1, 1) + Ka(y2) - (wa, 1) + (1 —(wr, B1)° - (wz,Z@l)Z) :

Now, we have x2(y1) > 1 - Q(B). If a, > a., then we also have k2()2) > 1 — Q(B) and thus
D] Moy > 1 - Q(B). If az < a., then we have ||, — wo|| < B and since @; and @, are orthogonal,
we get

[0 ws| = [@] (wr — @2)| < B.
Thus, we have

D Mady > (1= Q(B)) (w1, 1) + (1 = (wr, @1)* = g7) > 1= Q(B)
in this case as well (assuming < 1). As before, using
d
n=0 -
B - min{x2(y1), x2(y2)}

samples, we get ||M; — A712|| < B and thus also x2(71) = szlTZ\//\IzuA)l > 1 - Q(B). Hence, we have
[k1(71)] < O(B) by Claim 3.11. Together, this shows that for  at most a sufficiently small constant,
we get that

lIk1(P1)d1 — k1 (y1)wall < O(B).
Sample complexity. Summarized, we showed that for < min{c” - x2(y1), ¢’ - k2(y2), ¢’} (for a
sufficiently small constant c¢’’) we have

N 1 1
I~ u < (KZ(Vl)z " Kz(Vz)z) O).

The sample complexity needed for this consists of different terms. We always have

( )

d? d?
oot
Brra(ye)*  xa(ye)
if @y < .. It remains to bound «x;(y¢). By Claim 3.22, we have
K2(ye) > Q(min{1,log ™ (1/a¢)}) > Q(min{1,log™(1/a)}).
Similarly, if a; < a., then we can bound «3()¢) using Claim 3.23 as follows
K3(7¢) > Q(min{log™(1/a), ).

Putting these together, the sample complexity becomes

d? d?
n=0 Epolylog(l/a) + ﬁ_4 .

Note that we can again assume with loss of generality that ¢ < 1 (otherwise the conclusion is
trivial). Thus, picking (for a sufficiently small constant c””’)

B =min{c" - x2(y1),c" - x2(y2), c”, ¢’ - min{xa(y1), k2(y2)} - €}

proves the theorem.!® Note that the runtime analysis of Algorithm 3 is exactly the same as the one
for Algorithm 2 in the proof of Theorem 5.1. m]

16Note that we do not need a poly log(1/a) for the d/e* term. The reason is the following: We only need this term if
ay is close to 1 (say larger than some constant). But in this case x()) is a constant and thus O(d? /&%) is sufficient.
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A Deferred proofs from the main text

In this appendix we provide proofs of some claims that were deferred from the main text.

A.1 Cumulants of the one-dimensional truncated distribution

In this section we prove several facts from Section 3.2 on the first three cumulants of the one-
dimensional random variable Z;, ~ N(0,1)|(-w,,]- We first prove Fact 3.2 on the values of the
cumulants that we restate below.

Fact (Restatement of Fact 3.2). Let y € R. We have that

K1(y) = q)(l) / tp(tydt = -2

S a(y)
() =120 P\’
2= TVo0) T @)
_ o) (2 2 ‘(W(V))z
SO =0y |V T a0y " ooy

Proof. Recall that the first three cumulants can be written in terms of the moments of Z,. In
particular, recall from (3.1) that

Kl()/) = E [Z)/] 7
x2(y) =E [(Z,v - Ezy)z] /
w0)=E|(z,-22,)°].

Based on this, we can now write «; in terms of @(y), ®(y). For «1, observe that

K1(y) = E[Z,] = @() / to(t)dt = g?; (A1)

where for the last equality we used %(p(t) = —t@(t). For x,, we first compute the second moment
of Z, as follows:

)/
Z3] = %/ t2p(t)dt
~ o0t o
@ y
o (oo [ owal
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()

~ ) !

where in equality (i) we used integration by parts. Combined with (A.1) this implies that

2
) =212 - @12, -1-y 55 - (8] (a2)
Similarly, we can compute the third moment
14
E|Z5] = %/ Po(t)dt
~ o0 o
@ 2
307 (IR0 2 [ ot
W . 20, @) (A3)

D(y) (y)’

where in (i) we again used integration by parts and in (ii) we use (A.1). Thus, we can compute x3
as follows

x3(y) =E [(ZV -E [ZV])3]
=E[2)] -38(22] -E[z,] +3E[Z,] - E[Z,)) - E[2,])
-E(22] -3z, (E[Z] - B[2,))) - E[2))’

_2_¢00_2'¢w>_3( @00) _yggg_(gggr
a0y T ep) o(y) o)~ \@()

B (_ () )3
o(y))
where in the last step we used (A.1), (A.2) and (A.3). After simplification we have that

e, (90(7/))2
D(y) O(y)

P
D(y)

K3(y) = 1-9*-3y

which completes the proof. m]

For several of the following proofs, we use the approximation of the inverse Mills ratio

h(t) = 1?&:&) from Fact 3.3. We will in particular need the following bounds from Fact 3.3 that

hold for all x > 0:

h(x) > r(x) =x (k=0)
hx) < rax) = 2 (k=1)
2
) > ra() = X0 (k=2)
4 2
h(x) < ra(x) = % (k = 3)
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x(x* +10x2 + 15)

k =4).
x4 +9x2+8 ( )

h(x) > rs(x) =

Using these, we now prove the following two claims about «1 and «».
Claim (Restatement of Claim 3.6). The function k1 as defined in (3.1) is 1-Lipschitz on R.
Claim (Restatement of Claim 3.7). For every t € R, we have that 0 < x»(t) < 1
We first prove Claim 3.7 and then use it to prove Claim 3.6.
Proof of Claim 3.7. First, note that x2(y) = E[(Z, — E[Z,])*] > 0. To see k»(t) < 1, recall from (A.2)
that )
[P0 (o)
COMEDIE
For t > 0, both terms are non-negative and thus 1 — k() > 0. For t < 0, we get from Fact 3.3 that

pt) _  p(=t)
3O = 00D t) —t and thus

Ka(t) =

(t—1)=0

1 o) = 28 (t+ <P(t)) ()

D(t) O(t)] ~ D(t)
in this case as well. m]

Proof of Claim 3.6. Observe that, since k1(t) = —% by Fact 3.2, we get that

d 20 (o))
7] =1 = <
dr Kl(t) CD(t) + ((D(t) 1 Kz(t) 1
where we used again Fact 3.2 and that «x>(¢) > 0 by Claim 3.7. O

Next, we prove the following claim that shows that the function «; is monotonically increasing.

Claim (Restatement of Claim 3.8). For «, and k3 as in (3.1), we have %Kz(i’) = —x3(t). Moreover,
k3(t) < 0 for every t € R and thus k,(t) is monotonically increasing.

Proof of Claim 3.8. Recall from Fact 3.2 that k»(t) =1 — tggg (fgg;) Hence, we get that

d ) d ) pt)) d o)
=50 taen 2 (cp(t)) "3 ()
-5+ [+ 25w @ o
-5 (250 155 (50
) -2{B) =

t

p(t)
D(t)

=(1t?-1) +3t(

by Fact 3.2. Thus, %Kz(t) > 0 if and only if f(t) = > -1+ 3t - gg; +2 (gg;) > 0. We show the
latter by distinguishing the three cases (i) 1 < t, (ii) 0 < t < 1 and (iii) t < 0.
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Case (i): 1 < t. In this case, t2 — 1 > 0 and the other two terms are positive. Thus, if t > 1, then
f(t) > 0 holds.

Case (ii): 0 < t < 1. A direct computation shows f(0) = % -1>0. Fort € (0,1),
since @(t) = %q)(t) is decreasing, we can upper bound ®(t) by its tangent line att = 0, i.e,,

t
D(t) < * =

NI»—X

Therefore, we obtain
o(t) _ o (-t2/2)

S0~ rjart

exp (-t2/2) exp (-t2/2)
1+ — |3t + 22—
" N /2+ ¢ ( t+ N2+t

We show in Fact B.5 in Appendix B that this lower bound is monotonic in (0, 1). Thus, the lower
bound attains its minimum at ¢ = 0 and we have for any ¢ € (0, 1) that f(t) > % -1>0.
Case (iii): ¢ < 0. Finally, for t < 0 consider the quadratic function

>0

and thus

JGESS

g:(x) = t2 — 1 + 3tx + 2x2,

We have £ g(x) = 3t + 4x and thus g:(x) is increasing in x for x > —3¢. Note that we have

£ = a (;’;Et;) = qu(h(=1)

for h(—t) the inverse Mills ratio as in as in Section 3.2 (note that —t > 0). By Fact 3.4, we have
1 (. 5— 3
]’l(—t) > Z( t2+8—3t) > _Zt
and hence, we get that

aei-0) > (V8-
—1+3t-1(\/m-3t) +2(}L (\/m_m))z

1+—t\/t2+ 8(t2+8 6t Vt2 + 8 + 9t )
which shows that f(t) > 0 also holds for ¢ < 0. This completes the proof. o

Next, we prove the following claim that gives a uniform upper bound on «1(t)+/x2(t).
Claim (Restatement of Claim 3.9). For every t € R, we have |x1(t)| - yx2(t) < O(1).
E0) O(t) D(t)

have that 0 < x(f) < 1. To show that [«1(t)| - y/k2(t) is uniformly bounded, we distinguish the two
cases (i) t > —4 and (ii) t < —4.

2
Proof. Recall from Fact 3.2 that x1(t) = ~20 and Ka(t) =1- 120 ((p(t)) . By Claim 3.7, we also
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Case (i): t > —4. In this case we have @(t) > ®(—4) > 0. Thus, we have, using that x»(t) < 1 for

all ¢,
) 0 < <p(t) 1

Case (ii): t < —4. For this case, we want to use Fact 3.3 to bound «x1(f) and «»(¢). First, for x1
we have [k1(t)| = h(—t) < rp(—t) = =t =1/t < 2|t| for t < —4 < —1, where, as before, h(-t) is the
inverse Mills ratio as in Section 3.2.

For x5, consider the quadratic function g¢(x) = —x2—tx+1. Fort < —4 < 0, we can write

Kka(t) = 1 —th(=t) — (h(=t))* = gs(h(~t)).

We have %qt(x) —2x — t and hence g;(x) is increasing in x on the interval (—— 00). Now, using
Fact 3.3, we get

—t (15 + 10t + %) t

where we used —t > 0 and t2 — 1 > 0 for the last step. Hence, we have q;(h(~t)) < g;(r5(—t)) and
thus

o +12t4 +39t2 +64 416 4
t) = qi(h(-t)) < —t)) = STH T p
K2(t) = qe(h(-1)) < qe(rs(—t)) (4 1 9¢2 + 8)° 8 T 42

where we used t < —4 to get 12t* + 392 + 64 < 3t.
Finally, combining the bounds on x1(t) and x3(t), we get that, for all t < —4,

|k1(B)] - Via(E) < 2t - |t| 4,

which completes the proof. m]
The following claim shows both x3(f) and «(t) - k3(¢) are also uniformly bounded.

Claim (Restatement of Claim 3.10). For every t € R, we have |%K2(t)| = |x3(t)] < O(Q1) and
0 < x1(t) - x3(t) < O(1).

Proof. We first show that x3(t) is bounded on R. By Claim 3.7 we have x3(f) < 0 and thus, using

Fact 3.2, we get
p0) |, (@) IPSLONE 1) :

[xc3(t)] = o) :

o(f) o(f)

We distinguish the two cases (i) t > —1 and (ii) t < —

Case (i): ¢+ > —1. Note that ¢(t), t(p(t) and t2¢(t) are all uniformly bounded over ¢t € R. For
t > =1 we furthermore have % < < O(1). Putting these together, we get that for t > —1 we
have [k3(t)] < O(1).

Case (ii): t < —1. For this case, we want to again use Fact 3.3. For t < —1 < 0, we again use that

% = h(—t). By Fact 3.3, we get that

cp( 7S

P(t) 1

—t- (t2+3) B
- o <7 ra(-t)=-t-.

o = ra(=t) < h(=t) =

We thus get that
lica3(t)] = h(=t) - (2h(=t)? + 3t - h(=t) + t* = 1)
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2 (g2
<(=t=) 2= L) 4o ZEED 2y
t t t2+2
(o 1) 2(=#2 = 1)*(#* +2) = 3t4(t* + 3) + (> = D)(t* +2)
B t 12(t2 +2)
O AN
B t t2(t2 +2)
< =2t - 8 < 16,
t2

where we used —t — 1/t < =2t and 2t% + 1 < 2(t?> +2) for t < —1.
Hence, |k3(t)| is uniformly bounded over t € R. For «1(t) - k3(t), first note that by Fact 3.2 we

have x1(t) = —% < 0 and thus «x1(t) - k3(t) > 0. To show a uniform upper bound, we distinguish

the same two cases as above and use a similar strategy. Note that we can use the same bounds and
P(t)

multiply them by 0" If t > -1, we have
t 0
o) 90 o
O(t)  P(-1)
and thus x1(t) - k3(t) < O(1) for these t. If t < =1, again by Fact 3.3, we get
@(t) 1

and thus «i(t) - x3(t) < 32 for these t. Hence, also «1(t) - x3(t) is uniformly bounded, which
completes the proof. m]

We now prove how to lower bound «1 in terms of 1 — .
Claim (Restatement of Claim 3.11). For t > 1, we have |k1(t)| < 1 — x2(f).

Proof. Using Fact 3.2, we have

et o(t) o)  [(e))*
|mﬁﬂ—®a)<bqw)<tkmﬂ+(®aﬂ =1-1(t),

which completes the proof. m|

Next, we prove the following lower bound on «5.

Claim (Restatement of Claim 3.12). For t < =3, we have x,(t) > ﬁ.

Proof. We use an analogous strategy as in the second part of the proof of Claim 3.9, where we
showed an upper bound on x(t) for t < —4. Using Fact 3.3 for —t, we get that, for t < -3 <0,

t*+6t2+3

~t= () <hD) < (- = - =

Now, consider again the quadratic function g;(x) = —x* — tx + 1, which decreases on the interval
(—t/2, ). As before, we have x(t) = g:(h(—t)) and thus we get that
t* + 6t2 +3)2 ~ (_t4 + 6t2 +3)

K2(t) = qe(h(=t)) > qe(ra(—t)) = - (_ H(t2 + 5) t(t2 +5)

70



Simplifying this expression, we can conclude that

tha? -9 ot _
£6 + 1084 +25¢2 ~ 416 4427

Ka(t) =

where we used 4t — 9 > 0 and 10t* + 25t> < 3t° for t < —3. O
Similarly, we prove the following lower bound on «3.
Claim (Restatement of Claim 3.13). For t < -2, we have |x3(t)| > 50'1W'

Proof. We refine the argument from Claim 3.8, where we showed that x3(¢) > 0. Claim 3.8, together
with Fact 3.2, shows that

[ka(t)] = =kat) = h(=t) (2 = 1 +3th(=1) +2 (h(=1)’)

where h(—t) is again the inverse Mills ratio. From Fact 3.3 we have

t(t* + 10t% + 15) S _

h(=t) > 15(=t) = - t4+9t2+ 8

Consider the quadratic function g;(x) = 2x% + 3tx + t?> — 1. We have |k3(t)| = h(=t)q:(h(~t)). As
already argued in the proof of Claim 3.8, this function is increasing in x for x > —3t. Thus, we get
that

2t1 4102 -64 1

(t*+9t2 +8)2 ~ 5044’

where we used 10t? — 64 > —3t* and 9t? + 8 < 4t* for t < —2. Finally, again by Fact 3.3, we have
that (—t) > —t and thus

qe(h(=1)) > qe(rs(—t)) =

11
50t4  50|t[3

[k3(t)] = h(=t)q¢(h(=t)) > —t

since t < 0 and thus —3 = |t|°. O

Next, we prove the following lower bound on x(f).

Claim (Restatement of Claim 3.14). For t > 1, we have 1 — k() < 16 - (1 — ®(t)) - log 1/(1 — D(¢)).

Proof. Note that for t > 1, we have ®(t) > % as well as 2¢(t) < \/% < t. It follows that, using
Fact 3.2,

2
1= 1eo(t) = A0 (@(t)) () (t 20

o) \0(t)] () CD(t)) <20(t) - (E+20(t) < 4t - (t).

Applying Fact 3.3, we have = g()t) <t % 2t and thus @(t) < 2t(1 — ®(t)). We get that

1—xo(t) < 8t2- (1 — D(t)).

Applying Fact 3.3 again, we have fg()t) > t and hence

! /tV 252 — log(

. q)(t) )> t2/2.

1-a(f)
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Combining this with the above, we get

1-x2(t) <16-(1-D(t)) - log (1_;@(”) ,

as claimed. O
We now prove the following claim bounding log (1/(1 — ®(t))).
Claim (Restatement of Claim 3.15). Fort > 2, we have % < log (1/(1 - @(t))) < 2t%

Proof. Using Fact 3.3 we have

1 1 1 ~ 2
1_q)(t)<¢(t) (t+ ) 0 Ct+1) =V2me 2 (t+ 1),

where we used 1 < 1 fort > 2 > 1. Thus, we get that

log(1 g)(t)) t—+log(t+1)+log(\/_)

2
< % +t +log (\/271)
< 2t%,
where we used t > 0 for log(t +1) < t and t > 2 for t + log (\/27'() < %tz. The other direction was
>1

already proved in Claim 3.14 for ¢ m]
Finally, we want to prove the following claim about the asymptotics of skew(t).

Claim (Restatement of Claim 3.16). There are absolute constants m, M > 0 such that

"< |skew ()] <M
(1- (1) log*? (1/(1 - @(1)))

forallt > 0.
In order to prove this claim, we first prove the following upper bound on «3(t).

Claim A.1 (Upper bound on «3(t)). Fort > 1and 6 =1 — O(t), we have that
s ()] < 40V2 - 6 - 1og®%(1/6).

Proof of Claim A.1. For t > 1, we have as before (cf. Fact 3.2 and Claim 3.8)

o) (b))’

<p()

(8] = 575 |

For t > 1, we have ®(t) > ©(0) > % and thus

lik3(£)] < 29(t) (12 = 1+ 6t - p(t) + 8p(t)?)
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1 1
<20t)[t2—1+6t-— +8- —
¢ 271 2m

< 10p(t)t?,

where we used in the last step that \/%t + 2 < 4t2 for t > 1. Now, by Fact 3.3, we have that

h(t)< t+1/t <2t for t > 1. Since h(t) = 140 = &, it follows that

lics(£)] < 20-6 - £3.
It remains to bound ¢ in terms of 6. Again by Fact 3.3, we have h(t) > t > 1for t > 1 and thus

p(t) = L e <et

V2r
t < /2log(1/9).

Combining this with the above we get that

or equivalently

s (£)] < 208 - (21og(1/6))** = 40V2 - 5 - og*(1/5),
which completes the proof. m]

Proof of Claim 3.16. First, from Claims 3.7 and 3.8 we know that 0 < x»(#) < 1 and «3(t) < 0 for all
t € R. Hence, we have in particular that

K3(t)
Ka(t)3/2

Define 6 = 1 — ®(t). By Claim 3.23, we have that, for t > C for some constant C (such that the
minimum in Claim 3.23 is indeed the third term)

skew(t) =

lics(t)] > ﬁ 5 -1og*?(1/0).

Using «»(t) < 1, we get that
|skew (£)| S 1
o- 10g3/2(1/6) 42
|skew (t)|
6-log®?(1/06)

On the interval t € [0, C], the function

is m’ > 0 such that

is continuous and strictly positive and thus there

[skew(t)| ,

— 2= m

5 -log¥?(1/0)
for t € [0, C]. Defining m = min {m , \/_} shows the lower bound. For the upper bound, we get
by Claim A.1 that

lica(t)] < 40V2 - 6 - 1og®?(1/6)

for t > 1. Using Claim 3.8, we get that 0 < x2(0) < x2(t) for all ¢t > 0 and thus

|skew ()] < 40V2

5-1og®(1/6)  x2(0)%2

[skew (t)|
5-1og®?(1/6)

for t > 1. As before, the function is continuous for ¢ € [0, 1] and thus has a uniform

40V2
(0)3/2 } a

upper bound M’. We get the claimed upper bound by defining M = max {M !
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A.2 Matrix and vector calculations

In this section, we prove several linear algebra facts that we deferred from Sections 4 and 5. We
first show that a linear transformation of a Gaussian truncated by a halfspace is again a (different)
Gaussian truncated by a (different) halfspace.

Claim (Restatement of Claim 4.1). Let A € R be an invertible matrix and let b € R?. Consider
the random variable x ~ N(u, L)l xy<z- Then, the random variable y = Ax + b follows the distribution
NAp + b,AZAT)|<w,/y><T,, where

W = A Tw nd 1 = T+{A Tw,Db)
A= Tw]| A= Tw]|

Proof. We prove this claim by computing the density of y explicitly. Note that the density of x is
1 Ty-1 T
f(x) < exp —E(x—y) I (x—p) 1[w x < T].
Hence, the density of y is
1 -1
9(y) = mf(fl (y = b))
1, - P -
coxp (347 = D)= = A =6 -2 T (47 - 0) < ]

= exp 5y~ b - AW (ATZ ATy - b - Au)) 1[(ATw)(y - b) < 7]

= exp —%(y — (Ap+ b)) (AZA) My — (Au + b))) 1[(ATw) y <1+ (ATw,b)]

Thus, g(y) is the density of the Gaussian N (Au + b, ALAT) truncated to a halfspace with normal
A~ Tw. To conclude the lemma, we normalize the normal vector. Thus, the halfspace is

;] AT T+ (ATw,b)
H‘{y '<||A-Tw||'y>< Aol }

which completes the proof. m|

Next, we show that the Frobenius norm of I; — A"IBA? is invariant under the transformation
A+ LALT, B~ LBL" for an invertible matrix L.

Fact (Restatement of Fact4.9). Let A, B € R%4 be positive definite matrices. Let L € R¥4 be an invertible
matrix. Then, we have that

- atpas

= Hld - (LALT)—%LBLT(LALT)—%HF

Proof. LetX = LAz and R = (XXT)"2X. Notethat LALT = XX T and observe that RR™ = RTR = I,
i.e., R is orthonormal. The right-hand side of the identity can now be rewritten as

Hld —(LALTY }LBLT(LALT)™}

== cxxmyixaipa-ixTxxmy

F
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= |- RAtBAERT

F
- HR (Id _ A—%BA—%) R

LetM = I; — A"2BA™2. Using that the trace is cyclic, we get that
|IRMRT, = tr (RMRT (RMRT)T) = tr (MMT) = [MI,
which completes the proof. m]

We now prove the following claim that shows that the best rank-1 approximation of a matrix A
that is close to some matrix B is also a good approximation to B.

Claim (Restatement of Claim 5.3). Let A, B € R™? be symmetric matrices with B being an arbitrary
rank-1 matrix. Consider the spectral decomposition of A,

d
A= Z /\ivﬂ)l—-r
i=1

where the vectors {vi}?zl form an orthonormal basis of R? and the singular values {)\i}?zl satisfy
A1l = |Aa| = -+ = |A4|l. We then have that

|Moo] - B|[; < 2(A010] - B, A - B).

Proof. As A1v1v] is the best rank-1 approximation of A, we have ||A10101T - A”lz: < A - B||12D . We
thus get that
||/\101vl - B”F = ||(/\1v1vl —A)+(A- B)“F
= ||Mo107 - Al[f +2(A1010] — A, A - B) +||A - BJ2
<2 (||A ~BIE + (Ajoyo] — A, A - B>)
= 2(A11)17JI— - B,A - B),
which completes the proof. m]

Next, we prove thatif aa™ — bb T is small, then the vector ”g—” is close to -

Claim (Restatement of Claim 5.4). Let a,b € R%. Let § > 0. Suppose that ||aa™ — bb™ ||z < B. Then, we
have that, for u = ”Z—” and v = ol

2

min -+ olF, lu = olP) < 8.1
2

Proof. Note that min{|[u + v|[?, |[u — v|[*} =2 —2|(u, v)| < 2 and thusif > @, then the conclusion

2
trivially holds. Thus, from now on, we assume that < %

Since both the assumption and the conclusion are invariant under replacing b by —b, so we
can without loss of generality assume that (a,b) > 0. Let 6 € [0, 7] be the angle between 4, b, or

equivalently, (a,b) = ||a||||b|| cos 6. Then observe that
Joa™ = 67| = ™[+ 7[R~ 2aa”, 67
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= Jlal* + [IBlf* - 2a, b)? (Ad)
= Jlall* + [IblI* - 2llalP |12 cos? 6

= (llalP ~ 1bIP)* + 20lalPlIbIA(1 ~ cos? 6)

= (llalf? = 1BI2)” + 2llalPb|[* sin 6

Both terms are non-negative. Since the left-hand side is at most 32, we get that |||a|[> — ||b|[*| < B
and V2 - ||a||||b|| sin 6 < B. From the first one we obtain

[lall

2
a
< llall® Ib]] > —.

llal® 161> < B

S5

Using this lower bound on the second term, we get

lal?sin6 < V2 |lallbllsin0 < B = sinB < Tl

Combined with g < |ja||?/2, we have sin0 < 1/2, which implies 6 < %. Finally, note that
min{|lu + v||?, |lu — v|[*} = |lu — v||* since we assumed (u,v) > 0. Thus, we get that

0\ 0 ?
min{llu " UHZ,”M _ UHZ} = |ju - ,0“2 =2 _2cos 0 = 4sin? (E) < 2sin% 0 < 2“5“4
a

where in inequality (i) we used that for 0 < 0 < , sin g< % sin 0. ]

Finally, we show how to relate aa™ —bb" toa —b and a + b.
Fact (Restatement of Fact 5.12). For any a,b € R we have that ||aa™ —bb™ ||z < ||la + b|| - ||la - b]I.
Proof. Recall from (A.4) that

laa™ = bbT|[2 = llall* + 1BI1* - 2(a, b)?.
The proof now follows by the following calculation:
llaa™ = bbT|[2 = llall* + 1bI1* - 4(a, b)? + 2(a, b)?
< llall* +11I* - 4a, b)* + 2al|Ib]?
= (llall® + 1161 +2(a, b)) - (llal* + [1bI* = 2(a, b))
= |la + bl - lla — bl

A.3 Concentration results and error analysis for sample moments

In this section, we prove two claims that we deferred from Section 5 about the error due to the fact
that we only have access to the sample moments.

Claim (Restatement of Claim 5.7). Let v be the mean of N(u, L)|(w,x)<<- Let v be a fixed unit vector.
Let {x;}!_, be i.i.d samples from N(u, X)(w,xy<c and let X = % Yy xi. Then, we have the following with

probability at least 1 — 4e~104
n 3/2
=0 = mw*‘”-( 2+ (2] )

n n
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Proof. For every i € [n], we have that
(,xi = %) = (v, x; —v) + (@, v - %))’
=(v,x; —v)3 +3(v, x; —v)z(v,v —X)+3(v,x;i—v){v,v— E)Z +(v,v - 3?)3.
Thus, summing over all i € [n], we get that

n

= G xi = v

i=1

<3|, % —v)|- +4|(v, % - V)P,

1 v _
‘; Z(v, xi— XY — (v, x; —v)>

i=1

where we used that )/, (v, x; — v) = (v, ¥ — v). Thus, it remains to bound, with high probability,
the two terms [(v, ¥ — v)| and |% Y1 (v, xi — v)?|. We do so separately.
Bounding [(v, ¥ — v)|. By Corollary 4.4, for every i € [n], (v, x; — v) is sub-Gaussian with

parameter o = ||Z¥/?|| = O (1/\/1<2(y)) , where we used Lemma 4.6 to bound ||Z||. Thus, for any

fixed vector v, Hoeffding’s inequality (cf. [Ver18, Theorem 2.7.3]) implies that for every t > 0 we
have

P[(v, % —v)| > t] < 2exp (-Q (nt? - x2(y))) .

In particular, taking t? = O (K o ), we get that with probability at least 1 — 2¢71% we have

d
2(y)n’

(v, ® —v)I <

Bounding |% 2, xi— v)2|. For every i € [n], since (v, x; —v) is O(l/Kz(y)l/z)-sub-Gaussian,
(v, x; —v)? is O(1/x2(y))-sub-exponential. Thus, for fixed v, the Bernstein inequality (cf. [Ver18,
Theorem 2.9.1]) implies that for every t > 0, we have

n

1
E Z(vl Xi— V>2 - E<vl X1 — V>2

i=1

P

> t] < 2exp (-Q (min {nt? - x2(y)?, nt - x2()}))
Taking t = O (#y) . ( 44 %)), it then follows that, with probability at least 1 — 2¢7104 we have

\/E+ é) +E(v, x1 — v)2.
non

) because of sub-Gaussianity, we have with probability at least

e a d\ 1 1 d
Z<” =P S o (\[U)*m(y)sxz(w (“n)'

Taking a union bound over these two events, we get that, with probability 1 — 4e

3/2
SKZ(V)_3/2'( é+(i) )

n n

that

n

1
= Do xi-v s

i=1

1
x2(y)

Since E(v,x1 — u)*> < O (
1 —2¢71%4 that

-10d
’

1 n
=~ D=0 (o, xi = vy
i=1

which completes the proof. m|
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We now prove Lemma 5.8. Recall that in Section 5 we already proved the statement for fixed
v. So, it remains to bound the supremum over all unit vectors v.

Lemma (Restatement of Lemma 5.8). Let {x;}!; be i.id. samples from N(u,L)|w,x)<c- Let X =
LS xi. Let M; = L (xi - %)®°. Then we have with probability at least 1 — 6e~7 that the following

holds
~ d a2
®3 -3/2
sup (0%%, Mz — M3) < x2(y) (w/—+_).
||v||:1< > neon

Proof. In Section 5, we showed that for every fixed v € 89~ we have

—~ 3/2
o= ) < -2 227

with probability 1 — 6e71%, where K > 0 is a universal constant (independent of v). Let
T = Mg - M3.

Since both M3 and M3 are symmetric order-3 tensors, T is symmetric as well. Fix a 6-net Ny € S9!
of the unit sphere (for some 6 to be chosen later). We will show that for any v € RY, |(v®3, T)| is
bounded by sup,, N |(u®3, T)| and finish the proof by a union-bound argument over N.

For any v € 891 choose v’ € N; such that |[v — v’|| < 6 and write A := v —v’. By definition, we
have v = A + v’, and expanding (A + v")®? gives

(A +0")® = A% + Sym(A®? ® v’) + Sym(A ® (v")%?) + (v")%5,

where we use Sym to denote all permutations of a tensor (so, for example, Sym(A®? ® v) is equal
toA®A®V +A®v' ® A+ v ® A®A). Taking inner product with T, and using the symmetry of
T, we get
(0%, T) = (A + )%, T)
= (A%, T) +3(A%* @0/, T) +3(A® (0')*%, T) +((v")**, T).

Now, we bound the first three terms in terms of the injective tensor norm. Since T is symmetric,

sup {(a®b®c,T)=sup(u®,T).
llall=llBl|={lcll=1 lull=1

Therefore, for any a, b, c € R4, we have

(a@b®c,T) < llallllblllic]l sup (u®,T).
flull=1

Applying this with (a,b,c) = (A, A, A), (A, A,v’), and (A, v’,v"), we obtain
@, T) < (AP + 3JIAIPI || + 3lIAllI["IP) - sup (u®, T) + ("), T)
[lell=1

< (6% +36% +30) - sup(u®, T) +{(v")%,T)
flull=1

< (6% +36% +30) - sup (u®?, Ty + sup(u®, T),
[lul=1 ueNs
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where in the second step we used |[v’|| = 1 (since v € Ny € 8% 1) and ||A|| = |[v — v’|| < 6. This
holds for every v € S~1. Taking the supremum over v € S%! yields

sup (0%, T) < (6% + 362 +30) - sup (v, T) + sup(u®, T).
|lo]|=1 lloll=1 ueNs
Rearranging, we get that

(1-36-36%-06% - sup(v®,T) < sup(u®,T).
fol=1 ueNs

Now, we set 6 = }1. Then, we have that

3 3 1 3
353282 _83-1_2_2_ - _ 2
1-36-30"-0 1416 64 647
and thus

4
sup (v, T) < e sup (u®,T).
lofi=1 3 uemy

Moreover, there exists a 1/4-net Ny /4 C S%1 with cardinality [NV} 4| < 94 [Ver18, Corollary 4.2.11].
Applying our fixed direction bound to each fixed u € N4, and then taking a union bound, we get

_ 3/2
sup (v®, M3 — M3) > #m(?)_m (\/g + d—)]

lloll=1 n
_ 3/2

sup (u®®, Mz — M) > Kia(y) ™/ \/E + =

ueNl/4 n n

< [Nijal - 66710 < 97 - 6671 < 6774

P

<P

This proves the lemma. m]

B Computations

In this appendix, we prove some of the results used for the proof of Lemma 3.17. Furthermore, we
will give a proof of Claims 3.19 to 3.21. Finally, we provide a proof for a fact used in Appendix A.
All of the proofs here are (partially) computer-assisted in that we provide Mathematica code to
verify some properties of certain functions.

Recall that for Lemma 3.17 we there used the function

pi(x) = 263 — 6t + (t* + 14t = 5)x + (22 + 20t)x> + (> + 8)x°>.

with derivative

(%Pt) (x) = t* + 14> = 5 + 4(t> + 10¢) - x + 3(£2 +8) - x2.

2
o122

\/7‘(/2+t'

Fact B.1. Define x(t) = For any t > 0, we have that

(55 txn > 0

and
pe(x¢(t)) > 0.
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1

.
2

Proof. This can be verified with the following Mathematica code:

1b[t_] = Exp[-t*2/2]/(Sqrt[Pi/2] + t);
Reduce[tA4 + 14 tA2 - 5 + 4 (tA3 + 10 t) 1b[t] + 3 (tA2 + 8) 1b[t]*2 > 0]

3 Reduce[2 t4*3 - 6 t + (t*4 + 14 tA2 - 5) 1b[t] + (2 t*3 + 20 t) 1b[t]22 + (t*2 + 8) 1b[

t]A3 > 0]

This shows that the two statements are true for t # —\/g and t > —\/g respectively and thus in
particular for ¢t > 0. m]

Fact B.2. Define

At —2)2t2 + 271 — 2¢ V2 + 21— (= 1)t
- and x,(t) = - .

xe(t) =
For —5 < t < 0, we have
£+ 1412 =5+ 4(£3 +10t) - x,(£) + 3(£2 + 8) - x4(£)* > 0

and
pr(xe(t)) > 0.
Proof. This can be verified with the following Mathematica code:

x1[t_]
xult_]

(Sqrt[(Pi - 2)42 t*2 + 2 Pi] - 2 t)/Pi;
(Sqrt[t*2 + 2 Pi] - (Pi - 1) t)/Pij;

3 Reduce[t*4 + 14 tA2 - 5 + 4 (t*3 + 10 t) xul[t] + 3 (t*2 + 8) x1[t]*2 > O]

N[%]

5 Reduce[2 t*3 - 6 t + (t*4 + 14 t+22 - 5) x1[t] + (2 tA3 + 20 t) x1[t]A2 + (t22 + 8) xI1[

t]143 > 0]
N[%]
This shows that the statements are true for -1.83192 < t < 4.5716 and —0.419026 < t < 0.819969
respectively and thus in particular for -7 < t < 0. m]

Fact B.3. Define
1

2
3

rk+1(x) = x +
X+

X+
k
b3

X+

Let x¢(t) = rg1(—t) and x,,(t) = rpo(—t). For t < 10, we have x¢(t) > 0,
1+ 1412 =5+ 42 +108) - x, (1) + 3(2 + 8) - x¢(£)> > 0 (B.1)

and
p(xe(t)) > 0. (B2)

Proof. To prove this fact, we additionally define the following function x;(t) = ra7(—t). We claim
that x,(t) > x;(t) > 0 (which will also show x,(t) > 0) and thus, since 3(t% + 8) > 0, it is sufficient
to show

4+ 1482 = 5+ 4(t° + 10t) - x, () + 3(£2 + 8) - x) (). (B.3)
in order to show (B.1). We can verify x,(t) > x;(t) > 0, (B.3) and (B.2) with the following
Mathematica code:
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r[k_Integer, x_] := Module[{result = x, i}, For[i =k - 1, i >= 1, i--, result = x + 1
/result]; result]

Reduce[r[81, -t] >= r[27, -t] > 0]

Reduce[t*4 + 14 tA2 - 5 + 4 (t+*3 + 10 t) r[20, -t] + 3 (t*2 + 8) r[27, -t]*2 > 0]

N[%]

5 Reduce[2 t*3 - 6 t + (t*4 + 14 t*2 - 5) r[81, -t] + (2 t*3 + 20 t) r[81l, -t]*2 + (tA2

N

+ 8) r[81, -t]r3 > 0]
N[%]

This shows that the three statements we need to verify are true for t < 0, t < —0.271834 and
t < —0.370331 respectively and thus in particular for t < —%. O

) P(t) 2 p(t) ) 2
Fact B.4. DeﬁTZEKg(t):m' 1-t —3tm—2(m) .

Then for =2 < t < 2 we have |k3(t)| > zlo'

Proof. This can be verified with the following Mathematica code:

phi[t_] = PDF[NormalDistribution[0®, 1], t];
pphi[t_] = CDF[NormalDistribution[0®, 1], t];

3 kappa3[t_] =

phi[t]/pphi[t]*(1 - t*2 - 3 t*phi[t]/pphi[t] - 2 (phi[t]/pphi[t])*2);

5 Minimize [{-kappa3[t], -2 <= t <= 2}, t];

w N

SIS

g

Reduce[First[%] > 1/20]

This shows that the statement is true for -2 < t < 2. m]

Now, we give a proof of Claims 3.18 to 3.21 that we restate below.

Claim (Restatement of Claim 3.18). We have lim;_,_, skew(t) = —2 and lim;_,; skew(t) = 0. Thus,
for all t € R we have skew(t) € [-2,0] and in particular |skew(t)| < 2.

Proof. We can compute these limits with the following Mathematica code:

phi[t_] PDF [NormalDistribution[0®, 1], t];
Phi[t_] CDF [NormalDistribution[0®, 1], t];
kappa2[t_] = 1 - t phi[t]/Phi[t] - (phi[t]/Phi[t])*2;
kappa3[t_] =
phi[t]/Phi[t] (1 - tA2 - 3 t phi[t]/Phi[t] - 2 (phi[t]/Phi[t])*2);

s skew[t_] = kappa3[t]/kappa2[t]*(3/2);

Limit[skew[t], t -> -\[Infinity]]
Limit[skew[t], t -> \[Infinity]]

This shows that lim;_,_« skew(t) = =2 and lim;_, . skew(f) = 0. Together with the monotonicity
of skew (cf. Lemma 3.17), this implies that skew(t) € [-2,0] and in particular [skew(t)| < 2 for all
teR. O

Claim (Restatement of Claim 3.19). There exists a constant C > 0 such that for all t € R we have
d
< skew(t
s ewlt) |
| g5 (bl
Moreover, |ia(a) — x2(b)| < % - |skew(a) — skew(b)| for every a, b € R.

& skew(t)
|20l
wise for every t € R. Our goal is to show that also inficg g(t) > 0. The Mathematica code below

can be used to compute the two limits lim;_,« g(t) and lim;_,_. g(t).

Proof. We define the function g(t) := . Note that by Lemma 3.17, we have g(t) > 0 point-
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phi[t_] = PDF[NormalDistribution[0®, 1], t];

Phi[t_] = CDF[NormalDistribution[0®, 1], t];

3 kappa2[t_] = 1 - t phi[t]/Phi[t] - (phi[t]/Phi[t])*2;

kappa3[t_] = phi[t]/Phi[t] (1 - t42 - 3 t phi[t]/Phi[t] - 2 (phi[t]/Phi[t])A2);
5 skew[t_] = kappa3[t]/kappa2[t]~A(3/2);

dskew[t_] = D[skew[t], t];

7 dkappa2[t_] = D[kappa2[t], t];

8 Limit[dskew[t]/Abs[dkappa2[t]], t -> -\[Infinity]]

9 Limit[dskew[t]/Abs[dkappa2[t]], t -> \[Infinity]]

This shows that lim; . g(f) = 6 and lim;_,_ g(t) = co. Thus, there exist f_ and f.. such that for all
t ¢ [t-,t+] we have g(t) > 5. Finally, since the function is continuous, the minimum of g over the
interval [f_, t,] is achieved and thus there exists a constant C’ > 0 such that also g(t) > C’ for all
t € [t—,t+]. Hence, we have that inf;cg g(t) > min(C’,5). Choosing C = min(C’, 5) gives the first
part of the claim. For the second part, note that for any a,b € R we have

max(a,b) d
—x(s)ds
Ain(u,b) dt
—2(s)

max(a,b)
Y
min(a,b) dt

1 /max(a,b) d
< =- —skew(s)ds
C min(a,b) dt

[2(a) — x2(b)| =

ds

= % - skew(max(a, b)) — skew(min(a, b))

= é - |skew(a) — skew(b)| .

In the third step, we used the first part of the claim. And in the final step, we used that skew is
monotonic by Lemma 3.17. This shows the second part of the claim. m]

Claim (Restatement of Claim 3.20). Define y(t) := K:(lt()tl)/z' Then, there exists a constant C > 0 such
that for all t € R we have
d
< skew(t
%d—o >C- Kz(t)z.
G ¢ (@)l

Moreover, | (a) — gb(b)| < % - |skew(a) — skew(b)| - max{xz(a)~2, x2(b)~2} for every a,b € R.

& skew(t)
St
Lemma 3.17 that g(t) > 0 point-wise and we want to show that also the limits lim;_,., g(f) and
limy_,_ g(t) are strictly positive. The following Mathematica code shows that lim;_,. g(f) = o
and lim;—,_. g(t) = 6.

Proof. We define the function g(t) = As in the proof of Claim 3.19, we have by

phi[t_] = PDF[NormalDistribution[0®, 1], t];
Phi[t_] = CDF[NormalDistribution[0®, 1], t];

kappal[t_] = -(phi[t]/Phi[t]);
kappa2[t_] = 1 - t phi[t]/Phi[t] - (phi[t]/Phi[t])*2;
kappa3[t_] =

phi[t]/Phi[t] (1 - tA2 - 3 t phi[t]/Phi[t] - 2 (phi[t]/Phi[t])*2);
skew[t_] = kappa3[t]/kappa2[t]*(3/2);
dskew[t_] = D[skew[t], t];
psi[t_] = kappal[t]/kappa2[t]r(1/2);
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10 dpsi[t_] = D[psi[t], t];
11 Limit[dskew[t]/Abs[dpsi[t]*kappa2[t]*2], t -> -\[Infinity]]

12

Limit[dskew[t]/Abs[dpsi[t]*kappa2[t]*2], t -> \[Infinity]]

Thus, as in the proof of Claim 3.19, since g is continuous, we get that there exists a constant C > 0
such that g(t) > C for all t € R. For the second part, we argue analogous to the proof of Claim 3.19.
Since «, is monotonically increasing by Claim 3.8, we have x2(s)™? < max{x2(a)~2, x2(b)2} for
every s between a and b. Thus, we get that

max(a,b)

ds

d
a#’(s)

(@) - (b < /

min(a,b)

1 max(a,b)
< ol / —skew(s) - k2(s)2ds
m

in(a,b) dt
1 max(a,b)
< = -max{x2(a)2, xk2(b)7%} —skew(s) - ds
C min(a,b) dt
< % -max{ra(a)2, k2(b) 2} - [skew(a) — skew(b)|,
which completes the proof. m|

Claim (Restatement of Claim 3.21). There exists a constant C > 0 such that for all t € R we have

Liea(t)
AR >
|1 (h)]

Moreover, |k1(a) — x1(b)| < % - |x2(a) — x2(b)| - max{ra(a)~?, x2(b)~2} for every a, b € R.

C- Kz(t)z.

Lieo(t)
e rer ()2 (82
by Claim 3.8 that g(t) > 0 point-wise and we want to show that also the two limits lim;_, g(t) and
lim;_,_ g(t) are strictly positive. With the following Mathematica code we get that lim;_,+c0 g(t) =
0,

Proof. We define the function g(t) = Analogous as for Claims 3.19 and 3.20, we have

1 phi[t_] = PDF[NormalDistribution[0®, 1], t];
> Phi[t_] = CDF[NormalDistribution[®, 1], t];
3 kappal[t_] = -(phi[t]/Phi[t]);

4

kappa2[t_] = 1 - t phi[t]/Phi[t] - (phi[t]/Phi[t])*2;

5 dkappal[t_] = D[kappal[t], t];

6

8

dkappa2[t_] = D[kappa2[t], t];

7 Limit [dkappa2[t]/Abs[dkappal[t]*kappa2[t]* 2], t -> -\[Infinity]]

Limit[dkappa2[t]/Abs[dkappal[t]*kappa2[t]*2], t -> \[Infinity]]

As for the proof of Claim 3.20, this implies that g(t) > C for all t € R for some constant C > 0.
Furthermore, also as in Claim 3.20, we get that

1 max(a,b) d
fe1(a) = x1(B)] < = / 4 () reals) s
C Jmin@ap) dt

< % ~max{r2(a) %, k2(b) 7} - fea(a) = 12(b)],

which completes the proof. m]

Finally, we prove the following fact that we used in Appendix A.
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Fact B.5. The function

_2 1 exp(—tZ/Z). 3 , &P (—t%/2)
g(t)=t +—\/7r_/2+t t+ —\/n_/2+t

is monotonically increasing on the interval (0, 1).

Proof. This can be verified by the following Mathematica code, which confirms that 4 379(t) > 0 for
allt € (0,1).

glt_] = t*2 - 1 +

Exp[-tA2/2]/(Sqrt[Pi/2] + t)*(3 t + 2 Exp[-tA2/2]/(Sqrt[Pi/2] + t));

dg[t_] = D[g[t], tI];
Reduce[{dg[t] > 0, ® < t < 1}]

C Determining w

In this appendix, we show that for a vector u o« Xw, we can compute a vector proportional to w
by computing M;'u. This is not needed for our algorithm, but we include it for completeness
(instead, this would be needed if one wants to estimate the survival set as they do in [LMZ24]).
Note that if X is isotropic (or more generally, w is an eigenvector of L), then we can learn the direction
of w from the third central moment. For arbitrary w and X, we get the following (where we assume
L > 0; otherwise we cannot invert My).

Claim C.1. Assume X > 0. Then the second central moment M, of the truncated distribution is invertible
and for u oc Tw we have W = My u o w.

Proof. From Lemma 4.2 we know

Yw Xw '
M =X —(1-x2(y)) (||Z1/2w||) (“Zl/zwn) ,

so we get
Moyw = Xw — (1 — x2(y)) 2w = ka2(y)Xw,

where we used that w ™ Xw = ||Zl/2w||2.

We now show that My is invertible. Let {vi}’ltll be an orthonormal basis for the orthogonal
complement of Y120 with respect to RY. Recall from Claim 3.7 that we have x,(f) € (0,1]. It
follows that

21/2w 21/2
Id - (1 - KZ()/)) (”21/2?,0”) ( |21/2’(,U||

-1 T
21/2 21/2 Zl/Zw Zl/Zw
T 1-—
A ”’”f*(||zmw||)(|zm |) B Kz(y”(uwwn)(nzmwn)

]

1/2 1/2 Toa
=) [ | [ 2]+ Y gl
[ AV V=T

j=1

[u

1l
—_
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.
y1/24 y1/24 d-1
> 12(y) (||Zl/2w}|) (||Zl/2w||) + Z vjv].T =x2(y) - la

]:

where the last inequality follows since k() < 1. This implies that, using x2(y) > 0,

Zl/zw Zl/zw T
— vyl |
M, = y1/2 (Id -(1- K2(7)) (||Z1/2w||) (“Zl/zwu) )Zl 2

> 220 (MIEY? = Kka(y)Z > 0.

Thus M5 is invertible and we obtain

w = KZ(y)Mz_lzw.

Hence, if u o« Zw, then we get

ﬁ?zMz_lu ocMz_lZwocw,

which completes the proof. m|
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