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A bilinear approach to the finite field restriction problem, II

Mark Lewko

ABSTRACT. Let P; denote the three-dimensional paraboloid over a finite field of prime order in
which —1 is not a square. We prove that the Fourier extension operator associated with P; maps

L? to L" for r > % = 3.45098. ... The argument combines the author’s bilinear approach to the

problem with point-line incidence estimates. We also prove that the extension operator associated
with the paraboloid Ps in six dimensions maps L? to L%3. This was previously known up to but
not including the endpoint, and is the sharp L? estimate in six dimensions. Finally we observe that
the endpoint restriction conjecture for Ps; in finite fields implies that the integer lattice points on
the 3-d Euclidean paraboloid are a A(3) set.

1. Introduction

The Fourier restriction problem over finite fields was introduced by Mockenhaupt and Tao
[15] and has since been studied extensively, with connections to additive combinatorics, incidence
geometry, Kakeya phenomena, the theory of quadratic forms, and explicit extractor constructions,
among other topics. We refer the reader to [11] and [15] for an introduction to the problem, and
to [6, 7, 10, 12, 17, 19] for some of the more recent developments.

Let F be a finite field of odd characteristic, with ¢ = |F|, and let

Pi={(z,z-z):ze FI"1} c F?

denote the d-dimensional paraboloid, endowed with the normalized counting measure do that as-
signs mass |Py|~! = ¢ (@=1 to each point. For f : P; — C the Fourier extension operator is given
by

(fdo)V(z) =q¢ VY f(Qe(@-8), weF,

£epy

where e is a fixed nontrivial additive character of F. This work will focus entirely on the L? theory.
We write R*(2 — r) for the best constant in

1(fdo)" || prpay < R¥(2 = 7) | fllL2(Py do)s

with the implied constant required to be independent of q. By duality this is equivalent to the

inequality (9]l L2(py.do) < 119l 1 (ay, With v’ = 1.

We begin with the three-dimensional paraboloid. The Stein—Tomas method gives R*(2 — r) < 1
for 7 > 4, which is the optimal L? range over an arbitrary finite field. When —1 is not a square in
F the surface contains no lines, and one expects a larger range; in this setting Mockenhaupt and
Tao [15] proved R*(2 — r) < 1 for r > 2 = 3.6 and conjectured that the inequality holds for every
r > 3. Their range was improved to r > % — 0, for some small § > 0, in arbitrary fields of odd
characteristic, and to r > % ~ 3.599 in prime fields, by the author [12]. In prime fields the range

was subsequently lowered to r > % ~ 3.579 by Stevens and de Zeeuw [19], to r > % ~ 3.555 by
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Rudnev and Shkredov [17], and to r > 22 ~ 3.547 by the author [10]. In arbitrary fields of odd
characteristic in which —1 is not a square, the first paper in this series [9] gives r > %2 =3.555....1

These improvements have followed two distinct paths. Beginning from the Mockenhaupt—Tao
exponent r > %, nearly all of the progress has come from sharpening the additive-energy input in
the Mockenhaupt—Tao argument. That input is bounded using point-line incidence estimates, and
ultimately Rudnev’s point-plane incidence theorem [16], which in turn rests on a result of Kollar
[8] in algebraic geometry. Incidence bounds of this type are sensitive to the presence of subfields,
so the resulting restriction estimates have been confined to prime fields; see the survey [18]. The
second and more recent idea is the bilinear approach of [9], which replaces the Mockenhaupt—Tao
argument by an estimate for a related bilinear operator, of which the Mockenhaupt—Tao argument
is essentially the diagonal. This approach has the advantage of working in arbitrary fields of odd
characteristic. Here we combine the two approaches, to prove the following:

THEOREM 1.1. Let F' = T, be a field of prime order in which —1 is not a square, and let
Py={(z,z-z):2 € F?}. Then R*(2 — r) <, 1 for every

176
— =3.45098. ...
r > 51

Our second result concerns the paraboloid in six dimensions. In [7], Iosevich, Koh and the
author established the optimal L? restriction estimate for P; in every even dimension d > 8, and in
dimension six proved R* (2 — % + 6) < 1 for every € > 0, which is sharp apart from the endpoint.
Here we obtain the endpoint.

THEOREM 1.2. Let F be a finite field of odd characteristic and let Pg = {(£,£-€) : € € F®} C FS.
Then

iy 8 |
R(2=3) St cquivalently [[(£do)” | saqre) S I Fll2(ry o

In the final section we record a transference observation. The conjectured endpoint L? — L3
restriction estimates for the paraboloid and the sphere in F? would imply that the integer paraboloid
and the lattice spheres in Z? are A(3) sets, with a constant independent of the size of the support.
This implication, with no power loss in the size of the support on the right-hand side, is specific
to ambient dimension three and is perhaps some indication of the difficulty of the full finite field
restriction problem. No such fully explicit A(3) set that is not also a A(4) set is presently known.

2. Background and notation

We use counting measure on F¢ and normalized counting measure on the paraboloid, so for
a set S we write 1g for its indicator and |S| for its cardinality. For g : F¢ — C we set g(£) =
Y wepd g(x)e(—z - §). We write X SY to mean X < CV for a constant C' independent of ¢, and
X <. Y when the constant is allowed to depend on a parameter ¢; the relation X ~ Y means
X Y and Y < X. For a function ¢ the notation g(z) ~ A means A\/2 < |g(z)| < 2A. We collect
the various estimates we will need from the papers [7, 9, 11, 10, 15]; we state them without proof
and refer to those papers for the details.

An estimate of the form [|(fdo)"||r(pay < || fllL2(p,.d0) 15 dual to

/I _ T

(2.1) 190l 2(Pade) S N9l ey 7 = 22,
24
7
where a term of the form ¢~3/19|G|**/16 was taken to be dominated by |G|'"/?* throughout the relevant range,
whereas this holds only for |G| < ¢°/°; the worst case is at |G| ~ ¢* and gives r > % This is discussed in an erratum
accompanying the revised version of [9] on the arXiv, whose estimates we use here. That paper also remarked that
one of the terms could be lowered using incidence estimates but, believing that term not to be dominant, stated
this would not improve the main result; it is in fact the dominant term, and improving the term and the restriction
estimate is the purpose of Section 3.

IThe published version of [9] stated the larger range r > owing to an error in the final dominance calculation,
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and one has the identity 9|2, ( )= (9,9 (do)") pa, the inner product being taken with respect

P,,do
to counting measure. Here (do)¥ = 8+ K, where for = (z,24) € F4! x F with 2 # 0 the kernel
is the Gauss sum

K(@)=¢ Y Y el &+aaf-§)

feFd-1

Writing G(a) = Y, e(at?) for the one-dimensional Gauss sum, with |G(a)| = q*/? for a # 0,
completing the square evaluates this as
T -

K(z) = ¢ @ DG(xg) 4! e( _ ﬁ) (1a #£0), K@) =0 (za=0, z%0)

(see (18) of [15]). In particular |K(z)| < ¢~@D/2 for & # 0, which equals ¢~! in the three-
dimensional case d = 3. The decomposition yields

—(d-1

(2.2) 191l 22(Pydoy < N9l L2y + @ )/4H9HL1(F‘1)a

which in dimension d = 3 gives the bound with coefficient g 2. Interpolating with the Parseval
bound (|9l z2(p,,d0) < q1/2|]g||L2(Fd) recovers the Stein-Tomas estimate.

The kernel K also relates the fourth moment of a convolution to the restriction of that convo-
lution to horizontal slices. For h : F? — C and z € F write h,(n) = h(n, z) for the slice of h at
height z, a function on F d=1"and let EZ be its lift to the paraboloid, the function on P; defined by

ha (- ) = ha(n)-
LeEMMA 2.1 ([7, Lemma 2.1]). For every h: F¢ — C,

(2'3) ”h * KHL‘*(Fd) 5 q(d_l)/2 Z “(ﬁzda)v”L4(Fd)'
zeF

This reduces the fourth moment of i K to the extension operators of the planar slices 713, each
of which is estimated by the additive energy of its support through Plancherel.

We use two standard reductions, both recalled in [9, 11]. The first is dyadic pigeonholing,
which reduces matters, at the cost of a factor ¢°, to functions g with g ~ 1 on their support G.
The second is the following epsilon-removal lemma.

LEMMA 2.2 ([11, Lemma 16]). Let so > 1, and suppose that for every e > 0,

(2.4) 191 22(Pao) Se a°1GIM*
holds for every g with g ~ 1 on its support G. Then

(2.5) 191l L2(P.doy Ss N9l Ls (e Jor every s < s.
By (2.1), the bound (2.5) is the extension estimate R*(2 — r) <, 1 for every r > s{,, where
sp = 5227 It therefore suffices to prove the restricted estimate (2.4) for g ~ 1¢.

For the combinatorial input we record three quantities. For a finite subset E of an abelian
group, its additive energy is

(2.6) A(E) = |{(a,b,c,d) € E* :a+b=c+d}|

For A C F? we call a triple (wg,21,72) a corner if (x1 — z0) - (z2 — x1) = 0, and a quadruple
(z0, 1,2, x3) a rectangle if each cyclically consecutive triple is a corner; R(A) denotes the number
of rectangles in A. For A, B C F? we call (x1, 72, %1,%2), with 1,2 € A and y1, 32 € B, a trapezoid
if 1 # x9, Y1 # Y2, and 1 — x2 = A(y1 — y2) for some A € F*, that is, if the two differences are
nonzero and parallel; T (A, B) denotes the number of trapezoids. Configurations with x1 = 2 or
y1 = y2 are not counted. The following follows from Vinh’s incidence estimate [20] and can be
found, for example, as (3.6) and (3.7) in [9]:
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LEMMA 2.3. For every A C F?,

(2.7) R(A) < AP,
and
(2.8) R(A) S ¢ AP + /2 AP%,

the second bound being the smaller for ¢ < |A| < ¢°.

The bound (2.7) is an elementary Cauchy-Schwarz argument implicit in [15], and (2.8) is an
incidence estimate of Vinh [20] (see (15) of [17]).

LEMMA 2.4 ([10, Theorem 4]). If F =F, and |A| < p26/2L then for every e > 0
(2.9) R(A) Se |APA.

The conjectured optimal Szemerédi—Trotter theorem in prime fields would give (2.9) with ex-
ponent 2 + €.

It is convenient to organize a planar set according to its concentration on lines. Following [9],
aset A C F? is k-regular, for k < |A|'/2, if it is a disjoint union of ~ k subsets, each lying on
one of ~ k distinct lines and containing ~ |A|k~! points, such that every line outside this frame of
~ k lines meets A in at most k points. We call A irregular if every line meets A in at most |A|'/?
points. The following records the estimates of Lemma 5.2 and Lemma 5.3 from [9].

LEMMA 2.5 ([9]). Every A C F? is a disjoint union of O(logq) sets, one k-regular for each
dyadic k < |A|Y? together with one irreqular set. If A and B are k-regular with |A| ~ |B| ~m, or
both irreqular with k ~ m'/2, then

(2.10) R(A) < m?k,
and
(2.11) T (A, B) <m’k +m*k™2.

We next turn to the main bilinear tool from [9], which should be thought of as a more delicate
form of Lemma 2.1. Let P = P3, let g ~ 1 on G C F3, and for z € F let g, be the restriction of g
to the slice at height z, with support G, C F2.

PROPOSITION 2.6 ([9, (4.2)]). With the notation above,

212) il S 1612 G (g K1+ 3 g« K g2 K1)
2 242!
the linear term satisfies
(2.13) lg= * KI5 < ¢~ "R(G2),
and the bilinear term satisfies
(2.14) gz % K gor + KI5 S a7 Go||Gar| + 42T (G2, Gor) - (24 2).
Set
(2.15) B(A, B) = min {T (A, B), ¢(R(A)R(B))"/?}.

Combining (2.14) with the Cauchy-Schwarz consequence of (2.13) gives |g. * K g * K|3 <
¢ YG.||G| + ¢2B(G,,G,/). Inserting the linear and bilinear bounds into (2.12), for regular
g ~ 1g with w nonempty slices each of size m ~ |Glw™!, and bounding the diagonal slice contri-
bution by ¢|G]|, gives

. B _ 1/4
(216)  Gllz2(pao) S G124+ |G E(3OR(G) 2 + a7 2 Y BGL, G2+ gl )

z#£z!
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Since T counts only nondegenerate parallel configurations, the degenerate ones, numbering <
|G,||G./|, are already accounted for by the term ¢~1|G,||G./| in (2.14), while the diagonal slices
z = 2’ are accounted for by the term ¢|G| in (2.16).

The quantity (2.15) is effective because a pair of sets cannot have both many trapezoids and
many rectangles. This is made quantitative by the following estimate of [9], which is the source of
the arbitrary-field exponent %.

PROPOSITION 2.7 ([9, Prop. 5.4]). Let A, B C F? be k-regular sets, or both irregular sets, with
|A| ~ |B| ~m. Then

(2.17) B(A, B) <mP3¢3 4+ m/2,

Inserting Proposition 2.7 into (2.16) and combining with the standard estimates yields, for
regular g ~ 1g,

(2.18) 191l z2(pdoy S IGIM? + |GIM/M6q718 4 3/18| G316 4 |GIYT/24 4 ¢1/8|G PP/,
and from this the table

( |G|q—1/2’ |G| S q12/77
GITE, g < 6] < g
(2.19) 190 r2(paoy S 1G24 S q73/10|GI13/10, ¢9/5 < |G| < ¢,
@OIGPE, ¢ <G| < ¢,
q1/2|G’1/2’ q5/2 S ‘G’ S q3‘

The table is to be read after the dyadic slice-size and regularity reductions; the triangle-inequality
sum over the resulting O(log2 q) pieces is absorbed into the ¢° loss used in Lemma 2.2. Every
term of (2.19) is bounded by |G|?*/32) so R*(2 — r) <, 1 for r > %2 in arbitrary fields of odd
characteristic in which —1 is not a square.

In prime fields the rectangle bound (2.9) improves the input still further, and the argument of
[10] gives

Gl 7, @<y,
220 - < ap PG|/ 164 p94/53 < |G| < pTO/34,
2.20 9ll2(pdoy e |GV +
p3/16|G|5/8, p75/34 < ’G| < p5/2,
pl/2’C71‘1/27 p5/2 < ‘G’ < p3'

This gives R*(2 — r) <, 1 for every r > %, the prime-field estimate of [10].

3. The prime-field improvement

In this section F' = [F, and —1 is not a square. The general field argument of Section 2
identifies the obstruction in (2.18) as the term ¢~3/16|G|'3/16 which arises from the m"/? summand
of Proposition 2.7. We improve this in prime fields by using a direction-sensitive point-line incidence
theorem of Lund, Pham and Vinh [14].

Two nonzero vectors of F? have the same direction if one is a scalar multiple of the other, and
a line has the direction of any nonzero vector along it. There are p+ 1 directions in all. For A C F?
and a direction 6 we set

(3.1) Eg(A) = |{(a,d’) € A% : a — d has direction 6},

which counts ordered pairs of distinct points, since 0 has no direction. With the trapezoid
count of Section 2 restricted to nondegenerate configurations, this gives the identity 7 (A, B) =
5



> 9 Eo(A)Ep(B). More generally, for a family £ of lines we write Eyg £(A) for the number of or-
dered pairs (a,a’) € A% that lie on a common line of £ of direction 6. We refer to Y, Ey £(A)?, and
to Y5 Fp(A)? when L is the family of all lines, as the directional energy of A. By Cauchy-Schwarz
in 0 the trapezoid count satisfies 7 (4, B) < (Y, Eg(A)2)1/2(29 Eg(B)2)1/2, so a bound on the
directional energy can be used to bound the trapezoid count.

For a finite set A C IF‘I% and a finite family £ of lines, write

I(A, L) =|{(a,0) e Ax L :a€l}

for the number of incidences, and let ¢ denote the number of distinct directions spanned by the
lines of £. We use two point-line incidence bounds, one of Lund, Pham and Vinh and one of Vinh.

LEMMA 3.1 ([14]). Let A C F2 with |[A| = m and let £ be a family of L lines spanning t
directions, with t < p?/m. Then

(3.2) I(A, L) SEPOLAOmT9 4 2LV 2 4 12323 4 [ 4 m.

The direction-sensitive incidence theorem of Lund, Pham and Vinh [14, Theorem 1.5] gives the

same estimate with
min{t3/10L3/5m7/10, t2/9L5/9m7/9}

in place of the first term on the right side of (3.2). Since we only need an upper bound, we replace
this minimum by its second entry. Next we recall Vinh’s well-known incidence estimate.

LEMMA 3.2 ([20]). For every A C FZ with |A| = m and every family L of L lines,
L
(3.3) Aqu>s?%~+@mm“?

We will apply (3.3) to line families spanning ¢ > p?/m directions, outside the range of (3.2).
We now put this together to obtain an estimate on the directional energy.

LEMMA 3.3. Let A C F}% with |A] = m, and let L be a family of lines each meeting A in at most
mY? points. Then for every e > 0,

4
(3.4) Z&mﬁ&ﬁw%mmWM%+mﬁ
(%

PROOF. We may take £ to be the family of all lines meeting A in at most m!/2 points, since
enlarging £ only increases the left-hand side. Put g = min(m,p). We sort these lines into classes,
bound the directional energy contributed by each class, and sum. For dyadic parameters j and s,
the (7, s)-class consists of the lines meeting A in between j and 2j points whose direction contains
between s and 2s such lines. There are O(log2 m) classes, so up to a factor m®, which we absorb
into p® since m < p?, it suffices to bound the contribution of each class.

Fix a (7, s)-class, and let ¢ be the number of directions it spans. It has ~ s lines in each of these
directions and ~ ts lines in all, each containing ~ j points of A. A single direction of the class
contributes ~ sj2 ordered pairs, so the class contributes

(3.5) t(s5%)? = ts*5*

to >y Ep, £(A)2. We will use three constraints repeatedly. There are at most p + 1 directions, so
t < p; the s lines of a single direction are parallel and disjoint, so sj < m; and j < m!/? which
follows from the hypothesis.

We first dispose of the lines meeting A in at most 7 = p'/3 points. Writing £~ for these lines
and L7 for the rest, Fy £(A) = Ey - (A)+Ep r+(A) for every 6, so it suffices to bound the two parts
separately. In a given direction the lines of £~ are parallel and disjoint and together containing at
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most m points, and each contributes at most 7 ordered pairs per point, so Ey - (A4) < 7m. Since
also Yy Ep - (A) < m?,

(3.6) ZE&ﬁf (A)? < TmZEaLf(A) <7 m-m?=m’u'/3.
0 0

There remain the (j, s)-classes with 7 > 7. In such a class each of the ~ ts lines carries at least
7 points, so

(3.7) I(A, L) > jts.

Whichever incidence bound applies, at least one term on its right side is 2 jts. Suppose first that
the class spans few directions, t < p?/m, so that (3.2) applies. If the term t*/9(ts)%/9m7/9 in (3.2)
is 2 jts, then

(3.8) jts < t2/9(ts)5/9m7/9 — t< m7/2j—9/28—2 — t$2j4 < m7/2j_1/2,

At the same time, Vinh’s estimate (3.3) applies to this same class. If the term mL/p = mts/p in
(3.3) is 2 jts, then j < m/p, and using t < p and sj < m gives

4
m
pm?i? < —.
p
If the term (pmL)Y/? = (pmts)'/? in (3.3) is > jts, then ts < pm/j2, and hence, using sj < m,

ts?5* < p(m/j)*5*

ts°5" S (pmj =) (mj~")j" = pm?;
Consequently, in the case where the term t2/9(ts)%/9m"/9 in (3.2) is > jts, we have
4
(3.9) ts?jt < m? + min{m™/2;712 pm?5}.

10/3

If m < p, then j > p'/3 = m!'/3 and the minimum in (3.9) is at most m =m3ul/3. It m > p,

put jo = mp~2/3. Since jo > p/3 = p!/3, either j < jo, in which case pm?j < m3p'/3, or j > jo, in
which case m7/2j71/2 < m3p'/3. Thus this case contributes at most

m

LLCRRIPSE I /3

We next handle the other terms in (3.2). If the term t'/2(ts)"/?m!/? is > jts, then s < m/j2,
so ts2j* < tm? < pm?. If the term (ts)%/3m?/3 is > jts, then ts < m?j73, so ts2j* < m?(sj) <
m?® < m3pl/3. If the term m is > jts, then ts%j* = (jits)(sj®) < m3 < m3u!/3, using sj < m and
j < m!/2. Finally, the L term in (3.2) is L = ts for the present class. If this term is > jts, then
j < 1; using sj < m and t < p gives ts?j4 < ts? < t(m/j)? < pm?. Thus each class with few
directions satisfies

4
(3.10) ts2j* < mPul/3 + % + pm?2.

Suppose instead that the class spans many directions, ¢ > p?/m, which is outside the range
of (3.2). Here (3.3) applies with L = ts, and by (3.7) one of its two terms is 2 jts. If the term
mL/p =mts/pis 2 jts, then j < m/p, so using t < p and sj < m,

4
(3.11) 1251 < plm/§)%5" = p? < =
If the term (pmL)'/2 = (pmts)/? is > jts, then ts < pm/j2, hence s < m?/(pj?) by t = p*/m,
and again ts%j* < p(mz/(ij))2j4 =m?*/p.

Summing the bound (3.6) together with the bounds (3.10) and (3.11) over the O(log® m) classes,

and absorbing the logarithmic factor into p°, gives (3.4). O
7



We now replace Proposition 2.7 in prime fields.

PROPOSITION 3.4. Let A,B C ]FZ% be k-reqular sets, or both irreqular sets, with |A| ~ |B| ~ m.
Then for every e > 0,

4
(3.12) B(A,B) <: p° <m8/3p2/3 + m3 min(m, p)*/? + m? + pm2).

PROOF. Set k, = m?/3p~1/3 and pu = min(m, p).
If A and B are k-regular with k < ki, then (2.10) gives R(A), R(B) < m?k, so the second term
of (2.15) already gives the result,

B(A, B) < p(R(AR(B))"/*? 8/3p2/3,

Suppose instead that A and B are k-regular with k > k., and use the first term of (2.15),
B(A,B) <T(A,B) =Y, Eg(A)Ey(B). Call a pair of distinct points a frame pair if the two points
lie on a common frame line and a non-frame pair otherwise, and let Fy(A) and Ep r,(A) count,
respectively, the frame and non-frame pairs of A of direction 0, where L 4 is the family of non-frame
lines of A. Then Ey(A) = Fy(A) + Ep,(A), and likewise for B, so expanding the product splits
the trapezoid count into three parts,

(3 13)

< pm?k < pm2k, =m

ZF@ +ZE9£A E97£B +Z F@ EggB B)+E.9,£A(A)F9(B)),

the frame, non—frame, and mixed contributions, which we bound in turn. The non-frame lines £4
and Lp meet their sets in at most k£ < ml/? points. The frame of A consists of ~ k lines with
~ m/k points each, so the total number of frame pairs is >, Fyp(A) < k(m/k)? = m?/k, and in
particular

2

(3.14) (%:FQ(Ay)m < ;FQ(A) < %

and likewise for B.
For the frame contribution, Cauchy-Schwarz in 6 and (3.14) give

4 4

ZF@(A)FQ(B) < (ZFG(A)2)1/2<ZF9(B)2)1/2 < ’I’IZQ . — 8323,
0 0 0

For the non-frame contribution, Lemma 3.3 applied to (A, £4) and to (B, Lp) and Cauchy-Schwarz
in 0 give

1/2

5 o092 (5 e ) (o)™ 5.+ 2 )
0 0

0
For the mixed contribution, combining (3.14) with the bound of Lemma 3.3 for (B, Lp) in the form

1/2
(Z Eg’EB(B)z) <. p° <m3/2M1/6 +m2p 12 +p1/2m)
o
through Cauchy-Schwarz gives

2
m J—
(3.15) § Fy(A)Eg.c,(B) S 9 (m3/2M1/6+m2p 1/2+p1/2m)'

Using k > k. = m2/3p_1/3, the three summands in (3.15) are at most
(3.16) m!7/Op1/3 /6 m10/3,=1/6 /3516,
8



respectively, and each is dominated by the right side of (3.12). For the first term, if m < p it is
m3pt/3 < m8/3p2/3 while if m > p it is at most m3pt/3 = m3,u1/3. For the second term, if m < p
it is at most m!9/3 = m3ul/3 if p<m < p3/2 it is at most m3p!/3 = m3ut/3; and if m > p3/? it is
at most m4/p. For the third term, m™/3p%/6 < m8/3p2/3 4 pm? according as m > pl/2 or m < pY/2.
The other mixed term, with the roles of A and B exchanged, is identical. Combining the three
contributions gives (3.12) for regular sets.

Finally, suppose that A and B are irregular. Let £ be the family of all lines in IFIZ). Since every
line meets A and B in at most m!/? points, Lemma 3.3 applies to both (4, £) and (B, L). Also,
because L is the family of all lines, every nonzero pair of points of A or B is counted in exactly one
line of £. Thus

T(A,B) = Eg(A)Ey(B) =Y Epr(A)Eyr(B).
o 9

By Cauchy-Schwarz in # and Lemma 3.3,
1/2
T(4,B) < (Y Boc(4)?) " (X Foc(B))
0 0

3 1/3 m* 2
,Sepg(mu/ +?+pm>,

1/2

where we used |A| ~ |B| ~ m in the last line. Since B(A, B) < T (A, B), this proves the irregular
case. O

The preceding estimate controls the trapezoid side of (2.15). At the scale that will be critical
below, one can also improve the rectangle side by retaining the dependence on p in the rich-line
estimates, rather than passing directly to the estimate (2.9).

LEMMA 3.5 (Hybrid rectangle estimate). Suppose that —1 is not a square in ), and let A C IFI%
have cardinality n with

p<n<pm

Then, for every e > 0,
(3.17) R(A) S pnp?l.

PRrOOF. We first dispose of degenerate rectangles. If one of the four edge differences is zero, say
xo = w1, then the two remaining corner conditions involving the opposite edge give (z3—x2) - (x3 —
x9) = 0. Since —1 is not a square, the form u - u has no nonzero zeros, and hence z9 = 3. Thus
degenerate rectangles are determined by two points of A, up to cyclic relabeling, and contribute
O(n?), which is acceptable since n > p. We may therefore count only rectangles whose edge-lines
are genuine lines.

For a dyadic integer k, let L£i denote the lines containing between k and 2k points of A. The
Stevens—de Zeeuw incidence theorem gives

(3.18) g < nMV/AKT1/4 4 et 4 p13/2p718/2,
On the other hand, Vinh’s estimate gives, whenever k 2 n/p,
(3.19) 1Ly| < pnk™2.

We use the standard dyadic rectangle count from the proof of Lemma 2.4. Assign to each
rectangle one of its edge-lines having maximal intersection with A. If K > 1, the rectangles
assigned to lines containing at most K points contribute

(3.20) <n’K.
9



For a dyadic class k > K, the contribution is at most

{k3|£k, K <k<nl/2

3.21
(3:21) nk|Ly|, k>nl/2

Indeed, the first line follows by choosing an assigned edge, one endpoint, and the adjacent perpen-
dicular edge. For the second line, the perpendicular lines through the points of a fixed edge are
parallel and disjoint, so their intersections with A have total size at most n.

Take K ~ p3/7, with the implicit constant large enough that K 2 n/p which we can do because
n < p'%7. First suppose that n > p8/7. Applying (3.19) in (3.21), both richness ranges contribute
at most

32 < n2p?7

per dyadic class. Together with (3.20), this proves the claim in this case.

It remains to consider n < p¥7. For K < k < n'/2, combine (3.18) and (3.19). The leading
terms satisfy

min{n11/4l<:_3/4, pnk} < (n11/4k_3/4)4/7(pnk‘)3/7 _ n2p3/7.
The other two terms from (3.18), after multiplication by &3, are bounded by
nk? 4+ n'32p 15213 < 2 48 15/2 < 2307
where the last inequality uses n < p%/7. For k > n'/2, (3.18) and the second line of (3.21) give
plB/Ag=1/4 2 4 15/2,=15/2) ) 19/8 2 4 17/2,-15/2 < n2p37.

again because n < p*7. Summing the O(logp) dyadic classes and absorbing the logarithm into p®
proves (3.17). O

COROLLARY 3.6. Let A,B C IF'I% be k-regular sets, or both irreqular sets, with |A| ~ |B| ~m
and
pSmSpt.

Then, for every e > 0,
4
(3.22) B(A, B) <e p° <m8/3p2/3 + % +pm” + min{m’p'/?, m2p10/7}> .

PROOF. Since m 2 p, Proposition 3.4 gives the right side of (3.22) with m3p'/3 in place of the
minimum. Lemma 3.5 and the second alternative in (2.15) give independently

B(A, B) < p(R(AR(B))"* < p"m?p!0/7.

For nonnegative U, V, D one has min{U + V, D} < U + min{V, D}. Applying this with

U = m®3p*3 4 mip~! + pm?, V = m?p/3, D = m2p'o/7,

proves the result. O

We insert Proposition 3.4 and Corollary 3.6 into the bilinear inequality. Write N = |G|. As
in [9], after the standard dyadic reductions in the horizontal slices, and at the cost of a factor p®,
it suffices to consider the following situation. The function g ~ 1g, the set G has w nonempty
horizontal slices, each slice has size

m~ Nw™ 1,
and the planar supports G, of all nonempty slices lie in one common dyadic regularity class. More
precisely, either every G is k-regular for the same dyadic k, or every G, is irregular, in which case
we write k ~ m!/2.
Indeed, after first pigeonholing the slice sizes, Lemma 2.5 decomposes each slice into O(logp)

regular or irregular components. Write g = ) g, for the resulting pieces, grouped by slice-size
10



class and regularity class. There are only O(log2 p) such pieces, so by the triangle inequality it is
enough to prove the restricted estimate for one g, and then sum, absorbing the logarithmic loss
into p°. For that single piece, which we relabel as g, all nonempty slices have comparable size and
lie in one common regularity class. Thus no cross-class bilinear terms remain, and Proposition 3.4
may be applied to every pair of nonempty slices.

We start from (2.16), with ¢ = p, namely

1/4
(3823)  [Gllsa(pay S N2+ NS S (STR(G)2 472 Y B(GL, G 24 pN)
z z#z!

We estimate the three terms inside the fourth root separately. For the linear slice term, (2.7) gives
R(G.) < mP®? for each nonempty slice, and hence

(3.24) > R(G)M? S wmt = w(Nw™ )P = Ny~ < N3/,

The contribution of this term to (3.23) is therefore at most
N3/8p=1/8(N5/4) 1/ — = 1/8 N11/16,
The last term inside the fourth root in (3.23) contributes
N3/8p=UB(pN)1/4 = pl/8 N5/3,

It remains to estimate the bilinear slice term. The same calculation will be used for each term
in the bound for B(G,,G,/). If one such term is X (m,p), then after taking the square root and
summing over the at most w? ordered pairs of nonempty slices, it gives

p~ 2w X (m,p)'/?
inside the fourth root in (3.23). Thus its contribution to (3.23) is

(3.25) N3/8p=1/8 (p_l/szX(m,p)1/2> Ve _ pVAN3BuL2 X (m, p) /8.

We apply this calculation term by term to the bound in Proposition 3.4.
First take X = m8/3p2/3. Since m = Nw™! and w < p, (3.25) gives
p—1/4N3/8w1/2(m8/3p2/3>1/8 — VB NB/8 12 1/3
(3.26) — p VB N1T/24,,1/6
Next take X = m*p~!. Then
p71/4N3/8w1/2(m4p71)1/8 — 38 N8yl 212

3.27
(3.27) — p38NTIS,

Finally take X = pm?2. This gives
p71/4N3/8w1/2<pm2)1/8 — p VB NB/8 /2 1/4
(328) — p—1/8N5/8w1/4
< pl/SNS/8,
It remains to handle the summand m? min(m, p)l/ 3 in Proposition 3.4, together with the im-

provement supplied by Corollary 3.6. If N < p?, then m? min(m, p)'/3 < m!'%/3. Using (3.25), its
11



contribution is at most

p—1/4N3/8w1/2(m10/3)1/8 _ p—1/4N3/8w1/2m5/12
— p V/AN19/24,,1/12
(3.29) < p—1/6N19/24

< N1/

where the last two inequalities use w < p and N < p?. We may therefore assume from now on that
N > p?. Since w < p, this implies m = Nw~! > p on every nonempty slice.
For slice sizes in the range of Corollary 3.6, the remaining part of the bilinear input is
(3.30) min{m>p'/3, m?p'%/7}.
The contribution obtained from the first term in (3.30) is
. p71/4N3/8w1/2(m3p1/3)1/8 — B/ N By, 1/20,3/8
(3.31) _ 5/ N3 418

The contribution obtained from the second term in (3.30) is
2 pUANS/ByL/2 (1 2pl0/TYL/8 — = 1/14 \3/8,,1/2,, 1/4
( ) ) _ p71/14N5/8w1/4'

The two inputs in (3.30) are equal when

(3.33) m = p¥/2,
Equivalently, since m = Nw™!, the critical number of slices is
(3.34) wy = Np~23/21,

For w > wy the first term in (3.30) is smaller, while for w < wy the second term is smaller.
We first dispose of the range m > p'%7, where Corollary 3.6 is not being used. This range
corresponds to w < Np~1%/7. Using the contribution (3.31), we get

p SIS/ LB < y=5/2 N3/ = 10/T) L/
(335) — p765/168N7/8
< p 33N/,
This is already covered by (3.27).
It remains to consider the range m < p
(3.36) p> < N < p*/2,
Then wy < p. If w < wp, we use the second contribution (3.32); by (3.34),
p VNS L/4 < =1/ N/8( p=23/21)1/4

_ p29/BANT/8

10/7 - Suppose first that

(3.37) ) )
_ p /12 3/ (p 11/42N1/8)
< p—1/12N3/4
where the last inequality uses N < p*4/2!
since w < p,
(3.38) pSIPANBAL/S < B/ N3/ AL/ =1/12 B/
12

. If instead w > wp, we use the first contribution (3.31);



Thus the hybrid part contributes at most

(3.39) p71/12N3/4 (p2 <N Sp44/21)-
Now suppose that N > p**/2. Then wy > p, so for all w < p in the range m < pl/7  the
second term in (3.30) is the smaller one. Using (3.32) and w < p gives

(3.40) p VNSl < /LA NB/8)1/4 _ 5/28 \5/8,

Combining (3.24), (3.26), (3.27), (3.28), (3.29), (3.35), (3.39), (3.40), and the diagonal term
pN in (3.23), we obtain the following three estimates. If N < p?, then

(341 [Glliapan) S (N2 4 p VENIIO 4 NI/ L pUSNO/S | s TIR),
If p2 < N < p**/21 then
(3.42) 91l r2(paoy Se P° (Nl/2 4+ p VSNIVI6 L NIT/24 L LS NS/S =SS NT/S p_1/12N3/4).
If N > p**/21 then
(3.43) H§|’L2(P7da) Sep” (N1/2 + P71/8N11/16 + N17/24 4 p1/8N5/8 + P73/8N7/8 + p5/28N5/8).
We combine (3.41)—(3.43) with the small-set estimate
19122 (Paoy S NV + Np~'/2

and with the prime-field estimate (2.20) from [10]. The part of (2.20) that will be used below is
the row
P16 N5/8, P < N < PO,

The term p~1/8N1/16 is always bounded by N'7/?* and

(3.44) pl/BNO/® < N1T/24 whenever N > p3/2,
Also

(3.45) PN < NV N < Y4
and

(3.46) PIBNIE < N2 N> BT
The middle hybrid term meets N17/24 at N = p%:

(3.47) p V2N Z N2 N = 2
The two hybrid terms meet at

(3.48) pVIZNB/A I NS/S = 84/

Finally, since 75/34 < 9/4, the row p3/16 N%/8 in (2.20) is available for every N with p?/4 < N < p°/2,
and it agrees with N17/2* when N = p?/4. We therefore arrive at

NpTV2 N <pPT,
N1/, p12/T < N < p?,
p VN3 2 < N < /21
(3.49) [z2(pm - #° (N1/2+ PIBNIS, M < N <o, )
N1/ P/ < N < o/,

PYIONB/S /4 < N < P2,

291/2]\[1/27 p5/2 < N < p3.
13



The estimate (3.49) was derived for a single dyadically reduced piece, whose nonempty slices
have comparable size and lie in one common regularity class. Since the decomposition above has
only O(log2 p) pieces and we sum the pieces by the triangle inequality, the same restricted-type
estimate, with the displayed p° loss, holds for the original function g ~ 1.

Set

125
“T 16
Every entry of (3.49) is bounded by N in its stated range. For the first entry,

(3.50) Np 12 < N* «— N <p/1

and 12/7 < 88/51. The pure power N'7/?* is admissible because 17/24 < 125/176. For the two
new entries,

(351) p71/12N3/4 < N& — N < p44/21’
while
(352) p5/28N5/8 < N¢ — N > p44/21‘

For the term imported from (2.20),

(353) p3/16N5/8 < N — N > p11/5’

and 9/4 > 11/5. Lastly, p/2NY2 < NT/10 <« N© for N > p®/2. Hence

191l L2(p,ao) Se p° N1/,

By Lemma 2.2, (2.1) holds for every s < 176/125. Dualizing gives

176

R'(2—r)<,1 for every r>

which proves Theorem 1.1.

4. The endpoint estimate in six dimensions

Let P = Ps = {(&&-€) : £ € F°} C FO We prove R*(2 — %) < 1. The only nontrivial input
is the additive-energy estimate of [7], namely

(4.1) AME)Sq Y EP+|EP,  ECh,

which is sharp in general because Py contains affine two-planes. We write Q(f, h) = (f, ﬁ) 12(Pdo) =
(f,h (do)¥) e for the associated bilinear form. The argument below is bilinear, of the type used
in [13] to reach endpoint estimates without a logarithmic loss.

PROPOSITION 4.1. Let A, B C F% and let |f| < 14, |h| < 1p. Then
(4.2) QW) SIANB|+q AP B + | AP/ BV,
and consequently
(4.3) 1Q(f, 1) S |AN Bl + ¢ AP B + min{| A4 B2, | 4]/ B/},
We also have the (cruder) estimate

(4.4) 1Q(f, )| S gl A B2
14



PROOF. Since (do)¥ = &y + K, the contribution of §y to Q(f,h) = (f,h* (do)V) is (f,h), of
modulus at most |A N B|. For the contribution of K, Holder’s inequality with exponents % and 4
gives
(4.5) [l KO < 1 llags 1o Klla < JAP/* |[hox K]l

To estimate ||hK||4 we use the slice estimate of Lemma 2.1 with d = 6. For z € F'let h,(n) = h(n, z)
for n € F?, supported on B, = {n € F® : (n,z) € B}, and let h, be its lift to the paraboloid,
defined by h,(n,n-n) = h.(n) on its support

B.={(nn-n):neB.}CP
so that |B,| = | B.| and >..|B:| =|B|. Lemma 2.1 gives

(4.6) b+ Klls < ¢°*Y " ||(hedo) |,

For any function ¢ : P — C with |¢| < 1 for some set E C P, expanding the fourth power and using
Plancherel on F© identifies ||(¢do)¥||] with a normalized weighted count of additive quadruples in

E, the quadruple (£1,&,83,&1) with & + & = & + & carrying the weight ¢(£1)¢(£2)0(E3)P(Ea)-
Since |¢p| < 1g, each weight has modulus at most 1, so this is at most the unweighted additive
energy A(E), whence

(4.7) [(¢do)¥ |, < a72A(E)V

Applying the energy estimate (4.1) to E = B, and ¢ = h gives A( V< g VY BPMA +
q*/?|B.|'/?, so combining (4.6) and (4.7),

(4.8) Hh*K”4 <gq 1ZA 1/4 < q75/4Z‘B ‘3/4_'_q71/22 ’B ’1/2

There are at most ¢ nonempty slices, so Holder’s inequality gives >, |B,|>/* < ¢/4|B>/* and
S |B2|Y? < ¢'/?|B|'/2, and the right side of (4.8) reduces to

(4.9) I+ Kl S o~ |BIP* + B2,

Substituting (4.9) into (4.5) gives (4.2), and interchanging the roles of f and h and keeping the
smaller of the two bounds gives (4.3). Finally, by Plancherel on F©,

1F11 2 (pay = ° D_IFEOP < a7 D 1FOP = all £13,

Eep ¢£eFs
so the Cauchy-Schwarz inequality |Q(f, h)| < HfAHL2(P,dO-)HEHL2(P7dO-) gives (4.4). O
We now prove the endpoint. By duality, R*(2 — %) S 1 s equivalent to [|9]|r2(pao)y <
19/l £3/5 sy, the exponent 8 being conjugate to §. Normalize Y, lg(z)|¥/> = 1, so that |g| < 1

and decompose g into dyadic level sets G; = {z : 2771 < |g(x)| < 27} for i > 0, writing
gi = glg, = 27"h; with |h;| < 1g,. Set
a; = 275/5|Gy.
Then ), a; < 1, and in particular a; < 1 for every i. We will use the identity
|G| = 255,

each time a cardinality |G;| is rewritten below. Expanding the square gives

(4.10) 13132y = D 277 QR hy) < 27| Q(Ra b))

4,520 4,520
15



Inserting the symmetric bound (4.3), with A = G; and B = G}, into (4.10) gives the three terms
> 27HG NG+ gt Y 27 |G PGy
1,5>0 1,20

+ > 27 min {|Gi ¥4 G2 |G| V2 Gy}

1,j=0

(4.11)

We will bound the three displayed terms separately. The first and third terms can be directly
summed. The middle term is more subtle at the endpoint, and we will also use the Parseval
estimate (4.4) for each pair of dyadic levels.

The first term contributes only when ¢ = j, since the level sets G; are disjoint. Thus

(4.12) D 27GN Gy =) 27 G =) 2728 Pa) =) 27 <) Tas S 1L
i,j>0 i i i i

Next consider the last term in (4.11). Suppose first that ¢ < j, and use the first term of the
minimum. This gives us:

Q—i—j‘Gi|3/4’G],|1/2:2—i—j(28i/5 )3/4(28]/5 )1/2

= 2*(]’*%')/%?/4%1,/2

< 2—(j—i)/5a;/2a;/27
where the last inequality uses a; < 1. The case j < i is identical, using the second term of the
minimum. Therefore the total contribution of the last term in (4.11) is at most

S 270l 22,

4,520
Applying a; 1/2 1/2 < %(ai + a;) and using the symmetry in 7 and j gives
(4.13) Z 2_|i_j‘/5a§/2aj1-/2 < Z o~ li=il/54, — Z ZQ li=il/5 < Za <1.

1,520 1,520 120 520
It remains to estimate the middle term in (4.11). For a fixed pair (7, j) we have:
g2 |Gy PG P14 = g (280, (285314 = g9 36313/
< q_12(i+j)/5a3/2aj1-/2.

This estimate grows with i 4 j, so it cannot be summed directly. For the same pair (i, j), however,
the crude Parseval estimate (4.4) gives

27 1Q(hi, hy)| S a2 |G| P |Gy 2.
Again substituting the cardinalities and then simplifying, the right-hand side is
q2’i’j|Gi|1/2|Gj\1/2 _ q2fz;j(281'/5%)1/2(2&/5%)1/2 _ q27(i+j)/5a3/2a;/2‘

More precisely, for each pair (7, j) the bound coming from (4.3) and the Parseval bound (4.4) imply
that the contribution of this pair is bounded by the diagonal and asymmetric contributions from
(4.11), plus the minimum of the middle estimate above and the Parseval estimate. Thus the total
contribution of the middle term is bounded by
Z ail/Zajl-/ min {q 2(H9)/5 ¢ i+j)/5}.
i,j>0
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. . 1/2 1/2
Using again a, a;"” <

%(ai + a;) and the symmetry in ¢ and j, this is at most
4,520
For each fixed 4, the inner sum over j is bounded by the full one-dimensional sum
Z min {q712"/5, q27"/5}.
n>0
Let ng be an integer satisfying 270/5 < ¢ < 2(0+1)/5  Then
Zmin {q712n/5,q27n/5} S qfl Z 277,/5 +q Z 2*11/5
n>0 0<n<ng n>ng
S q—12n0/5 + q2—(n0+1)/5 S 1

Therefore
(4.14) 3 aymin {g7120H)/5 27Dy < N g <1
4,j>0 i
Combining (4.12), (4.13), and (4.14) gives HﬁH%Q(RdU) < 1. Since we normalized ||g| ;s/5(ps) = 1,

this proves [|g]|r2(pdo) < 119l ps/5(pe). By duality, this is equivalent to R*(2 — 8) < 1, which proves
Theorem 1.2.

5. A transference observation for lattice A(p) estimates

We close with an observation that connects the three-dimensional endpoint conjecture with the
analogous problem in lattices. This connection is not particularly deep, but seems to have gone
unnoticed in the prior literature.

Consider first the integer paraboloid T' = {(n1,n2,n3 +n3) : n1,n2 € Z} C Z3, and suppose the
endpoint finite field estimate

(5.1) I(fdo) I zaesy S L2y o)

holds uniformly for the three-dimensional paraboloid over all sufficiently large primes p in a congru-
ence class for which —1 is not a square. Let S C Z? be finite, let (a,,)nes be complex coefficients, and
choose primes p — oo so large that reduction modulo p is injective on {(n1,n2,n% +n3) : n € S}.
Writing (5.1) in unnormalized form, and noting that the normalization cancels exactly because
| P3| ~ p? while the ambient space has size p®, gives, with e,(t) = >/ the standard additive
character of I,

B 3\1/3 1/2
(p 3 Z ‘ Z anep(r1ny + Tang + x3(nt + n%))‘ ) < (Z ]an|2) :
z€lF} nes nes

Letting p — oo, the left-hand side converges to the Riemann integral over T3 = (R/Z)? of the
corresponding trigonometric sum, in which e(t) = e?™, so the finite field endpoint would imply

o < (Z ’an|2) 1/2’

nes

(5.2) | anetmty +nats + (13 + nd)ts)|
nes

with a constant independent of the finite set S. Since the constant is independent of the finite
set S, the extension operator initially defined on finitely supported coefficient sequences on I is
bounded from ¢?(I") to L3(T?). By the bounded linear extension theorem it extends to all of £2(T),
and Plancherel identifies the extension with the corresponding Fourier series. Thus the full integer
paraboloid I' is a A(3) set.
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The same argument applies to spheres. Let Sgp = {n € Z* : n3 + n3 + n3 = R} be a lattice
sphere, and suppose the finite field endpoint holds uniformly for non-degenerate spheres in IF;’,. If
R = 0 there is nothing to prove, so assume R # 0. For a fixed finite subset of Sg, choosing primes
p so large that reduction is injective and R remains a non-degenerate radius modulo p, and passing

to the limit, gives
1/2
| 30 et 0]y 5 (3 1)

neSp
uniformly in the radius and in the finite support. Thus each fixed lattice sphere Sp would be a
A(3) set, with a constant independent of R.
This phenomenon is special to ambient dimension three. If V C }Fg has size ~ ¢ and
R*(2 — r) < 1, then the corresponding normalized exponential-sum estimate, with e, the canonical
additive character of Fy, reads

(5.3) (7 32 | S aeeate- )] )" < g2 (3 ag)

zeFd EeV &ev

d—1

1/2

with no power of ¢ exactly when r = which for d = 3 is the conjectured ﬁnlte field endpoint

d 1’
r = 3. In higher dimensions the finite field L? endpoint does not coincide with d 1, so a power of
g remains; the passage to a loss-free A(3) estimate is thus particular to d = 3.

The exponent 3 obtained here falls short of the full conjecture. The discrete restriction conjec-
ture of Bourgain [4] predicts that the integer paraboloid is a A(r) set for every r < 4, and that each
lattice sphere is a A(r) set for every r < 6, the wider range for the sphere reflecting the greater
arithmetic sparsity of the discrete sphere [1, 3]. For the paraboloid the exponent r = 4 is critical,
so the estimate obtained here is subcritical. The critical paraboloid exponent is known up to a loss
of N¢ in the size N of the support, by the ¢? decoupling theorem of Bourgain and Demeter [2],
which gives r = 4; the corresponding endpoint r = 6 for the sphere remains open even with such a
loss. Removing this N¢ loss, so as to reach any subcritical exponent without it, appears to require
substantial new ideas, and no loss-free A(r) estimate is known for any surface for any r > 2 unless
it is implied by r = 4; see [3] for a related discussion.

Statement on Al usage

The proof presented here is due to the author. As noted in the footnote in the introduction,
the basic approach used in the proof was already known to the author when the earlier paper was
written and was mentioned there, but it was not pursued because of confusion over the dominant
term. The author used ChatGPT to help organize the argument and identify the cutoffs used to
optimize the estimate. The author also used ChatGPT, Gemini, and Claude for assistance with
formatting, copyediting, and proofreading.
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